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The Dimension Paradox in Parameter Space of
Cosine Family*
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Abstract It is proved in this paper that the union of escaping parameter rays without
endpoints for the cosine family S.(z) = e"(e* 4+ e™%), where k € C is a parameter, has
Hausdorff dimension 1, which implies that the ray endpoints alone have Hausdorff dimen-
sion 2. This shows that Karpiniska’s dimension paradox occurs also in the parameter plane
of the cosine family.
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1 Introduction

The Julia set J(f) of an entire function f is the set of points at which the family of iterates
of the entire function f fails to be a normal family. Equivalently, the Julia set J(f) is the
closure of set of expanding periodic orbits of f. Its complement F'(f) is called the Fatou set of
f. These sets are the main objects studied in complex dynamics of entire functions. The Julia
set is often a rather complicated and interesting set (see [1]).

Such as Devaney and Krych [2] showed that for 0 < A < 1, the Julia set of f)(z) = Ae* is an
uncountable union of pairwise disjoint curves, which connect finite points, called the endpoints,
with co. McMullen [3] showed that the Hausdorff dimension of this set is 2, and Karpinska [4]
proved that the set of curves without endpoints has Hausdorff dimension 1. The results reveal a
“dimension paradox”: From the point of view in topology, one might think that “most” points
in the Julia set are in the union of curves, but nonetheless the entire Hausdorff dimension sits
in the set of endpoints. Such a phenomenon was first observed in exponential dynamic plane
by Karpiriska [4], so it is also called the “Karpiniska paradox” (see [5]).

The escaping set

I(f) = {z lim f*"(2) = oo}

for an entire function f has a close relationship with the Julia set, where f°* denotes the
n-th iterate of f. Eremenko [6] proved that J(f) = 0I(f), while Eremenko and Lyubich [7]
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proved that I(f) C J(f) = I(f) for a large class of functions f including the exponential family
Ia(z) = Ae* (A € C\ {0}) and the cosine family g4 (2) = ae®+be™* (a,b € C\ {0}). McMullen
in fact proved that the escaping set of f) has Hausdorff dimension 2 while the escaping set
of g, has infinite planer Lebesgue measure (see [3]). In both cases, it was proved that the
escaping set consists of uncountably many pairwise disjoint curves started at oo, called dynamic
rays, together with endpoints of certain (but not all) of these rays (see [8-10]). Furthermore,
the dimension paradox of Karpinska for f\ with specific choices of \ was generalized to the
following theorem.

Theorem A (see [8]) (Dimension Paradox in Dynamic Plane for Exponential Functions)
For fx(z) = Xe?, where A € C\ {0}, the union of all dynamic rays has Hausdor(f dimension 1,
while the set of endpoints has Hausdorff dimension 2.

Theorem B (see [9-10]) (Dimension Paradox in Dynamic Plane for Cosine Functions) For
Ja,p(2) = ae®+be™*, where a,b € C\{0}, the union of all dynamic rays has Hausdorff dimension
1, while the set of the endpoints has Hausdorff dimension 2 and even infinite planar Lebesgue

measure.

The orbit behaviour of singularities of an entire function plays a crucial rule in the complex
dynamics. The exponential function Ae* for every A € C\ {0} has unique singularity 0, which
is an asymptotic value of e*. Write A = e® and denote E,(z) = e*T* with parameter x € C.
We have an escaping set in the parameter x-plane

I(E;) ={k € C: lim E"(0) = co}.
n—00

Forster, Rempe and Schleicher studied the set Z(E,) in detail in [11-12]. They proved
that, similar to the escaping set in the dynamical plane, Z(E,) consists of uncountably many
pairwise disjoint curves in parameter space, called the parameter rays, together with endpoints
of certain parameter rays. Qiu [13] showed that the Hausdorff dimension of Z(E,) is equal to
2. Bailesteanu, Balan and Schleicher [14] further proved that the Hausdorff dimension of the
union of parameter rays is 1, which shows the phenomenon of dimension paradox also occurs
in the parameter space of exponential family.

