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Long-Time Dynamics for a Nonlinear Viscoelastic
Kirchhoff Plate Equation*

Xiaoming PENG! Yadong SHANG?  Huafei DI

Abstract This paper is devoted to study the long-time dynamics for a nonlinear vis-
coelastic Kirchhoff plate equation. Under some growth conditions of g and f, the existence
of a global attractor is granted. Furthermore, in the subcritical case, this global attractor
has finite Hausdorff and fractal dimensions.
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1 Introduction

In the past ten years many attentions were attracted by the following models of Kirchhoff
plates subject to a viscoelastic damping

t
gy — o Augy + aA?u — / p(t — s)A%u(s)ds = F, (1.1)
—0
where ¢ > 0 is the uniform plate thickness, the kernel g > 0 corresponds to the viscoelastic
flexural rigidity, and F = F(x,t,u, uy, -+ ) represents additional damping and forcing terms.
The unknown function u = u(x,t) represents the transverse displacement of a plate filament
with prescribed history ug(x,t),t < 0. The derivation of the linear mathematical model (1.1)
with 7 = 0 is given in [1-2], by assuming viscoelastic stress-strain laws on an isotropic material
occupying a region of R? and constant Poissons ratio.

When o = p = 0, i.e., neglecting the influence of viscoelastic term and rotational inertia
term, the model (1.1) was extensively studied by Yang [3-6] and Yang and Jin [7]. More
precisely they proved the global solvability and existence of finite-dimensional global attractors
to a strongly damped system of the form

ugy + A%u — div(|VulP~2Vau) — Auy = h(x, u, uy), (1.2)

in bounded domains of RY with critical and subcritical exponents p. In particular, in a two-
dimensional setting with p = 4 and weak damping, (1.2) corresponds to the so called Kirchhoff-
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Boussinesq model for nonlinear plates
uge + A%u — div(|VulP72Vu) + ku, = aA(u?) — f(u). (1.3)

Chueshov and Lasiecka [8-9] established the existence of finite-dimensional global attractors to
(1.3) under a weak damping ku, instead of —Auwu,.
If o =0 and F = div(|Vu[P~2Vu) — g(u) + Aut + h(x),p > 2, the model (1.1) becomes

uyy + aA?u — div(|VulP 2 Vu) — /000 w(s)Au(t — s)ds — Auy + g(u) = h(zx). (1.4)

In [10-11], Jorge Silva and Ma established the well-posedness, exponential stability and long-
time dynamics of (1.4) Narciso [12] discussed the long-time behavior of the following evolution
equation:

t
g + aAu — / w(t — s)A%u(s)ds + f(u) + g(u) = h(z).
By considering the nonlinear damping and source terms

gue) = |uel?tue and  f(u) = |ulu — |ulu

with 1 < p<3and 0 < 8 < a < 2, the author showed the existence of the global attractor.
This work was extended by Conti and Geredeli [13] to a situation where g has any arbitray
polynomial growth instead of cubic at most and f has no growth restriction.

In the presence of the rotational inertia term (o > 0), the model (1.1) with & = 1 and
u(z,t) = 0,t < 0 was considered by several authors. In [14], Barreto et al. studied the following
viscoelastic equation:

t
gt — oAy + Au — / w(t — s)A2u(s)ds = 0. (1.5)
0

They established that the energy decays to zero with the same rate of the kernel u such as
exponential and polynomial decay.

More recently, Jorge Silva et al. [15] investigated the well-posedness and the asymptotic
behavior of energy to the following nonlinear viscoelastic Kirchhoff plate equation:

t
ugy — o Augy + A%u — divf(Vu) — / u(t — s)A%u(s)ds = 0. (1.6)
0

Motivated by the works above, our goal of this paper is to discuss the long-time behavior
of the following nonlinear viscoelastic Kirchhoff plate equation:

gt — o Augy + aA?u — divf(Vu) — /000 w(s)A%u(t — s)ds — Aug + g(u) = h(z), (1.7)
with simply supported boundary condition
u=Au=0 on 00QxR (1.8)
and initial conditions

u(z,7) =ugp(z,7) and wi(z,7) = duolz,7), (2,7)€ QX (—00,0], (1.9)
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where € is a bounded domain of RY with smooth boundary 99, ug : Q x (—o0,0] — R is the
prescribed past history of u. Here, a > 0 is a constant, y is the memory kernel, f : RV — RV
is a vector field, and g, h are forcing terms. Without loss of generality we can take o = 1.

