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Existence and Uniqueness of Viscosity Solutions
for Nonlinear Variational Inequalities
Associated with Mixed Control

Shipei HU!

Abstract The author investigates the nonlinear parabolic variational inequality derived
from the mixed stochastic control problem on finite horizon. Supposing that some suffi-
ciently smooth conditions hold, by the dynamic programming principle, the author builds
the Hamilton-Jacobi-Bellman (HJB for short) variational inequality for the value function.
The author also proves that the value function is the unique viscosity solution of the HJB
variational inequality and gives an application to the quasi-variational inequality.
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1 Introduction

Let T > 0 and (Q,F, (Fi)i>0,P) be a given complete filtered probability space, where
{Fi;t € [0,T],T < oo} satisfies the usual conditions. Let W; be an n-dimensional standard
Brownian motion. Let S[0,7] be the set of all {F; }o<;<r-stopping times taking values in [0, 7.
For any 71,72 € S[0,T] with 71 < 75 almost surely, P{r; < 72} > 0.

For any s € [0,T) and = € R™, consider the following stochastic differential equation (SDE
for short):

{dXt = [b(t, X;) + Cildt + o(t, X, )dWy, ¢ € [5,T], (1)
X, =z, ’

where the mappings b(¢,z) and o(t,x) are two Lipschitz continuous functions and take value
in R™ and R™ ® R", respectively. Let A denote the class of all n-dimensional F;-progressively
measurable processes C' = (C}) and there exists an M > 0 such that E[fOT |Cs|?ds] < M.
Thus, SDE (1.1) has a unique strong solution X. := X (-;s,2). The cost functional is given by

J(C(),758,2)

—E[ [ et fe X+ a O+ e g X, reslsT) (12)

S

where a > 0, mappings f, g : [0, T] xR™ — [0, c0) are non-negative and satisfy proper conditions
and « > 0 is a discount rate. In this case, the value function V : [0, 7] x R™ — R is defined as
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follows:

Vis,x) =

! Nt T 1.3
(C(')J)IEDAXS[S)T] ( ()57-,3,13) ( )

We call 7 € S[s,T] is an optimal stopping time if the cost functional J defined by (1.2) has
attained its infimum value, and the smallest one is referred to as the smallest optimal stopping
time.

The above optimal stopping problem over a finite time horizon can be reduced to the fol-
lowing variational inequality:

ov —LV+f-2DVP>0 in[0,T)xR",
ot 4
V<g inl0,T]xR",
(a_v — LV 4 f— 9|DV|2)(V —¢)"=0 in[0,T)xR"
ot 4 ’ ’
V(T,z) =g(T,z) onR™ (1.4)

Here L = Lo + o, Lo denotes the second order differential operator

1
Lo = —gtr(aa*D2) —bD.

Here |-| is the Euclidean norm, o* is the transpose of o, = := max(—z,0), D := (6%1, e 8gn)'
The purpose of this paper is to prove the existence and uniqueness of the solution of the parabolic
variational inequality (1.4) and then to characterize the solution V.

The theoretical results in the control of discrete stopping time are originated from Krylov
[23], El Karoui [7], Bensoussan and Lions [3] and Morimoto [21-22]. Many scholars have
introduced the method of variational inequality in order to solve the optimal stopping time
problems (see [4, 9, 11-14]). Some classic results for variational inequalities can be found in
[2, 10, 20]. Morimoto [24] investigated the elliptic variational inequality derived from the mixed
stochastic control; under the without uniform ellipticity condition, he proved the existence
and uniqueness of the viscosity solution for the elliptic variational inequality. In many scientific
fields such as engineering and finance (see @ksendal [25], Shiryaev [27], Karazas and Shreve [16]),
there is an optimal stopping time problem for a finite or an infinite time horizon for It6 diffusion
processes. Pham [26] investigated the state equation driven by a combination of the Brownian
motion and the compensated jump martingale random measure. He proved that the value
function is continuous and is a viscosity solution of the integrodifferential variational inequality
arising from the associated dynamic programming. Goreac and Serea [15] investigated that the
value functions had been introduced via linear optimization problems on appropriate sets of
probability measures. Both the lower and upper semicontinuous cases were considered. Then
they proved that the value function is a generalized viscosity solution of the associated HJB
system, respectively, of some variational inequality. Because the control state space of the above
two papers is a compact metric separable space, the second-order differential operator of the
Hamiltonian function in [26] is only linear growth with respect to gradient. However, we study
variational inequalities that have the square growth of the gradient. Because the control state
space of [15, 26] is a compact metric separable space, their second-order differential operator of
the Hamiltonian functions are only linear growth with respect to gradient. But for the previous
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paper, we study the square of the gradient D, V. We do not find appropriate functions (b
and o) to rewrite (1.3) as in [26]. Moreover, our model and results have potential applications
in contingent claims. We also note the use of some pure probability methods to study the
optimal stopping time problems for general continuous-time stochastic processes. Without
using the dynamic programming principle, the optimal stopping time is characterized by the
Snell envelope, the super martingale, and so on. Assuming that the stochastic processes (see
[17-19]) is not using the dynamic programming principle, there is no natural HJB equation.

The rest of the paper is organized as follows. In Section 2 we derive the backward partial
differential variational inequality (BPDVI for short). In addition, we discuss the existence and
uniqueness of the viscosity solution V; of the penalized problem. In Section 3 the definition of
the viscosity solutions to BPDVI (1.4) is given, and we prove that V. converges to a unique
viscosity solution of the variational inequality (1.4). In Section 4 we investigate that the quasi-
variational inequality is derived from mixed impulse control.

2 Penalized Problem

In order to simplify the whole paper we take a = 1. Let C = C([0,T] x R™) denote the
Banach space which consists of all bounded uniformly continuous functions h on [0,7] x R™

with norm ||h| = sup |h(t,x)], and Cy = {h € C: h > 0}.
(t,2)€[0,T] xR
Throughout the paper, we need the following three assumptions.

(Hy) Mappings b: [0, 7] x R" — R"™ and o : [0,7] x R™ — R™ @ R™ are Lipschitz contiuous
and they satisfy the following condition: There exists a x > 0 such that

[b(t,x) —b(s,y)| + |o(t,x) —o(s,y)| < kl[lx —yl+ |t —s]] ae. t,s€[0,T], Vo,y € R™.
(Ha)

(o(t, ) —o(t,y))(o(t, ) —olt, y))*}

a>u:=sup{tr{ 5
|z -yl

2(x —y,b(t,x) — b(t
L 2Ae y,é;xy)'Q GO e 0.1) ay R, o #y).

(Hs) f, g € Cs.

