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Chen-Ruan Cohomology and Stringy Orbifold K-Theory
for Stable Almost Complex Orbifolds*

Chengyong DU Tiyao LI?

Abstract Comparing to the construction of stringy cohomology ring of equivariant sta-
ble almost complex manifolds and its relation with the Chen-Ruan cohomology ring of
the quotient almost complex orbifolds, the authors construct in this note a Chen-Ruan
cohomology ring for a stable almost complex orbifold. The authors show that for a finite
group G and a G-equivariant stable almost complex manifold X, the G-invariant part of
the stringy cohomology ring of (X, G) is isomorphic to the Chen-Ruan cohomology ring
of the global quotient stable almost complex orbifold [X/G]. Similar result holds when
G is a torus and the action is locally free. Moreover, for a compact presentable stable
almost complex orbifold, they study the stringy orbifold K-theory and its relation with
Chen-Ruan cohomology ring.
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theory, Stringy product
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1 Introduction

Since the introduction of Chen-Ruan cohomology ring (see [9]) of almost complex orbifolds
and orbifold Gromov-Witten theory (see [8]) of compact symplectic orbifolds, there are lots
of works on related area. The most simple orbifolds are global quotient orbifolds. Let G
be a finite group and X be a G-equivariant almost complex manifold, the global quotient
orbifold [X/G] is an almost complex orbifold. In 2003, Fantechi-Gottsche [14] constructed
a stringy cohomology ring #7*(X,G), which they called orbifold cohomology, for the pair
(X, G) by following the construction of Chen-Ruan cohomology ring in [9], and showed that
(X, G)Y, the G-invariant part of J#*(X,G), is isomorphic to the Chen-Ruan cohomology
ring H ;([X/G]) as Frobenius algebras. Their construction of stringy cohomology ring works
for general G-equivariant stable almost complex manifolds. In 2007, Jarvis-Kaufmann-Kimura
[17] constructed the stringy Chow ring and stringy K-theory for G-varieties when G is finite.
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They also constructed a stringy Chern character which gives rise to an isomorphism between
the stringy Chow ring and stringy K-theory. When the group G is not finite but a torus
T, Goldin-Holm-Knutson [15] constructed a stringy cohomology ring N H;;’O(Y) over the T-
equivariant cohomology for a T-equivariant stable almost complex manifold Y. When the
T-action is locally free and the quotient orbifold [Y/T] is almost complex, they proved that
NH7°(Y) is isomorphic to HEp([Y/T]). Recently, when G is a non-abelian Lie group and Y is
a G-equivariant almost complex manifold, Chen and the authors [6] constructed an equivariant
commutative stringy cohomology ring for (Y, G).

The construction of stringy cohomology ring in [14-15] works for general G-equivariant stable
almost complex manifolds. For both cases the quotient orbifolds are stable almost complex
orbifolds (see Definition 2.1). In [10], Ding-Jiang-Pan constructed Chen-Ruan cohomology ring
for an almost contact orbifold X, by applying Chen-Ruan’s construction in [9] to the almost
complex orbifold X x R. However, there is still a lack of a Chen-Ruan cohomology ring for stable
almost complex orbifolds. In this note we will construct a Chen-Ruan cohomology ring for a
stable almost complex orbifold, and extend the isomorphism between (the invariant part of)
stringy cohomology ring and Chen-Ruan cohomology ring to stable almost complex orbifolds
for both cases of G being finite or abelian. As the almost complex case, for a stable almost
complex orbifold X there is also an associated inertia orbifold IX and the underlying group of
its Chen-Ruan cohomology ring is defined to be the de Rham cohomology group of IX with
a degree shifting. As the almost complex case, we need an obstruction bundle E? over the
2-sector X[?! to define the ring structure. In this note we adapt the K-theoretical definition of
obstruction bundles in [16-17] to define E[?! (see Definition 3.1). We could prove that E[? is
in fact an honest bundle over X2, not just an element in the K-group of orbifold bundles over
X0,

On the other hand, there are also a lot of works on orbifold K-theory. For example, Adem-
Ruan [2] studied orbifold K-theory and orbifold K-theory twisted by discrete torsion, Lupercio-
Uribe [19] studied orbifold K-theory twisted by general U(1)-gerbes. Moreover, Adem-Ruan-
Zhang [3] defined a stringy product over the twisted orbifold K-theory 7K, (IX), where 7 =
0(p) is in the image of the inverse transgression map and ¢ is a 2-gerbe over X. Moreover, as
noted by Hu-Wang [16], when ¢ is trivial, the stringy product of Adem-Ruan-Zhang induced
a stringy product on the orbifold K-theory K, (X,C) of X. In [17], Jarvis-Kaufmann-Kimura
also defined a full orbifold K-theory Ko, (X), for an orbifold X, and showed that for a global
quotient orbifold X = [X/G] of a G-variety X, the G-invariant part of the stringy K-theory
H (X, G) is a sub-algebra of Ky (X), see also [11-13]. Becerra-Uribe [4] studied the stringy
products of twisted orbifold K-theory for abelian quotient orbifolds. The most impressive result
is that Hu-Wang [16] showed for every compact presentable almost complex orbifold there is
a modified delocalized Chern character which gives rise to a ring isomorphism between the
Chen-Ruan cohomology ring and the orbifold K-theory equipped with the stringy product of
Adem-Ruan-Zhang (twisted by trivial 2-gerbe). This result was extended to twisted Chen-Ruan
cohomology ring and twisted stringy orbifold K-theory by Lin [18] for global quotient orbifolds.

Following the construction in [1], we define an associative stringy product over K, (X, C)
for a compact presentable stable almost complex orbifold X. We then show that there is a mod-
ified delocalized Chern character which is a ring isomorphism from K, (X,C) to HE,(X, C).
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Furthermore we could extend the stringy product over twisted orbifold K-theory of almost
complex orbifolds of Adem-Ruan-Zhang [3] to stable almost complex orbifolds.