Following the framework proposed in [16-17], which uses an argument of [18], we shall add
a new variable 7’ to the system which corresponds to the relative displacement history. Let us
define

n'(x,s) = u(x,t) —u(x,t —s), (r,8) € QxR t>0. (1.10)
Differentiating (1.10) with respect to t we have
ni(z,8) = —nb(x,8) +up(x,t), (7,5) €EQxRT >0
and we can take as initial condition (¢ = 0)
n°(x, s) = ug(x,0) — ug(z, —5), (2,8) € A xRT.

Thus, the original memory term can be rewritten as

/000 p(s)A2u(t — s)ds = (/000 u(s)ds) A?u(t) — /00 p(s)A%nt(s)ds.

0
Then assuming for simplicity that o =1+ [;~ pu(s)ds, (1.7) becomes
g — Augy — divf (V) + A2y + / w(s)A%nt(s)ds — Auy + g(u) = h(x), (1.11)
0
ni(z,s) = —nk(z,s) + ux, s), (1.12)
with boundary condition
u=Au=0 on INxRT 7nt=An'=0 on 90 xR" (1.13)

and initial conditions

U(J?,O) :Uo(ZE), ’U,t(J?,O) :ul(x)a T]t(x,()) :07 770(%5) :770(1:)8)) (114)
where
UO(QT) = UO(J?,O), HANSS Qa
up(x) = Opuo(z,t)|i=0, x €,

no(z,s) = ug(x,0) —ug(z,—s), (x,s) € QxR.

2 Preliminaries

In this section we recall some fundamentals of the theory of infinite-dimensional dynamical
systems which can be founded in classic references such as [19-22]. Below we follow more closely
the book by Chueshov and Lasiecka [23-24].

Theorem 2.1 A dissipative dynamical system (H,S(t)) has a compact global attractor if
and only if it is asymptotically smooth.

The proof of asymptotic smoothness property can be very delicate. Here we use the following
“compensated compactness”result in [23-24] and [25-26] for other applications.
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Theorem 2.2 Suppose that for any bounded positively invariant set B C H and for any
e > 0, there exists T = T(e, B) such that

[S(T)x — S(T)ylln < e+ ¢r(z,y), Vux,yeb,
where ¢ : B x B — R satisfies

lim inf lim inf ¢7 (2p, 2m) = 0, (2.1)

n—oo m—0o0
for any sequence {z,}nen in B. Then S(t) is asymptotic smooth in H.

Let X,Y,Z be three reflexive Banach spaces with X compactly embedded in Y and put
H =X xY x Z. Consider the dynamical system (H, S(t)) given by an evolution operator

S(t)’UJ = (u(t)vut(t)vnt)a w = (uﬂaulvn()) € H? (22)
where the functions u and n' have regularity
uwe C(RY; X)NCHRT;Y), n'eCRT;Z). (2.3)

Then one says that (H, S(t)) is quasi-stable on a set B C H if there exists a compact seminorm
nx on X and nonnegative scalar functions a(t) and c(t), locally bounded in [0, 00), and b(t) €
LY(RT) with , li+m b(t) = 0, such that,

— 400

1S (t)wr = S(t)wsll3, < a(t)|lwi () — wa(t)[| (2.4)
and

IS()wr = S(Bjwal3, < b(t)[[wi(t) — wat)]I3, + c(t) oiligt[nX(u(s) —v(s)P, (25)

for any wy = (u,us, n'), we = (v,v¢, &) € B. The inequality (2.5) is often called stabilizability
inequality.

Theorem 2.3 Let (H,S(t)) be given by (2.2) and satisfying (2.3). If (H,S(t)) possesses
a compact global attractor A and is quasi-stable on A, then the attractor A has finite fractal
dimension.

