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Results on Uniqueness Problem for Meromorphic
Mappings Sharing Moving Hyperplanes in
General Position Under More General
and Weak Conditions*
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Abstract The aim of the paper is to deal with the algebraic dependence and uniqueness
problem for meromorphic mappings by using the new second main theorem with different
weights involved the truncated counting functions, and some interesting uniqueness results
are obtained under more general and weak conditions where the moving hyperplanes in
general position are partly shared by mappings from C™ into P (C), which can be seen as
the improvements of previous well-known results.
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1 Introduction and Main Results

In 1926, Nevanlinna [9] proved that for two non-constant meromorphic functions f and g
on the complex plane C, if they have the same inverse images (ignoring multiplicities) for five
distinct values in P*(C), then f = g. If they have the same inverse images, counted with mul-
tiplicities, for four distinct values, then g is a special type of a linear fractional transformation
of f. We know that the number five of distinct values in Nevanlinna’s five-value theorem can-
not be reduced to four. These results are usually called the five-value theorem and four-value
theorem, respectively.

Nevanlinna theory for meromorphic mappings of C" into the complex projective space PV (C)
intersecting a finite set of fixed hyperplanes or moving hyperplanes was studied deeply as many
years previously due to their important values in complex analysis in several variables, and
many interesting results were established, please see [3, 10, 26] for example. Over the last
few decades, there have been several generalizations of Nevanlinna’s five-value theorem to the
case of meromorphic mappings from C" into the complex projective space PV (C). Fujimoto

[7] generalized the Nevanlinna’s well-known five-value theorem to the case of meromorphic
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mappings from C" into PYV(C) and obtained that for two linearly non-degenerate meromorphic
mappings f, g of C" into PV (C), if they have the same inverse images of ¢ (> 3N +2) hyperplanes
counted with multiplicities located in general position, then f = g. After that, many significant
contributions along this line were made to find the smaller “¢” (see [5, 20, 23]). In recent years,
Chen and Yan [4] considered the case of ignoring the multiplicities and verified that ¢ can be
relaxed to 2N + 3 which can be seen an accurate result and improve the previous results under
the weak condition.

Stoll [21] and Ji [8] studied the theory of algebraic dependence of meromorphic mappings
from C" into PV (C) by using the original idea of Cartan in 1988. Later, Ru [18] considered
the case of holomorphic curves for moving targets, which can be seen as the generalization of
Stoll’s result. Many authors including Pham et al. [11] and Thoan et al. [25], have a great
interest in the theory of algebraic dependence of meromorphic mappings and obtained a lot of
meaningful results. By using the results of Quang [14], Cao [1] obtained the interesting result

which was the improvement of Thoan [25] and Quang [13].

Theorem 1.1 (see [1, Theorem 1]) Let fi, fa, -+, fx be X\ non-constant meromorphic
mappings of C" into PN (C). Let {Hj}g-:l be slowly moving hyperplanes of PN (C) in general
position with coefficients {a;}1_, such that T(r,a;) = 0(112a<x T(r, f;)), 1 <j <gq. Assume

<i<q
that (fi,a;) Z0 (1 <i <\ 1<j<gq), and the following conditions are satisfied:
1 _ 1 | :

(1) Y(fra) = Yfauas) =777 T Yifanag) lsj=q
(2) dim{z | (f1,a5,)(2) = (f1,;,)(2) =0} <n =2 for any 1 < j1 <j2 <gq,

(3) there exists an integer number | satisfying 2 < 1 < X\ such that for any increasing

q
sequence 1 < iy <o < -+ < i <X, fi,(2) A fin(2) A=+ A fi,(2) =0 for all z € |J Aj, where
i=1

Ay = {2] (f,05)(2) = 0}. ’

If
BN(N + 1A —2(N —1)(A—1)

200 =1+1) ’
then f1, fa,-- -, fx are algebraically dependent over R, i.e., fi A fa A--- A fA =0.

q>

In 2011, Cao and Yi [2] gave some uniqueness theorems for meromorphic mappings shar-
ing fixed hyperplanes where all intersecting points more than a certain number are omitted.
Actually, there are many authors who consider the multiple values for meromorphic mappings
sharing hyperplanes, i.e., consider only the intersecting points of the mappings f; and the hy-
perplanes a; with the multiplicity not exceeding a certain number m; < co. In 2017, Quynh
also considered the case of meromorphic mappings of C" into PV (C) and obtained the result as
showed in Theorem 1.2. Before we introduce the result, we need to do some brief explanation

of symbol “d”.

Assume that every analytic set A; has the irreducible decomposition as follows: A;

L
U Ajk for 1 S ] S q. Set AO = U Ail n Ajk with 1 S Z,j S q, 1 S l S ti and 1 S
k=1 AaZAjr
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k < tj. And set T, = U {z] a2 A ANayvi(z) = 0} and I(f) == {z €
TET[N+1,q]
Cl fi=fa=+ = fny1 = 0}, where T[N + 1,q| denotes the set of all injective maps

from {1,2,---,N + 1} to {1,2,---,q}. For each z € C"\ {T, U Ay U UIfl} we define

=1

x(z) = #{j | z € A;}. If {H;}]_, are located in general position with coefficient vectors
{a;}9_;, then x(2) < N. Indeed, suppose that zy € A; for all 1 < j < N + 1. Then
(fiosaj)(20) =0, ie., fis1(20)aj1(20) + - -+ fion+1(20)ain+1(20) = 0. By the assumption that
we know {a;}7_; are linearly independent, i.e., ai(20) A az2(20) A--- Aant1(20) # 0, it implies
that fi,1(z0) = fig2(20) = -+ = fion+1(20) = 0. Hence, zo € I(fi,), which is a contradiction.