This note is organized as follows. In Section 2 we give the definition of stable almost complex
orbifolds, and define the Chen-Ruan cohomology group of them. In Section 3 we first construct
the obstruction bundle and define the product, prove the associativity, then we study the
relation between the Chen-Ruan cohomology rings of (global) quotient stable almost complex
orbifolds and the stringy cohomology rings of equivariant stable almost complex manifolds. In
Section 4 we study the stringy product over K*

2 (X, C) for a compact stable almost complex

orbifold X. For the compactness of this note we put the construction of the stringy product
over twisted orbifold K-theory of stable almost complex orbifolds in the appendix.

2 Stable Almost Complex Orbifolds

In this note we study orbifolds via orbifold groupoids, i.e., proper étale Lie groupoids. We
assume that the readers are familiar with orbifold groupoids. One can see [1, 3] for example and
references therein for basic concepts on orbifolds, orbifold groupoids, coarse space, de Rham
cohomology of orbifolds, morphisms between orbifold groupoids, quasi-suborbifolds, intersection
of quasi-suborbifolds and etc.. We next give the definition of stable almost complex orbifold
groupoids.

We first give the definition of stable complex orbifold bundles. Let X = (X! = X°) be an
orbifold groupoids, with s,¢: X! — X° be its source and target maps from the arrow space to
the object space. An orbifold vector bundle E over X consists of a vector bundle 7% : EY — X©
and a section of ¢ € Hom(s* EY,t* E°) such that for every arrow g € X1,

o(g): s By = By — t"E) = Ejj,

is an isomorphism of vector space, and o(h) o o(g) = o(gh) for any two composable! arrows in
X1t The o gives us a left X-action? on E° with anchor map given by 7% : E® — X9 and action
map given by

X' oxp0 EY 5 E° (g,v) — o(g)(v).

Then we get an action groupoid E = X x E° = (B! = E°) with
Bl = {(v,9,w) € s*E° x X' x t*E° | 0(g)(v) = w}.

It is also an orbifold groupoid. The source and target maps are given by (v, g,w) — v and w
respectively. The projection 7! : B! — X! 7l(v,g,w) = g gives us a vector bundle, which
together with the bundle map 7° : E° — XY gives us an orbifold groupoid morphism 7 : E — X.
However, sometimes it is more convenience to view an orbifold vector bundle E over X as a vector
bundle 70 : E° — X with a left X-action, and then when we talk about the fiber of E we mean
the fiber of 70 : E° — X9, The definitions of direct sum and tensor product of orbifold vector
bundles are similar to the manifold case.

We denote by R™ — X or simply by R™ the trivial bundle of rank m over X. Here by
trivial we mean that both E? = X? x R™ are trivial bundles and the section ¢ is identity, i.e.,
o(g) = idgm for every g € X!. Hence the action of X on X? x R™ is trivial on fibers.

1This means t(g) = s(h), the source of the arrow h is the target of the arrow g.
2See [7, Section 2.2] for example for the definition of groupoid action on manifolds.
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A complex structure J over E — X consists of a pair of complex structures J* over E! —
Xt i=0,1, such that s*J = t*J% = J'. Similarly, a hermitian metric over (E,J) is a pair of
hermitian metrics over (E*, J%) that are compatible with s* and ¢*.

The tangent bundle of X is

TX := (TX' = TX"

with source and target maps being the differentials of s and ¢ of X.

Definition 2.1 Let E — X be an orbifold vector bundle. A stable complex structure over E
consists of a trivial bundle R™ — X and a complex structure J over E @ R™.

A stable almost complex structure over X is a stable complex structure over TX. When X
s equipped with a stable almost complex structure we call it a stable almost complex orbifold
groupoid.

Stable almost complex orbifold groupoids are direct generalizations of stable almost complex
manifolds in [5].
We abbreviate “stable almost complex orbifold groupoid” as “SACOG”.

2.1 k-Sectors

For k € Z>1, the k-sector XI* of X is an action groupoid X[¥! := X x S* obtained from a
left X-action on the space

SFi={(g1. ) € (X)F [ s(g1) = t(g1) = - = s(g) = t(gn)},
where the left X-action on S* has
(i) an anchor map: 7% : S* — XO, (g1, , gx) + s(g1), and

(ii) an action map: pp : X' ox S¥ — 8%, (h, (g1, ,9)) = (h"g1h,--- ,h " grh).
Then XH = X x S¥ = (X! ,x,» S¥ = S¥); the source map is the projection to the second
factor and the target map is pr. When k = 1, X[l is called the inertia groupoid of X and is
denoted by IX.

There are several evaluation morphisms between various k-sectors and X. We list them by
only writing down the maps on object spaces. The maps on arrows are obvious.

(i) For I <k, eqy ..., : XIFI — X is given by e, ... (g1, 5 91) = (gis -+ 5 94,)-

(ii) For k > 1, ey.. : Xl = X[ = X is given by e1..x(g1, - ,g1) = (g1 - - - - Jk)-
(i) For k > 2, u; : XE 5 XF=1 1 < i < k —1 is given by wilgr, -+ y98) = (g1,
9iGi+1," 7gk)-

(iv) For k > 1, e : XI¥) — X is given by e(g1,--- , gx) = s(g1).
All these evaluation morphisms are quasi-embeddings (see [3, Definition 2.7]).

There is also an involution morphism I : IX — IX, (g) — (g7 1%).

For each k > 1, according to the decomposition of connected components of the coarse space
IXI¥]|, we have a disjoint union decomposition

Kl .
XK = |_| X7
[g=(91,"--,9x)]E€TE

where T* is the index set of components and the set of equivalence classes of § w.r.t conjugations.
Then the above evaluation maps and the involution map also decompose into components.
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Now suppose that X has a stable almost complex structure, hence is a SACOG. Then there
is a complex bundle V := TX @& R™ for some m € Z>g. For each k € Z>1, we pull back V via
the morphism e : X¥ — X to X[¥! to get a pull-back bundle

VIH = e*V = * TX ¢ R™.

