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A New Criterion on k-Normal Elements over
Finite Fields*
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Abstract The notion of normal elements for finite fields extension was generalized as
k-normal elements by Huczynska et al. (2013). Several methods to construct k-normal
elements were presented by Alizadah et al. (2016) and Huczynska et al. (2013), and
the criteria on k-normal elements were given by Alizadah et al. (2016) and Antonio et
al. (2018). In the paper by Huczynska, S., Mullen, G., Panario, D. and Thomson, D.
(2013), the number of k-normal elements for a fixed finite field extension was calculated
and estimated. In this paper the authors present a new criterion on k-normal elements
by using idempotents and show some examples. Such criterion was given for usual normal
elements before by Zhang et al. (2015).
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1 Introduction

Let ¢ = p™, where p is a prime number, m > 1, F, a finite field with ¢ elements, F; =
Fg\{0}. For n > 1 and Q = ¢", a0 € Fy, is called a normal element for extension Fg/F, if
N = {a,oﬂ,aqz, e ,oﬂ”fl} is a basis of Fg over F,; ( N is called a normal basis for Fg/F,).
For a normal element « of Fg/F,, the minimal polynomial f,(z) € F,[x] of « is called a normal
polynomial for Fq /F,, which is a monic irreducible polynomial in F,[z] with degree n. Normal
bases have many applications including coding theory, cryptography and communication theory
due to the efficiency of exponentiation (see [5-6]). It is proved that « € [F¢) is a normal element
for Fg/F, if and only if

n—1
ged(ga(x),2" —1) =1, ga(z) =Y a¥a""""! (1.1)
=0

(see [5, Theorem 2.39]).
The following definition given by Huczynska et al. [3] is a generalization of normal elements.

Definition 1.1 (see [3]) Let ¢ =p™,Q =¢" and 0 < k < n —1. An element o € Fy, is
called a k-normal element for Fq/F, if the degree of ged(ga(x), 2™ — 1) is k.

Manuscript received September 25, 2018.
I Department of Mathematical Sciences, Xi’an University of Technology, Xi’an 710054, China.
E-mail: zhangaixian1008@126.com
2Department of Mathematical Sciences, Tsinghua University, Beijing 100084, China.
E-mail: kfeng@math.tsinghua.edu.cn
*This work was supported by the National Natural Science Foundation of China (No. 11571107) and
the Natural Science Basic Research Plan of Shaanxi Province of China (No. 2019JQ-333).



666 A. X. Zhang and K. Q. Feng

With this terminology, a normal element is just O-normal. As shown in the normal element
case (see [6]), the k-normal elements can be used to reduce the multiplication process in finite
fields. And another motivation for studying k-normal elements is due to the observation that
they implicitly arise during the process of constructing quasi-normal bases of finite fields (see
7).

The number of k-normal elements for extension Fq/F, was calculated and estimated in [3]
and several methods to construct k-normal elements were presented in [1-2]. As the normal
element case, the k-normal elements can be characterized by using g¢-linearlized polynomial
theory (see [2-3]). Now we briefly introduce such characterization.

A g-linearlized polynomial (g-polynomial in brief) is a polynomial in the following form:

L(z) =apx + ara9 4+ - + amz? | a; € F,.

Let Fy[z] be the set of all g-polynomials. Then Fg[z] is a ring with respect to the ordinary
addition and the following multiplication ® :

L(z) ® K(x) = L(K(x)), composition.

One of the basic facts on F,[z] is that the mapping
¢ Fylz] — Fylzl, Zaixi > Zaixqi, a; € Fy (1.2)
i=0 i=0

is an isomorphism of rings. Therefore F[z] is a principal ideal domain with identity x. We
use the notation || to express the divisibility in F,[z]. Namely, for L(z) and M(z) in Fy[x],
L(z) || M(xz) means that L(xz) # 0 and there exists N(z) € Fy[z] such that M(z) = L(z) ®
N(z) = N(z) ® L(x).

Let n>1and a € ]FZ;, The set

I, ={M(x) € Fylz] : M() =0}

is a nonzero ideal of F,[x] because x¢" — x € I,. The monic generator M, () of the ideal I, is
called the minimal ¢-polynomial of a. Particularly, M, (z) is an irreducible polynomial in F,[z]
and M, (x) || 7" — 2. Moreover for any L(x) € F,[x], L(a) = 0 if and only if M, (z) || L(z).

