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Abstract In this paper, the author constructs ghost symmetries of the extended Toda
hierarchy with their spectral representations. After this, two kinds of Darboux transforma-
tions in different directions and their mixed Darboux transformations of this hierarchy are
constructed. These symmetries and Darboux transformations might be useful in Gromov-
Witten theory of CP!.
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1 Introduction

The Toda lattice hierarchy (see [1]) as a completely integrable system has many important
applications in mathematics and physics. Toda systems have many kinds of reductions or
extensions, such as the extended Toda hierarchy (ETH for short) (see [2-4]), bigraded Toda
hierarchy (BTH for short) (see [5-9]), extended multi-component Toda hierarchy (see [10]),
extended Zn-Toda hierarchy (see [11]) and so on.

With additional logarithm flows, the Toda lattice hierarchy becomes the extended Toda hi-
erarchy (see [2]) which governs the Gromov-Witten invariant of CP!. That means the Gromov-
Witten potential 7 of CP? satisfies the Hirota quadratic equations (see [4]) of the ETH. The
extended bigraded Toda hierarchy (EBTH for short) (see [5]) is an extension of the ETH. The
Hirota bilinear equation of the EBTH was equivalently constructed in [6, 12]. Meanwhile it was
proved to govern Gromov-Witten invariants of the total descendent potential of Cn as orbifolds
(see [12]).

The systematical studies on symmetries on lattice equations can be seen in [13]. As one
kind of symmetries depending on time variables explicitly, the ghost symmetry was discovered
by Oevel [14]. After that, it attracts a lot of research (see [15-22]). Aratyn used the method
of squared eigenfunction potentials to construct the ghost symmetry of the KP hierarchy and
connect this kind of symmetry with constrained KP hierarchy (see [17-19]). One S function
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was used to represent (2 4+ 1)-dimensional hierarchies of the KP equation, the modified KP
equation and the Dym equation (see [20-21]. Our group gave a good construction of the ghost
symmetry of the discrete KP hierarchy (see [23]) and the BKP hierarchy (see [22]).

Among many analytical methods, the Darboux transformation is one of the efficient methods
to generate the soliton solutions for integrable systems (see [16, 24]). The Darboux transfor-
mation for integrable coupled systems is studied in [25]. In [26], the two Darboux transforms
on band matrices called LU and UL Darboux transformations are constructed, particularly for
the (2m + 1)-band matrix. The LU and UL Darboux transformations inspire us to consider
two different Darboux transformations of the ETH. The determinant representation of multi-
fold Darboux transformations gives a convenient tool to explicitly express new solutions (see
[27-28]). This reminds us to consider the Darboux transformation and its determinant repre-
sentation of the continuous interpolated ETH which will be used to generate new solutions from
known solutions which include soliton solutions and solutions related to the Gromov-Witten
theory of CP!.

This paper is arranged as follows. In the next section, we will give the Lax equations of the
extended Toda hierarchy. In Section 3, the ghost symmetry of the ETH will be constructed
in two directions. By Sato equations, Hirota bilinear equations of the ETH are recalled with
the tau-function and the generalized vertex operators. Meanwhile we also compare our results
from the reduction of the EBTH (see [6]) and the known results in [4]. In Section 5, multi-fold
Darboux transformations of the ETH will be constructed using determinant techniques in [10-
11, 28]. In another direction, another kind of multi-fold Darboux transformations of the ETH
will be constructed in Section 6. Combining these two Darboux transformations together, we
construct their mixed transformations in Section 7.

2 Extended Toda Hierarchy

Firstly we recall some basic notations of the extended Toda hierarchy. We introduce the
following Lax operator L of the extended Toda hierarchy as in [2] by

L=A+u(x)+v(x)A™!
with A being defined now as the shift operator
A = e,
The dressing operators Py, and Pg as in [2],
Pr=14+w A"t +waA ™24, (2.1)
Pr=wo+wiA™ +wa A7+ (2.2)

can be formally defined by the following identities in the ring of Laurent series in A~ and A
respectively:

L=PAP;' = PrAT'PL.

The pair is unique up to multiplying Py, from the right and Pr from the left by operators in
the form respectively 1 4+ a1 A= + aeA™2 + -+ and ag + a1 A + a2A? + -+ with coefficients
independent of x.
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To construct an extension of the extended Toda hierarchy, one needs to introduce the fol-
lowing notion of the logarithm of the Lax operator L:

1
log L := 5(7>Lgaw7>gl — Pred, Prb).

Remarkably the above ambiguity in the choice of dressing operators is cancelled after the
definition of the logarithmic operator log L.