3 Assumptions and the Main Result
We start this section introducing the following Hilbert spaces

and
Vs = {u e H*(Q)|u = Au = 0 on 00},

equipped with respective inner products and norms,
(u’v)vl = (Vu, VU) and ||u||V1 = HVUHQ,

(u, 0)v, = (Au, Av) and ullv, = [|Aull2,
(u,V)vy = (VAu, VAv) - and  lullv, = [[VAull2.
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As usual, || - ||, denotes the LP-norms as well as (-,-) denotes either the L?-inner product or
else a duality pairing between a Banach space V and its dual V’. The constants Mg, A1, Aa > 0
represent the embedding constants

Nollull3 < [Vull3,  Mflull3 < 1Aul3,  Aaf|Vuld < Aul3 for u € Va. (3.1)

In order to consider the relative displacement ' as a new variable, one introduces the weighted
L2-spaces

M; = LA (RT3 V;) = {5 Rt 5V

| o)t ds <o}, i=0.1.23,
0

which are Hilbert spaces endowed with inner products and norms

(1,621 = / ()€ (5). Ea(s) s

and
€2, = / WIE)2ds, i=0,1,2,3

respectively.
Now let us introduce the phase spaces

HZVQXV1XM2 and leVnggng, (32)
equipped with norms
1w, v, )l = | Aull3 + [V]l3 + 1] 2

and
(w0, E)|l20, = [IVAull3 + | A0l + [I€]I7 5

respectively.
Next we impose some hypotheses on f, g and p.

Assumption A.1 Concerning the forcing term f : RY — RY is a C''-vector field given by
f="{(f1, -+, fn) such that

p;i—1
IVfi(2)] < k(1 +12]77), VzeRY, (3.3)
where, for every j =1,---, N, we consider k; > 0 and p; satisfying

N +2
>1 if N=1,2 d 1<p; <
Dj > i , an 7pJ7N_2

if N>3. (3.4)

Moreover, f is a conservative vector field with f = VF, where F : RV — R is a real valued
function satisfying

B

—Bo — §|z|2 SF(2) < f(z) 2+ e, VzeRY, (3.5)

where 8y > 0 and 3 € [0, 32).
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Remark 3.1 Observe that the vector field satisfying conditions (3.3) and (3.5) includes not
only usual p-Laplacian operator but also other forms. Then we give examples of vector fields.
Let us consider

1
F(z)==|z]P, z=(z1,---,2n) €ERN, p>2
p
We note that f = VF. Then we have

1) = |22

It is also easy to verify that (3.3) and (3.5) hold true. Therefore, this vector field generates the
following p-Laplacian operator

divf(Vu) = div(|Vul[P~2Vu).

Another case of p-Laplacian operator arises when we consider the vector field f = (f1, -, fn)
whose components f;,7 =1,---, N are given by
fj(z):|2j|p_22j7 VZZ(Zl,---,ZN)ERN,

where p > 2. In this case

P—QQ).

. al ou
divf(Vu) = Z—(‘— oz,

ij al'j

J=1

To illustrate another vector field, different one of p-Laplacian type, we consider f = VF, where
the potential function is given by

F(z)=In(y/|z]2+1), z=(z1, - ,2n) € RV,

In such case we have
z

f(Z):Wa

which vanishes when z — oco. It is easy to check that F' and f satisfy (3.3) and (3.5). Thus

VzeRN,

Vu )

dw(ﬂVUD:=ﬁVQ$§FiT

Assumption A.2 With respect to g : R — R we assume that
9(0) =0, |g(u) —g()| < oo(1 + |u|? +[v])ju—v|, Vu,v€R, (3.6)

where oy > 0 and

0<q<—2
1>

if N>5 and ¢>0 if 1<N<A4. (3.7)
In addition, we assume that for some o7 > 0,
—01 < G(u) < g(u)u, YueR, (3.8)

where G(z) = [ g(s)ds.
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Assumption A.3 The memory kernel is required to satisfy the following hypotheses
peC RY)NLYRT), p'(s) <0, pu(s) >0, (3.9)

and there exist pg,d > 0 such that

| nteras = (3.10)
and
W (s)+du(s) <0, VseRT. (3.11)
Remark 3.2 Applying (3.4) it follows from Sobolev embedding that
Vo = Wy Q), Vi=1,---,N.
Thereby, the constants p,,, -+ , tpy > 0 represent the embedding constants for
IVullpysr < pp1Aull, j=1,---,N. (3.12)

Also, condition (3.7) implies that
Vo s 2(a+1)

In addition, assumptions (3.6) and (3.8) include nonlinear terms of the form
g(u) ~ |ulfu =+ [ul’u, 0<6<q.