For any positive number r > 0 define d(r) = sup{x(z) | ||z]| < r}, where the supremum is taken
over all z € C"\ {T, U 4y U U I(fi)}. Then d(r) is a increasing function. Let d := lim d(r),

T—00
then d < N. Note that if for each J1 # jo, dimAj; NAj, <n—2,thend=1.

Theorem 1.2 (see [16, Theorem 1.1]) Let f1, fo, -+, fx be XA non-constant meromorphic
mappings of C"™ into PN(C). Let {H;}i_, be slowly moving hyperplanes of PN (C) in general
position with coefficients {a;}7_, such that T(r,a;) = o Jax T(r, f;)), 1<j<gq. Letm; (1<
Jj < q) be q positive integers or 400, A; := Supp V(fr.a;),<m; = Supp V(faay)sm; = 0 =
Supp V(s ,a,),<m,; (1 <3j <q). Assume that (fi,a,j) Z0 (1 <i<\1<j<gq). There exists an

integer number | satisfying 2 <1 < X such that for any increasing sequence 1 < i1 <ig < --- <

i <A i) A fi,(2) Ao A fi(2) =0 for all z € LqJ Aj. If
j=1

Xq:i dX
m N+2) A4 1

j=1"
thenfl/\fg/\-~-/\f>\50.

In Theorem 1.2, there is no restriction on the dimension of the images of the mappings f; of
C™ into PN(C). In other words, if we consider the case that the images of all mappings f; have
the same dimension, then whether there is a better result? Quynh [16] answered the question

and obtained the meaningful result as follows.

Theorem 1.3 (see [16, Theorem 1.3]) Let f1, fa, -, fx be X non-constant meromorphic
mappings of C" into PN(C). Let {Hj}g-:l be slowly moving hyperplanes of PN (C) in general
position with coefficients {a;}]_, such that T(r,a;) = o Jax T(r, f;)), 1<j<gq. Letm; (1<
Jj < q) be q positive integers or +o0o0, A; = Supp V(f1,a;),<m; = SUPPV(fy.a;),<m; = ' =
SUpp Vs, a,),<m,; (I < j < q). Assume that (fi,a;) 0 (1 < i < A\ 1 < j < gq), and the
following conditions are satisfied:

(1) V(lflaaj),Smj - V(1f2,aj)>§mj - U(lfmaj)émj’ l<i<g

(2) dim{z | (f1,a5,)(2) = (f1,05,)(2) = 0} <n =2 for any 1 < j1 < ja <g,
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(3) there exists an integer numbers | satisfying 2 < | < X\ such that for any increasing

q
sequence 1 < iy <ig <--- < <A, fi,(2) A fis(2) AN+ A fi,(2) =0 for all z € |J Aj.
j=1
We assume further that rankg f1 = --- = rankg fa = s+ 1, where s is a positive integer. If

1 - q B Aq
mj+1—s  s@2N—-s+2) qgA—=Il+1)+As—-1)

M=

1

<.
Il

then fi AN fa AN--- A f=0.

Recently, Thai-Quang [24] proved the new second main theorem, and many results were
obtained by Thoan, Duc and Quang (see [6, 13, 25]), which extended the results of Stoll [21]
and Ru [17]. For the case of non-degenerate meromorphic mappings of C" into PV (C) inter-
secting moving hyperplanes, Ru [17] and Thai-Quang [22] established the second main theorem
with truncated counting functions for the case of n = 1 and more general case, respectively.
Corresponding to the case of non-degenerate meromorphic mappings, Ru, Thai, Quang et al.
considered the case of degenerate meromorphic mappings and obtained many important results
including the second main theorem (see [12, 14, 19, 24]). In particular, in 2016, Quang [15]
studied the case where the truncated counting functions involve the second main theorem with

different weights, which improved and extended the previous results as follows.

Theorem 1.4 (see [15, Theorem 1.1]) Let f be a meromorphic mapping of C" into PV (C).
Let {H, }‘;:1 be q(> 2N —s+2) moving hyperplanes of PN (C) in general position with coefficients
{a;}i_; such that (f,a;) Z0 (1 < j <q). Assume that s + 1 = rankg.,3(f). Let A1, , A

q
be q positive numbers with (2N — s + 2) max Aj < 30 Nj. Then the following assertion holds:
VAN j=1

il Aj q
|si=Tp < Z} NNy (r) +o(T(r, ) + O max T(r,a;)).
j=

As usual, by the notation “||P”, we mean the assertion P holds for all r € [0, +00) excluding
a Borel subset E of the interval [0, 4-00) with [, dr < +oc.

The aim of the paper is to explore the algebraic dependence and uniqueness problem for
meromorphic mappings by using the second main theorem with different weights involved the
truncated counting functions and obtain some interesting uniqueness results under the more
general and weak conditions as showed in Theorems 1.5-1.6 where the moving hyperplanes are
partly shared by every mappings from C" into PV (C), i.e., only the intersecting points of the
mappings f; and hyperplanes H; with the multiplicity not exceeding m; are considered, which

can be seen as the meaningful generalizations and accurate improvements of Theorems 1.1-1.3.

Theorem 1.5 Let fi1, fo, -+, fn be A non-constant meromorphic mappings of C" into
PN (C). Let {H;}i_, be slowly moving hyperplanes of PN(C) in general position with coefficients
{aj}?zl such that T'(r,a;) = 0( ax T(r, fz)), 1<j<gq. Let M,m; (1 <j<gq) beq+1 posi-

<i<q

tive integers or +00, Aj 1= SUpPD V(y, a,),<m; = SUPP V(fy,a;),<m; = '+ = SUPPV(f, a;),<m; (1 <
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J <4q). Assume that (fi,a;) Z0 (1 <i <\ 1<j<gq), and the following conditions are satis-
fied:

M M .M .
(1) Vifiag),<m; = V(faaz).<m; = 70 = Yifaay),<myo l<j<gq
(2) there exist g integer numbers l1,la, - - - ,1q satisfying 2 < 1; < X (1 < j < q) such that for

any increasing sequence 1 < iy < iy < --- <y, <A, fi, (2) A fi,(2) Ao A fu, (z) =0 for all
z€eA; (1<j<q).
If

—1;+1 m; +1
dAM<Z mj+1—M (5(2N3—5+2)_M)’

where s = max rankg f;, then fi A fa A--- A fx =0.