Lemma 1.1 (see [3, Theorem 3.2]) Let g =p™, Q =q" and 0 <k < n—1. The following
statements for o € ¢, are equivalent to each other:

(I) @ is a k-normal element for Fq/F;

(IT) The degree of the minimal g-polynomial M, (z) € Fyz] over F, is ¢"~F;

(IIT) The dimension of the Fy-vector subspace V,, of Fg spanned by {a, al,- - ,oﬂnfl} is
n—k and {a,a?,--- ,oﬂnikfl} is an Fy-basis of V.

Let n =p'n/, ptn’. Then 2" — 1 is decomposed in F[z] as

" —1=(a" = 1)" = (pr(x)p2(z) - ps(x))", (1.3)

where p;(z) (1 < ¢ < s) are distinct monic irreducible polynomials in F,[z]. By the isomorphism
¢ in (1.2), 29" — 2 has the following corresponding decomposition in F[z] :

n

27"~z = (Pi(z) ® Pa(z) @ - ® Py(z))”',
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where P;(x) = ¢(pi(z)) (1 < i < s) are distinct monic irreducible g-polynomials in F,[z] and
for L(z) € Fylx] and I > 1, L(z)! means L(z) ® L(z) ® --- ® L(x) (I copies).

For a € Fp), the minimal g-polynomial M, (z) is a divisor of 27" — x in F,[z]. Therefore
My (z) = p(me(z)) for a divisor mq(x) of ™ — 1 in Fy[z]. From the definition of M, (x) and
the isomorphism ¢ between Fy[x] and Fg[z] we get the following result.

Lemma 1.2 Let 2" —1 be decomposed by formula (1.3) in Fy[x], and m(x) is a monic divisor
of 2" — 1 in Fylz]. Let M(z) = p(m(z)) and M;(z) = tp(?gi;) if pi(x) | m(x). Then M(z) is
the minimal g-polynomial of « if and only if M(«) = 0 and for each p;(x) | m(z), M;(a) # 0.

Particularly, if ged(n, p) = 1, then the decomposition (1.3) becomes
2" —1=pi(x)p2(x) - ps(x). (1.4)

For a € IFy), the minimal g-polynomial M, (z) has the form
Ma(2) = Ma(z) = R Pila),
i€EA
where A is a subset of {1,2,---, s}. In this case, M, (x) can be described by the following way.
Lemma 1.3 Suppose that Q = ¢™,(n,q) =1 and 2™ — 1 has decomposition formula (1.4)
where pi(x) (1 <i<s) are distinct monic irreducible polynomials in Fy[z]. Let
" =1

m(xz) = @) M;(z) = o(m;(z)), 1<i<s.

For a € Fy), let
A=Ala)={i:1<i<s, M(a)#0}.

Then the minimal q-polynomial M,

for Fo/F, where k =n— Y degp;
€A

() of a is Ma(z) = @ Pi(z) and « is a k-normal element
€A

().

Proof Foreachi, 1 <i<s,

i —

= Mi(a) #0 <= i€ A.

Pi(@)|| Ma(z) <= Ma(z) } = M;(z) € F,lz] (since B - ® Pi(a:))

S degpi(e)
Therefore M, (z) = [] Pi(z). Since deg M, (z) = [] deg P;(x) = ¢ic» 3 , by Lemma 1.1
ieA i€A
we know that o is a k-normal element for extension Fg/F, where k = n — ) degp;(z) =
i€EA

s
S degpi(a).
iZA

Lemma 1.3 presents a method to determine the normality & and the minimal g-polynomial of
an element a € Fy, provided we know the decomposition formula (1.4) in the case ged(n, ¢) = 1.
In this paper we present a new method to determine the normality and the minimal g-polynomial
Mo () of a € Fp), essentially by the partition of Z, = Z/nZ into g-classes without using the
explicit form of the irreducible factors p;(x) (1 <i < s) of ™ — 1. We explain this idempotent

method in Section 2 and show several examples in Section 3.
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2 Main Result

Let ¢ = p™, Q = ¢" and ged(n,p) = 1. A criterion on normal element for extension Fq/F,
was given in [6] by using idempotents in semisimple Fg-algebra A = F[z]/(z™ — 1). In this
section we generalize this method to determine the normality k and M, (z) of any a € Fp,.