Given initial data (ug,u1,m0) € H and h € Vj, a function 2z = (u,ut,n') € C([0,T],H) is
called a weak solution of the problem (1.11)—(1.14) if it satisfies the initial condition z(0) =
(uo, u1,m0) and

(upe,w) + (Vug, Vw) + (Au, Aw) + (Vuyg, Vw) + (f(Vu), Vw)
+/ (An', Aw) + (g(u) — h,w) =0,

0
(nf + 7723 5)#,2 = (ut(t)v 5)#,25

for all w € V1,€ € My and a.e. t € [0,7].
The energy corresponding to the system (1.11)—(1.14) is defined as

1 1 1 1
E(t) = §Hut|\§ + §HVUtH§ + §||AUH§ + §||77t| 29
+ / F(Vu)dz + / (G(u) — hu)daz. (3.13)
Q Q

Applying Faedo-Galerkin method and combining the arguments of Jorge Silva [15] with
those of Jorge Silva and Ma [10], we can obtain the following result.

Theorem 3.1 Assume that assumptions A.1-A.3 hold and consider h € V. Then we have
(i) If initial data (ug,u1,m0) € H, then problem (1.11)—(1.14) has a weak solution

(u,ug,n') € C([0,T],H), VT >0,
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satisfying

uwe L>®(0,T;V2), w, € L*(0,T;V),

(I— A)uy € LS (RY, V), 7' € L=(0,T; My).

(i) If initial data (uo,u1,m0) € Ha, then problem (1.11)—(1.14) has a stronger solution

satisfying

uwe L>®(0,T;Vs), w, € L*(0,T;Va),

I—A)uy € L. (RY, V), 7' € L=(0,T; Ms).

(iii) Let z1(t) = (u,us,nt), 22(t) = (v,v1,&) be weak solutions of problem (1.11)—(1.14)
corresponding to initial data z1(0) = (ug, u1,m0), 22(0) = (vo,v1,&). Then one has

121(8) = 22 ()3, < Crll21(0) = 22(0)3, ¢ >0,

for some constant Cp = C(||z1(0)||%, ||22(0)||%, T) > 0. In particular, problem (1.11)—(1.14)
has a unique weak solution.

Remark 3.3 The well-posedness of problem (1.11)—(1.14) given by Theorem 3.1 implies
that the one-parameter family of operators S(t) : H — H defined by

S(t)(uoﬂulﬂnO) = (u(t),ut(t),nt(t)), t=>0, (3'14)

where (u(t),us(t),n'(t)) is the unique weak solution of the system (1.11)—(1.14), satisfies the
semigroup properties

S(0)=1 and S(t+s)=5(t)oS(s), t,s>0,

and defines a nonlinear Cyp-semigroup. Then problem (1.11)—(1.14) can be viewed as a nonlinear
infinite dynamical system (#, S(t)).

Our main result in this present paper is the following.

Theorem 3.2 Assume that assumptions A.1-A.3 hold and consider h € V. Then we have

(i) The dynamical system (H,S(t)) corresponding to the system (1.11)—(1.14) has a compact
global attractor A C H.

(i) If in (3.4) and (3.7) we assume subcritical conditions

N 42
1<p; <
Dj N —

4
if N23 and 0<q< if N >5, (3.15)

then the corresponding global attractor A has finite fractal dimension.

4 Proof of the Main Result

In this section we will apply the abstract results presented in Section 2 to prove Theorem
3.2. The proof is divided three steps. The first step is to show that the dynamical system
(H,S(t)) is dissipative. The second step is to verify the asymptotic smoothness. Then the
existence of a compact global attractor is guaranteed by Theorem 2.1. The final step is to
prove the quasi-stability property which implies that the fractal dimension of the attractor is
finite, as stated in Theorem 2.3.
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4.1 Existence of an absorbing set

Lemma 4.1 (Absorbing Set) Under assumptions of Theorem 3.2, the semigroup S(t) de-
fined by (3.14) has a bounded absorbing set B € H.

Proof Multiplying (1.11) by u; and (1.12) by n* and integrating over €, we obtain

d
T E@ = =[Vuels = (0" nd)z- (4.1)
From (3.9), we see that

1 [ d
tot _ 1 a ¢ 2
o ntea =5 [ no) g 1A (5 30s

(o]

= [sn@ s @) - 3 /O i ()] A (s)] 3.