Theorem C (see [14]) (Dimension Paradox in Parameter Plane for Exponential Family)
For E,(2) = e*T%, the union of all parameter rays has Hausdorff dimension 1, while the set of
the endpoints has Hausdorff dimension 2.

Let us consider the cosine family S.(z) = e"(e* + e~ *) with one parameter x € C. The
singularities of S, are kwi, k = 0,£1,+2,---. Since they have the same orbit, the orbit of 0
plays the key role in the dynamics of S,;. We again have the escaping set in the parameter
plane of S,:

Z(S,) ={reC: nh_)rrgo S2M(0) = oo}

A natural problem arises: what is the structure of Z(.S,;) and whether the dimension paradox
occurs in the parameter plane of S,;? Tian [15] discussed the structure of the set Z(S,;) and
obtained an analogous as the exponential family, that is, Z(S,) can be divided into the union of
all parameter rays and the set of endpoints of certain parameter rays. However, Tian had not
showed the dimension paradox in the parameter plane for S,. In this paper, we will prove that
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the dimension paradox occurs in the parameter plane of the cosine family S. Let Zr C Z(Sk)
be the union of all parameter rays, and Zg := Z(S,;) \ Zr be the set of endpoints of parameter
rays. Our main result is the following theorem.

Theorem 1.1 (Dimension Paradox in Parameter Plane for Cosine Family) For S, (z) =
e (e*+e %), where k € C, the set of the union of all parameter rays Tr, has Hausdorff dimension
1, while the set of endpoints T has Hausdorff dimension 2 and even positive planar Lebesgue-

measure.

As Qiu proved that Z(S,) has Hausdorff dimension 2 and positive planar Lebesgue measure
(see [13]), it is sufficient for us to show that the set Zp has Hausdorff dimension 1. The method
of the proof mainly comes from the works of Karpiriska [4] and Bailesteanu, Balan and Schleicher
[14] for the exponential family. However, we need to overcome some technical difficulties since

the appearance of the term e™* in S, (z) = e(e® + e~ ).

2 Lemmas

For x € C, write S"(k) := Sz(nﬂ)(O) = S"(2e") = S2"(—2e") for integers n > 1. Then

every S™ is a transcendental entire function and the parameter escaping set
Z(Sx) ={reC: nh_)n;o S™(k) = o0}
For simplicity, we denote Z = Z(Sy).

If A C Cis a domain such that S™ : A — V := S™(A) is a conformal isomorphism, then for
every integer k > 0, this defines a holomorphic map S™"*+* = gntk o (§m)~1 .y — C.

In the following, @ always denotes an open square of side length 7 with sides parallel to
the axes, @@ D @ denotes the open square of side length m with sides parallel to @ and center
coincident with Q. We call Q a standard square and @ a double square with respect to Q. We
also denote D,.(z) the open disk of radius r around z € C.

Lemma 2.1 Let M > 1 and A be a domain in Dy(0) such that S™ : A — V := S™(A) is
a conformal isomorphism and satisfies:

(1) |(S™) (k)| > 20 for all k € A;

(2) V is convex and V C Q for some double square Q C {z € C : |Rez| > £}, where £ is
real with e¢ > 8eM .
Then

(1) S"HL o A — S"HL(A) is a conformal isomorphism with

n+1\/ e—Mef n\/ ny\/
[(S™7) (8)] 2 ——1(5") (w)] > 2/(5") (k)|
for all k € A;
(2) S»ntl .V — S"FY(A) is a conformal isomorphism with
—M &
(5™ ()] = =

forallze V.
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Proof Note that S"1(k) = S, 0 S+ 1(0) = S, (S"(k)), we can write S"T1(k) = S.(2) =
e(e®* + e %) with z = S"(k) € V.

Without lose of generality, we assume Rez > £ for z € V. The discussion for the case
Rez < —¢ for z € V is completely the same.