Definition 2.1 The extended Toda hierarchy consists of the evolutionary equations which
are represented in the following Lax pair:

oL
Bn = [B,@)n, L]:= BgnL —LBg,, =12 n>0. (2.3)
Bn
Here the operators Bg,, are defined by
2 1
Bi,=—I[L"(logL —¢,)]+, Bop=———(L""),, 2.4
1, €n'[ (Og & )]"r 2, E(n—l—l)'( )"F ( )
and for any operator B =" BiAF, the operator By is given by . BipAF and B_ = B — B,
k>0
Here the constants ¢, are defined as follows:
1 1
co =0, Cn=1+§+"'+ﬁ' (2.5)
Also we define the operators Ag 4, Cpg 4 by
2 1
Ay, = —I[L"(log L — ¢,)], Ay = ——— (L"), 2.6
1n = L™ (log L — cn)] 2, 6(n+1)!( ) (2.6)
2 1
Ciy=——I[L"(logL —c,)]—, Ca, =————(L""")_. 2.7
= = oglLog L= e, Can = — g (1) (2.7)

Now we give the Sato equations of the extended Toda hierarchy (ETH for short).

Definition 2.2 The extended Toda hierarchy is a hierarchy in which the dressing operators
P, Pr satisfy the following Sato equations:

atv,j,PL = C’Y;ijv 8t»y,jPR = B’y,jPR- (28)

The dressing operators P, Pr which satisfy the above Sato equations are called wave op-
erators (see [4]). “x” is defined as an antiinvolution acting on the space of Laurent series in
A by ¥ = 2z and A* = A=, The Lax pair of the ETH can be written as the following linear

equations.

Proposition 2.1 The Lax equation of the ETH can have the following linear system on
Baker-Akhiezer functions ®pa, ®pa and adjoint Baker-Akhiezer functions Vpa, Upa as

oL
Lepa=Ppa, o, B2 — By, ®pa;
B.n
0¥pa
LU = \U = —B% Upuyu;
BA BA, 3t51n ﬂ)n BA;
_ _ oD _
L®ps = APpa, 3 BA — Csn®Ba;
L5,n
ov _
L'Wpa=Npa, — =-Cj,Tpa.
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Then we can define the following eigenfunctions ¢, ¢ and adjoint eigenfunctions 1,1 as

6 oy

=B n®, = —Bj n¥;
Otgn i Otpn pi¥
at,@)n - Cﬂ,n¢7 6t67n - _Cﬂ,nw

With above preparations, we will construct the ghost symmetry of the extended Toda hier-
archy in the next section.

3 The Ghost Symmetry of the Extended Toda Hierarchy

In this section, the ghost flows on the Lax operator of the extended Toda hierarchy will be
introduced firstly. Then we will prove that they are symmetries of the extended Toda hierarchy.
After this, we naturally further consider the action of ghost flows on Baker-Akhiezer functions
and eigenfunctions. To define the ghost flows, we define the following two operators:

A1 = —i 1 < i
1—A‘1::;A , m::;A.

Inspired by the definition of ghost flows of the KP hierarchy (see [19]), here we define the flows
for the ghost symmetry as

At -1 —
S P ) P R N5
Z d) 1 _ A_l 71’ 7z ¢1 _ A/(/)
where functions ¢, ¢,1),1 are the eigenfunctions and adjoint eigenfunctions of the extended
Toda hierarchy.
To prove that the above flows are symmetries of the ETH, we need to prove the following

lemma.

Lemma 3.1 For operators B := Y b,A™, C:= > ¢, A™" and f(z), g(x) as two arbitrary

n=0 n=1
functions, the following identities hold:
AY A! A! AT
(Bf7=5=9)_=BUi=g=e (r=geB)_=fig=Be. 6
1 1 1 1,
(Cri=59), =0t=50 (I7=590), = =50 (). (3:2)

Proof The proof is similar to that of [29, Lemma 1].

The following theorem will tell you why we call it the ghost symmetry.

Theorem 3.1 The additional flows 07,0, commute with the extended Toda flows O, ,,,
i.e.,

02,0, ,]L =0, [070: ,]L=0. (3.3)

Proof The commutativity between ghost flows and extended Toda flows is in fact equivalent
to the following Zero-Curvature equation which includes the following detailed proof:
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= ot A~ b b+ [Brn 0]
= o2 4;%(3@)%%0)%%(3* )+ [B%n,qs%w}
= (B )~ (6B — Po(Brad) ot b o BB )
_o,
070y~ Ooy (G720 + [Cons B2 7]
- - [aﬁ@, Ava] =B Aw— I Aw o [Crn 7]
= 0257 Con]_ — Bo(Crand) T+ B Ro(C5 ) + [ B
= (Chndr=57) - (amwc%n)_—mcma) T+ B A (C, D)
=0.

