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1 Introduction

Let T be the unit circle in the complex plane C and the torus T™ be the Cartesian product
of n copies of T. Let du be the normalized Haar measure on T". The Hardy space H?(T")
is the closure of the analytic polynomials in L?(T",du) (or L?(T")). It is well known that
H*(T) + H2(T) = L*(T). However, for n > 2, H*(T") + H2(T*) & L*(T"). So we shall
suppose n > 2 to avoid trivialities throughout the paper and define the pluriharmonic Hardy
space h?(T") by

h?*(T") = H*(T") + H2(T").

See [3] for more information about the pluriharmonic Hardy space h?(T™). Similarly, let do be
the surface area measure on the unit sphere S,, the pluriharmonic Hardy space h%(S,) denotes
the closed subspaces of all pluriharmonic functions in L2(S,, do) (or L?(S,)).

Let Q be the orthogonal projection from L?(€2,) onto h%(£2,), where Q,, denotes T™ or S,,.
The Toeplitz operator with symbol f in L*(€),) is defined by Ty(h) = Q(fh) for functions
h € h?(Qy). It is safe to use the same notation T to denote the Toeplitz operators on both
h2(T") and h*(S,), as we will always specify the space on which the operator T acts. For two
Toeplitz operators T, and T, on h?(€2,,), we define their commutator and the semi-commutator
by [Ty, Ty, = Ty, Ty, — Ty, Ty, and (Ty,, Tp,) = T, Ty, — T}, 1, respectively.

On the Hardy space H?(T), Brown and Halmos [2] first obtained a complete description
of bounded symbols of (semi-)commuting Toeplitz operators. Later, some related problems

Manuscript received April 3, 2018.

1School of Mathematics, Tianjin University, Tianjin 300354, China.

E-mail: zyymaths@163.com dongxingtang@163.com

*This work was supported by the National Natural Science Foundation of China (Nos.11201331,
11771323).



718 Y. Y. Zhang and X. T. Dong

were studied by many authors (see [7] and references there). However, the function theory
on €2, is quite different from and much less understood than that on T. For example, the
complete characterization of (semi-)commuting Toeplitz operators on the Hardy space H?(T")
were obtained only when n = 2 (see [4, 8]). Zheng [11] characterized commuting Toeplitz
operators with bounded pluriharmonic symbols on H?(S,,).

In the setting of pluriharmonic Hardy spaces, Liu and Ding [9] obtained a characterization
of (semi-)commuting Toeplitz operators with holomorphic symbols on h?(T?). Recently, Ding
and Sang [10] first gave a necessary and sufficient condition for an analytic Toeplitz operator
that commutes with another co-analytic Toeplitz operator on h?(T?), and then characterized
(semi-)commuting Toeplitz operators on h?(T?) with bounded pluriharmonic symbols in [3].

In this paper, we are concerned with the finite rank problem of the commutator and semi-
commutator of two monomial Toeplitz operators (namely, Toeplitz operators with symbol func-
tions of the form 2Pz?) on both h?(T™) and h*(S,). Recall that an operator A on a Hilbert
space H is said to have finite rank if the closure of Ran(A) which is the range of the operator has
finite dimension. For a bounded finite rank operator A on H, we define rank(A) = dim Ran(A).
In particular, the problem of determining when the commutator or semi-commutator of two
Toeplitz operators has finite rank on the Hardy space H?(T) was completely solved in [1, 5].

In order to describe our main results, we first recall some standard multi-index notations. For

z= (21,22, ,2n) € C" and p = (p1,p2,- -+ ,pn) € N, where N is the set of all non-negative
integers, we write 2P = 228 ... 2B» For | = (Iy,l2,---,l,) and m = (mq,ma, -+ ,m,) in
N U (—N)", we write I = m if I; > m,; for all i € {1,2,--- ,n}. If I = m and |I| > |m|, where

[I| = |I1] + |l2] - - - + |ln|, then we write [ Z m.
The following two theorems completely solve the finite rank problem of the commutator and
semi-commutator of two monomial Toeplitz operators on h?(T"), respectively.

Theorem 1.1 Let p,q,s,t € N*. Then the following statements are equivalent:

(a) The commutator [Tyrza, T,oxt| has finite rank on h*(T™).

(b) (pi — qi)(s; —t;) >0 for alli e {1,2,--- ,n}.
Furthermore, Tyoza and T,oz commute on h*(T™) if and only if one of the following conditions
holds:

() p=gq,s=t,orp—q=s—t.

(2) There exists an iy € {1,2,--- ,n} such that (pi, — iy)(Si, — tiy) > 0, and p; — q; =
sj—t; =0 for any j € {1,2,---,n} with j # io.

(3) Neither p = q,s =t norp <q,s X t, and (p; — q;)(s; —t;) >0 for all i € {1,2,--- ,n}.

Theorem 1.2 Let p,q,s,t € N*. Then the following statements are equivalent:

(a) The semi-commutator (T,vsa, Too5t] has finite rank on h%(T™).

(b) The semi-commutator (T,ezt, Torza] has finite rank on h?(T™).

(¢) (pi —qi)(s; —t;) >0 foralli e {1,2,--- ,n}.
Furthermore, the semi-commutator (Turza, Toext] on h?(T™) is zero if and only if one of the
following conditions holds:

(1) Either p=q or s = t.