The complex structure over V pulls back to a complex structure over each V¥, Denote by VE%]
the restriction of the bundle VI* over a component Xg- Choose a hermitian metric on V. Then
all VI have induced hermitian metrics.

Take a point § = (g1, ,gr) € S¥ with s(g1) = € X°. Then the fiber of V¥ over 7 is

v[gl“] -V, =T,X°®R™,

It has a natural Z(g)-action, where (g) is the subgroup of G, generated by §, Z(g) is its center
and G, is the local (or isotropy) group of z in X. Since we have chosen a hermitian metric, V[;]

is a unitary representation of Z(g), we could decompose it into irreducible Z{g)-representations
(k] _ (K]
Vi = D Vax
AeZ(F)

Then one can see that the decomposition of fibers forms a decomposition of the bundle V{;],

" _ 0
Vig = @\V[m,x (2.1)

gc], and also on each irreducible represen-
' ]

tation ng])\ of Z(g). Since ord(g;) is finite, the g;-action on V[glfA is by multiplying exp?™V = Tma.i

On the other hand, note that each g; in g acts on V

for some
mi,A S @ N [Oa 1)

These numbers are constant over each component Xz. When k = 1, we omit the 4, and write
them as m.

Note that the tangent space of S¥ at § is just the fixed part of 7, X° under the action of
(g). Therefore the irreducible representation Vg’f& with zero weight m; y =0foralli=1,---,n
corresponds to the tangent space of S¥ and the fiber of the trivial bundle R™. So we see that

over each component Xz,
B V. =TxHarm (2.2)
m)\,i:07vi:1,--- 7k1
This is a complex bundle over X[¥| since each V%]_’ , is complex. Therefore we have proved the
following result.

Proposition 2.1 When X is a SACOG, for every k > 1, every component X{g of XI¥ is
SACOG with stable almost complex structures inherited from X via (2.2).

On the other hand,

mx,1+-+mx >0
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is the normal bundle N%] of the evaluation morphism e : Xl — X over the component Xig- It

is a complex orbifold vector bundle. We denote the disjoint union of these N%] by NI,

Remark 2.1 From the analysis above, we see that if the stable almost complex structure
is given by the complex orbifold bundle V = TX & R™, then for each k-sector X*¥!, we have the
decomposition of the complex bundle V¥ = e*V:

VI = (TX* ¢ R™) @ N

with N and TX* @ R™ being two complex sub-bundles. And the stable almost complex
structure associated to X*! is given by the complex bundle TX* @ R™.

Remark 2.2 We also need the normal bundle N¢*2 for the evaluation morphism e : X2
X in the following. It is a complex sub-bundle of V2!, moreover, a sub-bundle of N2/, Consider
a component X[y, 4,1 of X2, Denote the component of N2 over X, 4, by N7 ;.- Then the
fiber of N‘[”glf)m] over a point (g1, g2) with s(g1) = x is the subspace of V,, over which the action
is trivial for g; g2 and nontrivial for g; or go.

Consider the diagram
X[2] 12 o (1]
X.

Then we have

NE = Ne2 @ ex, NI, (2.4)

2.2 Chen-Ruan cohomology of SACOGs

As for almost complex orbifolds, the Chen-Ruan cohomology group of a SACOG X is also
defined as the de Rham cohomology group of its inertia groupoid IX with a degree shifting. We
first define the degree shifting. Note that, every complex orbifold bundle over X! = IX has a
canonical finite order automorphism, given by the action of g € S on the fiber over g.

Definition 2.2 (see [16]) Let E be any complex orbifold vector bundle with an automorphism
D of finite order over an orbifold groupoid X. Choose a hermitian metric on E preserved by ®.
Then E has an eigen-bundle decomposition

E= & Emy),

m;€QN[0,1)

where ® acts on E(m;) as multiplication by exp?™V 1My for mj € QN [0,1). We define

Ee= P mEmy), Esr= P (1—my)E(m))

m;€QN(0,1) m;€QN(0,1)

as a linear combination of vector bundles with rational coefficients or as an element in K° | (X)®

orb
Q.
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One immediately sees that
Ee ©®Ep-1= P E(my) (2.5)
m;€QN(0,1)

is the sub-bundle over which the ®-action is nontrivial.

Suppose that the stable almost complex structure over X is given by V = TX & R™. Now
consider the complex bundle VI! = ¢*TX @ R™ — IX. It has a canonical automorphism ® of
finite order given by the action of g € S' on the fiber over g. Then by taking a ®-invariant
hermitian metric, we could decompose it into eigen-bundles

vl — @ V(1] (m;).

m;€QN[0,1)
This decomposition varies over different connected component X[, of IX. So we write
1.yl _ (1]
Vig=Vllx, = @ Vym) (2.6)
m; [9]6Qﬂ[071)

Definition 2.3 For cach [g] € T, we define the degree shifting number of X(g) to be

W(Xpg) = u(lg) = Z m; (g) - ranke Vg (my, ).

M3, (9]

Note that every hermitian metric over VI is ®-invariant. So we could use the same metric
for the decomposition (2.6) of V[l and the decomposition (2.1) with k = 1. Then the summands
in the irreducible decomposition (2.1) of V%] with & = 1 combine into the summands of the
decomposition (2.6). So we also have

u([g]) = Z ma -rankCV[lg]_’A.
XEZ(F)
Moreover, the analysis above shows that (comparing (2.6) with (2.1)-(2.3) for k = 1)
NG =B N =V (2.7)
Definition 2.4 For a SACOG X, we define the Chen-Ruan cohomology group of X as

* * 2.(IX x—20([
HEp(X,C) = Hyp ™ (x,C) = @ Hjp™" (X, 0),
[gleT?

and the Chen-Ruan cohomology group with compact support of X as
* * 20(1X) #—20(
HCR,C(X7 C)=H c,dR (IX,C) @ Hc dR (LoD q],(C).
[g]eT?