The above proposition tells us that the ghost flows are the symmetries of the extended Toda
hierarchy.
The ghost symmetry on wave operators Pr, Pr can be got as

-1

A -1 —
9zPrL = (bwdjph 07Pr = (bmeR'

The ghost flows acting on the Baker-Akhiezer functions ®54(t, z), ®pa(t, z) and adjoint Baker-
Akhiezer functions W a(t, 2), Upa(t, z) will be defined as the following equations:
A—l
8Z(I)BA(t7 Z) = ¢H(1/)7 (I)BA(ta Z))a H(d’, (I)BA(ta Z)) = W (w(I)BA(tv Z))7

02 Upalt2) = U6 Upa(t,2), SO Unalt,2) = Tog (GUnalt,2);

67(1)314(157 Z) =9 H(wa (I)BA(tﬂ Z)), F(Ev (I)BA(tﬂ Z)) = %A(EQ)BA@; Z))7

1
0754(1,2) = 086, Wpa(t,2)), 5@, Vpalt,2) = +—— (FWpa(t,2);
0, B5a(t,) = GH(W Tpalh2),  H(5Fpa(t2) = Tor s (FFpalt, )
9zVpa(t, 2) = —1pS(¢, Upal(t, 2)), S(¢,Vpalt,2)) = %@_BA(EZ));
07B5a(t2) = ST Boalt,2)), (@ Bpalt,2)) = T (@Tpalt,2))
075A(1,2) = ~0 5, Tnalt,2)), 5, Tnalt,2)) = 1= (6 Tpalt, )

We consider the spectral representation of the eigenfunctions é(t), ¢(t) and adjoint eigen-
functions ¢ (t),(t) for the extended Toda hierarchy.

Proposition 3.1 The eigenfunctions ¢(t), d(t) and adjoint eigenfunctions 1 (t),(t) have
dp

alt; )

the following spectral representation using the Baker-Akhiezer functions ®pa(t, z),



702 C. Z. Li

and adjoint Baker-Akhiezer functions Wpa(t,z),Vpa(t,z) :

olt) = / Az (2)(@palt,2)), B(t) = / 0:3,(2)@palt, 2)),
w(t) = / Aot () Upalt, ), () = / A=0. ()T palt, 2).

The spectral representation will help us to get the ghost flow of eigenfunctions ¢(t), ¢(t)
and adjoint eigenfunctions 1 (¢), 1 (t). Considering the ghost flows acting on the Baker-Akhiezer
functions ®p4(t,2), Ppa(t,z), adjoint Baker-Akhiezer functions Wpa(t,2), Ypa(t,2) and the
above spectral representation, this will lead to the following proposition which contains the

ghost flows of the eigenfunctions ¢(t), ¢(t) and adjoint eigenfunctions v (t), 1 (t) as the following
proposition.

Proposition 3.2 The eigenfunctions ¢(t), ¢(t) and adjoint eigenfunctions 1) (t),(t) satisfy
the following equations:
079 = ¢H (Y, ¢), 0z = —pS($,v),
020 =FT(.0), Oz0 =75
029 = ¢H(,9), 0z¢ = —S(¢, 1),
970 =0H(1,0), 90 =-vS5(

4 Hirota Quadratic Equations and Tau Function

In this section, we will compare the results of the ETH derived in [4] and our paper [6].
Now we introduce the following free operators Wy, Wy :

AJ AJ
Wy = exp(gtz,ja +t1,ja(68_cj))v (4.1)
— > AT AT
W :=exp (gbdg +t17jg(€8—cj‘)), (4.2)
— > AJ AJ
Wor = eXp(_jZ_:OtQ’ja —tl,ja(sa—cj)). (43)

We define the dressing operators W, W, W, Wg as follows:
W .= WL = PLOWO, W:Z PROWQ, WR = WQROPE. (4.4)

For any operator B = _ BypA*, the left symbol of the operator is defined by >_ BiAF. For any
operator B = 5" AFCy, the right symbol of the operator is defined by >~ CxA*. Then we denote
their corresponding left symbols Wy, of Wi, and right symbols Wg of Wg. Also we denote their
corresponding left symbols W, W and right symbols W=, W~ .

To show the agreement between the results in [4] and [6], the following proposition can be

proved.

Proposition 4.1 The following several statements are equivalent:
(1) Pr, and Pr are wave operators of the extended Toda hierarchy.
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(2) The following Hirota bilinear equations hold for r € N (see [4]):
WA Wi =WEAT"W], reN. (4.5)
(3) The following Hirota bilinear equations hold (see [4]):

Resx{\" T Wy (z,t, 0., N Wg(x — me, t', 0., \)}
= Resx{\" """ Wi (x,t,20,,\) Wi (x —me,t',€0,,\)}. (4.6)

(4) The following Hirota bilinear equations hold:

WAW-L=WAW ', reN (4.7)

(5) Let t19 =ty 5. For all m € Z, r € N, the following Hirota bilinear identity (HBI for
short) holds:

Resy (N W(z, t,60,, \W ™ Hx — me, t',e0., \)}
= Res, (A" W (2, t,0,, \) W_l(x —me,t',e0,,\)}. (4.8)
Proof The equivalences of statements (1), (2) and (3) were proved in [4]. The following
proof is about the equivalences of (1), (4) and (5). Here we only give the proof of the equivalence

between (1), (4) and (5).
(1) = (4) Set

7:(’707’717’727"';)7 52(517527'“) (49)
to be a multi index and
O =000 0 02, 00 =00 007, (4.10)

Suppose 0 = 9%0”. Firstly we shall prove that the left statement leads to
Wz, t, VAW~ (z, ', A) = Wz, ¢, AT (z,¢,A) (4.11)

for all integers r > 0. Using the same method as used in [4, 6], by induction on 6, we shall
prove that

Wz, t, A)AT(O°W = (2,8, A)) = Wz, t, A" (O (.1, A)). (4.12)

When 6 = 0, it is obviously true according to the definition of wave operators.
Suppose that (4.12) is true in the case of § # 0. Note that

o, W := [(atz,jPL)PL_l + PLAJPL_l]Wa pj = t2,j7
P B, PP + PLNed, PLW,  py =t

and

J

P (3t2,j73R)73§1W, . B pj = taj,
g [(0r,, PR)PR' + PrA €0, PR ITW,  pj =t
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which further lead to

(A2,)+ W, pj = t2,j,
aij = L]
[—(Al,g)—'*‘g(lOngL—Cj)}Wa pj = t1j,
and
- (Ag,5)+ W, pj = t2j,
apj = J

[(A17j)+ - %(bg_ L- Cj)}Wa pi =t
This further implies
(0, W)AT ("W 1) = (8, W)A " (2" W )
by considering (4.12) and furthermore we get
WA (8,,0°W ") = WA~ (8,,0"W ).

Thus if we increase the power of d,, by 1, (4.12) still holds. The induction is completed. By
Taylor expanding both sides of (4.11) about ¢ = ¢/, one can finish the proof of (4.11).

(4) <= (1) Vice versa, by separating the negative and the positive part of the equation, we
can prove Pr, Pgr are a pair of wave operators.

To prove (4) < (5), the following symbolics are needed.
If the series have forms

W(z,t,A) = Zai(x,t,am)Ai, W(z,t,A) = Zb (x,t,05)A
€L €L
W, t,A) = Y Adj(e,t,0,), W (a0, A) = Y AW (a,t,0,),
= €T

then their corresponding left symbols W, W and right symbols W=, W™ are as follows:

W(z,t,\) Zalxt(? xt)\ Zaxtﬁ

1€EZ 1EZL
Wz, t,\) betﬁ W (@, t, TN Zb'wt@
1€ JEL

With the above preparation and defining residue as Resy Y. ap,A™ = a_1, the equivalence
nez
(4) & (5) can be proved using the similar proof as [1, 4, 6].
We denote respectively Pr, Pr as the left symbols P, Pgr and P, L Py 1 as the right
symbols PL_l, P};l. A function 7 depending only on the dynamical variables ¢ and ¢ is called
the tau-function of the ETH if it provides symbols related to wave operators as

e(j — 1!
T(tl,o Tty T;E)
PL L= y (413)

e
T(t170+1‘— §7t;8)
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€ e(j—1)!
O CERR S T il
P = = , (4.14)
T(t1,0 +x + E,t;s)

T(tl,o bat Sty te(f - 1)!/\3';;3)
PRI: 2 e ’ (415)
T(tLO +x— 5,75;8)

T(tl)o +x — gﬂtQJ - E(] - 1)!/\j;8)

€
T(t1)0+$+ §,t;6)

Pyl = (4.16)

Then from the Hirota bilinear identity of the EBTH in [6], we can get the HBI of the ETH in
the following proposition by taking N = M =1 in [6].

Proposition 4.2 Let m € Z, r € N. The HBI (4.8) leads to the following scalar-valued
Hirota bilinear identities:
)\n+1

e(n+1)!
= Res\{\ """ Y(Do , Pr(z,t,\)) Ppl(z —me, t,\)}, (4.17)

Res {Wm—l [(32 WP, t, )Py (2 — me, £, A) + Pr(z,t, \) Py (z — me, t, A)]}

Resy {/\TJ”"_1 [(81 WPz, t, \) Py — me, t,\) + 4 PL(x t,\) Pyl (x —me,t, )

n

- &%CWPL(;E t NPy (o — me, t A)H

—n

A
— Resy {/\‘“””_1 [(al,nPR(x, t,X) Pr'(z = me,t, \) + “—Pr(,t, \) P (v — me, £, )

+ EcnPR(J: t,\)Pg' (z — me,t, /\)}} (4.18)
Res,\{)\’”rm 'Pp (2, t, \) Py (2 — me, t, M)}
= Res\{\ """ Pp(z,t,\) Pg'(z —me, t,\)}. (4.19)

Proof The proof can be derived after taking N = M = 1 from the Propositions 3.2-3.3 of
[6].