(2) There exists an iy € {1,2,--- ,n} such that (pi, — iy)(Sie — tiy) > 0, and p; — q; =
s; —t; =0 for any j € {1,2,--- ,n} with j # io.

(3) Neither p = q,s =t norp <q,s 2 t, and (p; — q;)(s; —t;) >0 for alli € {1,2,--- ,n}.
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Some interesting higher-dimensional phenomena appear on the torus. For example, as a
direct consequence of Theorems 1.1-1.2, on h?(T") we have

(1) ToT5t = T5¢ T if and only if T,p T3t = Top5: if and only if p Lt (i.e., p1t1+- - +pptn, = 0).

(2) Tzfi TZ? = TZ? Tzfi = Tzfi+si for any p;, s; € N, but szz_rj Tzzk #+ Tzzk szz_rj for any j # k
and positive natural numbers p;, si.

(3) quTsJ s = TsJ tleDq = qu L for any different indexes 7, 7 and k, and any
positive natural numbers pz, s; and tr.

Recently, the second author and Zhu [6] completely characterized finite rank commutator
and semi-commutator of two monomial Toeplitz operators on the pluriharmonic Bergman s-
paces of the unit ball. By the same argument as that in [6], we completely characterize when
the commutator and semi-commutator of two monomial Toeplitz operators have finite rank
on h2(S,). To simplify the presentation, we say that a tuple (ni,ng,mi,ms) € N* satisfies
Condition (I) (see [6]) if at least one of the following conditions holds:

(1) ny =ng = 0,

11) mip =mog = O,

v) n1 = ng and my = ma,

(
(
(iv) ng = mg =0,
(
(

vi) n1 = mq and ng = mo.

Theorem 1.3 Let p,q,s,t € N*. Then the following statements are equivalent:

(a) The commutator [Tywrza, Toext| has finite rank on h*(Sy,).

(b) (Ipl, lal |sl, [t]) and (pi, qi, sisti) satisfy Condition (1) for all i € {1,2,--- ,n}.
Furthermore, Tyoza and Tyez: commute on h2(S,,) if and only if one of the following conditions
holds:

(1) Fitherp=q=0ors=1t=0.

(2) Eitherp <q, s <t orq=p,t=s, (Ipl,lql,|s],|t]) and (pi,q:,si,t;) satisfy either (v) or
(vi) of Condition (I) for all i € {1,2,--- ,n}.

(3) Neither p <q, s <t norq=p,t=s, (Ipl,lql,|s],|t]) and (pi, g, si,t;) satisfy Condition
(I) for alli € {1,2,--- ,n}.

Theorem 1.4 Let p,q,s,t € N*. Then the following statements are equivalent:
(a) The semi-commutator (T,vza, Tyezt] has finite rank on h%(S,).
(b) The semi-commutator (T,sz, T.r=a] has finite rank on h%(S,).
(c)p=q=0,s=t=0,p=5s=0, 0org=t=0.
Furthermore, the semi-commutator (Turza, T,e5t] on h%(S,) is zero if and only if eitherp = q = 0
ors=1t=0.

As a natural extension of the classical bilateral shift operator, monomial Toeplitz operators
on pluriharmonic Hardy spaces enjoy some very interesting properties. For example, the sym-
metry property for the commutator [T.rzq, T,s5t] (see Corollary 2.1), and the close relationship
between the semi-commutators (T,rza, T,s5¢| and (T,szt, Terza] (see Corollary 2.2). Also, our
main theorems produce many non-trivial examples of commuting Toeplitz operators on the
pluriharmonic Hardy spaces of the torus or the unit sphere (see Example 6.1). As applications,
we make some interesting comparison of our main results. For example, if T.pz¢ and T,s5+ com-
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mute on h%(S,), then T.rza and T.z: also commute on h?(T"). But the converse is not true.
Indeed, if T,rz« and T,z commute on h%(T"), then the rank of the commutator [T,rza, T,z
on h(S,) may be nonzero or even infinite (see Example 6.2). These results further reveal the
obvious differences in operator theory on the torus and on the unit sphere.

We end this introduction by mentioning that the proofs of our main theorems on the torus
and on the unit sphere are quite different. In fact, the method of characterizing (semi-) com-
muting monomial Toeplitz operators on h2(S,,) relies on explicit formulas for the action of the
operators on the monomial orthonormal basis. This action leads to a holomorphic identity on
a domain in the complex n-space (see [6, Equation (6)] for example). However, without such
identity on h?(T™), substantial amount of different analysis is required.

2 Basic Results of Monomial Toeplitz Operators on h?(T™)

In this section we study some basic properties of monomial Toeplitz operators on the pluri-
harmonic Hardy space h?(T™). We first begin with the following lemma.

Lemma 2.1 Let p,q € N*. Then on h*(T"), for each v € N", we have
LP—a N4p=gq,
Torza(27) = {77777, v+p=g,
0, otherwise
and
Frtap, N +q > p,
Towza(Z7) =277, y+q=p,

0, otherwise.