Since the de Rham cohomology (with compact support) of an orbifold is canonically iso-
morphic to the singular cohomology (with compact support) of its coarse space (see [1, Section
2.1]), in the following we will omit the subscript “dR”.

For an oriented orbifold X, the orbifold Poincaré pairing

orb
/ L H5(X|, C) x HI™*F(X],C) - C
X
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is nondegenerate. A SACOG X is natural orientated. So is its inertia orbifold IX. The involution
map [ : IX — IX and the paring above induce a nondegenerate pairing

orb

(9% Hog(%,C) x Hip J(%,C) > C, (o, B)x = /.x aU IS,

3 Chen-Ruan Product for SACOGs

3.1 Obstruction bundle and Chen-Ruan product

Let X be a SACOG. We next define an obstruction bundle over X[2/. Recall that we have
ei : X2 5 IX, i =1,2, and e : X2 — IX. Recall also that VI* has a canonical finite order
automorphism ®.

Definition 3.1 We define the obstruction bundle over XI?! to be

EZ: = eVl @ esvil @ e,V o N (3.1)

as an element in KO (X2) @ Q. The NP is given by (2.3).

Remark 3.1 By (2.7) we have

ER: = erND @ esND @ er,NDL, o NI (3.2)

Remark 3.2 We could also define this obstruction bundle via the original construction of
Chen-Ruan in [9] by taking the invariant part H%'(X,7,X° @ R™)%91:92) as the fiber of E[?!
over the point (g1, g2) € S?, where x = s(g1) and we have replaced the tangent space T, X° by
the complex linear space T, X°? @ R™. By the proof of [16, Theorem 3.2], we could show that
this construction will also give rise to the definition formula (3.1) of E[l. On the other hand,
by similar computation as (3.5) in the proof of Lemma 3.1 below we can show that over each

component of X2, E? is a direct sum of certain bundles. Hence E[?! is not just an element in
K%, (XPl) ® Q, but an honest bundle over X[?/. So we can take the Euler class of E[).

Definition 3.2 We define a 3-point function for o, 8 € H¢r(X,C) and v € Hgp (X, C)
by
orb
(, B,7) :z/ efaUesSU (I oern) yUe(ER).
X[2]
The product is defined as follows.

Definition 3.3 Given «, 8 € H:5(X,C), the product a Ucr B is defined by requiring that
for every v € HX(X,C), the following equality

<O[ Ucr ﬁ7’7>x = <O[,ﬁ,'7>
holds. Equivalently, this product is also given by
aUcr B = ern.(efanesf Ae(ER)).

Theorem 3.1 The product “Ucgr” over HE (X, C) is associative.
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Proof To prove the associativity we need to show that for any «, 8,7 € Hfx(X,C), the
following equality

e12..(el(e1ax(e5a AesB A e(EP))) Aesy Ae(ER))
=ea.(efanes(ern(e]B Aesy A e(E[2]))) A e(E[2])) (3.3)
holds. For simplicity, we could assume o € H*(X,,},C), f € H*(Xg,),C), v € H*(X[41,C).

Then we see that both left and right sides support in a neighborhood of the intersection of
quasi-suborbifolds® of IX,

Xig1,92] N Xlg1g2,95] = |_| Kihyhashs] = Xigi,g2g3] O X(gz,g5]
[h1,h2,hs],[hi]=[g:]

in IX. Set h = (h1, ha, h3). We could assume that the neighborhoods of all different X[ﬁ] above
in IX do not intersect with each other, since their images in IX are closed and do not intersect
with each other.

For a fixed X[H] we have the following commutative diagram:

Xihy)
ey

X[hz] # X[h17h2] L} X[hlz]

61/{\ €1,2 Tel

€2,3 M1

x[h3]<—2x[h2,hs] x[l_{] Xlh12,hs] - Kihal

€123
elzl M2 \ lem

X[h23] - X[h17h23] E— X[h123]

€1

Xihy)

where h12 = hlhg, h23 = h2h3 and h123 = h1h2h3.
Fix a small neighborhood U[m of X[E] in IX. By the clean intersection formula in [3, Lemma
7.2], the restriction of the LHS of (3.3) in the neighborhood U of Xz
e12.1(€f (er2.-(efa A 3B A e(E?))) A sy A e(EP))]u

2
= €123, *(ela A eZﬁ A 637 A E%hl ha] |X E%h]ﬂlz,hs |X (7] A e(E(XUH ha]s X[h1,h2] ) X[h1h2,h3])))7

(]

and the restriction of the RHS of (3.3) in the neighborhood Ui of Xii

cra(€fa Aes(erns(eif Aesy Ae(EP))) A e(EP))]y

= €123, *(ela A 82ﬁ A 637 A E%hl hahs) |X ) A E%}m hs] |X il A e(E(X[hzhs]vX[h1,h2h3]ax[h2,h3])))v

(R]

where E(X[hlhg] , X[h1,h2] , X[h1h27h3]) and E(X [hahals X[h17h2h3] , X[hg,hg]) are the excess bundles for
the non-transversal clean intersections of quasi-suborbifolds. Then the theorem follows from

the following Lemma 3.1.