By assumption ged(n,p) = 1, ™ — 1 has the decomposition (1.4) in Fg[x] :

z" — 1 =pi(2)p2(z) - - ps (),
where p;(z) (1 <i <s) are distinct monic irreducible polynomials in F[x]. Let

n; =degpi(z), li(z)=——, Li(z)=¢((x)), 1<i<s.

Then ny +ng+---+ns =n, deg L;(x) = ¢™ (1 <i < s). By the Chinese Remainder Theorem,
A =TF,z]/(2™ — 1) is a direct sum of finite fields:

A @ Fq([ff] ) @FQ’” Qz _ q"i'
i=1

i) U

It is well known that zeros and degree of P;(z) can be described by g-classes of Z,, = Z/nZ.

Definition 2.1 Let n > 2, ¢ = p™ and ged(n,p) = 1. Two elements a and b in Z,, =
Z/nZ = {0,1,2,---,n — 1} are called q-equivalent if there exists a positive i € 7 such that
a =bg' (mod n).

This is an equivalent relation on Z, and Z., is partitioned into q-equivalent classes.

A ={a1 =0}, [Ai|=n1=1,
Az = {ag,a2q,- - ,a2q™ "}, | As| = na,

A = {asaas% T 7(15(]%_1}7 |~As| = Ns,

where for 1 < i <'s, n; is the least positive integer such that a;q™ = a; (mod n).

Let a be a primitive n-th root of 1 in the algebraic closure of IF;. Then for each ¢, 1 <17 <'s,

1

S, = {o/\ Ae A ={a%, a9, .- ,a®d }

is the set of zeros of a monic irreducible polynomial p;(z) in Fy[x] with degree n;. And 2™ — 1
is decomposed in F,[z] as (1.4).
Now we introduce the system of orthogonal (minimal) idempotents in ring

A=F,[a] /(2" - 1).
Consider the natural isomorphism of rings

T A— DD

Fofe] ) Fqle] Fy[z] Folz] _
(p1(x))  (p2(z)) (ps(x))”  (pi(x))
f(@) = (f(z) (mod py(x)), f(z)(mod pa(x)),- -, f(x)(mod ps(z))).
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Definition 2.2 Letv; = (1,0,---,0), v = (0,1,---,0),---, vs = (0,0,--- ,1) be elements
m

=Fq, ®Fq, ®--- DFq..

Let

Namely, e;(x) (1 <i<s) are determined by
ei(xz) = 0;; (mod p;(z)), 1<j<s, (2.1)

where §;; = 1 for i = j and 6;; = 0 otherwise. {e;(x) (1 < i < s)} is called the system of
orthogonal (minimal) idempotents of A, because the following relationships hold:

S

ei(z)ej(x) = dijei(x), D eilr)=1, 1<ij<s.
=1

Now we present our main result which shows that the minimum g¢-polynomial and the
normality of o € IFf, can be determined by using e;(z) (1 <14 < s).

Theorem 2.1 Let ¢ = p™, Q = ¢" and ged(n,p) = 1. Let 2™ — 1 be decomposed as
" — 1 = pi(x)pa(x) - - ps(x) in Fylx] and the idempotents {e;(x) (1 < i < s)} be defined by
congruence equation (2.1). Let F;(x) = p(e;(x)) and P;i(x) = o(pi(z)) (1 < i < n). For any
a €Ty, let

A=A(a)={i:1<i<s, E;j(a)#0}.
Then the minimal q-polynomial of « is Ma(x) = Q) Pi(x) and « is a k-normal element for
iEA

extension Fo /F, where k (the normality of ) is given by k =n — > degp;(x).
€A

Proof Let m;(x) = %, M;(z) = o(m;(x)) (1 <i < s). It was proved in the proof of [8,
Theorem 2] that for each a € Fy, and 1 <14 <'s, M;(a) # 0 if and only if F;j(a) # 0. Then the
conclusion can be derived directly from Lemma 1.3. The idempotents e (z), ea(z),- - , es(z) are
determined by the congruence equations (2.1), but the following method is easier to calculate

e;(x) (1 <1i<s)in certain cases.