Proof For each A € N we have
(Tovza (ZV)7Z>\> — <Zv+pgq72>\> — <Zv+p72/\+q>
and
(Tovza (Zv)’g/\> - <Zv+pgq77\> — <gq’7\+v+p>7
where the notation (, ) denotes the inner product in L?*(T") with respect to the measure dpu.
First we assume v + p > ¢. Recall from [3] that

{2%Yaenn U {Z°} senn

is an orthogonal basis of h?(T"). It follows that T.»zq(27) is orthogonal to every element of the
basis except the holomorphic monomial z77~¢ and hence Typza(27) = 27 TP74.
Next, we assume y+p =< ¢. Just like the previous case, we can show that T.rz¢(27) = Z9777P.
Finally, we assume that v +p % ¢ and v+ p A ¢. Then

(Torza(27),2Y) = (Torza(27),2%) =0, A €NT,
which shows that T,rzq(27) = 0.

The computation for Tyrzq(Z7) is similar and we leave the details to the interested reader.
The following remark provides a great convenience for our next content.
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Remark 2.1 To simplify notation, let us write 2! = z7! for any [ € (=N)™. Then on
h2(T"), for each [ € N* U (—N)", it follows from Lemma 2.1 that

Toven () AMPma 4 p—geNTU(-N)", 2.1)
zrza 2 ) = .
0, l+p—q¢N"U(-N)".

The next two propositions will be essential for our arguments in Sections 3 and 4, respec-
tively.

Proposition 2.1 Let p,q,s,t € N*. Then on h*>(T"), for anyl € N*U(—N)", the following
statements are equivalent:

(a) [Torza, Toozt](2) # 0.

(b) One of the following conditions holds:

(bl) l+p—q+s—teNU(-N)", l+p—qgeN"U(-N)", and | + s —t ¢ N" U (-N)".

b2)l+p—q+s—teN'U(-N)" I+s—teN"U(-N)", andl+p—q¢ N"U(-N)".

Proof We will prove the equivalence of (a) and (b) by a direct calculation of [T,sza, Thozt](2)
for any fixed [ € N" U (=N)™.

First we assume [ +p — g+ s —t ¢ N* U (=N)". Then it follows from (2.1) that

szgq Tzszt (Zl) =0= Tzszt 2PZ4 (Zl),

which implies that [T,eza, Tsezt](2!) = 0.

Next we assume [ +p—qg+s—t € N*U(—N)". Then there are three possibilities for [ +p—g¢
and [+ s —t.

Case 1 Bothl+p— ¢ and [+ s —t belong to N* U (—N)™. Then it follows from (2.1) that

[TzPEq,TzSEt](Zl) = Zl+s_t+p_q — Zl+P—q+S—t —0.

Case 2 Only one of [+p—q and [+ s —¢ belongs to N" U (—N)". Without loss of generality,
we may assume that [ +s—t € N* U (=N)" and [ +p — ¢ ¢ N*U (—N)". By (2.1), we obtain

[Topza, Toom](24) = 21TP7aFs=t £,
Case 3 Neither I +p—gmnorl+s—¢isin N* U (—N)". Then
TorzaTyszt (Zl) =0="T,e5Torza (Zl),
and hence [T,rz¢, T.-5¢|(z') = 0. The proposition is now evident from what we have proved.
Corollary 2.1 Let p,q,s,t € N*. Then on h?(T"),
1€N"U(=N)" and [Trze,Toozt](2') #0,
if and only if =1 —p+q— s+t € N"U(=N)" and [Torza, Tyez] (271~ P=D=(s70)) £ 0,

Proof Applying Proposition 2.1 with [ replaced by —I — p + g — s + t, we obtain that if
—l—p+q—s+te N U(=N)" and [Torza, Toezt] (27 =P~ D=(=8)) £ 0, then | € N* U (-N)”
and only one of [ +p — g and [ 4+ s — ¢ belongs to N™ U (—N)™. The corollary is now a direct
consequence of Proposition 2.1.
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Moreover, if | = w € N"U (—N)™, then I does not satisfy condition (b) of Propo-

—(p—a)—(s—t) . : :
%ﬁ) = 0. Similar to the case on the pluriharmonic

—(p—q@)—(s—=t)
2

sition 2.1, and hence [TZPEQ,TZsEt](Z
Bergman space of the unit ball (see [6]), we will call the symmetry multi-index
of the commutator [T,eze,T,ez¢] on h?(T™), and the finite rank commutator [T.rza,T,-z] on

h2(T™) can not have an odd rank.

Proposition 2.2 Let p,q,s,t € N*. Then on h?(T"), for anyl € N*U(—=N)", the following
statements are equivalent:

() (Terz, Tovzi] (1) £ 0,

M)yl+p—g+s—teN'U(-N)" andl+s—t ¢ N*"U(-N)".

Proof By a simple calculation, we obtain from (2.1) that

(szgq s Tzsgt] (Zl) = szgq Tzsgt (Zl) - sz+sgq+t (Zl)

0, l+p—qg+s—t ¢ N"U(-N)",
=40, l+p—q+s—teN'U(-N)"andl+s—teN"U(-N)",
—ppmats=t gy g+ s—t€NTU(=N)" and |+ s —t ¢ N* U (—N)™.

This easily implies the desired result.
Corollary 2.2 Let p,q,s,t € N*. Then on h?(T"),
1eN"U(-N)" and (Torza,T,et](2') #0,

if and only if =1 —p+q— s+t € N* U (=N)" and (T,ozt, Torza)(z 71~ P=D=(=1)) £ 0,

Proof Applying Proposition 2.2 to the semi-commutator (T,szt, T,rzq], we obtain that if
~l—p+q—s+t € N"U(=N)" and (T,ezt, Torza](z 77 P=D=(=0) £ 0 then | € N* U (-N)»
and [ +s—t ¢ N* U (—N)". The corollary is now a direct consequence of Proposition 2.2.