From Theorem 1.5, for the case of m; = --- =mg =00, l; =--- =1l =1land M =1,
we can obtain the unicity result as showed in the following corollary, which may be regarded
as an accurate improvement of Theorem 1.1. Note that the condition dim{z | (f,a;,)(z) =

(f,aj,)(2) =0} <n—2forany 1 < j; < jp < ¢ implies d = 1.

Corollary 1.1 Let f1, fa, -, fx be X non-constant meromorphic mappings of C" into
PN(C). Let {H;}i_, be slowly moving hyperplanes of PN (C) in general position with coeffi-
cients {a;}i_, such that T(r,a;) = o Jnax T(r, fi)), 1 < j < q. Assume that (f;,a;) #0 (1 <
i <\ 1<j<gq), and the following conditions are satisfied:

1 _ 1 | ;

(1) Y(fr.a) = Yfauas) =777 T Yifanag) lsji=q

(2) dim{z | (f1,a;,)(2) = (f1,a5,)(2) =0} <n—2 for any 1 < j1 < jo <gq,

(3) there exists an integer number | satisfying 2 < I < X such that for any increasing

sequence 1 <iq <ig < -+ < i <X, fi,(2) A fi,(2) A+ A fi,(2) =0 for all z € U Aj, where

A5 = {z| (fi,aj)(Z) =0}. J=l1
If

AS(2N — s+ 2) ( 3N(N 4+ 1A —2(N — 1)(A — 1))

LR W 2 —1+1)

where s+ 1 = 1lga<x)\rank7g fi, then fi N fan--- AN f=0.

From Theorem 1.5, for the case of [; = --- =1; =1 (1 < j <g) and M = 1, we can obtain
the unicity result as showed in the following corollary, which may be regarded as a meaningful

improvement of Theorem 1.2.

Corollary 1.2 Let fi, fa, -+, fx be X non-constant meromorphic mappings of C" into
PN (C). Let {H;}i_, be slowly moving hyperplanes of PN(C) in general position with coefficients
{a;}i_, such that T(r,a;) = o Jnax T(r, fi), 1 <j <q. Let m; (1 < j <q) be q positive inte-
gers or +00, Aj 1= Supp (s, q;), <n; = SUPP V(fy,4,),<m; = = SUPP V4, .a;),<m; (1 <J < q).
Assume that (fi,aj) 20 (1 <i< N1 <j <yq), and there exists an integer number |
satisfying 2 < I < X such that for any increasing sequence 1 < i1 < 19 < - < i < A,
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fir(2) A fig(2) N A fi,(2) =0 for all z € qu Aj. If

Jj=1

1 1 q d\
)Y _ |
(+ (2N — s+ 2) J:Zlmj s2N —-s+2) A—-1+1
where s+ 1 = 1121_a<x)\rank7g fi, then fi NfaA--- A fr=0.

For the special case of s = N, we have

1 1 q d\
(1+N(N+2));Hj<N(N+2)_/\—l+1’

and the “q¢” of Corollary 1.2 can be smaller than that of Theorem 1.2.
From Theorem 1.5, for the case of m; = --- = my; = oo, M = 1 we have the following

corollary, which extends the result of [15] obtained by Quang.

Corollary 1.3 Let f1, fa, -+, fx be X non-constant meromorphic mappings of C" into
PN(C). Let {H;}i_, be slowly moving hyperplanes of PN (C) in general position with coeffi-
cients {a;}i_, such that T(r,a;) = o( max T(r, f;)), 1 < j < q. Let Aj := Suppv(s, 4;) =

1<i<q
SUPD V(fy,a;) = =+ = SUPP V(4 ,a;) (1 < J < q). Assume that (fi,a;) Z0 (1 <i <\ 1<j<q),
and there exist q integer numbers Iy, la, - -+, 1 satisfying 2 < 1; < X (1 < j < q) such that for

any increasing sequence 1 < iy <y < --- <y, <A, fi (2) A fi,(2) Ao A fizj (z) = 0 for all
z€A; (1<j<q). If
q
dAs(2N —s+2)+ > I;
J=1
q >

A+1 ’
where s + 1 = 1lga<x)\rank7g fi, then fi AN faoA--- N f=0.

In Theorem 1.5, for the dimension of the linearly closures of the images of the mappings
fi (1 < i < X), there may be different from each other. In other words, we can obtain the
same uniqueness results for different cases if they have the same maximum number of their
dimensions. Next, corresponding to Theorem 1.3, we consider the special case that s + 1 =
rankg f1 = --- = rankg f) in which more accurate result can be obtained as showed in Theorem
1.6.

Theorem 1.6 Let f1, fo, -+, fx be A non-constant meromorphic mappings of C" into
PN (C). Let {Hj}‘;-:l be slowly moving hyperplanes of PV (C) in general position with coefficients

{a;}i_, such that T(r,a;) = o Jax T(r, f;)), 1<j<q. Let M,m; (1< j<q) beq+1 posi-
<i<q

tive integers or +00, Aj 1= SUPP V(f, a,),<m; = SUPP V(fy,a;),<m; = *** = SUPDP V(f, a;),<m, (1 <
Jj <q). Assume that (fi,a;) #0 (1 <i <\ 1<j<q), and the following conditions are satis-

fied:
M _ M _ _ M .
(1) Viriag),<m; = Y(fa,az).<my; = 7= Yifa,ay),<myo l<j=<gq

(2) dim{z | (f1,a5,)(2) = (f1,05,)(2) = 0} <n =2 for any 1 < j1 <j2 <4,
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(3) there exist q integer numbers ly,la, - - ,1g satisfying 2 < 1; < X (1 < j < q) such that for
any increasing sequence 1 < iy < iy < --- <y, <A, fi, (2) A fi,(2) Ao A fu, (z) =0 for all
z€eA; (1<j5<q).