3See [3, Definition 2.12, Example 2.14].
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Remark 3.3 One can see [3, 17, 20] for the concept of excess bundle. For example, consider
the intersection of quasi-suborbifolds X, n.1, X[hi ko hs] I X[h, ny]- Suppose that this intersection
has a component X[E] with h = (h1,ha, hs). We draw them as

e1,2
X[ﬁ]c—> X[hlﬁhz]

€1
X[h1h2,h3] X[h1h2]'
Then the excess bundle over the component X[ﬁ] for this intersection is

_ *
E(x[h1h2]’X[h1>h2]’x[h1h2>h3]) - 61;2Nx[h1,hg]|x[hlhg] S NX[;;]\X[hlhz,hgw

where NX[ : is the normal bundle of the quasi-embedding e12 : X[, ny) = X{nyho) and

h1.ho) X[ ho

X7y X (i1 g i) is the normal bundle of the quasi-embedding i : Xm = X{hiha,hs)-

Lemma 3.1 Over X[fz] we have

(2] (2]
E[hl,h2]|x[m & E[hlhz,h3]|x[ﬁ] @ E(Xthyha)s X o) X{hha,hs))
— gl (2]
- E[hl,hzh_g]lx[ﬁ] ® E[hz.,hg]'X[ﬁ] ® E(X[hzhs]’x[h1=h2h3]7x[h2,h3])' (3.4)

Proof This follows from the definition of E[?/. We first compute the LHS. Recall that from
(2.1), over each component X of XB1 VB has a decomposition

(8] _ (3]
Vin= D Vig
\eZ(h)

and the action weight of each h; € h on V% \

does not change over the component X[ﬁ]' We
denote them by

mix €QN[0,1), i=1,23,

i.e., h; acts on the fiber of V{%]] , over h by multiplying exp?™V/=Imix - On the other hand hia,

has and hi23 also act on the fiber of each V% \ We denote the corresponding action weights
by )

Mi2,x, Ma3 x, Mizzx € QN[0,1).

Then since hihahiy = hishshigy = 1 and hyhahshiys = 1, we have

mix +max+ {1 —mi2)}
’ ’ ’ =0, or 1, or 2,
mizx +mgx + {1 —mi23 2}

and
mix +max+mgx+ {1l —misr} =0, orl, or2, or3,

where {-} means the fractional part of a real number.
Then by the definition of E[?/ we have

(2]

sy 711 s\ [1 " 1
E[hbhﬂlx[ﬁ] = (61V£I>] & 62V£1>} @ 612V£1>]71 e N[Z])‘x B}

[R]
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3 3 3
= @(ml,A +max +{1— m127,\})V{H]M oVl g @ VP

[h] h],A
A my, x=ma2,x=0
3 3
=P mia+man+{1- m127,\})V{,;]]),\ = D V{g]],
A mi x+tme x+{1-miz x}=1
3

my x+ma x+H{1-mi2 \}=2

Similarly,
E%h}lhm] ‘Xm = (VW @ esvil @ e, VI, o NP

[
_ [ [ (3]
= @D (miza +may+ {L-musa )V oVe e P Vi

A miz2 x=m3z =0

= @ V% A

;
miz,x+m3 x+{l—mi23 \}=2

On the other hand, the excess bundle for the intersection of X4, n,; and X,y ny) in X,y 18

E(x[h1h2] ) X[hl ha]» X[hlhz,hs])

(@ vier]el( & Vi,)or]

mi2,2=0 mi1,x=mz2 x=0
(3] m [3] m
ol @& vigJerfel( @& vi,)or]
mi2, x=m3 =0 mi1 x=ma x=m3 =0
_ 3] 3] 3] 3]
(@ vi)e( @ vi)el & vi)el & vy
miz,x=0 T, A=T2, ) my x=mz x=0 miz x=mgz x=0
:m:;,)\:O
Therefore the LHS of (3.4) is
[3] [3]
P mas +max+ {1 —maz, ADVE [h]A OV @ S, Vi
A my x=ma x=0
[3] (3]
@ P m12A+m3>\+{1_m123A}) @V{ @ D Vi
A miz x=m3 x=0
3] 3] 3] (3]
o D vi)e( D V[ELA) (@ VviJe( & Vi)
My =0 mi a=ma x my, x=ma =0 miz x=mg x=0
=ms, )\_0
_ _ 3] (3]
—@m1>\+mzx+m3>\+{1 leBA}) [h])\ V[H]EB @ V[H])\
A mi x=ma x=m3 =0
[3] (3] 3
® @(mlz,,\ +{1- mlz,,\})V[m_’A e @ V[H],A o V[ﬁ]
A mi2,2=0
3 3
(mix +mox +max+ {1 —miasa})V [h]/\@V{ﬁ]] ® 45 VHM\
my x=ma x=m3 x=0
= @ (m1A+m2A+m3A+{1_m123)\}_I)V{h]])\

my x+mo x+maz a+{1—mi23 1} >2
= (e1Vh @ esV) @ eVl @ efyeVil o NF

where for the second equality we have used the fact that

(3] Bl _ 3
69(7"’1“4'{1_”7“12-*})\/@]7,\6B @ V[EL,\ Vi

A mi2,3=0
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Similarly, the RHS of (3.4) is also

eV @ eVl @ eVl @ er, VI o NBl

(]

N @ (mix +max+mgx+ {1 —miasa} — I)V% \

my x+mo x+maz a+{1—mi23 1} >2

The lemma follows.

3.2 Relation with stringy cohomology ring

We next study the relation between Chen-Ruan cohomology ring of stable almost complex
(global) quotient orbifolds and stringy cohomology of the ambient equivariant stable almost
complex manifolds.

3.2.1 Global quotient orbifolds

Suppose that G is a finite group and X is a compact G-equivariant stable almost complex
manifolds, i.e., there is a trivial bundle R™ = X x R™ over X such that V := TX & R™ is
a complex bundle and the G-action on T'X together with trivial action on R™ gives rise to a
complex linear action of G on V. We refer the reader to [14, 17] for the explicit construction of
stringy cohomology ring of (X, G).

The global quotient orbifold X := [X/G] has a natural orbifold groupoid representation
X=(X xG = X). It is a SACOG. In fact the stable almost complex structure is obtained via
the equality

[V/Gl=[(TX @R™)/G] = TX®R™,

and the complex structure over V =TX ®R" induces a complex structure over V := TXHR™.