Moreover, the HBI (4.8) can imply other interesting identities of the ETH such as the
following proposition.

Proposition 4.3 Letr € N and x — 2’ = me, m € Z. The HBI (4.8) leads to the following
scalar-valued Hirota bilinear identities:

o n+1 o
Res,\{ [(a2 WP (@t )P 8 AT hp (2, t, NPy (@, £, A }}

= } (4.20)

- ResA{ (g P, t, X)) Prt(a! 1, A

Res {/\T‘l {(al WPt )P DA

+ TPt Wﬂw%wff—%w&@$m?umnxf”

=/

— Resy_o {A—T—l[(al WPr(z,t,\) Prl(a/,t, VA==
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—nM v A" z—a
Pr(@,t,\) P (@', VA" 4 TreaPrle, t, )P (o DA™ }} (4.21)

+

Res)\{)\r_]"PL(aj’t7)\)P_1(le’t7)\) I;Il
=Resx{\""~ 1PR($ t,\) P ($ t, /\)

(4.22)

In this section we continue to discuss on the fundamental properties of the tau-function of
the ETH, i.e., the Hirota quadratic equations of the ETH as a reduction of the EBTH in [6].
We will show that the Hirota quadratic equations of the ETH in [4] agree with the HBEs from
the reduction of the EBTH.

Basing on the vertex operators of the EBTH in [6], we introduce the following vertex oper-

ators:
e . — exp ( + %(thj (j)\f:l) +t1, J N (log)\ ))) X exp (:Fgatw F [)‘_1]6),
§=0
. i »
I =exp ( + %(thgﬁ - tl,j%(bg)‘ - Cj))) X exp (:':%6151,0 ¥ [)\]a),

Il
=]

J
where
No=eY jWta,,.
j=0

Because of the logarithm log ), the vertex operators I'*® @ I'F® and I'** ® I'F® are multi-
valued functions. There are monodromy factors M® and M? respectively as following among
different branches around A = oo,

271 by
M‘Z:exp{:lz—E T(ltl_,j@u—1@1&1,]-)}, (4.23)
13 >0 7
2 12 A
j=0 77

In order to offset the complication, we need to generalize the concept of vertex operators which
leads it to be not scalar-valued any more but takes values in a differential operator algebra as
shown in [4]. So we introduce the following vertex operators

DA
T, =exp ( 7 (€02 )t1, J) exp(xdy, ), (4.25)
7>0
1% (J+1)
I'y = exp ( Z J )t j) exp(x0y, ,), (4.26)
j>0
DA
I}, = exp(x0y, ,) exp (Z (sﬁz)tl_j), (4.27)
3>0
i~ (D)
I'y = exp(x0y, , ) exp (Z ji(sﬁw)tl,j). (4.28)

3>0
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Then
DA
Iy @ Ty = exp(adh, o) exp (D (c02)(t1,5 — h.)) exp(ad ). (4.29)
>0
i\~ G+1)
Iy ® Ty = exp(x0y, ,) exp (Z ji(a?w)(tl,j - t17j)> exp(z0y, ). (4.30)
j>0

After some computation we get

. " 27 Y
(', @ Ty)M*® = exp (i - Z ﬁ(tl,j - tle))

7>0
exp( (t10+x) (t10+x+z (tr, — tlj)))(r;;cara))
j>0
2 1 N
— exp (i (tro —t, 0)) (I* @ Ty),
(T} @ Ty)M® = exp :I: (tl,j t’l)j))
j>0 !
eXp(i%(tlo-f-CE) (t10+x+z tl,j—t’llj))))(rz@n)

3>0

2mi
exp (£ (10— t1,0) ) (T} © T).
Ze

Thus when t10 — t] 5 € Ze, (I} @ To)(T* @ I7%) and (T @ I'y) (™" @ I'") are all single-valued

near A = oo.
Now we should note that the above vertex operators take value in a differential operator
algebra.

Theorem 4.1 The invertible function 7(t,€) is a tau-function of the ETH if and only if it
satisfies the following Hirota quadratic equations of the ETH:

Resx (A" 1T @T,) T @0 (7@ 7)) =Resx (A" N[ @ Ty)(T @) (rer))  (4.31)
computed at t1 9 —t) o = me for each m € Z, r € N.

Proof The proof can be derived after taking N = M = 1 from HBEs of the EBTH in [6].