In order to show that S™*! restricted to A is a conformal isomorphism onto its image,
we need only to check that S™*! is injective on A. Suppose that there are ki, ks € A with
St (k1) = ™ (k). Set zj = S™(k;) € V. C @Q for j = 1,2. Then |z — 25| < v27 and
ef1 (e 4 e %) = ef2(e*2 4 e *2).

K1 — ko = 2o — 21 + (In(1 +e7272) —In(1 + e~ 2%1)) + 2mri

n /z2 —2e~22d o
=29 — 2 R mmi
2o o 1+ 2e72

for some integer m, where the integral path is taken to be the line segment [z1, 25] since V is
convex.
Since |22 — 21| < V27 and |(S™)' (k)| > 20 for all x € A, we have

1
|/€2 —I<61| < —|22—21| < — 10
If m # 0, then since £ > In 8,

—ZZdZ }
1+ 2e2

> Sl — |2 — 1] (1+ max S 1)
mi|m — |29 — Z max —————
2o ev 1— [2e—22]

202 1
SPSN A (R a
> 21 —\/2r +1—2e—25 >1O7r

|[k1 — Kol > 2|m|m — {|z2 — 21|+ ‘/

which is a contradiction. So m = 0.
If k1 # kg, then z1 # z5 since S™ is a conformal isomorphism.

| | > - }/ —2e2%(
K1 — K 2o — %
! ’ S 14 2e2%

2e™% 1
2z (1 ) > 5l 2

which is also a contradiction. So k1 = k2. This proves the injectivity of S"*! on A.
Now we estimate the derivative of S"1. For k € A, set z = S™(k) € V.

(5™ ()] = [e"(e% +¢7) 4+ e*(e*(S") () — e7(S™)' ()

> |en||(Sn)/(K)|(eRcz _ e—Rcz) _ |en|(eRcz +e—RCZ)
1 K n\/ Re z K| Rez |en|eRcz ny/
2 Sle"[I(57) (r)]e™% = 2|e"|e™* = —=—(|(5")'(k)| — 4)
[e¥fefe= [(S™) (k)] o e~ Met o n
> = (™)' (R)] > 2|(5™)" (k)]
2 2 4
The conformality of S™"*! comes immediately from S™"*! = §ntl o (87)~1 and the

conformality of S™ and S™"*!. Since

e Mgt

|(S™ 1) ()] = (8™ 0 (S™)) (k)] = 1(S™" 1) ()] - [(S™)'(8)] = ——1(S™) (%)),
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e Mgt

we get [(S™"H) (2)| > 5=
For p > 1 and £ > 0, define the doubly truncated parabola open set

Poe={s=2+iyeC:|z|>¢and |y| < |z|7}.
For a bounded domain A C C, define the sets
Tyn ={k € ANT :|(S") (k)| = o0 as n — 00 and S™(k) € P, for sufficiently large n}

and

IZZJ\,]E,A i={k €Zyp:5"(K) € Py forall n > N}.

Lemma 2.2 Fizp > 1,M > 1,6 > 0 such that ¢ > 128¢M. Let A C Dy(0) be a domain.
Then for any k € I, A, there exist an integer N € N, a neighbourhood U C A of k and a
standard square Q C {r € C : |Rek| > £+ 7} with center at SN (k) and a double square Q with
respect to (Q such that

(1) SN .U — Q isa conformal isomorphism;

(2) S™(k) € Py¢ for all integers n > N;

(3) [(SN) (k)| > 20 for all k € U.

Proof Let x € Z, . Note that S™(k) € P, and S"(k) — oo imply |Re S™ (k)| — oo as
n — oo. There exists Ny € N such that S™(k) € P, ¢, |Re S" (k)| > £+ 27, and |(S™) (k)| > 20
for all n > Ny. Then there exists a neighbourhood Uy C A of s such that SNo : Uy —
Vo := SNo(Up) is a conformal isomorphism, and Vj is a disk of radius ro > 0 with center at
29 = SN (k).