The stringy cohomology group ##*(X, G) of (X, G) is the cohomology of its inertia manifold

IcX = || XY, with a degree shifting
geG

H(X,G) =P H 9 (X9,C),

geG
where XY is the fixed locus of g-action on X. The degree shifting ¢(g) is defined to be

ord(g) .
t(g) = Z Orj(g)rank(cwxg(j), (3.6)

Jj=1

2w/ —1 Td](g)

where V|xq(j) is the eigen-bundle with eigen value exp of the g-action on V|xs. In

fact there is a formal bundle

ord(g)
J .
Sy = ——V|xy K(X9 .
9 J; ord(g) |xa () € K(X7) @2 Q

The pairing over J#*(X, G) is the direct sum of

1
)

<'a '>X.,G : H*(ng(c) ®H*(X97 (C) — (Cv <Oégvﬁg*1>X,G - / Qg /\I*ﬁg*U
X9
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where I: X9 — X9 ' 2> x.
G acts on I X via h: X9 — X"z h.z. This action gives rise to an averaging map

H(X,G) = A (X,G), ay ﬁ S h*(ay).

The image of this averaging map #*(X,G) is the G-invariant part of 77*(X,G) w.r.t. the
G-action on IX. The pairing (-, ) x ¢ induces a pairing ﬁ(, Yx.q over (X, G).
The ring structure over * (X, G) is defined as follows. The 2-sector of (X, G) is

IBx)= || xo (3.7)
(91,92)€G?

with X992 = X9 N X92. We also have obvious maps e; : I2(X) — IcX, i = 1,2 and
el : ]IQG(X) — I X with e; : X91:92 <5 X9 ey : X91:92 < X 9192 Qver a component X9 with
G = (g1,92), by setting g3 = (g1g2)~", the component Z(§) over X7 of the obstruction bundle
X is
3
2(§) =TXT6TX|xs © @ 7,

=1

Xa-
Then the product over #*(X, @) is defined by requiring that the equality

(% By x.c = / GGanesB A (1o ey Ae(®)
IZ,(X)

holds for all v € H*(IX). This is equivalent to the formula
a*xfB=e(efanesSNelR)). (3.8)

Since

IX= | | [X9/Zc(9)] = [IaX/G),
[9]€[G]

and G is a finite group, we see that there is a group isomorphism
HH(X,G) = H*(X,G)¢ = H (IcX,C)% =2 H* (I X/G,C) = H:x(X,C).

This isomorphism identifies the degree shifting, and the pairing by the definition of orbifold
integration. Therefore, to show the isomorphism between ring structure, we only need to show
that the isomorphism identifies the Euler class of the obstruction bundles. Note that

XPh =" | [X9/Za(g)] = [I5(X)/G).
Aelc)

Then from the definition of EI?l we immediately get [%#/G] = E[?. In fact, .7, corresponds to
efvg], and TX|ys © TXY corresponds to N2, Therefore we have the following theorem.

Theorem 3.2 We have a ring isomorphism* #*(X,G) = H}x(X,C).

4In fact, this is a Frobenius algebra isomorphism, since this isomorphism also identifies the pairing.
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3.2.2 Torus quotient orbifolds

Now suppose that Y is a compact T-equivariant stable almost complex manifold, 7" is a
torus and the T-action on Y is locally free. Then X = [Y/T] is a SACOG since the adjoint
action of 7" on its Lie algebra is trivial. The construction of stringy cohomology group of (Y, T")
is identical to the previous case except that singular cohomology is replaced by T-equivariant
cohomology (see [15]). The stringy cohomology group of (Y, T') is the T-equivariant cohomology
group of ITY := || Y with a degree shifting

teT
NHR(Y) = D H (v, ©),
teT
where the sum indicates the o-grading, i.e., NH*(Y) = H%(Y*,C). The degree shifting «(t) is
defined in the same form as (3.6). We also have IX = [I7Y/T]. Tt is also direct to see that the
degree shifting of NH;:°(Y) is the same as the degree shifting of H} (X) since T is abelian.
Since for a locally free action H;(Y*,C) = H*(Y*/T,C), we get a group isomorphism

NH*(¥) = HE p(X,C).
The 2-sector of (V,T) is also of the form I2.(Y) := || Y% as (3.7) and X2 =

(t17t2)eT2
[I2.(Y)/T). The stringy product over NH;°(Y) is defined by the same formula as (3.8) (see

[15, Definition 3.2]) with the obstruction bundle E (see [15, Definition 3.1]) constructed as
follows. Over a component Z of Y9192, the normal bundle vZ of Z in Y splits into irreducible

vZ = @A.
A

Denote the action weights of g1, go, (glgg)_l over each Iy by mq x,mo x,M12,), Tespectively.

representation of (g1,¢g2) < T,

Then the obstruction bundle is given by

E|Z = @ I)\.

My x+ma x+Mi2,x=2
Comparing with (3.5) [E/T] = E[l. Therefore, we have the following theorem.
Theorem 3.3 We have a ring isomorphism NH°(Y) = Hf (X, C).

4 Stringy Product over Orbifold K-Theory of SACOGs

In this section we generalize the stringy product on orbifold K-theory and the modified de-
localized Chern character in [16] for compact presentable® almost complex orbifolds to compact
presentable SACOGs. Suppose that X is compact, i.e., its coarse space is compact. Then there
is a delocalized Chern character.

Theorem 4.1 (see [16, Proposition 2.5]) For any compact presentable orbifold groupoid X,
the delocalized Chern character gives a ring isomorphism

chdeloc K*rb(x) ®zC — H*(IX, (C)

(6}

5An orbifold groupoid is presentable if it is Morita equivalent to a quotient groupoid G x X with G being a
Lie group and X being a smooth manifold equipped with a smooth, almost free G-action.
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over C. Here the ring structure over K7, (X) ®z C is tensor product of orbifold vector bundles,
and the ring structure on H*(IX,C) is the wedge product of differential forms.