Therefore, it follows that the semi-commutator (T,sz¢, T,z has finite rank on h?(T") if
and only if the semi-commutator (T3¢, T,rz4] has finite rank on ~2?(T"). In this case,

rank((Typza, Tyozt]) = rank((T,ezt, Torzal), (2.2)
and the commutator [T,szq, T,+5¢] also has finite rank on h?(T") with
rank([szgq 5 Tzszt]) S 2rank((szgq 5 Tzszt]). (23)

We would like to point out that the above results hold for more general Toeplitz operates
on the pluriharmonic Hardy space h?(2,). More specifically, we consider the trivial complex
conjugation operator C' on L2(Q,) defined by C'f = F. Then CQ(g) = Q(g) = Q(7) for every
g € L?(Q,). Let f1, f> and f be bounded functions on €,,, then it follows that

C(Ty, Ty, — Ty)*C(h) = C(T5, T3, — T5)(h) = ClR(F1Q(f2h)) — Q(fh)]
= Q(f1Q(f2h)) — Q(fh) = (T4, Ty, — Ty)(h)

for any h € h*(Q,). Then Ty, Ty, — T is called a transpose of T, Ty, — Ty on h*(Q,), and by
[6, Theorem 12], we have that T, T, — T’ has finite rank on h*(Q,,) if and only if T, Ty, — T}
has finite rank on h%(£2,,). More details can be found in [6].
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3 The Commutator of Monomial Toeplitz Operators on h?(T™)

In this section we study the finite rank problem of the commutator of two monomial Toeplitz
operators on the pluriharmonic Hardy space h?(T").

According to Proposition 2.1, the commutator [T,sze, T.+5¢] has finite rank on h%(T") if and
only if there are finite multi-indexes | € N" U (—N)" satisfying condition (b) of Proposition 2.1.
With the help of this result, we first give a specific necessary condition for the commutator
[T.rza, T.s5t] to be finite rank.

Lemma 3.1 Letp,q,s,t € N*. If the commutator [T,oza, Toext] has finite rank on h*(T"),
then (p; — qi)(s; —t;) > 0 for all i € {1,2,--- ,n}.

Proof If there exists an i1 € {1,2,--- ,n} such that (p;, — i, )(si; —t;,) < 0, then we must
show that the rank of [T,rzq, T,sz¢] is infinite.
If pi;, —qi, > 0, then s;, —t;, < 0. So we consider infinitely many multi-indexes [ € N" such
that
{max{O, _(pi1 —qi, +Si; — til)} <l < _(Sil — th)a
lj > max{0, —(p; — ¢;), (85 — ), =(pj — ¢ + 55 — £j)},
where j € {1,2,--- ,n} with j # i1. It is easy to check that

l+p—qg+s—teN", l+p—qeN' I[+s—t¢N"U(-N)".

So all such [ satisfy condition (bl) of Proposition 2.1, and hence the rank of [Theza, T,e5t] is
infinite.
Similarly, if p;;, — ¢;, < 0, then consider infinitely many multi-indexes [ € (—N)” such that

_(Sil - til) < lil < min{O, _(pi1 = Qi; T Si; — til)}7

I <min{0, —(p; — q;), —(s; = t;), —(pj — @5 + 55 — ;) },
where j € {1,2,---,n} and j # i1. Then all such [ satisfy condition (bl) of Proposition 2.1,
and hence the rank of [T,pzq, T,s5¢| is infinite. This completes the proof.

Next, we give some sufficient conditions for the commutativity of two monomial Toeplitz
operators on h?(T™), which simplifies the proof of Theorem 1.1.

Lemma 3.2 Let p,q,s,t € N* with (p; — qi)(s;i —t;) >0 for alli € {1,2,--- ,n}. Then on
h2(T™), the following statements hold:

(a) If s —t ¢ N" U (=N)", then the rank of commutator [Tyrza,T,s5t] is zero.

(b) If p— g ¢ N™ U (=N)", then the rank of commutator [Tsrza, T, e5t] is zero.

Proof We first assume that s — ¢ ¢ N” U (=N)™. Denote
JZ{jE{l,Z,-” ,n}:sj—tj >0}

and
K={ke{l,2,--- ,n}: s —tp <0},

both of which are nonempty. Since (p; — ¢;)(s; —t;) > 0 for all ¢ € {1,2,--- ,n}, it follows that
pj—q; > 0forall j€J, pp—q <0forall k€ K, and sq —t5 = 0 for all possible indexes
de{1,2,--- ,n} withd¢ JUK.
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Suppose that there exists an | € N such that [Thrze, T,oz¢](2') # 0. Since
lj+pj—qj+s5—t; >0,
it follows from Proposition 2.1 that [ +p — ¢+ s —t € N”. Note that

lj+p;j—q; >0,
e +pr—aqr >l +pr —qr + 5 —t >0,
la+pa—qa=1la+ps—qa+sa—1ta >0

and
lj+8j—tj>0,
lg +sp =t > lp +pr — q + sp — i >0,
lg+8qg—tg=14>0.