If rg > @, there is a standard square @ with center at z9 = S™Vo(k) such that its double
square @ C V. Then (1) follows immediately by taking U be the preimage of @ under the map
SNo and setting N = Np, and (2), (3) hold obviously by the choice of Nj.

If ro < %, we restrict ro if necessary so that V{ is contained in a double square @ in
{k € C : |Rek| > £}. By Lemma 2.1, the maps S™Not! : Uy — SNo+1(Uy) and SNo:No+l

SNo(Ug) — SNo+1(Uy) are conformal isomorphisms, and we have

e~ Met

(™o NoF 1y (SN0 (k)| > > 32.

By the Koebe i-theorem, there is a neighbourhood U; C Uy of k¢ so that SN0+1(U1) is a disk

327‘0 _
1 =

N € N and a neighborhood U of « such that S¥ : U — @ is a conformal isomorphism, where
Q is a double square. So (1) follows. Again (2), (3) hold obviously by the choice of Ny and
Lemma 2.1 (1).

Now, we turn to estimate the Hausdorff dimension of Z)Y, .

of radius r; > 8rp. Repeating this argument finitely many times, we obtain an index

Lemma 2.3 Fixz p > 1 and an integer N > 0. Suppose Q C C is a standard square with
double square @ and A C C is a domain such that SN : A — @ s a conformal isomorphism. Set
A= (SM)"HQ)NA, and let M > 1 such that A C Dy(0). Suppose also that |(SN) (k)| > 20
on A. Then the Hausdorff dimension dimH(Ié\fg)A) <1+ % provided & is sufficiently large
depending only on p and M.
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Proof Let & > 0 such that |Rez| € (&,& + %) for all z € Q. We can assume I;;\,[g,A #+ O,
otherwise dim (Z); ) <1+ 1—1) is obvious.

For any x € ZY, , such that SV (k) € Q, we have & < |Re SN (k)| < & + 5, then & > ¢ - 3.
By Lemma 2.1, when e¢=2 > 8eM SNNFL . @ — SNN+L((Q) is a conformal isomorphism.
We can write SVNF1(z) = ef(e* + e %) for z € Q with k = (SV)7!(z) € A. Note that
the set exp(Q) is contained in an annulus between radii et and e>ef?, and SNVN+1(z) =
e(e* + e %) ~ e"e” or e®e~* when ¢ is sufficiently large. We have that SVN+1(Q) N P, ¢ (is
not empty, for x € pens S" (k) € P, ¢ as n > N) has the absolute values of real parts between

o= Mo
2

SNN+LQ) N P, ¢ have absolute values at most (2eMeZe$)s (again for sufficiently large &).

Let N(&y) be the smallest number of standard squares such that SYVN+1(Q) N P, ¢ is covered

by these squares. Then

and 2eMe2efo (provided ¢ is sufficiently large). Consequently the imaginary parts in

2. (2eMeZebo — #) - 2(2eMeF efo) v
2
(3)
where C' > 0 is a constant depending only on p and M. Denote these N (&) standard squares
by Ql,i fOI’ 7= 1, 2, s ,N(&))

Let Q1 ; be the double squares with respect to Q. Note that |(SN-NT1Y(2)] is large

~ ~ N(&)
on @ by Lemma 2.1 (2), then we have SMV*1(Q) > |J Q1. We can thus pull back the
i=1