We will now derive the variational inequality (1.4) as follows. Firstly, for any 7 € S[s,T],
we get

V(s,z) < J(O(), T;5,2) := E[/Te‘o‘(t‘s){f(t,Xt) + P}t + e g (7, XT)]. (2.1)

Taking 7 = s, we have V(s,x) < g(s, ) for all (s,2) € [0,T] x R™. Secondly, V is supposed to
be smooth. By the dynamic programming principle for (2.1), we get

s+0
Vis,z) < E[/ e (J (0, X0) + O+ eV (s 46, Xog)] . V6 20

From this principle, we have
. E[em®V(s+ 0, Xs) — V(s, )]
lim
510 0
ov

= E(s,x) — LV (s,z) + (Cs, DV (s,2)) > —f(s,2) — |Cs|?
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for all (s,x) € [0,7] x R™.
Suppose that (s, z) € [0,7] x R™ is such that

Vs, ) <g(s,z),
and let 7, € S[s,T| and C™(-) € A be such that
nll)rfoo J(C"™ (), ns s, ) =V (s, x).

We claim that there exists sg > s such that

Tn = 80 > S

S. P. Hu

(2.4)

for sufficiently large n. To see this, set 0, = J(C™(-), Tn; s, x) — V(s,2). By assumption (Hs),

we have
Visso)+dn 2 =17l [ eenar -k [T entonpa
+g(7a, X, Jem 2,
If for some subsequence 7,, — s, the preceding would imply
V(s x) > g(s,x),

a contradiction to (2.2), thus (2.4) holds. Note that for u € [s, so],

IC () mis) =E[ [ e o910, X0) + |7t
+ e (O (), i, X3,

Since u € [s, sg], according to definition of V', we get

J(C (), rmis,x) > inf E[/ e[ F(t, X,) + |Gyt
C()EA, ) s

ey (7))

Letting n — +o00, by (2.3) we have

V(s,2)>  inf E| / e I (t, X0) + |G}t + eIV (w, X357 .

- C()EA[s, v
If V(s,x) < g(s,z) holds, we have
ov 1 9 -
which implies (1.4).

We hope that the solution of the variational inequality (1.4) can be approximated by the

solution of the following penalized equation: For e € (0, 1],

1 1
O LV - IDVE - Vgt =0, (1a) € [0,T) xR,
€

V(T,z) = g(T,z), zeR",

(2.5)
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which is equivalent to

8_V_(a

ot
V(T,z)=g(T,z), xeR™

1 1 1
+—)V—L0V+f——|DV|2+—(V/\g):O, (t,2) € [0,T) x R",
€ 4 € (2.6)

Thus, if the solution V; of (2.6) exists, then it satisfies the following integral equation: For
€ (0,1],

Visa)= int B /Te—<a+i><t—8>{(f+ Lv ng)e.xo + 1o at

ciyea L,

4o (DT g7, XT)] (2.7)

2.1 Existence

In this subsection, we prove the existence of the solution of (2.7) and prove that the solution
of integral equation (2.7) is a viscosity solution of (2.6).

Theorem 2.1 Let the assumptions (Hy), (Ha) and (H3) hold. Then (2.7) has a unique
solution V € C4.

Proof It is clear that C4 is a closed subset of C. We define

T
Tw(s, x) := C(H)lgAE{/s —(ate)(t— S){(f—F (w /\g))(t,Xt) + |C’t|2}dt
4ot T g7, XT)} for w € C. (2.8)

We will prove
T:Cy —Cs. (2.9)

We can calculate that

¥ et D)i-9) LYo x (@ D)(T-5) (T
OSTw(s,x)gE[ e c {(f+—g)(t,Xt)}dt+e c g(T,Xr)
€

S

< =i+ (e r Dol wees

for the correspondence X; to C; = 0. Moreover, without loss of generality, let » < s hold and
from (2.8) we have

|Tw(s, z) — Tw(r,y)|
) D1, X) — £ Y]+ (e, Xe) — w(t, o)
<C?35AE[A e , X¢ f t Yt
+1g(t, X0) = g(t, Yo)|) pat + e~ @HIT) (g(T, Xr) - g(T, ¥7))|

+ inf E[/ —(atd)(t= T){(f+ (wAg))(t,Xt>+|ct|2}dt]

cihea L,

1
ST+ (1) + swp Efe” DT (o(T, Xp) - o(T, V1))
€ C()eA

+ E[/ e—<a+é><t—r>{ (f n %(w A g)) (t, X)) + |ct|2}dt].

T
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Here Y; is the solution of (1.1) with initial value Y, =y, and

T
I, = sup E[/ o=+t X,) — h(t,Yy)|dt| for h € C.
C()eA s

By (H2) we can select n > 0 such that —a+ v +n < 0. We apply Itd’s formula to the function
|X; — Y [2el=a+m (=) then we get

E[| X, — V;|2e(7o+M(=9)] < R|z — V|2 (2.10)

By a simple calculation, we have E|lz—Y|? < Co.r(lz—y|?+|r—s|+E [” |Cy|?dt). Furthermore,
it is clear that there exists a constant C¢ 5, > 0, for any ¢ > 0, such that

|h(t,z) — h(t,y)| < ¢+ Ceplz—y|, te[0,T], z,y € R". (2.11)
Then
T 1
I, < sup E[/ e-<a+z><t—8>(<+cc,h|xt—Yt|)dt}
C()eA s
¢, 2/CorCepn 2 2
< S VERTEGh ) - ,
<+ (lo =yl + Vir=si+ (E e at) ") (2.12)
and

sup Ele (T (g(T, X7) — g(T, Yr))]
C()eA

atn+2 s 1
<O OorCege 7 T (o —yl + |r—s|+(E/ Cif2ar) ).

Therefore, letting § — 0 and ¢ — 0, we have

lim sup I,=0, lim sup  E[e"@tOT=9)(g(T, X7) — g(T,Yr))] =0,

020 |z —y|+r—s|<6 020 |g—y|+[r—s|<6
g 2 [ o (1 Honaie o] - o
and thus
lim sup |[Tw(s,z) — Tw(r,y)| =0, (2.14)

6—=0 |z—y|+]|s—r|<d

which denotes (2.9).
Now, by (2.8) we obtain

T

1

|Tw (s,2) — Twa(s,x)] < sup E[/ e—(a+%)(t—5)(—|(wl Ag—ws A g)(t,Xt)|>dt}
C()eA s €

T ) 1
S SU.p E[/ e_(a"r;)(t—s) (_|w1 (t,Xt) — u}g(t, Xt)l)dt:|
C()eA s €

< — wsl|.
< a€+1||w1 wa|

Thus T is a contraction mapping and the proof is complete.
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2.2 Viscosity solutions

In this subsection, we study the viscosity solution of the following penalized equation:

1 1
O LV IDVE - Vgt =0, (a) € [0,T) xR,
€

V(T,z)=g(T,z), xe€R™

(2.15)

Firstly, we introduce the definition of the viscosity solution for the quasilinear parabolic partial
differential equation (2.15).