Thus, both | + p — ¢ and [ + s — t belong to N”, which contradicts Proposition 2.1.
Similarly, if there exists an [ € (—=N)" such that [T,vzq, T,-5¢](2') # 0, then by

Lk +pr— i+ sk —t <0,
we deduce from Proposition 2.1 that [ +p — ¢+ s —t € (—N)™. However,

li+pj—aq <lj+pj—q+s;—t; <0,
lg +pr—qr <0,
la+pa—qa=1la+ps—qa+sqs—1ta <0

and
lj—l—Sj—thlj—ij—qJ'—l—Sj—tjSO,
lp + s, —tp <O,
lg+8sqg—ta =13 <0.

Thus both [ +p— ¢ and [+ s — t belong to (—N)™, which also contradicts Proposition 2.1. Thus
we have derived that [T.rza,T,s5¢](2!) = 0 for any | € N* U (=N)", and hence condition (a)
holds.

Observe that

[TzPEanzszf] = —[Tzszt7 zPEq]~ (3-1)

Combining this with condition (a), we conclude that condition (b) holds. This completes the
proof.

We are now ready to prove Theorem 1.1 stated in the introduction.

Proof of Theorem 1.1 It is clear from Lemma 3.1 that (a) implies (b). To show that
(b) implies (a), we assume that (p; — ¢;)(s; — t;) > 0 for all i € {1,2,---,n}. If at least one
of p — ¢ and s — t does not belong to N™ U (=N)™, then by Lemma 3.2 we have that the rank
of [T.rza,T,s5t] is 0. To consider the remaining case when both p — ¢ and s — ¢ belong to
N™ U (—N)™, we break the discussion into three cases.

Casea p=g¢q, s=t,or p—q=s—t. Obviously, there is no multi-index [ € N* U (—N)"
satisfying condition (b) of Proposition 2.1. Therefore, the rank of [T.rza, T,s5t] is 0.
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Case b Either pZ ¢, s Ztorp3q, szt By (3.1), we need only consider the case p & ¢,
s 2 t. Recalling that (p; — ¢;)(s; —t;) > 0 for all s € {1,2,--- ,n}, it follows that

(pi — qi)(si —t;) =0
for all i € {1,2,---,n}. Denote
J={je{l,2,---,n}:p; —¢q; >0}

and
K={ke{l,2,---,n}: s —tp <0}

Since p Z g and s 2 ¢, both J and K are nonempty. Then s; —t; =0forall j € J, py —qr =0
forall k € K and sq —tq = pqa — qqa = 0 for all possible indexes d € {1,2,--- ,n} withd ¢ JUK.
We now prove that [T.eze, T,s5¢](2!) = 0 for any [ € N* U (—N)". Using the same argument
as in the proof of Lemma 3.2, we assume the contrary and let [T.rza, T,s5:](2') # 0 for some
[ € N". Since

lj+pj—qj+s;—t>0,

it follows from Proposition 2.1 that [ +p — ¢+ s —t € N". Then

lj-i-Sj—tj:ljZO,
lg +sp =t =lp +pr — q + sp —ti >0,
lg+sqa—ta=1q>0,

which implies that [ +s —t € N". Since p Z ¢ and [ € N”, it follows that [ + p — ¢ € N, which
leads to a contradiction. Similarly, it can easily be verified that [Tirza, T.e5](2!) = 0 for any
I € (—N)". Therefore, the rank of [Tyrza, T,sz¢] is 0.

Case ¢ Eitherpz g, sztorp2q,s3t, and p—q#s—t. Since

[TZPE‘J 5 TzSEt]* = _[Tzq?’ 5 thfs]a

we may assume, without loss of generality, that p = ¢ and s z t. Then for any | € N", it is

obvious that
l+s—1t>=0.

Consequently, by condition (b) of Proposition 2.1, we have
[Tovza, Toezt](2') =0, VI e€N",

Since w is the symmetry multi-index of the commutator [T.rza, Thsz¢] on h2(T™), we
obtain

[Torza, Tpozt](2)) =0, Vi€ (-N)", I < —(p—q+s—1).

Moreover, Proposition 2.1 implies that

[Trza, Toezt](2)) =0, Vi€ (=N)", —(p—q+s—1) AlA—(p—q+s—t).
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Thus we arrive at the conclusion that if [T,oza, Tezt](2!) # 0, then
—(p—q+s—t)2130. (3.2)

Obviously, the rank of [T.pza, T,s¢] is finite.

In each of the cases above, we have shown that [T.rze, T3] has finite rank on h%(T"),
and hence condition (a) holds. In order to characterize when the rank of the commutator
[T.rza, Tos5t] is actually 0, we need consider two possibilities for Case c.

Case cl Eitherp—q¢Zs—tZ0o0r0Xp—q3=s—t By (3.1), without loss of generality,
we only consider p —q zZ s —t Z 0.

First, we assume that there is only one ig € {1,2,---,n} such that p;; — ¢;, > 0. Then for
any [ satisfying (3.2), we have

_(pio — Qi + Sig — tio) < lio < 0, lj = 0,

where j € {1,2,--- ,n} with j # ig. Consequently, both [4+p— ¢ and [+ s — ¢ belong to (—N)™.
Then by Proposition 2.1, we have that the rank of [T.pza, T,s5¢] is 0.