Theorem 2.2 (see [8,Theorem 3]) Suppose that Q = q", ged(n,q) = 1. Let A; (1 <i < s)
be g-classes of Zn,, e;(x) and p;(z) (1 < i < s) be the corresponding idempotents of Fq[x]/(z™—1)
and monic irreducible factors of £ —1 inFy[x]. Let  be a primitive n-th root of 1 in the algebraic
closure of Fy. For each i (1 <1i <'s), we take o; to be a zero of p;(x) which means o; = (% for
some a; € A;. Let

gi(z) = Z %, 1<i<s. (2.2)

acA;

And M is an s x s matriz over F, defined by

M = (gi(@)))1<i,j<s-
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Then det(M) # 0 and

By using the idempotents, a criterion on 0-normal elements was given in [8]: a € Fe) is a
normal element for extension Fg /F, (Q = ¢", ged(n,q) = 1) ifand only if E;(a) # 0 (1 <i < s).
Now we present such type of criterion on 1-normal elements as an application of Theorem 2.1.

By Theorem 2.1, o € F, is a 1-normal element for extension Fg/F, (Q = ¢, ged(n, q) = 1)
z"—1
pi(x)
in IFy[z] with degree 1 so that p;(z) = x — ¢ for some ¢ € F}, which means that =l =1
Moreover, ¢" = 1 so that ¢? = 1 where d = ged(g — 1,n). Let v be a primitive element of F, so
that F; = (y). Let n = ed and 8 = 7¢. Then the zeros of 2™ — 1 in Fy are * (0 <A < d—1)

and the decomposition of " — 1 in F[z] is

if and only if the minimal g-polynomial M, (z) of « is cp( ) where p;(z) is a factor of ™ — 1

2" —1=pi(z)p2(z) - pa(®)pa+1(x) - - ps(z), (2.3)

where py(z) =2 — 271 for 1 < X < d, and degpy(x) > 2 for A > d + 1.
For 1 <\ <d,

e A1
= BAD(1=1) 4t (since 8" = 1),

-1

" —1 —1)(n—1—i) i

Ix(2) :E BA-D(n—1-i),
i=0

|
—

=0
and
n—1 ) ;
La(z) = p(lr(z)) = > pADEI=059
i=0
Therefore
e—1d—1 s
La(a) =) Y pADEIQaT (let i = dl + 1)
=0 r=0
d—1
= 3 B (T ),
r=0
d—1 .
where Trj is the trace mapping from Fg = Fgn to Fya. Particularly, Li(a) = 3 (Trg(a))? =
r=0

Trd(Tr" () = Tr(a) where Tr = Tr? is the trace mapping from Fg to F,.

From these discussions we get the following result.

Theorem 2.3 Suppose that Q = q", ged(n, q) = 1. Let Fy = (v), d = ged(n,q—1), n = ed
and B = ~°. Then x™ —1 is decomposed in Fy[x] as formula (2.3). For any o € IF), the following
statements are equivalent to each other:

(I) « is a 1-normal element for extension Fg/Fg;
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d—1
(IT) The minimum q-polynomial of o is Ly(x) = z—:o LAV (T ()9 for some N, 1 <

e—1
A <d, where Trj(x) = > z1”
=0

d—1

(ITT) There exists just one A for 1 < X\ < d such that > fA"DEI=)(TY ()4 = 0 and
r=0

Ex(a) # 0 for alld+1 < X\ < s, where E;(x) is the g-polynomial corresponding to the idempotent

e;(x);

d—1
(IV) There exists just one A for 1 < X\ < d such that > BA-"DEI=(Tr" ()4 = 0 and
r=0
{a,a,--- ,aqnfz} is Fy-linearly independent.

Proof « is a l-normal element of Fg/F, if and only if the degree of the minimum g¢-
polynomial M, (x) of a is ¢"~!. Namely, M,(x) = Lx(x) = ¢(Ix(z)) where I)(z) = ;z&% for
some A\, 1 < X < d. Therefore (I) and (IT) are equivalent. The other equivalent relations can

be derived from Theorem 2.1.