Taking a transformation on (4.31) by A — A~!, then (4.31) becomes
Resy{\ NI @T )M T —TI*@I) (ro7)} =0 (4.32)

computed at t; g — t} ; = me for each m € Z, r € N. That means
p , 1,0

dA

3 — ([ T,)I* @I *-T7*I') (reT) (4.33)

is regular in A computed at t;o — t o = me for each m € Z. (4.33) is exactly the Hirota
quadratic equation of the extended Toda hierarchy in [4]. In the next section, two different
Darboux transformations and their mixed transformations of the ETH will be constructed
using kernel determinant techniques as [27-28].
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5 Multi-fold Darboux Transformation of the ETH
In this section, we consider the Darboux transformation of the ETH on the Lax operator
M =wrw-,

where W is the Darboux transformation operator.
That means after the Darboux transformation, the spectral problem

Lo = Ao +up+vA~p= Ao

will become
LM = Al 4 Ml 4 A1 = N\l
To keep the Lax equation of the ETH invariant, i.e.,

oL oLl
= [(Aan)eo L g = (AR I, Al = 4,0, ()

the dressing operator W should satisfy the following equation:
Wy, =-W(Ay )+ +WBy,W W, v=0,1,n>0,

where W, means the derivative of W by tyn.
Now, we give the following important theorem which will be used to generate new solutions.

Theorem 5.1 If ¢ is the first wave function of the ETH, the Darbouz transformation
operator of the ETH

will generate new solutions

n_ T
ut =u+ (A 1)A—1¢’
o 1 A%
U[l] = A——ld)(A 1'U)A_1¢.

Proof In the following proof, using Lemma 3.1, a direct computation will lead to the
following:

Wi, W= (gpo(1—A"og "), ¢ o(1—=A"") o™
= (A n)19) o (1—=A")og po(1-AT)og™
—go(1—A""o((A mmw—lo( —AHrog™!
= (A n)10)¢™ " —do(1—A"") o ((Ayn)1d)o "o ( log!
—(po[(1=A"") 0™ (@) ((Ayn(2)4 0 d(x))] 0 (1 - )1 0p™)-
(po(1—A"")od™ (z) o (Ayn(x))s o d(x)o (1 - —)— o¢™)-
—po(1=A"")od " (@) o (Ayn)t()od(a)o(1—AT) T og™!
+(po(1=Aod " (z) o (Ay ) () od(x) o (1—A"" ) og™h),
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= —W(Ay ) W+ (WBy W
Therefore
W=¢o(l-A1)op™!
can be a Darboux transformation of the ETH.

Define ¢; = QSEO] := @|a=»,. Then one can choose the specific one-fold Darboux transforma-
tion of the ETH as

T
Wih) =1- Aibll%A_1 N ¢1(x1— e)’
where
1 A1
T = ¢ p1(r—¢)|’

Meanwhile, we can also get the Darboux transformation on the wave function ¢ as

o= (1- Aib11¢1 A7 )o.

Then using iterations on the Darboux transformation, the j-th Darboux transformation from
the (j — 1)-th solution is

o1
] :( Y —1)¢[J—1]
—1 4i—1] ’
A1)
-1
ubl = =1 4 (A — 1) =
A1
[i—1] —2 4[i—1]
ol — %(A—lvu—u)%,
PV PV
A1 A1)
where ngj 1 .= gli—1|,_,, are wave functions corresponding to different spectrals with the

(j — 1)-th solutions u =4 vlU=1, Tt can be checked that ¢£j_1] =0, i=1,2,---,5—1.
After iteration on Darboux transformations, the following theorem about the two-fold Dar-
boux transformation of the ETH can be derived by direct calculation.

Theorem 5.2 The two-fold Darboux transformation of the ETH is as follows:

Wy =1+ 201 4 42a2 = 12
Ay
where . AL A2
p1(x —¢) ¢1(z —2€)
Ay = , To=|¢1 ¢i(x—¢) ¢i(x—2¢)|.
b2 —€) da(a—2) b dole—c) ala —2)

The Darboux transformation leads to new solutions from seed solutions

u? =+ (A - 1)75[12],
o = 1B @)(A 205 (@ - ).
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Similarly, we can generalize the Darboux transformation to the n-fold case which is contained

in the following theorem.

Theorem 5.3 The n-fold Darboux transformation of ETH equation is as follows:

n] s — n] A — _ 1
Wn=1—|—t[1]A 1—|—t[2]A 2+---—|—t7[1”]A n:A_Tm

where

p1(x—¢) ¢i(x—2¢) di(x—3e) -+ oi(x—ne)
$2(x—¢€) oz —2¢) ¢o(x—3e) -+ d2(x—ne)
A, = ¢s(x—e) ¢3(x—2e) o3(x—3e) -+ P3(x — ne)

On x'— g) ¢nlx _ 2e)  on(x _ 3e) - On(x - ne)
A—l A—2 A—3 . AT

o ¢1(x—¢) ¢1(x—2e) ¢1(x—3e) -+ P1(x—ne)
2(z)  P2(x—€) Pa(xr—26) ¢a(xr—3e) -+ g2z —ne)
T =1g3(z)  ¢s(

r—¢) ¢3(x—2e) o3(x—3e) - ¢3(z—ne)|-

On(2) Pn(x—e) op(x—2e) @n(x—3e) -+ dn(x—ne)
The Darboux transformation leads to new solutions from seed solutions
ul™ = u + (A 1)75[1” ,

ol —t{ (z)(A™ ”v)t” Ya —e).