Next, we assume that at least two of ¢ € {1,2,---,n} satisfy p; — ¢; > 0. We consider two
cases. Suppose that p;, —¢;, > 0 for some i1 € {1,2,--- ,n} with s;, —¢;, =0. Since s — ¢ Z 0,
there exists another is € {1,2,---,n} such that p;, — ¢, > $i, — ti, > 0. Choose [ such that

_(ph - qn) < lil < 07
_(pi2 = iy + Siy — tiz) < liz < _(pi2 - %2),
le = —(pk — qr + sk — tk),

where k € {1,2,---,n} with k # 4y1,i5. Then [ € (—N)™ and satisfies condition (b2) of
Proposition 2.1. So the rank of [T.rza,T,s5¢t] is nonzero. We now suppose that p; — ¢; > 0
implies s; —t; > 0 for all i € {1,2,--- ,n}. Since p—q = s —t, there exists an iy € {1,2,--- ,n}
such that p;, — ¢;, > si;, — ti,, and hence s;, —t;; > 0. According to assumptions, there exists
another i € {1,2,---,n} such that p;, — ¢;, > 0, and hence 0 < s;, — t;, < pi, — Gi,. Similarly,
we choose [ such that

_(pi1 - qi1) < lil < _(Sil - til)?
_(piz — Qiy + Siy _tiz) < liz < _(piz - Qiz)a
Iy = —(pk — qr + sk — tr),

where k € {1,2,--- ,n} with & # i1,i2. Then [ € (—N)" and satisfies condition (b2) of
Proposition 2.1, and hence the rank of [T.pza, T,s%t] is nonzero.

Case 2 pzZ q sz tand (p—¢q) — (s —1t) ¢ N*U(=N)". Then there exist some
i1,i2 € {1,2,--- ,n} such that p;, —¢q;, > si; —ti;, and ps, — i, < Si, — iy, respectively. Choose
[ such that

—(Piy = @iy + 80, —tiy) < iy < —=(piy — Giy),

—(8iy = tiy) <liy < —(pi, — ¢is),

e ==k — qx + s — tr),
where k € {1,2,---,n} with k # 4y1,i2. Then [ € (—N)" and satisfies condition (bl) of
Proposition 2.1, and hence the rank of [T,»zq, T,s5¢] is nonzero finite.
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In view of the above discussion, we can summarize what we have proved as follows. If both
p—q and s — ¢t belong to N* U (=N)”, then T,szs and T,z commute on h?(T") if and only if
at least one of the following conditions holds:

(I)p=gq,s=t,orp—q=s5—t.

(2) There exists an ig € {1,2,---,n} such that (p;, — gi,)(si, — tiy) > 0, and p; — ¢; =
sj —t; =0 for any j € {1,2,--- ,n} with j # .

(3) Either p Z ¢, s ZtorpZq,szt,and (p; —¢)(s; —t;) > 0forallie {1,2,--- ,n}.
This combined with Lemma 3.1 completes the proof.

4 The Semi-commutator of Monomial Toeplitz Operators on h?(T")

In this section we study the finite rank problem of the semi-commutator of two monomial
Toeplitz operators on the pluriharmonic Hardy space h?(T™).

It follows from Proposition 2.2 that the semi-commutator (7,rza,T,s3t| has finite rank on
h2(T") if and only if there are finite multi-indexes [ € N* U (—N)" satisfying condition (b) of
Proposition 2.2. Then we begin with the following two lemmas, which will simplify the proof
of Theorem 1.2.

Lemma 4.1 Let p,q,s,t € N*. Then the following statements hold:

(a) If the semi-commutator (Turza, T,o5t] has finite rank on h?(T™), then (p;—q;)(si—t;) >0
forallie{1,2,--- n}.

(b) If the semi-commutator (T,vza, T,ext] is zero on h2(T™), then the commutator [Torza, T,ezt]
is also zero on h?(T™).

Proof This is a direct consequence of (2.3) and Lemma 3.1.

Lemma 4.2 Letp,q,s,t € N" with (p; — q;)(s; —t;) >0 for alli € {1,2,--- ,n}. Then on
h2(D"), the following statements hold:

(a) If there exists an i1 € {1,2,---,n} such that s;; —t;; < 0 or p;; — qi, < 0, then
(Tovza, Toozt](2Y) = 0 for any | € (—=N)".

(b) If there exists an i1 € {1,2,---,n} such that s;; —t;; > 0 or p;; — qi, > 0, then
(Torza, Toot](2Y) = 0 for any | € N™.

Proof First assume that there exists an 47 € {1,2,---,n} such that s;; —¢;, < 0 or
piy, — qi;, < 0. Let us assume the contrary, namely, there exists an | € (—N)" such that
(Torza, Toozt](2Y) # 0. Since (pi, — @i, )(si, — ti,) > 0, it is easy to check that

liy +0iy — @iy + 54, — t3; <O.

Combining this with Proposition 2.2, we see that [+ p—q+s—t € (-N)" and [+ s —t ¢
N" U (=N)™. Thus there exists an i € {1,2,--- ,n} such that

li2 + Sip — ti2 > 07
which implies that s;, —¢;, > 0, and hence p;, — ¢g;, > 0. Consequently,
iy + Piy — @iy + Siy — tiy > liy + 55, — tiy > 0,

which leads to a contradiction. This shows that (T.rza, T,e5¢](2!) = 0 for any | € (—N)™.
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Condition (b) can be proved in a similar way as shown before.
We are now ready to prove Theorem 1.2 stated in the introduction.