Corollary 2.1 Suppose that Q = ¢" and ged(n, q(q—1)) = 1. Then 2™ —1 = py(x)p2(x) - - -
ps(x) where p1(x) = x—1 and degpy > 2 for 2 < X < s. The following statements are equivalent
to each other for a € Fy, :

(I)  is a 1-normal element for extension Fg /Fg;

n—1 )
(IT) The minimum q-polynomial of o is Tr(x) = > x9';
i=0

(IIT) Tr(c) = 0 and Ex(a) # 0 for all 2 < X < s;
(IV) Tr(a) = 0 and {a,a?,--- ,a?" "} is F,-linearly independent.

Proof By assumption ged(n, g(¢—1)) = 1, we know that 1 is the only element ¢ in F} such
that ¢” = 1. Then the conclusion is derived from Theorem 2.3 directly.
3 Examples

In this section we present examples to determine the normality and the minimum g-polynomial
of an element « € Ff, by using Lemma 1.3 and Theorem 2.1.

Example 3.1 Let p and n be prime numbers, n # p and ¢ = p™. Suppose that the order
of gin Z) is p(n) = n — 1. Namely, Z* = (¢). Then 2™ — 1 = p;(x)p2(x) where

pi(x)=z—1, po(a)=a"" 42" P4t +1

are irreducible polynomials in F,[x]. We get

" —1 " —1
lhi(z) = pl(x) , la(x) = pg(x) = pi(z),
n—1 )
Li(z) = p(lhi(x)) =Y 2% =Tr(x), La(x) = @(la()) =27 —
1=0

From Lemma 1.3 we get the following result.

Theorem 3.1 Let p and n be prime numbers, n # p, and g = p™, Q = q". Suppose that
Zy, = (q). For each a € Fyy, let Mo (z) be the minimal q-polynomial of c.
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() If « ¢ F, and Tr(a) # 0, then My (x) = 29" — 2 and « is a (0-th) normal element for
Fo/F,.

(Il) If « ¢ F, and Tr(a) = 0, then My (x) = Tr(x) and o is a 1-normal element for Fo /F,,.

(IIT) If a € Ty, then Tr(a) = na # 0 so that My (x) = 29 — z and o is an (n — 1)-normal
element for Fq/F,.

Example 3.2 Let p be a prime number, ¢ = p™,n be an odd prime, n # p. Suppose that
the order of ¢ in Z} is | = eln) 21 Then there exists an integer g such that ZX = (g) and

;
q=g* € ZX. Then
D= ={:0< <l-1}={g2:0<A<l-1}
is the subgroup of multiplicative group ZX and the other coset is D' = gD = {g?**1: 0 < A <
I —1}. We have the decomposition
a" —1 = pi(x)p2(x)ps(x)

in Fy[z], where

pi(z)=a =1, px)=[[(@—¢"), ps(a) =[] (2 ¢, (3.1)

a€D aeD’

where ( is an n-th primitive root of 1 in the algebraic closure of F,. It is not easy to get the
polynomials p;(z) € F,lz], li(x) = ﬁ—;; € Fylz] and L;(z) = ¢(li(z)) € Fylz] explicitly for
1 =2 and 3. Now we use the idempotents. With the notations given in Section 2, we have

ei(z) =1, er) =Y a", e@)=>

reD reD’
er(l) e(Q) ex(¢9) 11 1
M=|e(l) eA¢) eA¢?) |=|1 C B,
es(1) eaC) eal¢?) L BC
where B= Y (" e€F,, C= 3 (" €F,. By Theorem 2.2, det(M) = n(B — C) # 0. Then we
reD’ reD
et
© B-C B-C B-C
Mo (B-C) C—-1 1-B
"B-C) \yp—c) 1-B C—1
and
e1(x) e1(x)
ea(w) | = M~ | ex(x)
es(x) es(x)
Namely, we get
1 1 n—1 :
e1(r) = E(El(x) +e2(x) +e3(x)) = - Z ",
i=0
eﬁ@:Ea£jjm3_cmwc—mﬂ@+a—3kgm, (3.2)
e3(x) ! [[(B—C)+ (I — B)ea(z) + (C — l)es(x)].