It can be easily checked that W, ¢, =0, i =1,2,--- ,n
Taking seed solution u = 0,v = 1, then using Theorem 5.3, one can get the n-th new solution
of the ETH as

u[n] = (1 - A_1)8t2,0 log WT(¢17 ¢27 Tty ¢n)7
ol = e(l—/\71)2IOSVVT(<2517<2527"'7<25n)7

where Wr(¢1, da, -+, dp) is the discrete Wronskian, i.e., a Casorati determinant

Wr(p1, ¢z, ,bn) = det(A7 T p 1) 1<i j<n.-

Particularly for the ETH, choosing appropriate wave function ¢, the n-th new solutions can be
solitary wave solutions, i.e., n-soliton solutions.
In the next section, it is time to introduce another Darboux transformation of the ETH

basing on another linear equation.

6 The Second Darboux Transformation of the ETH

In fact the ETH system can also be equivalently rewritten in form of the following linear
differential system:

Lip = M,

o
= — _ fr— > .
8to¢,n (AOZ,TL) dja « 17 27 n = 0
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We call the function v in (6.1) the second wave function of the ETH.
In this section, we will consider the Darboux transformation of the ETH on the Lax operator

W =wrw

where W is a Darboux transformation operator.
That means after Darboux transformation, the spectral problem

Ly = A+ urp +vA ™ ) = M

will become
Haplth = Agpl ) 4 A= [) = A1,
To keep the Lax pair of the ETH invariant, i.e.,

oL oL
Dt [—(Aan)—, L], Do

= [_(A[o},]n)—v L[l]]a A[l] = AO& n(L[l])a (61)

a,n )

the dressing operator W should satisfy the following dressing equation:

Wi =W(Ayn) — (WC,,, W )W, v=1,2, n>0.

Theorem 6.1 If ¢ is the second wave function of the ETH, the second Darboux transfor-
mation operator of the ETH

— A
W) = (£ -4) =wle+e)o (1= A)ou @)
will generate new solutions
=Au+ (A - 1)%7
S A AT
U

Proof A direct computation yields

W W =@a+e)o(l—A) oyl o(l—A) oy (z+e)
)

o (
= ~((Ayn)-t(@+e))o(1=A) oy ™o (l-A) " oy (z+e)
+@te)o(l—A)o((Ayn)-)p o (1-A) o™ (z+e)
= —((Ayn)-v(z + )P~ (@ +¢)
+(a+e)o(l—A)o((Ayn)-v) o (1=A) oy !z +e)
=~z +e)o[(A—1)o (((Ayn)-¥)p Ao (1= A) oy (z +¢)

~(W(@+e)o[(A=1)o (¥ (Ayn)-o¥)JAo (1= A)F o™z +¢))t
=@ +e)o(l—A) oy~ (z) 0 (Ayn)-(2) 0p(z) 0 (1 - A)T oy (z +¢)
—(W@+e)o(l—A) oy~ (z) 0 Ayn(z) o) o (1= A)T o™ (w +¢))-

—1 —1

=W (A, W = (W, W
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Therefore
W=9(x+e)o(l—A) oy}

can be as another Darboux transformation of the ETH. The new solutions can be got easily
using the second dressing form (6.1).

Define ¢; = 1/)1[01 := ¥|x=»,. Then one can choose the specific one-fold Darboux transforma-
tion of the ETH equations as the following:

T Y1(z +¢) Ty
Wil\m)=——+—F—-A= ,
=@ (@)
where
1 A
T, = .
Y iz te)
Meanwhile, we can also get the second Darboux transformation on the wave function v as
Ay
[ — (2
yll = ( o Ay,

Then using iterations on the second Darboux transformation, the j-th Darboux transformation
from the (j — 1)-th solution is

) Ayl o
7 — _ [i-1]
Q/J - ( ’(/}[]_1] A)w 9

) ) Apli—1]
7 — [i-1] _
ut = Au +(A-1) MR
i1 1,[—1
Wil — Al ]v[ A~ 1ypli-1
DT TR
where wz[j “— -] |a=, are wave functions corresponding to different spectrals with the

(j — 1)-th solutions u =4 vlU~=1, Tt can be checked that wl[j_l] =0, i=1,2,---,5— 1.

Theorem 6.2 The second two-fold Darbouz transformation of the ETH is as follows:

_ T
Wo =t + A+ A2 = 2,
Ay
where
1 A A2

Vi(z) Yz +e)
Ay = , To= |1 Pi(x+e) vi(z+2)|.
D@ bl el et 2e)

The Darboux transformation leads to new solutions from seed solutions

ull = A%y — (A - 1)75[12],
ol = t([32] (x)vtg}_l (x —g).