Definition 2.1 A function w € C is called a viscosity subsolution of (2.15) if
w(T,z) < g(T,x), VYaeR", (2.16)

and for any ¢ € CH2([0, T] xR™), whenever w—¢ attains a local mazimum at (t, z) € [0,T)xR",
we have

1 1
A function w € C is called a viscosity supersolution of (2.15) if in (2.16)—(2.17) the inequalities
“ <7 are changed to “ > " and “local mazimum” is changed to “local minimum”. Further, if
w € C is both a viscosity subsolution and viscosity supersolution of (2.15), then it is called a
viscosity solution of (2.15).

The above definition has the following equivalent definition (see Fleming and Soner [8] and
Crandall, Ishii and Lions [5]). We introduce the notions of superjet and subjet of a continuous
function w and let S™ be the set of n X n symmetric real matrices.

Definition 2.2 Let w : [0, T]xR™ — R be a continuous function and (t,x) € [0,T)xR"™. We
denote J*Tw(t,x) (the parabolic superjet of w at (t,z)) the set of triples (p,q, P) € RxR™ x S"
which are such that for all (s,y) € [0,T) x R™ in a neighborhood of (t,x),

’IU(S, y) < w(tu {E) +p(8 - t) + <Q7y - il'>
1
+5(Ply =), (y =) +olls — | + |y — 2]*).
We similarly define J>~w(t, x) (the parabolic subjet of w at (t,x)) as the set of triples (p, q, P) €
R x R™ x S™ which are such that for all (s,y) € [0,T) x R™ in a neighborhood of (t,x),

w(s,y) > w(t,x) +p(s —t) +(q,y — x)
1

+5(Ply =), (y =) +olls —t| + |y — 2]*).

Here, v — o(r) denotes any function such that lirr(1) @ =0.
r—

According to [6] and [8], Definition 2.1 is equivalent to the following Definition 2.3.

Definition 2.3 A function w € C is called a viscosity solution of the variational inequality
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(1.4) if the following inequalities (2.18)—(2.19) hold:

1 1 1
p—oaw+ 5tx(00" P) + (b,q) + f = —(w—g)" = 7lal* = 0,
Y(p,q, P) € J>Hw(t,x), Y(t,z) € [0,T) x R, (2.18)
w(T,z) < g(T,x), VaeR"
1 1 Lol
p—aw+ gtr(aa P)+(b,q) + f — Z(w —g)t — Z|Q| <0,
V(p,q, P) € J>~w(t,z), V(t,x) € [0,T) x R", (2.19)
w(T,z) > g(T,x), VreR"
We prove that V' is a viscosity solution of (2.15) and define Vj, € C by
T 1
Vi(s,2) = inf {E] / @D (B (s X,) + |2 )dt
4ot DT g XT)} L C() € Ak} (2.20)
for every k > 0, where Ay = {C(-) € A:|Cy| <k, VYt €[0,T]} and
1
F=f+-VAgeCly. (2.21)
€

The following Lemma 2.1 is a classic result. The similar proof can be found in [28].

Lemma 2.1 Let the assumptions (Hy), (Ha) and (H3) hold. Then Vj, is a viscosity solution
of
oV 1
SE (a4 ) Vi LoVi+ F +
ot €

Vi(T,z) =g(T,x), =€R"

. 2 o
glglk(lcl +(C,DVy)) =0,

| (2.22)

Lemma 2.2 Let the assumptions (Hy), (Ha) and (H3) be satisfied. We get
Vi — V locally uniformly in [0,T] x R"™.

Proof By (2.7) and (2.20), obviously there holds V3, > V. Using Dini’s theorem, this is
enough to show that

Vie(s,z) | V(s,x) as k — oofor each (s, x). (2.23)
Putting Cf = Cyxq|c, <k} for any C(-) € A, X} denotes the solution of

dX} = [b(t, X}) + Cfldt + o(t, X[)dW,, XF=u.

S

Application of Ito’s formula and localized the stochastic integration, combined with the as-
sumptions (H;) and (Hs), for any 6 € S[s,T| we have

E[e—a(G—s) |X9 |2]

6
< laf? + E[/ e~ {—aluf? + 2z, (b(t,2) + C) + tr(o0” (L)}, at]

S

0
le' 4
< Jaf? +E[/ e SIXP + G + fo1X + 1) ]

S

< o0. (2.24)
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Here 3y is a positive constant and
Ele*“~)|X5 — Xo/?]

P _/0 e~ (=) f(—a + )| XF — X2+ 2((XF - X,), (CF — Ct)>}dt}

I
<B[ [ eI onlxt - X+ 2(00F - X0, (CF - €}t

_ 0
2
<E / el Aixk - X, + ~jct - Gl Jat).
We define

T
VC(Sa ZZ?) = E|:/ e_(a"r%)(t_s){F(tht) + |Ct|2}dt + e_(a+%)(T_S)g(T7 XT):|7
C() € Ag. (2.25)
According to (2.7) there exists C¢(-) € A for any ¢ > 0, such that V(s,z) + ¢ > Ve, (s, x).
Then, by (2.11), (2.21) and (2.25), we obtain
T
Vo (s, 2) = Vor (s, 2)] < E[/ e~ 1 O p| Xy — XE| + | - |CF P}t

+ e~ @T DT (¢ 4 Cp g X7 — XE)]
<(z+1)c+ CC,F(]E[/T e—alt=9)|x, Xfl"’dtD%

([ eena)’ vl [ emege - okl

S S

+ O g(Ble™ 91Xy — Xf[7))2
1
< (=
< (a +3)¢
for a sufficiently large number k. Thus
V(s,x) + (> Ver(s,z) — [Vor(s, ) — Vo (s, x)]
1
> —(= .
> Vi(s, ) — (= +3)¢
Making k — oo and ¢ — 0, we get (2.23).

Theorem 2.2 Let the assumptions (Hy), (H2) and (Hs) be satisfied. Then, the solution V
of (2.7) is a viscosity solution of (2.15).

Proof According to Lemmas 2.1-2.2, we obtain the following conclusion by the stability
result. Let ¢ € C2([0,T] x R") and V — ¢ attains a local maximum at (¢o, zo) such that

(V = @)(to, o) > (u—@)(t,x), V(t,x) € ([0,T]\{to}) x (B(zo,0) \ {zo}), (2.26)

where B(z, ) is the closed ball with radius 6. By Lemma 2.2, V}, — ¢ attains a local maximum
at some (tg, ;) € [0,7] x B(xo,d) and let (tx, ;) be defined by

(Vi = @)tk z) = max (Vi — o).
[0,T1x B(x0,0)
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Since the sequence (tj,7r)k>1 is valued in the compact subset [0,7] x B(zo,6), we have
(ty, zx) — (£,T) € [0, T] x B(zo,9), if necessary selecting a subsequence. Note that

Vie(tr, o) — o(tr, xi) > Vi(t,2) — o(t,x), (t,z) € [0,T] x B(zo,0).
Taking the limits, in view of Lemma 2.2 we have
V(zv E) - (p(zaf) Z V(tv Jf) - (p(t, Jf), (ta Jj) € [OvT] X E(Jio, 5)

Then, we must have £ =ty and T = z.
By Lemma 2.1, we have

0 1
—(p(tk, Jik) — (Oz + ;)Vk(tk, :Z?k) — Lotp(tk, J?k) + F(tk,xk)

ot
+ min (|C]* + (C, Dep(ty, 2x))) > 0.

in
IC|<k
Consider

|g1|i<nk(|C|2 +(C,&) — mcin(|C|2 +(C,¢&)) locally uniformly in R™ as k — oo.