We recall the definition of chqeloc (see [16, Section 2.2]). Given a complex orbifold vector
bundle E over X, pull it back to IX by the evaluation map e : IX — X to get e*E. Then e*E has
the canonical automorphism ®. Decompose it into eigen-bundles

cE= @ E©O)

0€Qn[0,1)
Then chaeloc : K2, (X) = HER(X, C) is defined to be
chacloc(E) = > _ ™" Tch(e*E(0)). (4.1)
0

chgeloc over K grb(X) is defined in the usual way.
For a compact presentable orbifold groupoid X we also have the following result.

Proposition 4.1 (see [16, Proposition 4.2]) There exists a canonical ring homomorphism

che « K2y (IX) = H*(IX,C)

o

such that the diagram
K2, (1X) —225 51X, ©)

e*
chqeloc

Kgrb (X)
commutes.

Proof The proof is similar to the proof of [16, Proposition 4.2]. In fact, since any complex
orbifold bundle E over IX has a canonical automorphism ®, we can always decompose it into
eigen-bundles, then chg is defined in a similar way as chgeloe in (4.1).

Let K, (IX,C) := K}, (IX) ®z C. Then the previous proposition implies the commutative
diagram of linear maps between vector spaces over C,

K (X, ©) —5 H*(1X, ©)

K50,(X,C)

with chgeloc being isomorphism. Following the same argument as in [16, p.6330] we get a left
inverse of e*. First of all e* is injective. Hence K7, (IX,C) = Im(e*) + ker che. Now suppose
a € Im(e*) Nkerchg. Then there is an o € K (X,C) such that e*a = & and che(a) = 0.
Then chgeloc() = che o e*(a) = che (@) = 0. Since chgeloc 18 an isomorphism, o = 0 and hence
a = 0. Therefore

o (IX,C) =2 Im(e*) @ ker chg.

Hence, each element & € K, (IX,C) can be uniquely written as & = e*a + f for a unique
element o € K (X,C) and 3 € ker chg. We then can take a left inverse

- K::rb(lxv (C) - K(Trb(xa (C)
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of e*, i.e., egoe® =id over K (X), which maps & = e*a+f to a. So we have chqeloc0€x = cho.

Definition 4.1 Let X be a compact presentable SACOG and IX be its inertia orbifold. The
stringy product on K, (X,C) is defined by

o] 0 Qg 1= 6#[6127*(6’{(6*011) . 6;(6*0[2) . /\_1(E[2]))]

for ay, a0 € K

orb

(X,C). Here
e12,(ef (e a1) - e3(e*az) - A_1(ER))

is similar to the Adem-Ruan-Zhang stringy product on K (IX,C) for almost complex orbifold
(see [3, 16] and Appendiz), “” is the tensor product of bundles, and \_1 is the K-theory Euler
class.

Remark 4.1 We could directly prove the associativity of this product by using (3.4) in Lem-
ma 3.1 (see Theorem 4.3). However, this also follows from the isomorphism between K, (X, C)
and H*(IX,C) = Hf (X, C) in Theorem 4.2, which identifies the product o with Ucg.

Next, we follow [16] to define a modified version of the delocalized Chern character,

chdeloe : Koy (X, C) = H*(IX,C) = HE: (X, C).

For a complex orbifold vector bundle E over an orbifold groupoid Y, we can assign it a
characteristic class .7 (E) € H*(Y,C) associated to the formal power series .7 () = ==, Tt

x

assigns E,
ch(A\_1(E))
e(E)

On the other hand, an orbifold complex vector bundle E over IY has a canonical automorphism

7 (E) = e H*(Y,C).

®, and an eigen-bundle decomposition w.r.t this ®,

E= P Em),

m; €QN[0,1)
where ® acts on E(m;) as multiplication by exp2™/ =1 Define a cohomology class

T (E,®) :=[[ Z7(Em.)™ € H*(IY,C),

m;

where .7 (E,,,)™ is the characteristic class associated to the formal power series .7 (x)™ :=
(%)m Then  (E, @) is an invertible element in H* (1Y, C), as the degree zero component is
1.
Now for the normal bundle
1= L o
lgleT?

over IX of the evaluation map e : IX — X, we have the cohomology class .7 (NI* ®) in H*(1X)
whose component in H*(X[y,C) is given by 9(Ng ,®). For the bundle E @ N°2 over X2 we
also have the cohomology class 7 (EZ@N®12) in H* (X[, C) whose component in H*(X(y, 4,1, C)
is given by ﬂ(EF] @ NFz ).

91,92] [91,92]
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By Definition 3.1 of the obstruction bundle El over X[l and (3.2) we have

E? @ N2 @ ei,ND = eiNE @ eoNB @ ef,NEL, e, NG

1

= e’{Nq,} ® eQNg] @ e, NI,

which together with (2.4), i.e., NI = N1z @ ef,NIU | implies that
E[2] @ Nez @ GTQN[H _ GTNE] o) GQNE].
Therefore we have the following identity:

y(ED]

o)y O N2 )/\6*1‘29(NF] @) = et 7(NY @y Aes( 7N @) (4.2)

[91,92] 9192] [g1]” [g2]"

in H*(X(g, g,)» C) for any connected component Xy, ,, of X2

Definition 4.2 The modified delocalized Chern character on the orbifold K-theory K7 (X)
1s defined to be
chaetoe := T (N ®) A chetoe : Ky (X) — Heg(X, C).

Theorem 4.2 Let X be a compact presentable SACOG. The modified delocalized Chern
character

—~

chaeloc (K::rb(xv (C)v O) - (Hé‘R(Xv (C)v UCR)
is a vector space isomorphism that identifies the two products o and Ucp.

Proof The isomorphism between vector space follows from the fact that the degree 0
component of .7 (N, @) is 1 over each component of IX and chgeloc is an isomorphism of linear
spaces (see Theorem 4.1). The equality (4.2) and the same computation as the proof of [16,
Theorem 4.5] would prove this theorem.