If rankg f1 = --- =rankg fA =s+ 1 and
MA=1Ds+1) <qA—1;+1), 1<j<q (%)
gA—1;+1) +/\(s—1)( mj + 1 )
1 _
<Z Asq(m; +1—s) ON —s+2 ) (%)
then fi AN fa AN--- A f=0.

Remark 1.1 (a) The condition () of Theorem 1.6 can be omited when Iy =1lp =--- =1,
holds. In fact, the condition (#*) of Theorem 1.6 implies that the condition (*) holds for the
case of I; = lp = --- =1, = [. However, let m; = --- = myg = +00,5s = N = 2, = 3,
Iy =2,)lp =--- =1y = 3. If ¢ = 12, then ¢ satisfies the condition (xx), but it fails to the

condition (k) for 2 < j < ¢g. Hence, there exist some differences between (x) and (xx), and the
condition (x) is necessary for the proof of Theorem 1.6.

(b) Theorem 1.6 also holds for any positive integer M of the condition (1), i.e., we can take
M=1.

(c¢) The “¢” in Theorem 1.6 can be rewritten as follows:

—1l;+1 As—1) m; + 1
A< ( (5 -1).
Z mJ+1—S+q(mj—|—1—s) $(2N —s+2)
And letting M = 1,d =1, the “¢” in Theorem 1.5 can be rewritten as follows:

—-lLi+1 m; +1
A<Z (S(ZNJ—S—FZ) -1).

« 7’

As can be seen from the above comparison, the of Theorem 1.6 may be smaller than that
of Theorem 1.5. Thus, Theorem 1.6 can be regarded as an accurate improvement of Theorem

1.5 for the case of M =1,d = 1.

For the case of [y = --- =1, = [, we can obtain the unicity result as showed in the following
corollary. Note that the condition dim{z | (f,a;,)(2) = (f,a;,)(z) = 0} < n — 2 for any
1< j; < jo < g implies d = 1.

Corollary 1.4 Let fi1, fa, -+, fx be X non-constant meromorphic mappings of C" into
PN (C). Let {Hj}‘;-:l be slowly moving hyperplanes of PN (C) in general position with coefficients

{aj}?-:l such that T(r,a;) = o( Jax T(r,f;)), 1<j<q. Let M,m; (1< j<q) beq+1 posi-
<i<q

tive integers or +00, Aj 1= SUPP V(f, a,),<m; = SUPP V(fy,a;),<m; = *** = SUPDP V(f, a;),<m, (1 <
Jj <q). Assume that (fi,a;) 0 (1 <i <\ 1<j<gq), and the following conditions are satis-

fied:
1 _ .1 _ _ .1 :
(1) Virvag),<m; = Y(fasaz).<my; = 7= Yifa,ay),<myo l<j=<q
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(2) dim{z | (f1,a;,)(2) = (f1,a5,)(2) =0} <n—2 for any 1 < j1 < j» <gq,
(3) there exists an integer numbers | satisfying 2 < | < X\ such that for any increasing

q
sequence 1 < iy <ig <--- < <A, fi,(2) A fin(2) AN+~ A fi,(2) =0 for all z € | Aj.

j=1
If rankg f1 = - =rankg /A =s+ 1 and
gqA=14+1)+Xs—1)7 m;+1
1< ( ~s),
Z Asg(m; +1—s) ON —s+2 °
thenfl/\fQ/\-~-/\f>\EO.
Noting that the above inequality of “g” in Corollary 1.4, we can rewrite it as follows:

1 1 ! 1 A
Z < Z mJ—I— _ q ’
mj+1—s (2N—s—|—2) “mj+1—s qA-l+1)+A(s—1)

Jj=1

and we know the fact that the scope of “¢” in Corollary 1.4 is broader than that of Theorem
1.3. For example, we let m; = mg =--- =my=5,s =N =1and A =1 = 2, Corollary 1.4
implies that ¢ > 10 and Theorem 1.3 implies that ¢ > 15. Thus, Theorem 1.6 may be regarded
as the slight improvement of Theorem 1.3.

The remainder of this paper is organized as follows. In Section 2, we show basic notions
and some necessary auxiliary results including some further instructions which play important
roles and are used frequently in the later proofs. In Section 3, we give the proof of Theorem

1.5. And Theorem 1.6 is proved in the last section.

2 Basic Notions and Auxiliary Results from Nevanlinna Theory
Set [|2|2 = (|21]2 + |22]* + - + |20 |?) for 2 = (21,22, , 2,). For r > 0, we define
Bu(r):={ze€C" ||zl <r}, Sn(r):={z€C" ||zl =r}.
Let d =0+ 0, d° = (4my/—1)"1(0 — 0). Write
un(2) = (dd°||2]*)"7Y, on(2) := dlog ||2|* A (dd° log |z]|*)"

for z € C"\{0}.

Recall that the N-dimensional complex projective space is PV (C) = CN*1 — {0}/ ~, where
(a1, - ,an+1) ~ (B1, -, Bn+1) if and only if (g, -+ ,ant+1) = ¥(B1, -, Bn41) for some
~v € C. We denote by [ag : ag : -+ : ay41] the equivalent class of (aq, a9, -+ ,any1). Let f be
a non-constant meromorphic mapping of C" into P¥(C). We can choose holomorphic functions
fisfo, o+, fn41 on €™ such that I(f) :={z€ C| f1 = fo="---= fn+1 = 0} is of dimension
at most n — 2 and f = [f1 : fo: -+ fyy1]. Usually, (f1, fo, -+, fn41) is called a reduced

representation of f. The characteristic function of f is defined by

T(T,f)=/s()loglflan—fg(l)loglflan, s
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N+1 1
where || f]| = ( 3 |fi]*)?. Note that T'(r, f) is independent of the choice of the reduced repre-
i=1

sentation of f.