Letting £ — oo, we have

0 1
—af (to, o) — (a + —)V(towo) — Low(to, zo) + F(to, v0)
€

+ InCiVn(|C'|2 +(C, Dy(to, z0))) > 0.

According to the following relation
it is clear that V satisfies (2.17). By a similar proof, we obtain that V' satisfies Definition 2.1.

2.3 Another representation of V

In this subsection, we will prove that the unique solution V' of (2.7) exists another repre-
sentation,
T 1
Visia) = int B[ [ e 2@{f(t.X0) ~ LV~ g)* (. X0) + O e
C()eA s €

tealr=9y(r, XT)} (2.27)

for any 7 € S[s, T). Let H(t,z) = f(t,z) — 1(V — g)™(¢,z) and note that

O L&t H(x)— DL =0, (12) €[0.T) < E",

&Tyz)=9(T,x), z=eR™

(2.28)

Define

T
E(s,x) = C(H)léA]E{/ eI H (E, Xy) + |C)?ydt 4+ e T =) g(T, XT)}, (2.29)
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which belongs to C. Through a similar proof in Subsection 2.2, we obtain that £ meets the
principle of dynamic programming

&(s,z) = C(il)lfAIE[/ T ETIH (E, Xy) + |C|?Ydt + e U 9¢(r, X)) |, T e S5, T,

Thus, £ is a viscosity solution of (2.28).
Theorem 2.3 Let the assumptions (Hy), (Ha) and (H3) be satisfied. We have (2.27).

Proof From Theorem 2.2, the relationship (2.27) is the uniqueness of the viscosity solution
(2.28). Divide the proof into the following steps. We claim

&1 <& (2.30)

for two viscosity solutions & € C, i = 1,2 of (2.28).
Step 1 Assume that there exists (¢,Z) € [0,7') x R™ such that

(7)) - &(ET) = sup (& (t,z) — &(t ) > 0.
(t,2)€[0,T] xR™

It shows that

&i(t,7) - &(t,7) >0 (2.31)

for some ¢ > 0. It is clear that ? is not equal to T'.
Define

— @) o) + )~ T (2:32)

Here ¢(x) = log(1l + |z|), k& > 0. Since @, is continuous and " ‘li‘m Dy (t,z;8,y) = —o0
x|V |y|—+oo

uniformly in ¢, s € [0, T), there exists (tg, zx; sk, yr) € ([0,T) x R™)? such that

Op(tr, zrs sk, yx) =  sup  Pp(t, x55,y)
([0,T) xR™)?2
> @k (1,71, T)
2
- fl(t,ilf) - 52(taf) - —111(5) - E(T - t)
2 2

>0 - Sy(@) - (T -1

> 8- 2@ - (T -1)

> g for k > ko, dko > 0. (233)

Thus

< &t m) — Ea(on ) — ol — el I — s8f%) — 2 () + ()
1
R

N |

(2T — (tr + sk)) < & (tr, vx) — E2(8k, Yk)- (2.34)
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Step 2 In view of the definition of (tg, xk; Sk, yx), we get
20 (t, Tk Sk, Yn) > Poc(tre, s b, k) + Pr(Sks Yk Sk Y )
or equivalently

k
2\&(th, wk) — E2(Sks Yk) — §(|33k — il + [tk — sil*)

— L0 () — 7T — (et 51)

o

> &1 (e, or) — Ea(th, Tk) — %1/1(3%) - %(T —t)
0 (sow0) — G5 u8) — T0() — 7(T = 1)

Therefore

Elloe — yl® + [tk — skl?] < &k, zr) — E2(skyk) + &2 (b, x) — &1 (skyyi) < C, C > 0.

Hence
20\ 3
=l + It — sl < (52) (2.35)
According to the uniform continuity of §;, i = 1,2, we have
Ellzk — yil® + [tk — skl?] < sup ([&1(tks zk) — E1(Sk> Yr)|
|z —yul+ltn—sk]<(28) %
+ & (tk, k) — E2(sk,yk)|) = 0 as k — oo. (2.36)

Now we show that neither ¢; nor s can converge to T for all k. In fact, if tx =T, Vk > 1,

5 (T, wrs sk, y) < & (T ) — L2(T ) + &2(T, wk) — E2(5k, Yr)
< &(T2x) — &(T,yk) + &(T yrk) — &5k, Uk)
<20+ Cceolen — yrl + Ceeoltn — sil,
and we get a contradiction to (2.33) by choosing k and ¢ such that 2¢+C¢ ¢, |zr —yi| +Cc ¢, [tk —

skl < %. The proof that s = T is similar.
Step 3 We need the following lemma. (Please refer to [8] for the proof of the lemma.)

Lemma 2.3 (Ishii’s Lemma) Let W, V be upper semicontinuous and lower semicontinuous,
respectively, on Q, where Q is ([0,T) x O), where O is a locally compact subset of R™. Assume
that ¢ is twice continuously differentiable, and ®(t,x;s,y) = W(t,x) — V(s,y) — o(t,x; s,9)
attains an interior mazimum (t,T),(5,7) € [0,T) x O satisfying

o(t,7;5,7y) > sup @.
2[QxQ)
Then for each 0 > 0 there exist symmetric matrices A and B satisfying
(960 7:5.7), D20 7:5.9), 4) € T "W, ), (2.37)
o | - - o
( - _¢(t7§; E, y)? _Dy(b(taf; §7 y)u B) S J V(E, y)? (238)
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and

1 A0 >
—(5+||X||)1fzn<<0 _B)<X+9X,

where Iy, is the (2n x 2n) identity matrix, X = D?®(%,7;3,%) € S" and the closure of J%7 is
defined by

7wt x)

E(tkaxkapkaqkapk) € [O,T) X Q X R x R™ x §"
such that (pg, qx, Px) € J>TW (t, )

=S (p,¢,P) ERxOxS" 2.39
.0 P) and (g, Tk, Pk, G, Pr) (2.39)
— (t,x,p,q,P) as k — oo
Similarly we can define the closure 7' of J>~. In particular, choosing 0 = 1 Land ¢(t,z;8,y) =

E(Jx — y[? + |t — s|?) yield the elegant relations
I 0 A 0 I -1
(o 1)< (5 ) =L )

W(t,2) = 6(6,2) — 16() + (6= T)