T n(B-0)
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Now we compute B and C by using the Legendre symbol
(r) L ifreD,
n/ |-1, ifreD.

n—1

Wehave B+C = ) ("=-1, B-C = E (=)¢" € Fy, where B — C'is the quadratic Gauss
r=1

sum over [F,,, but valued in F, instead of the complex number field C. We calculated B and C

in [8] as following result.

Case (I) 21 q. Let n* = (=})n, then

B:%(—1+,u\/ﬁ), C=-(-1-pw/n*), p=1lor—1.

l\DI»—A

Then by (3.2) we get

s () = A + 2 es() — 23(e) — U (4 (0) + e3(a),
/i es(w) = Vi — 2 ea(w) = ea(a)) — L0 (ey(a) + ea(a)
and
Wi (@) = Tr(e).
o Ba(z) = ny/nra — ,mni:j (%)xq Vi Tr(a), (3.3)

2nvn* E3(x) = nv/n*z + unni:l (%)xqr —V/n*Tr(z).

Case (II) 2| gq. Then B+ C =B —C =1 and

{0,1}, if n = +1 (mod 8),

{B,C} = {{w,w—l—l}, if n = 43 (mod 8),

where w € F4\{0,1}. Then by (3.2) we get

nes(x) =1+ (I + B)(e2(z) + 3(x)) + ea( _zzx +Bzx+zx

reD
nes(x —ZZJZ —|—C’Zx —I—Za:

reD
and
nEy(z) = Tr(z),
nEy(z) = 1Tr(z) + B(Tr(z) + ) + Z 27 (3.4)
reD
nEs(x) =ITr(z) + C(Tr(x) +2) + Y ¥, C=B+1.
reD

Now we determine the normality of any element o € Fy,.
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Theorem 3.2 Let p and n be distinct prime numbers, n > 3, ¢ = p™, Q = q". Suppose
that Z° = (g) and q = g* € Z¢ so that the order of q in the multiplicative group 7, is | = ”T_l
Let

D={(g)={g:0<A<l-1}

Then z™ — 1 = p1(x)p2(z)ps(x) where p;(x) (1 < i < 3) are the monic irreducible factors of
™ — 1 in Fylx] defined by (3.1). Let P;(x) = p(pi(z)) (1 < i < 3). For a € Fy,, let My (x) be
the minimum g-polynomial of ., and « is a k-normal element for Fo/F,,.

Case (I) 21q. Let 6 = Y (Z)a? .
r=0

(a) If a € Fy, then My (2) = 29 —2 and k =n — 1.
(b) Suppose that o € Fo\F, and Tr(a) =

n—1 )
If Vn*6 ¢ {£na}, then My(x) = Tr(z) = . 29 and k = 1. Otherwise My (z) = Py(x) or
i=0

Py(x) and k =1+ 1= 2L
(c) Suppose that o € Fo\F, and Tr(a) # 0.
If Vn*6 ¢ {£(na — Tr(a))}, then My(z) = 29" —x and k = 0 (a is a normal element for
Fo/Fy). Otherwise My (z) = Pi(z? — x) = P;(x)? — Py(z) fori=2 or3 and k =1 = 251
Case (I1) 2| q. Lete = > a%, w € F4\{0,1} and
reD

B 0, ifn==+1 (mod3),
" \w, ifn=+3(mod8s).
(a) If a € Fy, then My (z) = 29 —2 and k =n — 1.
(b) Suppose that o € Fo\F, and Tr(a) = 0. If ¢ ¢ {Ba, (B + 1)a}, then My (x) = Tr(z) =
n—1 )
S 29 and k = 1. Otherwise Mo(x) = Ps(z) or P3(z) and k =1+ 1 = 2L,
i=0
(c) Suppose that o € Fo\F, and Tr(a) # 0. If e ¢ {ITr(«) + B(Tr(«) + @), iTr(o) + (B +
D(Tr(a)+a)}, then My(x) = 29" —x and k = 0 (a is a normal element for Fgo/F,). Otherwise
My (z) = Pi(z)?+ Py(z) fori=2 or3 and k =1 = 251