Let Hj, 1 < j < ¢ be the moving hyperplanes in PV (C), which are given by

N+1
Hj = {[xl Xyl :EN_H] S ]P)N((C)‘ Z aji(z)xi = 0},
i=1
where [x1 : @2 : -+ : xy41] is a homogeneous coordinate system of PN (C), aj1(2),aj2(2), -,

a;jn+1(z) are N+1 entire functions of C" without common zeros. Denote by a; = (a1, a2, ,
ajnt+1) 1 C* — CNT1\ {0} the non-zero moving vector associated with H;. Let a; = P(a;)
and a; = [aj1 : aj2 1 -+ : ajN+1], where a; can be seen as meromorphic mappings of C" into
the dual space PV (C)*. In this paper, we also call a; the coefficient associated with H; for
the convenience of description. In particular, we can say H; is a fixed hyperplane if a; is a
constant vector. Given a meromorphic mapping of C" into PV (C), we say that f and H; are
free if (f,a;) # 0, where

(f,a;)(2) = fi(2)aj(2) + f2(2)aja(2) + - + fny1(2)ajng1(2).

If f and H; are free, i.e., (f,a;) is a non-zero holomorphic function, the proximity function of
f and a; is defined by

||f|||| [ ||f|||| [
R R v ey v
where [|a ]| = (Jaj1[? + lajal? + - + ajn11[?) .

The moving hyperplanes Hy, Hs,--- , H, are said to be located in general position if for
any /(< N + 1) non-zero moving vectors {a;, }!_;, we have aj, (2) A --- Aaj,(2) Aaj(z) 0,
where 1 < ji < jo < --- < j; < g and the non-zero moving vectors {a; }?:1 are associated with
{H;}{_,. Here, we also say that the non-zero moving vectors {a;}{_, are located in general
position. The non-zero vectors {a; };’-:1 are said to be located in special position if they are not
located in general position. Take 1 < < g. Then {a; }?:1 are said to be in [-special position
if for each selection of integers 1 < j; < jo < --- < j; < ¢ the vectors {ajt}izl are located in
special position.

Denote by M the field of meromorphic functions on C™ and denote by R the smallest subfield
of M which contains C and all Zj—:; with a;,, # 0. We set rankg (f;) := rank{ fi1, fiz, -+, fint+1}
over R for all 1 < ¢ < \. It is easy to see that the definition of rankgz (f;) does not depend on
the choice of the reduced representation of f; for all 1 < i < A.

Let f(z) be a non-zero entire function on C". For a point zp € C", we write f(z) =
Z Pi(z — z), where the term P;(z) is homogeneous polynomial of degree i. We denote the
Zero multiplicity of f at zo by vf(z9) = min{i | P, # 0}. Set |v¢| := Supp vy, which is a purely

(n — 1)-dimensional analytic subset or empty set.
Let f(z) be a non-zero meromorphic function on C". For each zy € C™, we choose non-

zero holomorphic functions fi, fo on a neighborhood U of zy such that f = % on U and
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dim{z € C" | fi(2) = fa(2) = 0} <n—2. We define vy = vy, v = vy,, which are independent
of the choice of f1, fs.
For a divisor v on C™ and letting m, M be positive integers or oo, we define the following

counting functions of v by

. 0, if v(z) >m,
oM (2) = min{u(2), MY, v (2) = {VM<z>, it v(z) <m,

/| - v(z)vp(z), if n>2,
n(t) = Z v(z), if n=1.

|z|<t

Similarly, we define n" (t), n, (t) and n} (t). Define

2m—1""

N(T‘,I/)Z/ n(t) dt, 1<r<oo.
1

Similarly, we define N (r, M), N(r,v¥ ) and N(r, V%Jm) and denote them by NM (r,v), NM (r v)

and Ngm(r, v), respectively. For a meromorphic function f on C", we denote by
Nf(r):N(Tva)v NJ]‘V[(T):NM(ran)a
N;‘gm(r) = Ng[m(r, vr), N]]c\ém(r) =N (r,vy).

In addition, if M = oo, we will omit the superscript M for brevity. On the other hand, we have
the following Jensen’s formula:
Ny(r) = Ny = [ log|flon.
S (1)

Theorem 2.1 (see [21, Theorem 2.1]) Let M be a connected complex manifold of dimension
n. Let A be a pure (n — 1)-dimensional analytic subset of M. Let V be a complex vector space
of dimension N + 1(> 1). Let | and X\ be integers with 1 <1 < X< N+ 1. Let f1, fo, -+, [a
be the X meromorphic mappings of M into P(V). Assume that f1, fa,---, fx are in general

position. Also assume f1, fo, -+, fx are in l-special position on A. Then we have
HfLAf2AAfr 2 ()‘ -1+ 1)VA'
Theorem 2.2 (see [21]) Assume that 1 <A< N +1, fi : C* = PN(C) (1 <i < \) are A

meromorphic mappings located in general position. Then

Nfl/\”'/\f)\ (T) M A A (T) < Z Tf'i (T) + O(l)