Using (3.11) we arrive at

And this implies

Jim 1(5) =0
According to (1.10), namely, the definition of n’(z,s), one can easily see that

77t(17a O) = U(ZE,t) - U(ZE,t - 0) = Oa

which implies that

|AR*(0)]I3 = 0.
Thus

1 o0
(o e = =5 [ i 9100 (s) .

which together with (3.11) gives

)
R APPSRV (42)

This proves that (4.1) can be written as

d 2 0 4o

B = = [Vullz = 5lIn°[l,.2. (4.3)
Next let us consider the perturbed energy

E.(t)=E(t)+e¥(t), >0,
with

\Il(t):/Qut(t)u(t)dx—/QAut(t)u(t)dx. (4.4)
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Let us show that there exists a constant C; > 0 such that
|E-(t) — E(t)| <C1(E(t) + A3+ 1), Vt>0, Ve>O0. (4.5)
Indeed, from (3.8), (3.1) and Young inequality, we get
1 2 1 2
(G(u) = hu)dz 2 —— || Aullz — o1]Q] = =lAl2. (4.6)
Q 1
Combining (3.5) with (3.1), we can see that
B 2 B 2
F(Tu)dz > ~50/9) ~ ZIVul > 50/ — 55— |Aul (4.7)
Q 2

Then using (3.13)—(4.7) we obtain

1 1 1 1 B
B(t)+ 5 IRI3+ (B0 + 0010 > 5 Vuel + 513 + (5 — 557) I1Awl3
1
> §C2H(U(’5)aut(t)ﬂ7t)|\%a (4.8)
where C = min{1,1 — /\ﬁl :
Using Young inequality, (3.1) and (4.8), we have
1 1 1 1
)] < Slull3 + el + 51Vl + 51Vl
1,1 1,1 1
i T
<5 (50 DIVl +5 (5 + ;) 1Al
C3Cy
< =5 (B@) + [Ih]3 + 120), (4.9)
2
where 1 1 1
C3 = max{)\g + 1, N + )\—2}, Cy = max{l, /\—l,ﬁo + 01}.
Then taking C7 = Cgf“ the inequality (4.5) follows.

Next let us prove that there exist constants C5, Cs > 0 such that
U'(t) < —E(t) + Cs|[Vur(t)||5 + ColIn' |12 2. (4.10)

From definition of W(t), we see that
W(t) = [ (un — Auuds + ]+ | V3 (1.11)
Q
Using (1.11) we obtain
[ (e = Buryude = ~Aulf = [ 7(Vu)- Vude — [ (A0 (s), Au(e))ds
Q Q 0
- / Vu; - Vudx — / (9(u)u — hu)dx. (4.12)
Q Q
Combining (4.11)—(4.12) with (3.13), we get

3 3 1 1
(1) = —E(®) + Sl + 5 IVellf - 5l Aul + 5[

2
2
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+ 1 + I + 13 + 1y, (4.13)

where
L — /Q (G(u) - g(uyuldz,
I, = /Q [F(Va) — £(Va) - Valdz,
I = — / " () (At (5), Au(t))ds,
Iy = — /Q Vu; - Vudz.

Now let us estimate I;(i = 1,2, 3,4). From (3.8), we have I; < 0 promptly.
Combining (3.5) with (3.1), we see that

Bio 2 B 2
L< | = dx < Aul|5. 4.14
2 S /Q 5 [Vul*dz < 2)\2” ull3 ( )
By Young inequality, given v > 0, we get

o 1
Bl < [ o) (180" + vl Al as

o0 1 o0
= [ utsas)idulz+ o [ utslanias
0 vJo
1
= vjo| Aull3 + @Hntlli,z' (4.15)
Using Young inequality and (3.1), we obtain
2, 1 2 oV o, 1 2
La| < v[|Vullz + EHVUtHz < /\_QHAUHz + E”VUtHT (4.16)
Then from (4.13)—(4.16) we obtain
3 3 1 1 1
w0550+ (e 3o L)iwuies (3 )
0 <-EO+ (55 +3 + 35 ) IVuld + (5 + 1) 112
1 3 1
B SO AT N [T "
5= 5) w5 +wo) 1dul3 (4.17)

Choose v small enough such that

1 g 1
S(1-2) - v( +m) >0
5 N T, e
Therefore, we get (4.10) with C5 = % +3+LandCs =1+ 4.
Let us choose €1 = min{CLs, %}, which is positive since we have assumed § > 0. Then
combining (4.3) with (4.17), we infer that

EL(t) = E'(t) +eV'(t)

1
—eB(t) = (1= Cs)|IVuull} — (5 — <Co ) I’ I3

—cE(t), €€ (0,e]. (4.18)