Vis,) = &l5,9) + 290) — 35— T)

Now we take

and consider

Prann) = {@EaP)+ (- DeE), D) (5,3, P) € W) ),
P eltn) = {EaP) ~ (- 1 Dew) 1 D*0)) : (.3.P) € PV (s, )}

Then from (2.37)—(2.38) combining with the definition of 72"+§1 (ti, Tk), 72’_51 (Sk, yx) we have

(p1, 1, P1) = (k(te — si), k(zr — yi), A)

(= o Doen), £ D)) € 7 atno ), (240)
(P2, 92, P2) := (K(tk — sk), k(zx — yk) B)

(= 1 gD, D)) € T Gl ) (241)

Step 4 By (2.28) and (2.41) we obtain

1 1
— aba(sk,yr) + k(ty — sk) + Z + §tr(aa*(sk,yk)P2)

1
+ <b(8k7yk)7 q2> + H(Skvyk) - Z|q2|2 S 0. (242)

Also, by (2.28) and (2.40),

1 1
by (ty, xk) < k(ty — sk) — % + §tr(o*a* (tg,zk)Pr)

1
+ <b(tkaxk)7ql> + H(tkaxk) - Z|ql|2 (243)
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(2.42) is added to (2.43). Thus we obtain

a(&i(tr, r) — &2(Sk k) < 2 + 1tlf(UU* (th,2x)A — 00" (s, yx)B)

k2
N tr(oo* (t, zx) D?*Y(xy) + 00* (s, yr) D*Y(yx))
2k
+ [b(tk, zk)q1 — b(sk, yr)qa] + [H (tr, vx) — H(sk, yr)]
ol = g2
4
I I I

=Dt ot Ll -

Step 5 We claim that I; = 0 as k — oo (j = 1,2,---,6), which shows a contradiction to
(2.34).
It is clear that I; — 0 as &k — oo.

Lemma 2.4 Let A, B satisfy —3k (é ?) < <§ 0 ) < 3k (_II _II) . Then for any

two n x d matrices D, C, we have
tr(DD*A— CC*B) < 3k|D - C|*> =3k > (D -C)j;.
i=1 j=1

According to Lemma 2.4, we have
Iy = tr(oo™ (tk, xk)A — 00" (sk, yr) B) < 3k|o(tk, 22) — o(sk, yk)|2
<6r%k(|lzr — yl® + |tr — sk?) = 0 as k — oo.

By a calculation, we have

_
(1 |2[)*

|Dy ()] = ;D% ()] <

1+ ||
Then

I3 < 2—1k[|00* (try ) D> (21)| + loo™ (s, y) D0 () ]

1 [IU(O, 0)[* + 26> (Jzk[* + [t[*) | 0(0,0)1* + 22 (lyxl* + Isk[*)
2k (1 + [ax)? (14 [yx])?

IN

}—>0 as k — oo.

By the Lipschitz continuity of b(¢, z), we have

[b(tk, )| DY (k)| + [b(sk, y) [ DY (yr)|

5
Ty| < ’m[zm —ykl® + [tk — Skﬂ +

k
b(0,0 T
i 2Sup(l ©, 1)|++||f1|r|+ )
§k5[1|xk—yk|2+|tk—sk|2}+ i . < =0 ask — oo.
According to (2.35), we get
|I5| < sSup |H(t,$)—H(S,y)| — 0.

1
o —y|+[t—s[<(32)2
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Finally, by (2.36),
2 1 2 1 2
ol < Ik — i), (D) + D)) + |7 Dwlen)| + | D)
4 2
< E|k($k_yk)|+ﬁ —0 ask— oo.

Thus the proof is completed.

3 Viscosity Solutions of Variational Inequalities

Consider the convergence of V., =V as e = ¢, = 27" — 0. Define

T
— 1 —
Rgh(s,x) = E[/ e P pt, X,)dt + Ee_ﬁ(T‘s)h(T, Xr)|, B>0,sec0,T]

S

We introduce a class of functions:
D ={Rg(Bh):heC, B> a}.
Here X is the unique solution of the following equation:
dX; = b(t, X;)dt + o(t, X¢)dWs, X, =

3.1 Limit of the penalized problem

Lemma 3.1 Let the assumptions (Hy) and (Hg) be satisfied. Then D is dense in C.

Proof We claim that

Dcc.

807

(3.4)

Let h € C be arbitrary. By a simple computation, we get ||Rg(8h)| < ||h||. By (2.10) we have

E[|X; — Y2 Fmi=)] < |z — g2

for the solution Y of (3.3) with Y; = y. According to the similar arguments as (2.12)—(2.13),

we obtain

cp 28
(R (8)(5,2) = By (Bm)(t,9)| < €+ g (= ol + /s =t + (1= 577 )

X Ce_ﬁ(T_s)dx —yl+VIs—t|), V{>0.

Thus letting § — 0 and ¢ — 0, we get

lim sup |Rs(Bh)(s,z) — Ra(Bh)(t,y)| =0,
020 g —y|+|s—t|<s

thus (3.4) holds. By (2.11), (3.3) and (H;), we have

B[Jh(t, X0) — (s, 2] < ¢ + Conkllt — o] + K, — 2]
<CH+Cep(t—8)+Ct— s+t —s).
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Here C = CCJLCA' and C := sup [b(t, x)| + sup |o(t,x)]. Thus, letting f — oo
(t,z)€[0,T)xR™ (t,z)€[0,T]xR"
and ¢ — 0, we have

[R5 (B6h) = hl|

T
= sup E[e_ﬁ(T_S)UL(T, X7) — h(s,z)| —|—/ Be PE=3)n(t,X,) — h(s, a:)|dt}
(s,z)€[0,T]xR"™ s

<204 e PT=9(Cop + ONT — 5) + OVT — 5]
- / : Be PE=3)[(Cep + O)(t — 5) + OVt — s)dt
=2 +e PT=I[(Ccp, + O)T — 5) + CVT — 5

. /Oﬂ(T—S) - {(CC,h; Clu +6\/%} du — 0.

The proof is complete.