1<i<A
3 Proof of Theorem 1.5

It suffices to prove Theorem 1.5 in the case of A < N +1. Assume that f1 A faA--- A fx Z0.
We denote by pign...af, the divisor associated with fi A --- A fx and denote by N a.onp, (7)

q
the counting function associated with the divisor pif, a..af,. Let A= (J A;.
j=1
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A
Take zg € A\ (Ao uyI(fiu Ta>. Then there exists at least jo such that zy € A;,,
i=1
1 < jo < g. By the given condition, we know that for any increasing sequence 1 < i < 79 <

c<idg, <A fiy(20) A fin(20) A A fu,, (20) = 0. It follows from Theorem 2.1 that we have
Kfinnfy (20) > A =1, + 1, which implies that

q
Z(/\ — Ui+ DV 0y ,<m, (20) < AMpgncn gy (20)
j=1

for all zp € A\ (AOU U I(fl)UT) For zy € Ty, we have

MQ

A =1 + D1, a)).<m, (20)

<.
Il

IN
: =
.M-Q

<
Il
-

AL+ Dy, 0y (20)

(A— I + 1) Z FaryA-Nar(n i) (20)-
TET[N+1,q|

<
Il
-

IA
=
-

A
Note that I/(f ay),<m; (2) =0 for all C™\ A. Therefore, for z ¢ Ao U |J I(f;), we can conclude

=1
that
q
[ S0t 4 D0 ) <y (2)
j=1
q
< dMpg - /\fx Z -+ 1) Z HarqyA-Nar(nir) (2)-

TET[N+1,q]

Combining with Theorem 2.2, we know

S AMNyfpen g (r)+M

()\ l +1)N(f ,aj), <mj(r)

-

~
Il
-

()\ - lj + 1) Z Na-r(1)/\"'/\a7(N+1) (Z)

TET[N+1,q]

-

Il
-

J
A
<dM Y T(r, f;) + 0(1I§§<XAT(H fz'))-
=1 -

Thus, by summing up both sides of the above inequalities, we have

A

Hiij LA DN o) <o, () < AAM T, f3) +o( ma 7 fz)). (3.1)

=1

On the other hand, for any 1 <7<\ 1 <j <g,

M . M M
N(f,haj),gmj (r) = N(fq;,aj)(r) - N(fq:,aj)7>mj (r)
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M

WN(f’i7aj)x>mj (T)

M
= N(fmaj)(r) -

M
N(fhaj)(r) + —N(]\]{[i,aj),gmj (T)

=NM -
(fi"aj)(r) mj +1 mj + 1
M M
> N(fq,a])( ) m; +_1 T(Tv fz) + 7mj T 1N(.f77’u‘j)7§mj (T)

Let s; + 1 = rankg f;, from the above inequalities, we know

M mj + 1 M M
Nitviapsm, (1) 2 0 Ty Nt ) = o =g 70 1)
mi+l M
— - —————T(r, fi
“mj+1-M (o) (") mj+1—M (. 13
mj + 1 s M
— N} — S T(nf)
= Slmy 18y e~ e L )

Furthermore, combining with (3.1), we obtain

Hd)‘MZT  [i) ZXA:XCI: —1j +1)N(f ay),<my (T )+0( max, T(r, fz))

1=1 j=1
A g
(m; + DA =1 +1)
2 N
B ;; si(m; +1— M) (fb,aj)( r)

A q ‘
- Z 2 %T(T’ fi) + 0( Jmax T(r, fJ)

Next, we verify the fact that for 1 <i < A,

(mj +1)(A —l+1 Lmy+ )N —1;+1)
<Z .
7j=1

2N —s; +2
( $i+2) m o Py vy

1<j<q  si(mj +1—

By the given assumption that

—lLi+1 mj; + 1
d/\M<Z i+1-M (S(ZNJ—S—I—2)_M)’

we know that

m; + 1
_ 3.2
s(2N —s+2)’ (3:2)

ACN =5 +2) <Y ”;ji(fn?fl__l%”. (3.3)

M <

On the other hand, we know m"fﬂ%lM is a decreasing function of m;. Thus, by (3.2), we obtain
J

s (mj +1)(A—=1;+1) Ms;(2N — s; + 2) A—=1j+1
1<j=<q si(mj—l—l—M) - MSZ'(2N—S¢+2)—M S;
(2N —s;+2)
-(A—1
_Si(QN—Si+2)—1 ()\ )
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(2N —s5; +2)(A — 1)
- (2N—Si+2)—1
_/\(2N—Si+2) ()\—1)(2N—Si+2)
T 2N-—s5+2 M@N-—s;+2)—1)

It follows from 2N — s; +2 > A that % < ﬁ and

(2N — 8 +2) m (mj +1)(A—=1;+1)

AN2N — s5; + 2).
153%2((1 si(mj +1—M) <X 5i+2)

By (3.3), we have

(2N —s;+2) m

q
1<5<q sl(mﬁ—l— et

si(m; —|— 1 — M )
Thus, we can apply Theorem 1.4 and estimate the above inequality as follows:

S (mi+1)(A=l;+1)

HCD\M;T(T, fi) = ; P —y T(r, f;)
A g
MA\—=1;+1)
_ 2.2 mT(r, fi) + 0( 121%XAT(7°, fz)). (3.4)

Let s = max s;, and note that $;(2N — s; +2) < s(2N — s+ 2)(s < N). Then (3.4) can be

rewritten as

IAMT () > (Zi;wi;lfjjlw(s@xj—tiz) _M+o(1)))T(r),

q

which implies that dAM > Zl T (s — M), where T(r) = Z T(r, f;). By the
J=

given assumption, it is a contradiction. Hence, f1 A fo A--- A fy = 0. Thus we complete the

proof of Theorem 1.5.