Similarly, we can generalize the Darboux transformation to n-fold case which is contained
in the following theorem.
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Theorem 6.3 The second n-fold Darbouz transformation of the ETH is as follows:

I17 n n n 1
W=ty + A+ 0507 o (21" A" = T,

where

Yi(z) iz +e) Yi(z+2e) - Pi(z+ (n—1e)
VYa(x) ho(z+e) tholz+3e) - Pa(z+(n—1e)
A, = |¥s(@) vs(@+e) Ys(z+3e) - Ys(z+(n—1)e)

)

Un@) Un(@te) Ynle+3e) o Galat (n—1)e)

1 A A2 AP An
vi(x) (e +e) Pi(x+2e) vi(x+3e) - Pi(x+ne)
a(x) o(x+e) a(xr+2e) Yoz +3e) -+ oz +ne)
T =lys(z) vs@+e) ¢sx+2e) vs(x+3e) - Ys(x+ne)l|-
Un(®) Bn(@+) (@ +20) Galz+3e) o Yulztne)

The second n-fold Darbouz transformation leads to new solutions from seed solutions

ul = A+ (—1)"(1 — A

n—1»

ol = tgn] (x)vt([)n}_l(a: —e).

It can be easily checked that W,; =0, i =1,2,--- ,n.
Taking seed solution u = 0, v = 1, then using Theorem 6.3, one can get the n-th new solution
of the ETH as

u[n] = (_1)71(1 - A)atz,o ].Og WT(¢17¢27 o 7¢n)7
ol — e(A—l)(l—Afl)1ogWr(w17w27~,wn)7

where Wr (11,19, -+ ,1y,) is the Casorati determinant
Wr(1, o, 1) = det(A ™ hni1—i)1<ij<n.

7 Mixed Darboux Transformation of the ETH

In this section, we consider the mixed Darboux transformation of the ETH on the Lax
operator

W =m1r
where Tp is a mixed Darboux transformation operator as
T, = W(pl) o W (9),
where ! satisfies

L[1]1/,[1] — )\1/,[1]7
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oyl

5 = —(AlL)ul Al = A, (), (7.1)
A2

n _ . ¢ ¢ 1 ¢ -1

L = A+ ut (A= Do+ g (A )A_1¢A

To keep the Lax pair invariant, the following equations hold:

oL oLl
= |~ Aan — )
5 = ()= 0], 5

= [=(ABh) -, L), ARL = Agn (L) (72)

Theorem 7.1 The ETH has the following mized Darboux transformation:

Al
1) = ( ﬁu ~A)(1- Af@,’“l) = ¢z +e)o(1—A) ol (@)go (1 - A1) os,

which generaters new solutions from seed solutions u,v.

We can also generalize the above one-fold mixed Darboux transformation to the following

n-fold mixed Darboux transformation
TP = W) o W(gl D] o o () o W(e1)] o V(1) o W (%)),
where 271] satisfies

L[Zi—l]w[?i—l] _ Adj[?i—l]’
8w[2i—1]

Oton _( Al 1) N Ag,in_l] — Aa,n(LDi_l]), (7.3)
L = A a2 (A - 1) (bl[Z[zzZ] 7T A?l[z[j—ﬂ (A_IU[Zi_Z])%A_ ’
and (b[%] satisfies
L[2i]¢[2i] _ )@[%],
Z(f_jj (AR, g2 AR 4, (L2, (7.4)

Agpl2i=1] . A¢[2i—l]v[2i_1] A Tgpl2i=1]
Pl2i=1] Pl2i=1] Pl2i=1]

This n-fold mixed Darboux transformation will generate new solutions under the following

AL

L2 = A 4 AulP=1 (A —1)

iterate Darboux transformation:

(2i-1] — ,[2i-2 (A _1 P22
u =u +(A - )A—1¢[2i—2] ;
2i—2 —2 1[2i—2
pl2i-1 — 2 (A—lv[Zi—2])A =2
A-1gli—2] A-Tgli-2"
. . Agl2i=1]
U[2] :AU[2 ”"‘(A-l)m,

i Axpl2i=1] v[Qi_l] ALy l2i=1]
Pi] PR
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of t

Y21 and ¢?7 satisfy

P = W (@] oo W(w) 0 WG] o [W(w) o W(l)pl 2,
PP = (W (R o W (g )] o o W(wE) o W(gl?))] o [W (M) 0 W (gl Jp2i =1,

In the specific computation, the n-fold mixed Darboux transformation will be chosen as
T = W) o W(gh ™Dl oo W(wi™) o W(gsh)] o W(ws!) o W(gh))

Of course, we can also construct the mixed Darboux transformations in all kinds of orders
he first and the second Darboux transformations. These Darboux transformations can help

us to get different solutions from different seed solutions.

Very recently, lump solutions [30-32] and interaction solutions [33-34] are presented for

many integrable continuous equations. It would be interesting to see if there exist similar

solution situations for integrable Toda type lattice equations.
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