Lemma 3.2 Let the assumptions (Hy), (Hy) and (Hs) be satisfied and V. be the solution of
the integral equation (2.7) consistent with g € C+. Then we obtain

Ve = Vel < llg —gll- (3.5)
Proof Let h,ﬁ € C be satisfied
b= Al <llg = gll-

Then it is obviously to get
IhAg—hAgl<llg—dl
Then, by (2.8) we have
~ T : 1 ~
|Th(s,z) — Th(s,z)] < sup E[/ e (T2 h A g — h AG|(t, Xp)dt
C()eA s €

(et I\ (T—s -
+e e+ )T )Ig—gl(T,XT)}

)T g~ )

< 1-—
*{oze—l—l—i_( ae+1
<Ilg -4l

Here T represents T with g substituting for g. But

T
_ 1 N
|70 —T0|| < sup JE[/ e~ (et =9) 20— _ G7|(¢, X, )dt
C()eA s

€
e T DT — (T, X1)| < llg - GlI
We take h = TO0, h= TO, and get
170 — T°0|| < ||g — 3]

and then, by iteration,
HTnO_TnO” < |‘g_§|‘7 n=12,--

Letting n — oo, according to Theorem 2.1 we have (3.5).
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Lemma 3.3 Let the assumptions (Hy), (Hz) and (Hs) be satisfied. We have

Vils,2) = int it B[ [ e (£t X0) +1Cia

+e TN g+ (Ve - 9) T X)) (3.6)

Proof By Theorem 2.3,

: T—a —s 1
lqawzcggﬁL/e = F( X0 = 2 (Ve = )7 (6, X0) + |G pat

)

< inf B[ [ et p(e, X0 + G Y+ e Vv ) X
ciea L/,

for all 7 € S[s, T]. Taking 7 = 0 := inf{t : V(t, Xy) > g(t, X¢)}, we have
e OTIVL(0, Xp) = =00, Xg) = =7 (Ve v 9) (0, Xp)
and
(Ve —g)(t, Xy) <0 for t € [s,0).
Then, we have
O att=s) 1 + 2
Vit,z) = inf E —at=) £t X,) = (V. — )t (t, X,) + |C, |2 bat
() = it B[ [ e 00 {50, = LV~ ) (. X0 + G}
%)

6
= ot “‘3{/ e~ U F (2, X) + |G Yt + e OV v ) (6, X))
chea LJg

which completes the proof by applying V. Vg =g+ (V. —g)*.

Theorem 3.1 Let the assumptions (Hy), (Ha) and (H3) be satisfied. We have
V., =V eCly, (3.7)

where €, = 2™,

Proof Let g = Rg(Bh) € D for some h € C. By the similar arguments as in Theorems
2.2-2.3, it is clear that g is the unique viscosity solution of the following equation:
89 n
E_BQ_LOQ""ﬁh:Oa (t,i’)E[O,T)XR,
g(T,z) =h(T,z), xeR"

or equivalently

99
ot
g(T,z) =h(T,x), xecR"

1 ~ 1
—(a+2)g—Log+fh+-g=0, (ta)€[0,T)xR",
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Here Bh = Bh + (a — B)g. Thus we get g = R, 1 (ﬁﬁ + %g) Therefore

T
Ve—g<V.— inf E[/ e (o) {ﬁh(t Xy) + 9(75 Xt)+|Ct|}

C()eA
€

e (a+)(T S>(ﬁh+ g)(T XT)}

< swp B[ [Ty gis Lwing - g} xoa

C()eA
€
ae+1

< e(llf = Bhll + llag — Bh])-
Applying (3.6) to V.

€En41

eI ag — §h)(T, Xr)]

and V¢, , by (3.8) we obtain

(5,2)| < supsup E[e”*|(V,
cey 7

< (ent1+en)(|f = BRI + llag — BAI|).

|‘/5n+1 ( ) ‘/En €En41

Thus

S Veris = Ve, ZenHm (I = Bhl| + llag — Bh]) < o
n=1 n=1

It shows that {V, } is a Cauchy sequence in C;, and we deduce (3.7).

- g)+ - (V;n - g)+|(T7 X'r)]

S. P. Hu

Supposing that g € C4, we can choose a convergent sequence {g,,} € D converging to g.

Let V™ denote the solution of the integral equation (2.7) corresponding to g¢,,. By the above

calculation, we have
VSV e, asn— oo
Also, by Lemma 3.2,
VEr =Vl < llgm — gmll-
Letting n — oo, we have
V" =V < llgm = gl
Thus {V"'} is a Cauchy sequence, and {V'"} converges to V € Cy. Therefore
Ve = VI < Ve, =V + VI =V + V" =7
m —=m =
<lg—gmll + IV =V A+ IV =V
Letting n — oo and then m — oo, we complete the proof.

Consider the following parabolic variational inequality:

%—V—LV+f——|DV|2>O in [0,7) x R",
V<g in[0,T] xR",
(%—‘;—LV+f——|DV|)( —¢)"=0 in[0,T)xR",

V(T,z) =g(T,z) onR™

(3.9)

(3.10)

We introduce the following definition of the viscosity solution of the variational inequality.
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Definition 3.1 A function w € C is called a viscosity solution of the variational inequality
(3.10) if the following claims hold:
(i) For any z € R™, w(T, z) = g(2).
(i) For any p € CH2([0, T]xR™), whenever w—p has a local mazimum at (t,z) € [0,T)xR",
we have
pult, ) — aw(t, 2) — Log(t,2) + f(1,2) — 11Dg(t,2) > 0,

and
’UJ(t,ZII) < g(ta Jf), V(t, Jj) € [Oa T] x R™.

(iii) For any ¢ € CY2([0,T] x R™), whenever w — ¢ has a local minimum at (t,z) €
[0,T) x R™, we have

(6(t,2) — aw(t,2) — Lop(t, ) + £t 2) — 11Dl 2)) w = 9)™(1,2) <0,

Theorem 3.2 Let the assumptions (Hy), (Hy) and (H3) be satisfied. Then the limit V of
(3.7) is a viscosity solution of the variational inequality (3.10).

Proof It is clear that V (T, 2) = g(z) for any z € R™. For any ¢ € C12([0,T] x R?), V —¢
attains a local maximum at (¢, 2), i.e.,

V(t,z) —p(t,z) > V(u,2) — @(u,x), (u,z) € B(t, 2;0), t#u, z#z,

where B(t,z;6) := {(s,x) € [0,T] x R" | |t — s]?> + |z — 2|? < §}. The uniform convergence is
applied in Theorem 3.1. We get V., — ¢ to attain a local maximum at (u,,z,) € B(t,z;9).
According to the same inference in Theorem 2.2, we have (u,,x,) — (t,z) and Vi, (un,x,) —
O(tun, vn) > Ve, (u,z) — @(u, x), Y(u,z) € B(t, 2;0).

Now, combining Theorem 2.2 and (2.17) we obtain

0t (Un, Tn) — Ve, (Un, Tn) — Lop(tn, Tn) + f(tn, )

1 1
- ;(‘/En - g)+(una$n) - Z|D‘p(una$n)|2 > 0.