4 Proof of Theorem 1.6

It suffices to prove Theorem 1.5 in the case of A < N 4+ 1. Assume that f1 A foA---Afy Z 0.
We can choose N + 1 appropriate vectors from the set of {a; };‘{:1 that can be determined later.
Here, we may assume that {aj}j»v:tl are suitable vectors that we want. For any 1 <1i < ), we
define

Fiz) = ((fi,a1)(2), (fisa2)(2), -, (i, an41)(2)). (4.1)

Then, we have

fi(2) (fi,a1)(z) (fi,a2)(2) - (fr,an+1)(2)

fa(2) (fz,a1)(2)  (f2,a2)(2) -+ (f2;an+1)(2)

Ao ) e (Fua) - (Frawsa)()
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On the other hand, we have another expression for (4.2) as follows:

T
(.flaal) (flaaN+1) fi1 fa
(fe,a1) - (f2,an+1) fiz o fa2
. . = o . . , (4.3)
(fxoa1) - (fr,an+1) fintr 0 fantr
where
a1 ai2 ce A1IN+1
a21 a22 ce A2N+1
Ao =
GN+11 GN+12 " GN+IN+1
By the given condition that ai,as,--- , a4 are located in general position, then we have

rank{ﬁ,f;,--- af)\} = I‘&Ilk{fl,fQ,"' 7f>\}'

From f1 A fa A+ A fa £ 0, we know that the rank of the matrix of the left of (4.2) is A, i.e.,
f~1 A f~2 ARERWA fA % 0. Without loss of generality, we may assume that the matrix

(fi,a1) - (fx,a1)
(f1,a2) (f,\,a2)

A= : : (4.4)
(fl;aA) (f)\v'a)\)

is non-degenerate. Set B = O Aj and C = LqJ Aj. It is obvious that A = B U C. Take
j=1 J=A+1
z9€ A\ (Ag U O I(fi)U{z|a1(z) Aaz(z) A--- Nax(z) = 0}). Then zg € B or 29 € C.

First, we colnzslider the case of zp € B. Without loss of generality, we may assume zo € A;.
Let S be an irreducible component of B containing zy. Suppose that U is an open neighborhood
of zp in C" such that UN B C S. Select a holomorphic function «(z) on an open neighborhood
Uy C U of zy such that

min {v(4, q,),<m, (2)}, if 2z €S,

u(z) = {155 |
0, if z¢ S,

which yields that (f;,a1)(z) = u(2)gi(z) for 1 < i < A, where {g;(z)}2, are holomorphic
functions. On the other hand, we obtain a new matrix A; after removing the first row of (4.4)

as follows:

(fi,az) -+ (fx a2)

Ay (fl’.ag) (an'a3) |

(fl,.a,\) (f,\,'a/\)

and we know that the rank of Aj is less than A strictly. Hence, we can find A\ not all zero

homomorphic functions ¢1(z), ca(z), -+, ex(z) such that for all 2 < j <A,

c1(2)(f1,45)(2) + e2(2)(f2,05)(2) + - - - + ex(2)(fa; a5)(2) = 0.
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Here, we may assume that the set of common zeros of {¢;(z)} is an analytic subset of codimen-
sion no less than 2. Thus, there exists an index 1 < iy < X such that S & ci_ol(O). We may

assume that ig = A. For any 1 <17 < A\, we define

filz) = ((fiya0)(2), (fis a2)(2), -+, (fir a2)(2)). (4.5)

Note that the definitions of f; in (4.5) are different from fi in (4.1) for 1 <4 < A. Then for all
z € UpN S\ ¢ '(0), we obtain

A—1
~ ~ ~ ~ ~ ~ ~ ci ~
AARncnf=Rnfancnfan(F+d 2F)
im1

=fiAfa A A faot AW (2)ul2))
=u(2) iAo Ao A Faot AW(2), (4.6)

A ~
where W(z) = (3 £9i,0, - ,0). From (4.1) and (4.5), it is easy to see that fi(z) has been

i=1
regarded the “part” of ﬁ(z) for all 1 < ¢ < A. That is to say, fl A .]?2 A A fA = 0 if
ﬁAﬁ/\---/\ﬁEOholds.

Next, we will show the fact that fy A fa A~ A fx = 0if fi A fa A=+ A fr = 0 holds. In fact,
if f1AfaA---A fr 20, then there exists a point z, such that fl(z*) /\fz(z*) A /\f,\(z*) #0.

On the other hand, by the given assumption that a1, as,- -, a, are located in general position,
we have
(fi,a1) - (fa 1) fuu o fa
(fr,a2) - (fa,a2) fiz o e
: : = No : : , (4.7)
(fi,ans1) -+ (faan+1) finer o fanta

where Ag was defined as before. According to the condition that f1(z,)A fa(z) A+ - -Afa(z:) # 0,
we know that the rank of matrix of the left of (4.7) is X\. Therefore, f1(z«)A fa(z:) A+ A fx(24) #
0, which contradicts the assumption.

By the condition that there exist g integer numbers l1,1ls, - - -, satisfying 2 < [; < A (1 <
J < @) such that for any increasing sequence 1 < iy <ig < -+ <iy; <A, fi;(2) A fi,(2) Ao A
fu, (z) =0forall z€ A; (1 <j < gq), and from the above discussion, we know Fii(2) A fr, (2) A
---/\filj(z)z()forallzeAj (1<j<gq).

If I; = A, then for (4.6) and all z € S,

Mfl/\fg/\---/\f,\,l/\w(z) >A=1=0.