Proof of Theorem 1.2 In view of (2.2) and Lemma 4.1, we just need to show that
condition (c¢) implies (a). So we assume (p; — ¢;)(s; —t;) > 0 for alli € {1,2,---,n}. If at least
one of p — ¢ and s — ¢t does not belong to N™ U (—=N)", then by Lemma 4.2 we have that the
rank of (T.rza, T,s5t] is 0. Therefore, we only need to consider the remaining case when both
p—q and s — t belong to N” U (=N)™. To this end, we break the discussion into three cases.

Case a Either p = q or s = ¢. Obviously, it follows from Proposition 2.2 that

(TZPELI, Tzsgt] (Zl) =0

for any I € N* U (=N)™. Therefore, the rank of (Trza,T,sz] is 0.
Case b Either pZ g,s 2 torp3q,s =t By (2.2), we need only consider the case that
p Z q,s 2 t. Clearly, there exist 1,92 € {1,2,---,n} such that

Diy —qiy, >0, s, —t;, <O0.

Then it follows from Lemma 4.2 that the rank of (T.rze, T,s5t] is zero.
Case ¢ Either pZ g,s Ztor p X ¢q,s 2 t. Since

(szgq 9 Tzszf]* = (th357 qup],
we may assume, without loss of generality, that p Z ¢ and s Z ¢t. Obviously,
l+s—t>0

for any [ € N,
l+s—t=l+s—t+p—q=0

for any I € (—N)" with [ < —(p —q+ s — t), and
l+p—q+s—t¢N'"U(-N)"

for any [ € (—N)" with —(p—qg+s—1t) A1 A —(p—q+s—1t). Thus it follows from Proposition
2.2 that if there exists an [ € N* U (—N)™ such that (T.rza, Tezt](2') # 0, then

—(p—qg+s—t)21Z0. (4.1)

Therefore, the rank of (T,pzq, T,s5¢] is finite.
In each of the cases above, we have shown that (T.rzq, T.+5¢| has finite rank on h?(T"), and
hence condition (a) holds.
To finish the characterization of when the rank of the commutator (T.rzq, T.s5¢] is actually
0, it suffices to consider the remaining case p Z ¢ and s Z ¢. Recall from condition (b) of
Lemma 4.1 that
(Torza, Toozt] # 0,

provided that [T.rze,T,s5t] # 0. Combining this with the proof of Theorem 1.1, we need only
focus on the following cases:
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Case I There exists only one iy € {1,2,---,n} such that (p;, — ¢iy)(8i, — tiy) > 0, and
pj—q; =s;—t; =0 for any j € {1,2,--- ,n} with j # io. If (Thrza, Tex](2!) # 0 for some
1 € N*U(=N)", then it follows from (4.1) that

—(Dig — Qip + Sip — tiy) < liy <0,
I =0,

which implies that [ + s — ¢t € N U (=N)™. This contradicts Proposition 2.2. So the rank of
(T.rza, T,o5t] is zero.
Case IT p—q = s—t and there exist at least two of i € {1,2,---,n} such that p; —g; > 0.

S0 piy — @iy = Siy —tiy, > 0 and pi, — ¢i, = Siy — i, > 0 for some i1 # iz € {1,2,--- ,n}. Choose
[ such that

—2(Si1 — til) < li1 < _(Sil — ti1)7

—(8i, — tiy) < li, <0,

Iy = —Q(Sk — tk),

where k € {1,2,--- ,n} with k # 41,72. Then it follows from Proposition 2.2 that
(Torza, Toozt](24) # 0.

Therefore, the rank of (T.rzq,T,s5t] is nonzero finite. It is now obvious that the theorem holds.

5 Results about Monomial Toeplitz Operators on h3(S,,)

In this section we study the problem of when the commutator or the semi-commutator of
two monomial Toeplitz operators has finite rank on the pluriharmonic Hardy space h2(S,,). We
first start with the following lemma.

Lemma 5.1 Let p,q € N*. Then on h*(S,), for each v € N, we have

(n+ P+l = ol = Dy +0) ipg

Y+p =g,
(n+ Pyl +lpl = D'y +p—q)!
TzP?q (Z’Y) = (TL - |7| - |p| + |q| B 1)'q| Zz4=7—P v —|—p =< q
(n+lgl — g —~ —p)! -
0, otherwise
and
(n+ 1yl +lg = Il = DIy +0)! _igmp .
R I s, Yt+4qzp,
(n+ v+ gl = DIy —p+ @)!
Tovza(Z7) = (n— |yl =gl + Ip| = D)'p! SP=7—4q y+qg=p
(n+[p| =Dy +p—q) B
0, otherwise.

Proof First we assume v + p = ¢. Then for each A € N”, we use formula (1.22) of [12]
twice to obtain

oy B =l = DG ey
S RA Aty g oy g T g LG Rl
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Moreover, for any nonzero A € N”, we have
<szzq (Z’Y),E)\> = <Zv+p—q72)\> =0

as v+ p = q. Therefore,

T () = DL Pl = ol = D 42 g
o (n+ [+ [pl = DIy +p = )! '

Next we assume v + p < ¢q. Just like the previous case, we can show that

ey = =l =l el =Dl g, s
Fors G20 = = ltg ==t &7

and

(Torza(27), z)‘> = (z1777P zA> =0

for any nonzero A € N”. Thus

_(=hl=lpl+lad =D, -
R Ten T e T

Finally, we assume that v +p 2 ¢ and v +p A ¢. Then v; +p; < g; and v +p; > g
for some i,j5 € {1,2,--- ,n}, which implies v+ p — X # g and v+ p + A # ¢ for any A € N".
Consequently,

<sz2q (ZV), Z)\> = <sz2q¢(zv),f>\> = O, A€ Nn,

which shows that T,rzq(27) = 0.