From the last inequality, we have
Pulttns0) = Ve, (s ) — Loplitn, 2n) + f (s 0) = 71 Deplin, 20)|? 2 0,
Letting n — oo, we get
it 2) — aV(t,2) — Lowp(t, 2) + f(t 2) — iw@(t, S > 0. (3.11)

By (3.8) we have
(VI = gm)* < enlllf = Bhmll + llagm — Bhml))-

Here g, = Rg(Bhm) and Bl = Bhym + (o — B)gm for some h,, € C. Letting n — oo, by (3.9)
we have V' < Jm, and letting m — co, we get

V<g. (3.12)
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At last, let V — ¢ attain the minimizer at (Z,%), and let V,

€n

— @ attain the local minimum
at (Up,Tpn) with (u,,Z,) — (£,%Z). Combining Definition 2.1 and Theorem 2.2, we obtain

(Pt(ﬂnafn) - O“/en (unafn) - LOQP(unafn) + f(ﬂnafn)
1 1

—=(Ve, — g)+(ﬂna5n) - Z|D‘p(ﬂna5n)|2 <0.
€

On both sides of the last inequality multiplied by (V;, — ¢g)~, we have

(‘Pt(unvfn) —aVe, (Enafn) - LO@(ﬂnafn) + f(ﬂmfn)
1 _ PR
— 71D¢(T. T ) (Ve,, = ) (@, ) < 0.

Letting n — oo, we have
(010.2) — aV(E2) — Lopi.2) + F(.5) ~ 11D AP)(V —g) (D) <0 (313)

The claims (3.11)—(3.13) are proved. Thus V is a viscosity solution of the variational inequality
(3.10).

3.2 Uniqueness

Theorem 3.3 Let the assumptions (Hy), (Ha) and (Hs) be satisfied and V; € C, i = 1,2 be
two viscosity solutions of (3.10). Then we have

i =M.

Proof We will prove the following equation:

(b aValt,2) + 5 (00" (1, 2)P) 4 (b(t,2),0) + (8,2) — 7laP)

(Vo — Vl)‘(t,;) <0, (3.14)
V(p.q,P) € T Va(t, @), ¥(t,2) € [0,T] x R",
Vo(T,x) = g(T,x), VzeR",

or equivalently

(%—f(f, E) — OéVQ(fa E) - LO@@’E) + f(zv E) - i|D(p(zv z)|2) (‘/2 - Vl)_(f’ E) <0,

W (T,z) =g(T,z), VzeR"

Here ¢ € CY2([0,7] x R™) and Vo — ¢ attains the minimizer at (£,%z). If Vo > Vi, then
(Va—=V1)” =0.If Vo < Vi, then V5 < V] < g, and thus (Vo — g)~ > 0. By (3.13) we recall

(612.2) — e 2) ~ Log(t.2) + f(.2) — 11De(E AP ) (Vo — ) (F3) <0, (3.16)
and we conclude

@t(fv E) - aVQGv E) - LOQO(Eﬂ E) + f(fv E) - |Dg0(f, E)|2 <0.
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Thus the proof of (3.15) is complete.

Now, by the same inference in Theorem 2.3 we prove Theorem 3.3. Assume that there exists
(t,Z) € [0,T) x R™ such that

Vi(t,Z) — Va(t,T) = sup (Vi(t,x) — Va(t,z)) > 0.
(t,z)€[0,T]xR™

Thus, we have

Vi(t,z) — Va(t,3) > 6 (3.17)
for some § > 0. Define

k
Pr(t 235,y) = Vi(t,z) = Va(s,y) = 5 (lw = y* + [t — )

1 1 2T
W)+ o) + () — (3.15)
as in (2.32). Then @y (tx, k; Sk, yr) has the maximum point (¢, zx; Sk, yx) with
)
5 < Valte, zk) = Va(sk, yx) (3.19)

for sufficiently large number k. As in Steps 2—3 of Theorem 2.3 we get
kllzr, — yl? + [tk — sk)] = 0 as k — oo
and
(B, @1, Pr) o= (k(tk — s1), k(wr — i), A)
+ (= 7 7 Dvlan). DQw(xk)) e T Vi(ty, )
(B2, G, Po) = (k(t — s, k(s — yk)aB)
() € T Valsi, ).

By (3.19) we have

<

Vi(Sks Yk) — Va(sks Yi) = Vi(te, i) — Va(sk, yi) — |Vi(tr, o) — Vi(sk, yi)|

—[Vi(sk, yx) — Vi(te, z1)]

Y

Y
N IS

for sufficiently large k.

It shows
(Va(sk,yx) — Vi(sk,yk))” > 0.

By (3.14), we get

- 1 N ~ . 1
P2 — aVa(sk, yx) + 5“”(00 (5, Y ) P2) + (b(sk, y), @2) + f (s, yr) — Z|(12|2 <0. (3.20)
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Also, by (3.11),

1 y ~ . 1.
aVi(ty, vx) < p1+ 5“(00’ (tr,xk)Pr) + (b(t, xk), q1) + f(tr, xx) — Z|Q1|2- (3.21)

Thus, (3.20) and (3.21) have the similar relationships between (2.42) and (2.43). So, by the
same calculations as in Steps 4-5 of Theorem 2.3, w have

a(Vi(tg,xk) — Val(sk,yk)) = 0 as k — oo.
This is contradictory to (3.19), which completes the proof.
3.3 A stochastic interpretation of V'

Firstly we introduce a stochastic interpretation of the viscosity solution V of (3.10).

Theorem 3.4 Let the assumptions (Hy), (Ha) and (Hs) be satisfied. Then we have

V(s,z) = c(i.r)léAiIrle[/ e (1, Xy) 4 |C4 2 3dt + e (T3 g (7, XT)] (3.22)

Proof Let V denote the right-hand side of (3.22). By (2.27) we get

T 1
Ve, (t,z) = C(i_r)lgA]E[/ e_o‘(t_s){f(t,Xt) - 6—(V —g9)F(t, X)) + |Ct|2}dt

+e I, (7, X )]

< it B[ [ 5 x,) + |G}t =Y (1, X,)].
< int B[ [ e 00X + Gt e (X))

Letting n — oo, by (3.7) we get

V(s,z) < inf E[/ e_o‘(t_s){f(t,Xt)+|Ct|2}dt+e_°‘(T_S)V(T,XT)}
ciea L/

< i ! —a(t—s) 2 —a(r—s) .
< int B / eI 7, X0) + |G+ e~ (7, X,)]

This shows V < V. For the proof of reverse inequality, take any C(-) € A and let
— 1
Ry, = inf {t V(LX) +— > g(t,Xt)}.

Since

1
V(t,Xt) + E < g(t,Xt) on {t < Rm},

we have
E[/Rm emelt=s) (v _ g)+(t,Xt)dt} < E{/Rm ) (Vn - (V+ %))%s, Xt)dt}

<l [ e (v, - 1) e xoa

=0
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for sufficiently large number n. Hence, by (2.27),

1

Ry,
Ve, (t,x) = C(;r){AE[/ e f (1, X0) = =(Ve, = g)* (. Xe) + (G Jat

+e I, (R, X, )]

Ry,
> inf E[ / e—a<t—s>{f(t,xt)+|ct|2}dt+e—a<Rm—S>mn(Rm,XRm)}.
clhea L,

Letting n — oo, applying the definition of R, and (3.7) we get

- rRm —
V(s,z) = int E| [ e g0 |G+ e I (R X, )|

- rRm
=t B[ [ e g0, 4 G+ e (g(R, X, ) - o)
L /s m

C()eA

oo (t—s) 2 (Rm—s) 1
> inf E —alt=3) 1 £(¢ X,) + |Cy|2)dt + e~ Bm=) (R, X }——
> int B [ et 00X + Gt e 9B, Xr,)| = —
_ 1
> V(s,z) — —.
> V(s,2) — =

Letting m — oo, we have V (s, z) > V (s, z), hence the proof is finished.
4 Impulsive Control

4.1 Description of the problem
Consider an application of the variational inequality in the impulse control problem. Let a
set (©,y) be decision variables of impulse control
0= {Hn}nzl, 9n ES[S,T] TT,
¥ ={}tn>1, Tn € R} : Fy, -measuable.