< C’efo(l'i‘%)7

N(&) <

squares Q1,1 =1,2,--- ,N(&), under SN-N+1 and obtain a covering {U; ;} of the set Q :=
QN (SN =L(P, o) with N(&) open sets Uy ; = Wi, i = 1,2,---, N (&), such that each
Uy has a neighbourhood Uy ; for which the restriction SN-N+1: U7, ; — Q1 is a conformal
isomorphism. By the Koebe distortion theorem, the restrictions SN-N+1: U; ; — Q1 ; have
uniformly bounded distortions. By Lemma 2.1 (2), the derivatives of SNN+1 on Uy ; are at

least & 4;050 where K > 0 is a universal constant which measures the distortion. We have for
any d,
N (o)
4K \d /27 V27
: \d s +53)
3 s < w0 () s cavren (2

where C7 > 0 is a constant depending only on p and M. If d > 1 + % is fixed, then when ¢ is

sufficiently large, we have Cyefo tpa) < m, so that

N(&o)
> (diam Uy ;)" < K?d (diam Q)% (2.1)
i=1
This argument can be repeated: each standard square ()1,; has the absolute values of real
parts at least &1 ;, where 2eMeZes > & ,; 1= O(ef0) > ¢ N;cgo > & > £ — 5, so we can
obtain a covering {W5j,} of the set Q1,; N (SNTLNT2)=1(P, ) with N(&;;) open sets Wa j,,
ji = 1,2,--- N(&,), such that for each W ,, SNTLNT2Z o W, .0 — Qs is a conformal
isomorphism, where @3 j, is a standard square which has the absolute values of real parts at
least & 5, := O(e511) > £ ;, and so on. The union

N(&o)
U Ql i SN+1 N+2) (Pp,f)
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N(£o) N(&o)

can be covered by |J {Wa; } which contains N(&) :== > N(& ;) open sets. We rewrite
i=1 i=1

these open sets by Wa;, i =1,2,---, N (&), where & := O(e°). The covering {Ws,;} can be

SN,N—H

pulled back under and yield a covering {Us;} of the set

Qri={z€Q:SVNNt(z) e P, ¢ and SYNT2(2) € Py ).

The conformal isomorphism SN2 : U, ; — Q2,; for each i can be extended to be a conformal
isomorphism 172,1- — @2,1-, where @2)1' is the double square with respect to Q2 ;.
Inductively, we obtain a family of coverings {U, ;} for every n > 1, each of them covers the
set
Qni={z€Q: NNk e P,¢ forall 1 <k <n}.

Each U, ; C Q is an open set such that SNV-N+n . Un,i = Qn,i is a conformal isomorphism, where
@n,i is a standard square which has absolute values of real parts at least &, := O(ef"*l) >
&n1 > &, and {U,;} contains at most N (&, 1) clements. The map SNNFR Ui — Qni
can be extended to be a conformal isomorphism Un i = Qn i, where Qn ; is the double square
with respect to Qs ;.

Set

Q= m Qn={z€Q:VNt(z) e P, ¢ for all n > 1}.
n>1

Then {U,;} is a covering of Q for every n > 1.

Then dimH(@) <1+ %. Indeed, for d > 1 + 1—1) and n is large enough (so &, is su-
fliciently large), like the proof of (1), note that the sets Wy, := S™MNT(U,41 ) cover
Qn,i N(SNFNIFL())=1(P, ¢) and the maps SN NIt oy, Ly o — Qpy1,, are conformal

isomorphisms with uniformly bounded distortions, it follows that

> (diam Wi 41 5,)7 < K2 —- (diam Q. ;).
Ji
Since SNVN+n . Ui — @Qn, are conformal isomorphisms with uniformly bounded dis-

tortions, then diam @, ; < K(SNMN")(ko)diamU,; and &(SMN+") (ko) diam U415, <

diam Wy, 41 4, for some fixed kg in U, ;, and so

> (diam Uy 11,5,)? < (diam U, ;).
Ji

Then

Z(diam Un+1,ji)d < Z(diam Un7i)d'

7’7]7
Rewrite > to > .
i,Ji i’
. . 1
Z/(dl&m Uni1.)? < Z(dlam Uni)? < - K—(dlamQ) (2.2)
Since SN:N+n . Un,i — Qn,; are conformal isomorphisms with bounded distortions and

derivatives tending to co as n — oo (by (SVNFnY) = (SNN+LY . (GN+n=LN+1)" and Lemma
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~

2.1 (2)), it follows that supdiam U, ; — 0 as n — oo. Hence, (2.2) shows that dimy(Q) < d.