First of all by the definition of stringy product we have

chaeloc(@1 © a2) = (chaeloc © e4) (12,4 (€] a1 - e3an - A_1 (EP))))

= Ch@[elz*(eial . 6;052 . )\_1(E[2]))]

for ay, a0 € K, (X, C).
The inertia orbifold IX = || X[, the evaluation map e : IX — X decompose into e* =
lgleT?
DgleT? efﬁg]. We next compute the X[g-component of chgeloc(a1 © ag). Tt is given by

* % x % 2
Z cha[e12,.(e1e],, 1 - €3€]y, 2 - A—l(E%g]l,gﬂ))]'

[91,92]1€T2,[9192]=l9]

Here the pushforward map e12 .« : Ky, (Xg,,g2]s C) = K3, (X[g, 5], C) is obtained by composing
the Thom isomorphism for the normal bundle Nfglfm] of eqg : X[gl)gz] — X[glgz] with the natural
extension for open embeddings.

Using the fact that the Thom class of N[e;fﬁgﬂ has trivial automorphism (see [16, p.6332]),
we obtain

Chdcloc (041 o aQ)
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= chdeloc(1 © @2) A Q(NF] , D)

9192]
* sk * sk 2 1
= Z chalein,«(eTefy,jan - esefy, a2 - A_l(E%g]l,gg]))] A Q(Nugﬂ,@)
[91,92]€T?
* * * * 2 e 1
= Z 6127*[616hq>6[g1]041 A eschaefyjas A ch()\_l(E{g]hgﬂ)) A y(N[;f)gz])] A y(Num], D)
[91,92]€T?
_ * * * * [2] (2] e [1]
= Z 6127*[616}1@6[91]051 A 626h<1>e[92]o<2 A e(E[gl)gz]) A 9(E[gl_’g2] &) N[glf_’gﬂ)] A 9(N[glg2], D)
[91,92]€T?
_ C C 2 2 . \ 0
= Y enleichae] on Aejchacl o Ne(Elp )N T (B o @NGZ ) Aels T (N ), ®)]
[91,92]€T2
* * * * 2 * 1 * 1
= Z e1z,s[eTchae]y jon A eschaefy, oo A e(E{g]hgz]) A el Q(N%g]ﬂ, D) A 629(N£q]2], D)]
[g1,92]€T?
= 3 en.leichacoc(0n) Aeschacoc(an) Ae(EL )]
[91,92]€T?

= ell*[eTChde]oc(al) A GSChdeloc(aQ) A e(E[2])]

- Chdcloc (041) UCR e;Chdcloc(QQ)v

—~—

where we have used (4.2). This shows that chqeloc preserves the product.
Appendix Stringy Product over Twisted Orbifold K-theory of SACOGs

In the appendix we extend the stringy product over twisted orbifold K-theory of almost
complex orbifolds of Adem-Ruan-Zhang [3] to twisted orbifold K-theory of SACOGs. We refer
the reader to [3] for the definition of twisted orbifold K-theory for general orbifolds.

Let ¢ be a U(1)-valued 3-cocycle for X, i.e., a 2-gerbe over X, and 6(y) be its inverse
transgression, hence a U(1)-valued 2-cocycle over IX, i.e., a 1-gerbe over IX. Then there is a
twisted orbifold K-theory of IX,

0O Kz (IX).

Definition 4.3 Suppose that X is a SACOG. Let o, € 9(*")K:rb(|X). We define
axf=en.(efa-esf- A (EP)),

where “” is the product in twisted orbifold K-theory, and A_1(E!?) is the K-theory Euler class.
When ¢ is trivial, we get a stringy product over K (IX).

Remark 4.2 Note that here «, f are elements in the twisted orbifold K-theory, however
A_1(EP) is an element in K2, (X[?)). The product between efa and e3f is the product in
twisted orbifold K-theory, the product between (efa - e33) and A_1(E?!) is obtained from the
natural module structure of twisted orbifold K-theory over K2, (see [3, Section 3]).

Theorem 4.3 The product x over ?¥)K*

2 uUX) is associative.

Proof The proof is similar to that of Theorem 3.1. Take o, 8,y € W K7, (IX). Then we
have

(ax B)*7 = erzle](erznlefa- e38- A1 (EP))) - 5y - A1 (EP)]
and
ax(Bx7) = ewlefa-es(erz.(eif-ezy- A1 (EP))) - A1 (EP))].
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For simplicity we assume that o € (P K7 (Xig11), B € S20 (Xiga]), 7 € 0@ i (Xigs1)-

orb orb orb

Then (a * ) x v supports over a neighborhood of

) | ] Xy
[h]=[h1,h2,hs],[hi]=[g:]

As the proof of Theorem 3.1, by the clean intersection formula (see [3, Lemma 7.2]), for a fixed
X5 the restriction of (% B) x in a small neighborhood U of X is

cralei(erza(eia-esB - A1 (EF))) - e5v - A1 (EP))ly

* * * 2 2
= 6123,*[61a ' 626 t€37 A_l(E%h]l)h2])|x[ﬂ : A—l(E%h]lg,hs]”X[m ! /\—1(E(X[h12]7X[h17h2]ax[h127h3]))]'

il

Similarly, the restriction of a* (8 %) in a small neighborhood U[fz] of X[fz] is

craleia- ez(erza(ef - eyy - A1 (EP))) - Ao (EP))ly
% % £ 2 2
= crasleia €5 esy - A1 (B[ kg - AR Dk At (B (X o)y Xina g X o))

Then by Lemma 3.1 we get

e12,:[e] (€12« (efa - €38 - A_1(EP))) - e3y - A_1(EP)]
= erz.[efa- ej(ernn (el B - ey - A1 (EP))) - A1 (EP))].

This finishes the proof.

By using this stringy product, we could rewrite the stringy product over K7, (X, C) as
aof=ex(efaxesf).

Here the stringy product “x” is defined over non-twisted orbifold K-theory of IX by using the
trivial gerbe ¢ = 1.
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