The computation for Tyrzq(ZY) is similar and we leave the details to the interested reader.

Comparing Lemma 5.1 with [6, Lemma 8], we obtain that the formulas for T,»z¢(27) and
T.r1(Z7) on h%(S,) are exactly the same as those on the pluriharmonic Bergman space of the
unit ball with the parameter « = —1. So we omit the details of the proof of Theorem 1.3 and
Theorem 1.4, which can be easily obtained by the same argument of [6, Theorem 15| and [6,
Theorem 22].

Moreover, we can obtain the following corollaries, which provides convenience for the next
section.

Corollary 5.1 Let p,q,s,t € N*. Then the commutator [T.rza,T,s5t] has nonzero finite
rank on h*(S,) if and only if one of the following conditions holds:

(1)p=s=0,q#0,t#0, and q # 1.

(2) g=t=0,p#0, s#0, and p # s.

(3) Eitherp < q, s <t orq=p, t=s,|pl=1s|, lg| = |t|, (pi,q,si,t;) satisfies Condition
(I) for all i € {1,2,--- ,n} but not both of (v) and (vi) in Condition (I).

Corollary 5.2 Let p,q,s,t € N*. Then the semi-commutator (T.vrza, T,s5t] has nonzero
finite rank on h*(S,) if and only if one of the following conditions holds:

(i)p=s=0,q#0, and t #0.

(i) g=t=0,p#0, and s # 0.



Monomial Toeplitz Operators on the Plurtharmonic Hardy Space 731

6 Examples and Comparison

In this section we will give some interesting examples and make comparison of the operator
theory on the torus and on the unit sphere. First, we have the following proposition.

Proposition 6.1 For p,q,s,t € N", the following statements hold:

(1) If the commutator [Tyeza, T.s5t| has finite rank on h%(S,), then it also has finite rank on
h2(T™).

(2) If the operators Torza and Toeze commute on h*(S,,), then they also commute on h?(T™).

Proof Note that if (p;, g, s;, t;) satisfies Condition (T), then
(pi — qi)(si —ti) >0,
and if (pi, gi, si,t;) satisfies either (v) or (vi) of Condition (I) for any i € {1,2,---,n}, then
p—q=s—t.
So the proposition is now a direct consequence of Theorem 1.1 and Theorem 1.3.

As a consequence of Theorem 1.3 and Proposition 6.1, we present two classes of examples,
which correspond to cases (v) and (vi) in Condition (I) for the tuple (|p|, |q|, |s],|¢]), of non-
trivial monomial Toeplitz operators that commute on both h2(S,) and h%(T").

Example 6.1 Fix a,b,c,d,e, f € N and let

p=1(0,d,0,¢e,a,c
qg=1(0,¢,e,0,a,d
s = (
t=(

3

)

= d,0,0,f,b,C
= f,O,C,O,b,d

3

3

or

p=1(0,¢,0,b,a,c),
q=1(0,b, f,0,a,d),
s=1(e,0,0,a,b,c),
t=1(f,0,a,0,b,d).

Then in each case Thrza and Tez commute on both h%(Sg) and h?(T°).

We would like to mention that the converse of Proposition 6.1 is false. For any positive
natural numbers a and b with a # b, it is easy to check that T.¢ and T, commute on h2(T™),
but Corollary 5.1 shows that the commutator [Tzzlz,TZz{] has nonzero finite rank on h?(S,,).
Moreover, the following example shows that the commutator [T.rzq, s3] does not have finite
rank on h2(S,), even if Tyrze and T,.z: commute on h?(T™).

Example 6.2 Suppose p = (a,0,---,0), ¢ = (0,b,0,---,0), s = (0,---,0) and ¢t =
(0,¢,0,---,0) for some positive natural numbers «a, b, and ¢. Then p — ¢ ¢ N* U (—N)" and

(pi —qi)(si —t;) >0
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foralli € {1,2,--- ,n}. So it follows from Theorem 1.1 that T’,az and Tzg commute on h2(T™).
However, (|p|, |ql,|s|, [t|) does not satisfy Condition (I). Thus from Theorem 1.3 we see that the
rank of [Taz, Tz on h2(S,,) is infinite.

Similarly, we have the following result for the semi-commutator of two monomial Toeplitz
operators.

Example 6.3 Let p,q,s,t € N”. If the semi-commutator (T.rzq, T,s¢] has finite rank on
h2(S,), then it also has finite rank on h?(T"). Moreover, if the rank of the semi-commutator
(T.vza, T,o5t] is zero on h2(S,,), then on h?(T™) it is also zero. On h2(T"), it follows that

rank((Tzg, T ]) = rank((Zs,z,, T%]) = 0

for any positive natural numbers a and b, but on h2(S,,) the semi-commutator (Tzs, T3] has
nonzero finite rank, and the semi-commutator (7,z,,7%,] does not have finite rank.
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