Since d > 1 + % is arbitrary, we get dimH(@) <1+ %. Finally, SV : A — Q is a conformal
isomorphism with SN (Z2Y, ,) C Q. Therefore, dimp (Z2; ) <1+ L as well

3 Proof of Theorem

To prove the main theorem, we need some results given in [9, 15]. So we turn to review
them roughly.
Define the index sets

ZL = { 7_2L7_1L70L71L72L7"'}7
ZR = { 3_2Ra_1R70R51R72R7"'}'
Let v1 = 2e", vy = —2¢" be critical values of S, (z) = e®(e* 4+ e~#). Without lose of generality,

we can assume that Im(vy) > Im(vg). Let
A:={z€C:z=x1+ (1 —=XNvy A€ 0,1]} U{z € C:Re(z) = Re(v1),Im(z) > Im(v)},

and set C’' := C\ A. Then define the strips R; as connected components of S;1(C’), so that
S, : Rj — C' is a conformal isomorphism for all j € Zy |JZg. The index of R; is taken as
follows: if j = jr € Zg, R; is located in the right half plane; if j = jr € Zr, R; is located in
the left half plane. {R;} gives an appropriate partition of the complex plane. Set

S:= (ZL UZR)N = {(818283 . ) 1Sk € 2y, UZR}.

Let 0:S —'S, (51528384 -+) = (528384 ---) be the shift map on S. Denote F(t) :=e' —1. A
sequence s = (s18253--+) € S is called exponentially bounded if there is an x € RT such that
|sk| < F°*=1(z) for all k. For every exponentially bounded sequence s = (s1s953---) € S,
define

s C 1 skl }
tﬁ'_mf{t>0'k1i,ngopok(t)_o .

It is proved in [9] that every path component of the dynamical escaping set I(Sy) is a
curve starting at infinity, which is called dynamic ray, possibly together with the escaping
endpoint of the ray. Every dynamical ray is associated with an exponentially bounded sequence
s = (s1s283---) € S. Denote the inverse mapping of Sy : R; — C’' by L; : C' — R;. According
to [9], the dynamic ray associated with the exponentially bounded sequence s = (s18283 -+ ) is
obtained by constructing a family of maps

gZé:RJF—HC for n € N,
gzg(t) = Ls1 © Lsz 0--0 LSn (iFon(t) + 27Ti$n+1)

(the sign + depends on s,11: it is + if s,41 € Zgr and — if 5,41 € Zz) with the following
properties:

(a) There exists a positive number 7', such that g;! ;(¢) is well defined for all ¢ > 7" indepen-
dent of s and n, and converges uniformly to a function g, s(¢) which is the tail of dynamic ray.
The convergence is locally uniform for . Moreover, Sy (gx,s(t)) = gr.o(s) (F(1)).
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(b) There exists a positive number B, such that for every s and n, |Re(gy ,(t))| >t — B
when ¢ > T

If no critical orbit escapes, by using the relation Sy (gx,s(t)) = gx,0(s)(F(t)), the ray tail can
be extended to a dynamic ray g s : (ts,00) — I(S,) with the following properties:

(©) S(08(1) = oo (F(1)) for all £ > ¢,

(d) S3™(gr,s(t)) = £F°"(t) F £ + 2misp4+1 + o(1) as n — oo, with sign + if s,,11 € Zr and
— if sp41 € Zy,, respectively. In particular, for every real p > 1,

Tm (53" (g5 (1))
IRe(S2™(9n,s(t)))]

In [15], Tian proved the differentiability of dynamic rays:

—0 asn— oo.