IN

IN
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Let us take e = min{ﬁ, e1}. Then for all & < &5, it follows from (4.5) that

SE() — LB +10D) < Eo(1) < SE() + (Il +12)). (4.19)

Using (4.19) we see that
2e €
EL(t) < —FEe(t) + (1Al + 1)),

which implies that

2e

BL(1) < B(0)e ¥ + S(1— e ¥O(h]3 +]))
= [B.(0) - §<||h||§+ e ¥+ §<||h||§+ ).
Using again (4.19) we obtain
E(t) < 3E(0)e™ 5" +2(]|h[3 + |2).
Therefore from (4.8) we conclude that
1 (u(t), ue(t),n") |3, < CE(0)e™ 5" + C([B]I3 + 19, (4.20)

where C' = c%max{?), (2+Cy)}.

Hence, taking the closed ball B = By (0, R) with R = /2C(||h||2 + |Q|) we infer from (4.20)
that B is a bounded absorbing set for S(¢). The proof is complete.

As a straight consequence of Lemma 4.1, we have that the solutions of problem (1.11)—(1.14)
are globally bounded provided initial data lying in bounded sets B C H. Namely, let (u, us, n?)
be a solution of (1.11)—(1.14) with initial data (ug,u1,70) in a bounded set B. Then one has

I(u(t), ue(®), 1) I3 < Cp, V20, (4.21)

where Cp is a constant depending on B. Lemma 4.1 also ensures the existence of bounded
positively invariant sets.

4.2 Stability inequality

Lemma 4.2 (see [15]) Let f : RN — RN be a Ct-vector field given by f = (f1, -+, fn)
and satisfy (3.3). Then, there exists a constant K = K (kj,pj, N) >0,j=1,---,N, such that

N -1 pj—1
f@) = fI <EY (4[| 77 + 1y 7 )le—yl, Vz,yeRY. (4.22)

j=1
Lemma 4.3 Under the hypotheses of Theorem 3.2, given a bounded set B C B, let z; =

(u,ug,mt) and zo = (v,v4,€) be two weak solutions of problem (1.11)—(1.14) such that z} =
(ug,u1,m0) and 22 = (vo,v1,&) are in B. Then

I21(2) = z2(1)]I5,
< ke |z — 251%
t N
K [ €0 (32 IV((s) = o6, 1 + u(s) ~ v(s) By ) s, £20, (423)
0 J=1

where K,y >0 and Kg > 0 are constants.
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Proof Let us fix a bounded set B C H. Put w = u —v and ¢ = n' — &'. Then (w, (")
satisfies

wir — Awyy + A%w — div(f(Vu) — f(Vv)) + /OO w(s)A2¢(s)ds

0
— Awy + g(u) — g(v) =0, (4.24)
¢ = —Ci 4wy, (4.25)

with initial condition
w(0) = up —vo, we(0) =wr —vi, ¢* =10~ &.
Now we consider the functional
H(t) = [|Aw®)]3 + [IVwe ()13 + we @3 + 16115 (4.26)

and its perturbation

where
D(t) = /Q wi(t)w(t)dz — /Q Awy(t)w(t)dz. (4.27)
Owing to (3.1), we get
() = 22(0)% < HE) < (14 1) laa(®) = 2(0) B (4.28)

Multiplying (4.24) by w; in Vg and (4.25) by ¢t in Mg, and integrating over €, we deduce
that

CL-|Q

S H) + Vw3
= (@iV(F(Vu) — FOT0))w(8) ~ (o(u) — g@)wn(t)) — (¢, (429)

Let us estimate the right side of the above identity. Hereafter, C'z will denote several positive
constants.
Using generalized Hold inequality with 2(p +1) +omt % =1 and (4.22), we have

|(diV(f( u) — f(Vv)), wy)]
(f(Vu) — f(Vv), Vw)]

/ (V) — F(V0)|| Vi (8)|dae

<KZ/ (1+ [Vu| ™ + Vo] )| V| [V |da

N —1
< KZ |Q|2“’J“> + IIVUH i L+ IIVUII,)JH)IIVwIIp]+1IIthH2~
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From (3.12) and (4.21) we obtain

pj—1 pi—1

pj—1 i
K(|Q|2(pj+1) + ||VU‘H;DJ%|‘1 + ||V/U||pji-1) < CB < 00, j = 17 T 7N'