Proof (I) For 21¢, a € Fj, formula (3.3) gives

Ei(a) =0« Tr(a) =0,
Es(a) =0 < na — Tr(a) — pvn*d =0,
Es(a) =0 na—Tr(a) + pv/n6 =0, p=1or —1.

n—1

If a € Fy, then Tr(a) = na # 0, § = Z (L)a? = « Z (£) = 0. Therefore E1(a) # 0
and Fy(a) = FEs(a) = 0. By Theorem 21 My (x) = Pl( )=al—zand k =n—1.If
o € Fo\Fy, then na — Tr(a) # 0 (otherwise a = 1Tr(a) € Fy). If Ex(a) = E3() = 0, then
na — Tr(a) = /n*é = —/n*é which implies that 6 = 0 and na = Tr(a), contradiction.

Therefore at most one of Fy(a) and FEs(a) is zero. And E;(a) = 0 for i = 2 or 3 if and
only if vn*§ € {#(na — Tr(a))}. When Tr(a) = 0, then Ej(a) = 0 If Vn*d ¢ {£na}, then

n—1

Ey(@) # 0 # Es(a) and Mo(z) = ¢(pa(z)ps (@ ))—@(Z ") = Zﬂfq k=n—(n-1)=1

If vVn*§ = na or —na (namely, § = v/n*a or —\/_a) then M ( ) = P;(x) where i = 2 or



A New Criterion on k-Normal Elements over Finite Fields 675

3and k = n —1 =1+ 1. When Tr(a) # 0, we have E1(a) # 0. If v/n*§ ¢ {£(na — Tr(a))},
then Ea(a) # 0 # F3(a) and My (z) = @(z" — 1) = 29" — 2, k = 0. Otherwise M, (z) =
o(pi(x)p1(x)) = Pi(z) ® (27 — z) = Py(x? — 2) = P;(x)? — P;(z) for i = 2 or 3. This completes
the proof of Case (I). Similarly we can prove Theorem 3.2 for Case (II) by using Theorem 2.1
and formula (3.4).

Example 3.3 (General Case) Let p and n be distinct prime numbers, n > 3, ¢ = p™, Q =
q". Let f be the order of ¢ in the multiplicative group Z). Then n — 1 = ef and there exists
g € Z7 such that Z} = (¢g) and ¢ = g° € Z. C = (q) is a subgroup of Z* and the cosets of C
in ZX are

Cx=g"C={g**:0<i<f-1}, 0<A<e—1

Let ¢ be an n-th primitive root of 1, Fy(¢) = F,s. Then

2" =1 = pu(x)po(x) -+ pe-1(2), (3.5)
where p.(z) =z —1land for 0 < A<e—1, px= > (z— (%) is an irreducible polynomial in
F,[z]. Therefore o

eo=1, ex(z)= Y 2° (moda"-1), 0<A<e—1. (3.6)

acCy

Let ex = ex(() = > ¢* (0 < XA <e—1). We know that ) € F is the Gauss periods of
acCy

J
order e and for o; = (9",

6)\(Oéj) = Z Cag] = EA-Fja )\a.] S Ze-

aeCy
Therefore
1 1 1 1
f e e - Een
M _ f €1 €9 - €0
f €e—1 €0 Ee—2
By using the equalities
e—1 e—1 n—1
=y =) ¢"=-1 (3.7)
A=0 A=0acC\ a=0
and
e—1 e—1 N Ny
IRRHED S) TR
A=0 A=0 a,beC
e—1 )
S S ) o a =
A=0 aeC deC

2

_n—f, if —1€Cj (namely, if j = 0 for even f and j = § for odd f),
-, otherwise,



676 A. X. Zhang and K. Q. Feng

we get
1 1 1 1
1 .f Ec 5c+1 e Ec—1
M l== |/ €41 €ct2 -+ €c ,
n .
f Ec—1 Ec e Ec—2

where ¢ = % (mod e). Namely, ¢ = 0 for even f and ¢ = % for odd f. By Theorem 2.2, we
have for a € F, (Q = ¢"),

n—1
> @
=0

e*(x) e—1
w@ || a@ | i ] s+ S awe
n
€e—1(x) Ee—1() o1
4 2 ex(@)eryen
A=0
n—1 )
Namely, F.(a) = 3 a9 =Tr(a) and for 0 <i <e—1,
i=0

e—1
Ei(a) = %(fa + Z Exteti Z Oéqa)- (3.8)
A=0

acCy

From these computations and Theorem 2.1, we get the following result.