(e) For every k, the dynamic ray g, s(t) is continuously differentiable with respect to ¢ and

satisfies
o0
Fem™(t) +1
!
g t) =¢1 7é 0, 3.1
=0 == 1 o ) 3
where ¢, = 1 or ¢,, = —1 according to s,, € Zr or s,, € Zr, respectively. Moreover, on ray

tails, gy, ,(t) £ 1| < e~ 2t with sign + if s; € Zp and — if s; € Zp, respectively.

In addition, it was shown in [15] that every path component of the parameter escaping set
7 =Z(S,) is a curve, which is called parameter ray, possibly together with its unique endpoint.
The parameter ray associated with the exponentially bounded sequence s = (s18283---) € S is
defined by k = G,(t) which is the unique solution of g, s(t) = 2e”.

(f) Every parameter ray is a C'-curve Gy : (t5,00) — Z with G{(t) # 0 for all £ > t,. All
the parameter rays are injective and disjoint curves. For ko = G,4(t) there is a neighbourhood
A of kg in parameter space such that g, s(t) is defined for all k € A.

Proposition 3.1 The parameter ray k = G4(t) for s = (s15283---) € S satisfies
gS’"(Gs(t)) — 00 and iS”(/ﬁ:) — 00
dt = dr
asn — oo.
Proof For the parameter ray x = G4(t), i.e., g, s(t) = 2€",
S"(Gs(t) = S™(k) = 5 (2€") = 57" (gr.5(1))-

By (c), the dynamic ray satisfies S3"(gx,s(t)) = gw,on(s)(F°"(t)), where o™ denotes the n-th
iterate of the shift map o on S. Thus, with k = G,(?),

C5M(Gul1) = 5 (9rs(1)) = o (1)

dt
dren(t) 9 on /
. dt + &gﬁ70"(§)(F (t)) Gs(t)

= G om () (F°" (1))

It is clearly that % — 00 as n — oo. We need only to show the following claims (i)
and (ii).
(i) 19y o (s) (F" ()] = 1 as n — oc.
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By (e), we have for ¢t > ¢,

\ﬁ Fom+m) (1) 4 1 - < el (f) 41

(s Fon .
19,0 (s) ( ot () (EF (1)) Gt () (2 (1))

m=n-+
The claim |g;, ., (F""(¢))| — 1 follows directly from convergence of (3.1) (see (e)).
(i) | gr,om () (F"(t))] is bounded.
From the construction of dynamic rays, we have gp (t) :=t and

gt (1) = Ly (975 (F(2))) (3.2)

for every m > 0, where Ls : C' — Rj is an inverse branch of S,;(z) = e"(e*+e~ %) for s € ZUZg.
The function Ls(z) can be explicitly expressed as

Ly(2) = log(ze ™" £ (2%e72F — )%) log 2 + 27is,

where the sign + or — is taken according to s € Zg or s € Zj,, respectively. The branch of log is
taken the principal value and the branch of (22e~2—4)2 is taken such that (22)2 = z. Then the

argument of (z2e=2¢

4) 2 and ze™ " are close to each other as |z| — co. We can reform Lg(z) =
log(ze™" — (22e72% — 4)7) — log 2 + 2mis to Ly(z) = — log(ze ™" + (22e72F — 4)2) 4 log 2 + 2mis.

Then we have

Ly(2) = +log(ze ™" + (2% 2 — )%) Flog 2 + 27is.

It is known from (a) that g;s(t) converges uniformly to a limiting curve g, s(t) for t > T
(the tail of dynamic ray), and the convergence is locally uniform for x. So g, s(t) depends
holomorphically on « for fixed ¢ > T, and

0 1o}
%gﬁxé( ) = lim 7.9k, s( )

m—oo OK

This construction is extended to entire dynamic rays: for all t > t,, a point 2 is on a dynamic
ray if S2™(z) is on a ray tail for sufficiently large n > 1. Since we are interested in the limit
% Gr,on(s) (77 (1)) as n — 0o, we may restrict to sufficiently large n such that F°"(t) are always
on ray tails. We thereby need to prove

lim
n—r 00

o) = T | im g () (3.3

n—oo | m—oo JK

9
6/{9,’170’"@

is bounded.