Making use of Young inequality, there exists a constant Cp > 0 such that

N
|(div(f(Vu) = f(V0)),we)| < Cp Y IV, 1] Va2

j=1
N
Cgr 1
< 23wl 4+ IVl (4:30)
j=1

Further, since 5055 + 5y + 5 = 1, again by generalized Hold inequality, (3.6)~(3.7), (4.21),

and (3.1), it follows that

[(g(u) — g(v),w)]
< o / (1 + [u]? + [o]7) 0] e | da

< oo (1T + ulld ) + I0ll% ) 0l oy e 2

< Cgllwllagg+1) [ Vewi2-

Using again Young inequality, there exists a constant Cg > 0 such that

Cp 1
(gtw) = g0} w00l < L2l + TITul3 (431

As in (4.2), we conclude that

)
(¢ ¢ < —SIECIE (432)

Thus combining (4.29) with (4.30)—(4.32) it follows that

N
d
SH (1) < — |Vl = SICIE o+ Cp (S IVwlZ, o+ ol ). (433)

j=1

It follows promptly from the definition of H(¢) and ®(¢) that there exists a constant C7 > 0
such that

|H:(t) — H(t)| <eCrH(t), Vt>0, Ve>O0. (4.34)

As in the proof of Lemma 4.1, we claim that there exist constants e3 > 0, and Cp > 0 such
that

N
H(t) < —<H(t) + Cp( Y IVwl? o1 + lwl3gen), ¥E=0,Vee (0e] (4.35)
2
j=1

To prove this it suffices to prove that there exist constants Cg, C9 > 0 and Cp > 0 such that

1
®(t) < =5 H(t) + Cs[|Vur(®)lI3 + Co| I3 2
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N
+Ca( DIVl 1 + lwlBi))- (4.36)
j=1

In fact, combining (4.33) with (4.36) and choosing €3 = min{cis, Cig, 1}, the inequality (4.35)
holds for every e € (0,&1].

In what follows, we prove that (4.36) holds. By differentiating (4.27), using (4.24) and
(4.26), we get

1 1 3 3 1
(1) = 5 H(t) - 31 8w®)3 + Sl )3 + 51V ®) + 51"

4
2ot L, (4.37)
i=1

Li—— / W) (AC (), Aw(t))ds,

Ly=— /Q Vuw(t) - Vw(t)dz,

Ly = (div(f(Vu(t)) = f(Vo(D))), w(t)),
Ly = —(g(u(t)) — g(v(t)), w(t)).

Now we estimate the terms Ly, Lo, L3, and Ly.

1
|La| < wao | Aw(®)3 + £ IIC"|

2
2
and

v 1
|Lo| < A—2|\Aw(t)|\§ + @IIth(t)HS,

where v > 0 is a small constant which will be chosen later.

N
|Ls| < Cp Z IVw ()}, 1

j=1
and
|La| < Cllw(t)|3g41)-

Going back to (4.37) and inserting these four last estimates we arrive at

. 1 33 1 S R T
< —— - — N — N

N
1 1
+ O (Y IV, 1+ 0@ By ) = (5 (o + 1) JlAw®3
=1
Therefore, taking v > 0 small enough the inequality (4.36) follows and consequently (4.35)
holds.
Now we take ¢4 = min{;ﬁ, e3} and choose € < 4. Then (4.34) implies that

%mwgﬂg(ws H(t), t>0. (4.38)
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It follows from (4.35) and (4.38) that

H(t) <3e "H(0 )+KB/ v(E=s (ZHVUJ ||pj+1 + [w(s )||§(q+l))ds7 t >0,

where v = £ > 0 is a small positive constant and Kp is a constant depending on bounded set
B. From the above inequality and (4.28), we conclude that (4.23) holds. The proof is complete.

Lemma 4.4 (Asymptotic Smoothness) Under the hypotheses of Theorem 3.2, the dyna-
mical system (H,S(t)) is asymptotic smooth.

Proof We apply Lemma 4.3. Let B be a bounded subset of H positively invariant with
respect to S(t). Let S(t)z¢ = (u,us, n') and S( )28 = (v, v, Y be two solutions for problem
(1.11)—(1.14) corresponding to initial data 23,23 € B. Given € > 0, from inequality (4.23), w
can choose T' > 0 such that

18(T)z5 — S(T) 7512

1
3
<et0p] / (Z 19 Cu(s) — ()3, 11 + () — o) By Jds} . (439)
where C'p > 0 is a constant which depends only on the size of B.
Let us estimate the right side of (4.39). Taking 6; = 3 + (1 — p—+1) j=1,---,N, for
N > 1, then (3.4) implies that £ < 6; <1 and ——1_9 (——2)+ (1-0;),j=1,---,N.