We consider the following state equation:

dx, = [b(t, x¢) + Cidt + o (t, x¢)dWy,  t €]0n, Onya],
Xs = @, (41)
Xt‘)i:X(Jﬁ‘f”Ym ’I’L:].,Q,"'.

The notation yg» stands for

6, On
et [ )+ Gl [ atam
B On—1 On—1

and xgp = tl_i)%ln Xt The triplet 8 = (C,{60,,},{¥n}) is the control. Taking s € [0,T), we define
+

[s,T] = R, 61 > s, 0, 1T,
’C[S,T] = 'y() = Z’YWX[O"’T](-) [e’e) ;
n=1 el "_S)p(”yn) < o0

n=1
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Our objective is to minimize the cost functional

T
J(s,2,6) = E| / e T ( x0) + [Co*ht + =T g(T, x7)

+ Ze 0n=3)p n)},
where f,g € C; and the impulse cost p is assumed to satisfy
p(§) =k +po(§), k>0and py € C(RY) with po(0) =0,
po(€+€) < po(€) + pol), VEE € RY,
po(§) < Po(g) ifE—¢e R%,
po(§) = +00 as [¢] = +oo.

The value function of the present problem is

14 = f .
(s.0) = _int  J(s,2,5)

Now, we give the following quasi-variational inequality derived from the impulsive control prob-

lem
av ) .
S V+i-7 |DV| >0 in [0,T) x R™,
V<MV in [0,T) x R™,
o (4.3)
(a_ LV f— —|DV| )(V—MV)— =0 in[0,T)xR",
V(Ta Jj) = g(Ta Jf) on an

where MV (s,z) := inf [V(s,z+7)+ p(7)]-
vERi

4.2 Quasi-variational inequalities

In this subsection, we will prove the existence and uniqueness of the viscosity solution of
the quasi-variational inequality (4.3).
We define

Qu(s, z)

6
= inf mﬂ@[/ e UL, X)) 4 |C2YdE + eI Mw (6, Xg)|, weCy. (4.4)
C()EA s

Here X; is as in (1.1) and w(T,x) = g(T, x).
Lemma 4.1 Let the assumptions (Hy), (Ho) and (4.2) be satisfied. For all w,w € Cy., we
have
0 < Qu < C(If[I+ llwl),
Q'UJ € C+7
w<w=Quw < Qu,
Qpw + (1 = p)w) > pQu + (1 — p)Qw, p € [0,1].
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Proof In [1], it is obvious that
0< Mw<|w|+k MweCs,

[Mw— Muw| <|lw-—uw|, w<w=Mw<Muw,

Thus (4.5) and (4.7) are clear. (4.8) is a simple inference of the concavity of M. By Theorems
3.2-3.4 we have (4.6).

Lemma 4.2 Let the assumptions (Hy), (Hz), (Hs) and (4.2) be satisfied and w,w € C4
satisfing w — w < Aw for some X € [0,1]. Then we have

~ k
Quw—Qu < A1 — p)Quw, Vue (O, W A 1), (4.9)
where

T
VO(s,x) = (igiAE{/ e UL (1, X)) + |2 YdE + e T =) g(T, X )

+ Z e 00 =5) p( )}
Proof By (4.8) we obtain
QU1 — XN)w + X0) > (1 — N)Quw + AQO.

Since
(1—-XMNw < w,

we have

Qu = (1 - 2)Qu + AQ0,
or equivalently

Qu — Qu < A(Qw — QO0).
In view of (2.11)-(2.12), noting V° € C and by (4.4), we get Quw < V°.

In order to finish the proof, we must also prove that (4.10) holds:

k
0

By (4.2) we have M0 = k, and then
0
0= cgggAi%fE[/s eI f (8, Xy) + |Gyl *}dt + e—aw_s)k]
Obviously, we have

uVO(t, Xo) < pVO] < VOl = k.

IIVOII
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Therefore, we apply the dynamic programming principle to VO(s, ),

6
Q0> inf me[ / e-a<t-s>{f(t,xt)+|ct|2}dt+e-aw-sva(e,X@)}
C()eA 0 s

(4
> i i —a(t—s) 2 —a(6—s)1,0
> 'uC(l-I)léAHGle{/S e {f(t, X)) + |Ce|"}dt + e v (G,Xg)}

= uVO(s,x).
This shows that (4.10) holds, and the proof is complete.

Theorem 4.1 Assuming that (Hy), (Hg), (Hs) and (4.2) are satisfied. Then there is only
one wiscosity solution V € Cy of the quasi-variational inequality (4.3).

Proof Let V" = QV"~! € Cy. Obviously, we have
0<Vi=Qvl< VO
and then
o<Vr <yt <vO
Moreover, V0 — V1 < V9 By (4.9) we have
k
QVO—QVI < (1—)QV°, Vue (o, 7o A 1).
It shows that
Vievi<(1—p)vh

By iteration, we have
V=V < (1= )"V < (1= )" VO
Hence we get
Vn — V in C+.

By Theorems 3.2-3.4 we see that V'™ is a unique viscosity solution of the following quasi-
variational inequality:

ovn 1
o —LV"+f—Z|DV"|220 in [0, 7] x R™,
Vi< MV in [0,7] x R,
4.11)
v 1 (
( LV f - Z|DV"|2)(V" ~MV™~ =0 in[0,T] x R",
V(T,z)=g(T,x) on R”™.

Using the stability result of the viscosity solution in Theorem 2.2 and putting n — co, we get
that V is a viscosity solution of the quasi-variational inequality (4.3) in the sense of Definition
3.1 with MV substituting for g.

In order to obtain uniqueness, suppose that V; € Cy,7 = 1,2 are two viscosity solutions of
(4.3). Applying Theorems 3.3-3.4, we have

Vi=QVi, =12
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Obviously, we have V3 — Vo < V3. Appliying (4.9) and A = 1, we have
k
QVi—QVa < (1-wQVi, Yue (O’W AL).

Hence
Vi—Vo<(1—p)Vi.

By iteration,
N-Tm<A-w'Vi, n=12--.

Letting n — oo, we have V; < V5. The proof is complete.
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