Denote
A:Ln = g;’?d"(§) (Fon(t))
From (3.2), we have

A?—H = L5n+1 (A?—H)
= +log(e AT + ((e7"AT )2 — 4)7) Flog 2 + 2misn 1.
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We obtain the recursive relation
An
aAn+1 —K Am 2~A:;1+1 a,i L —(e” TAT 1)2
—e FA + 2
aA:Zn-‘rl . ( Ok "+1) ((e~ nAer )2— 4)2
Ik e AR+ ((e7m AR )? — 4)%
—k0AT e "ATY, - e "ATY,
1+ + —e A (14—
i (U e ?) il )
e AR+ ((e7m AR )? —4)3
starting with
0 0
8An+m+1 _ 8gn,dn+m+1(§) (Fo(n+m+1)(t)) =0 < 4. (34)

ok ok

By (b), there is a constant B > 0 so that ‘Re ng;(t’ﬂ > t' — B for all m/,

bounded domain, and ¢ > T. Choosing n sufficiently large, we can be sure that

Re A:Zn_,’_l = Re g:?a'"+1(§) (Fo(n-‘rl) (t)) > O

s, k from a

for a given C' > 12 and all m. Note that the argument of ((e™* A, ;)? —4)2 and e TRAD, are

) 2,-2r_ )%
close to each other, lim (Anx) e "7 Alfn — )
n—oo n+1

=1, we get
AT _
< 3}e et | e AT |
- le=" A7 |
DA™

_ 3‘ 8/{+1|

|A |+ 3
< 119474
— 41 Ok

—K

5]
0K

‘+3.

By induction, from (3.4) we have

) (Fo (1)) = ‘Bﬁuﬂ |

<
ok

1
S .443=4
<4

for all m. Thus the limit as m — oo and then the lim as n — oo in (3.3) is bounded as claimed.
Since G (t) is independent of n, we have proved that 45" (G4(t)) — 00 as n — oo, which

is the first part of the lemma.
Since k = G(t), the second part of the lemma comes immediately from

d gy |

and the fact Gi(t) # 0 (see (f)).
Now we turn to prove Theorem 1.1.

Proof of Theorem 1.1 It can be asserted that dimpy(Z, ) < 1+ 1—1). Choose § > 0
depending on A and p as in Lemma 2.2. Pick any x € Z, ». By Lemma 2.2, there exist an
integer N € N, a neighbourhood U C A of £ and a standard square @ C {x € C: [Rex[ > {+}
with center at SV (k) and a double square Q with respect to @ such that SN : U — Q is a
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conformal isomorphism with [(S™)/(k)| > 20 and S™(k) € P, ¢ for all n > N. This implies that
K € IZZJYE,U and by Lemma 2.3, dimH(Igg)U) <1+ 1—1).

Since A has countable topology and N € N given in Lemma 2.2 forms a countable set, Z, o
is contained in the countable union of sets of dimension at most 1 + %. So, for every p > 1 and
every bounded open A C C, we have dimpy(Z, r) < 1+ %.

We now need to prove that for every open and bounded A C C, we have Zr N A C Z, 5 for

every p> 1. VK € Ig N A, by (d),

|Im(5’2(n+1)(0))|p [ Im(S°n (k) P |
Re(Sz(n+1)(O)) - Re(S°" (k) —0 as n — oo,

then S"(k) € P, for sufficiently large n.

By Proposition 3.1, [(S"(k))'| — co as n — 00. So k € I, p and Zp N A C I, 5 for every
p>1.

As dimp(Z,a) < 1+ 2, then dimy(Zr N A) < 1+ 7. Because this holds for all p > 1,
dimgy (Zr) < 1. On the other hand, since Zr contains curves, it could be concluded that
dimgy (Zr) = 1. And because Z = Zr | JZg and T has positive planar Lebesgue measure, Zg has
positive planar Lebesgue measure.
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