Using Gagliardo-Nirenberg interpolatlon theorem we get
0; 1-6
IV(u(t) = v(t)llp;+1 < Co, 1A (u(t) = v(@)]l2" [[u(t) = v(B)ll;
1-6
< Ollu(®) —v(®)ll;

We observe that (3.7) implies that 2 < 2(¢+1) < ocoif 1 < N <4 and 2 < 2(¢+1) < 2% if
N >5. Taking A = 4 (1 — 47) it follows from Gagliardo-Nirenberg interpolation theorem that

1(u(t) = v(®))llp,+1 < Ol Aut) = vE)[3[lu(t) — o)
< Cpllu(t) —v(®)[;™
Combining these two last estimates with (4.39), we conclude that there exists Cp > 0 such that
1S(T)z0 = S(T)z3llae < € + dr (20, 20);

where

orbdi=ouf [ (Znu (I + futs) = o )as) .

To conclude the proof of asymptotic smoothness, it remains to prove that the functional ¢
satisfies (2.1). Indeed, given a sequence of initial data z§ = (ul,ul},ny) € B, let us write
S(t)zf = (u™(t), ul(t),n™"). Since B is positively invariant with respect to S(t), it follows that
(u™(t), u(t),n™") is uniformly bounded in H. In particular

(u"(t),uy (t)) is bounded in C([0,T], Vo x V1), T > 0.
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Then by compact embedding V5 < V), passing to a subsequence if necessary, we have
(u™) converges strongly in C([0,T7], Vj).

Therefore one obtains

lim lim

T
n—oom—oo Jq

N
n m 2(1-6; n m —A
(D2 () = ()" + flu(s) = w (5)[54 7 ) ds = o,
j=1

which implies (2.1) holds. Then asymptotic smoothness follows from Theorem 2.2.

Proof of Theorem 3.2 part (i) We first note that Lemmas 4.1 and 4.4 imply that
(H,S(t)) is a dissipative dynamical system which is asymptotic smooth. Then the existence
of a compact global attractor A to problem (1.11)—(1.14) in the phase space H follows from
Theorem 2.1.

4.3 Finite-Dimensional attractor

Lemma 4.5 (Quasi-stability) Suppose the assumptions of Theorem 3.2 (ii) hold. Then
(H,S(t)) is quasi-stable on any bounded positively invariant set B C H.

Proof Since (H,S(t)) is defined as the solution operator of (1.11)—(1.14), it follows from
Theorem 3.1 (i) that (2.2) and (2.3) hold with X = V5, Y = V; and Z = Ms. Also from
Theorem 3.1 (iii) we see that condition (2.4) holds true. Then we only need to verify stability
inequality (2.5).

Let B C H be a bounded set positively invariant with respect to S(t). For 23,25 € B we
write S(t)z8 = (u'(t),ul(t),n""),i = 1,2. Let us define the seminorm

N
nx(u) =Y [ Vallp1 + [[ullaggr)-

j=1
From assumption (3.15), we know that embeddings
Vo = WP Q) and  Vh < L20TD(Q)

are compact. Then we conclude that nx(-) is a compact seminorm on X = V5. Hence from
(4.23) we can see that

l2a(8) = 22(8) 3 < bOl1z8 — =513 +e(t) sup fox () = w?(s)]

where .
b(t) = ke~ and ct) = K / e =ds, >0,
0

Now we note that b € L*(RT) and tlim b(t) = 0. Also, since B is bounded it follows that ¢(t)
—00

is locally bounded on [0, 00). Hence, the assumptions of quasi-stability on bounded positively
invariant sets are fulfilled.

Proof of Theorem 3.2 part (ii) From the proof of Theorem 3.2 part (i) we know that
(H,S(t)) has a compact global attractor A, which is a bounded positively invariant set of H.
Then it follows from Lemma 4.4 that (H, S(t)) is quasi-stable on A. Based on Theorem 2.3, we
conclude that the attractor .4 has finite fractal dimension.
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Remark 4.1 In particular, the Hausdorff dimension of A is also finite since it is bounded

by the fractal dimension.
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