Theorem 3.3 Let p and n be distinct prime numbers, n > 3, ¢ =p™, Q = ¢". Let f be
the order of q in the multiplicative group Z,, n —1 = ef. Then there exists g € Z) such that
2y ={(g) and q=g° € Z). Let

C={()={¢:0<i<f—-1}={g*:0<i<f—1}

and Cy = g*C (0 < X\ < e —1) are the cyclotomic cosets of C in Z. Let ¢ be an n-th primitive
root of 1, Fo(¢) = Fys. Then x™ — 1 is decomposed in Fy[x] by

" —1 = p.(z)po(x) - - pe—1(x),

where po(x) =z —1 and for 0 < A <e—1, px= Y, (x— (%) is an irreducible polynomial in

aceCy
F,lz], and Py = @(py). Let
ex=y (%
acCy
0, if f is even,
= g, if [ is odd.
For a € Fy), let
e—1
S:{i:OSiSe—l, ZaHHCZaq“;&—fa}, (3.9)
A=0 a€Cx
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and let My (x) be the minimum g-polynomial of o and « be a k-normal element for Fo /F,,.
(I) When a € F;, then My(z) = 27 —x and k =n — 1;
(II) When o € Fg/Fy and Tr(o) = 0, then My(z) = @ Pi(x) and k = n — f|S]

AES
fle=IS)+1
(IIT) When a € Fq/Fy and Tr(a) # 0, then My(z) = @Q Pr(z9—zx) and k = n—1— f|S]

AES
fle—=18)).
Proof When a € F};, E, = Tr(a) =na # 0 and for 0 <i <e—1, by (3.8)

1 ! o 1 e—1
Ei(o) = ﬁ(fa+§5/\+c+iagclaq ) = E(fa+fo<§a,\) =0.

Therefore M, (x) = Py(z) =29 —x and k =n — 1.
When a € Fg/F,, E.(a) =Tr(a) and for 1 <i <e—1, by (3.8)—(3.9),

Ei(a) #0 << i€ S.

Therefore My(z) = @ Pa(z) and k = n — f|S] if Tr(a) = 0 and My(z) = (@ Pr(x))
AES AES
QR Pi(x) = )\%PA(J:‘I —z), k=n—f|S|—-1= f(e—|S]) if Tr(a) # 0.

Remark 3.1 (1) g; = > (* (0 <i < e—1) are Gauss periods of order e over F,,, but
aceCy
valued in F,. They can be computed as usual Gauss periods valued in complex number field C

for small e and semiprimitive case. For e = 1 and 2, we get Theorem 3.1 and 3.2 respectively.
(2) For ¢ =2, (e,n) =(3,7),(5,31),(7,127) or ¢ = 4,e =3,n =17, &; € Fo and by (3.8),

ei 1, ifj=0,
Ei€i+qi = . .
= + 0, if1<j<e—1,

which means that the circulant matrix over Fo

€0 €1 €e—1
€1 €2 €0
M = .
€e—1 €0 Ee—2

is orthogonal. Jungnickel et al. [4] obtained a formula on the number of orthogonal circulant
e X 2 matrix over F,. From this formula we know that for ¢ = 2, (e,n) = (3,7), (5,31), (7,127)

or ¢ = 4,(e,n) = (3,7), (€0,€1, "+ ,€e—1) is a cyclic shift of (1,0,---,0). Let &, = 1, then
e—1

> Eatite O ot > a?" where N =t 4 i + ¢. Therefore let

A=0 acCy G.GC)\/

S’:{/\’:Og)\'ge—l, GZC aqa};«é—fa.
aeCy/

Then &' =S+t ={s+ts €S8}, |S| =[S, and Theorem 3.3 can be stated in term of S’ in
stead of S.
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