If I, < A— 1, then the family {f1, f2,- -+ , fx_1, W} is located in (I + 1)-special position on
S.
Applying Theorem 2.1, for all z € Uy NS\ 0;1(0), we have

Mﬁ/\f;/\---/\;“;,l/\w('z) 2 A - ll'
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Through the discussion above, from (4.6), we know that for all z € Uy N S\ ¢ *(0),
Mﬁ/\ﬁ/\.../\};(z) 2 I/u( ) + A - ll - mln { (fI al) <m1( )} + A - ll'

By the assumption dim{z | (f,a;,)(2) = (f,a;,)(2) =0} <n—2forany 1 < j; < jo < g, we
have

A

J:Zl (12%{ Wfosas)<m (200} = Vg, a,),<m, (ZO))

q

+Z _ll+1 V(fla)<m](2:0)
{V(fz al) <m1(20)} + /\ ll — Mfl/\h/\ /\fk( )

For the case of 2y € C, without loss of generality, we may assume zg € Ax41. Similarly, by the
assumption, we know that the family {fl, ]?2, cee ]?,\} is located in [x+1-special position on each

irreducible component of A containing zy. Applying Theorem 2.1, we have

BEafononfy(2) Z A=D1 +1
holds on each irreducible component of A containing zp. Thus, by the assumption dim{z |

(fra;,)(z) = (f,a;,)(2) =0} <n—2for any 1 < j; < ja < g, we have

A
> (s g0, <m, (200} = Vi, 0,2, (20))

1<i<A
Jj=1

MQ

+ — 1+ v (fh ,<m, (20)

j:1
=A-—lhy1+1< N YRS N (20)-

Through the discussion above, we know that

]~

1
(1I<nzl£,\{y(fr a;),<m; ()} = V(g a0, <m, (z))

<.
Il

'MQ I

+> A1+ 1)u(1fl,aj),§mj (2)

Jj=1

S BRAfA-nF (2)
A
holds for all z € C™\ (4o U U I(fi) U{z | a1(z) Aaz(z) A+ Aax(z) = 0}).
=1
Noting the fact that

min { (fHaJ <m] f?)u’]) <m] o ()\ o 1)Sy(1f'i;aj);gmj (Z),

1<i<A

H'My
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then by applying Theorem 2.2 and (4.8), we have

My

A
(D2 Nayzom, ) = (A= D)s + DNE, ) < (1)
1 =1

J

+ (A_l +1)N(f17aj) <m](r)

-

<
Il
—

<

'M»

T(r, f;) + o( max T(r. fi)). (4.9)

1=1

For each 1 < 5 < ¢, we set

A
Ni(r) = S Nijay o, (1) = (A = s + DN oy < (1). (4.10)

i=1

For each permutation I = (j1,72, - ,Jjq) of (1,2, ,¢q), we define

By = {r € [0,400) | Nj,(r) = Njy(r) = -+ > N, ()},

And we have |JE; = [0,+0o0). Noting that the number of permutations I of (1,2,---,q) is
finite, then theie exists a permutation Iy such that the measure of Iy, is infinite. Here, we can
assume Iy = (1,2,---,¢). Thus, N1(r) > Na(r) > --- > Ny(r) on r € Ey,. At the beginning of
the proof, we select the N + 1 vectors {aj}j»v:tl as we need.

Set T'(r) = Z T(r, f;). By the definition of N;(r) in (4.10) and the selection of permutation
I, for (4.9), we have

A q
T(r) > 3 Ni(r) + 3L+ DNy, o) o, () +0(T(r))

J=1 J=1
P !
> q Z N;(r) + Z(/\ —li+ I)N(lfhaj)émj (r) +o(T(r))
Jj=1 Jj=1
q A A
= Z {E ZN(fr a;),<m; ) + AjN(lfl’aj)’Smj (T)} * O(T(T))7
j=1 i=1

where Aj = (A—1;+1) — W. By the given condition, we know
gA— 1+ 1) > A((A - D)s + 1), 1<j<q,

M
Vifi.a;),<m; = Y(fa,a;),<m; Ixsaj),<myjo

Hence, we can get the further result as follows:

\ V

Z Z{ N(Sfl a]) <mj (T) + %N(lfi,aj),gmj (T)} + O(T(T))

i=1 j=1

iZ (2 S Nip 0, (1) + 0lT0))

i=1 j=1

A

Y
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In a similar way as the proof of Theorem 1.5, we can obtain

My

S (5 + 52) N, (1) + (T (1)

=1 j=1
AN m; o) sT(r, f;
Z;;( )(( +1)]\7[72J;+)1(_)8 ( f))+0(T(r)).

Before applying Theorem 1.4, we verify the fact that

N -2 e UL (2 D)) oy mt L (2, 8
J

1<j<g Umj; +1—35 As — mj+1—s As

In addition, we can see that % + ﬁ— < )\L In fact,

AA A 1 AMA=1)s+1)
240 2 12\ )7 )
q+/\s_q+/\s()\ L q )

)

Fors:l,%—l—)\—”S%holds For the case of s > 2, we have
XA 1 1y 11
A A —1——)<— - 411
+)\s q+s( A _q+2 ( )

By the given assumption we know that ¢ >

W . Hence,

1_ A—1 | < A—1 A=l _A-1 1]
g~ AMA=1s+1) ~ A2 =1)+1) =~ 3x ~2A+1) 2 A+1

Therefore, by (4.11), we know that % + ﬁ— < )\L holds. By the given assumption, we have

Zq —1;+1) +/\(s—1)( mj+1 _S)
Asqg(m; +1—s) 2N —s+2 '

Thus, we know that

(2N — s+ 2)s <m; + 1, (4.12)
(2N—s+2)+(2N—s+2)gm(/\+i;)
SRR
By (4.12) and the fact % A; < )\j‘_l, we have
N~ s +2) max T (24 21))

< v -2zt e (G 3}
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2N —s+2 X
2N —s+1X+1°

< (2N —s+2)

Note that f(z) = -2 is a decreasing function of z (> a). Since 2N —s+2 > A+ 1, by (4.13),

r—a

we have

1<j<g Lmyj +1—s q ' As — mj+1—s q ' As

N s 2) max (L (AL Ay g mi] (AL Ay
J

Then by applying Theorem 1.4 and through some simple computation, we have

A A
« (3 +50) (viem —9)
7() 2 (30— )T + o))
j=1
which yields that
oS G (e
4 m;+1—3s

<
Il
—

q()\—lj+1)+/\(s—1)( mj+1 _S)
Asq(m; +1—s) 2N —s+2 '

I
.MQ

Il
-

J

It is a contradiction. Thus, we complete the proof of Theorem 1.6.
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