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On the Decomposition Theorems for C*-Algebras
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Abstract Elliott dimension drop interval algebra is an important class among all C*-
algebras in the classification theory. Especially, they are building stones of AHD algebra
and the latter contains all AH algebras with the ideal property of no dimension growth.
In this paper, the authors will show two decomposition theorems related to the Elliott
dimension drop interval algebra. Their results are key steps in classifying all AH algebras
with the ideal property of no dimension growth.

Keywords C*-algebra, Elliott dimension drop interval algebra, Decomposition
theorem, Spectral distribution property
2000 MR Subject Classification 46135, 461.80

1 Introduction

Classification theorems have been obtained for AH algebras—the inductive limits of cut
downs of matrix algebras over compact metric spaces by projections—and AD algebras—the
inductive limits of Elliott dimension drop interval algebras in two special cases:

(1) Real rank zero case: All such AH algebras with no dimension growth and such AD
algebras (see [1-4, 7-8, 12-17]).

(2) Simple case: All such AH algebras with no dimension growth (which includes all simple
AD algebras by [9]) (see [5-6, 11, 18, 27-32, 39-40]).

In [11], the authors pointed out two important possible next steps after the completion of
classification of simple AH algebras (with no dimension growth). One of these is the classifi-
cation of simple ASH algebras—the simple inductive limits of subhomogeneous algebras (with
no dimension growth). The other is to generalize and unify the above-mentioned classification
theorems for simple AH algebras and real rank zero AH algebras by classifying AH algebras
with the ideal property. The ideal properties in the classification theory are intensively studied
previously (see [35-36, 41-42])In particular, ASI and AI algebras with the ideal property are
classified by the Stevens-Jiang invariant (see [22, 26, 41])In this article, we have achieved several
key results for the second goal by providing two decomposition theorems.

As in [8], let Ty; x be the 2-dimensional connected simplicial complex with H' (T %) = 0
and H?(Ty; ) = Z/kZ, and let Ij, be the subalgebra of M} (C|0,1]) defined by

I = {f S Mk(C[O, 1]) : f(O) € C-1; and f(l) eC- 11@]"

Manuscript received May 18, 2019.

1 College of Mathematics and Information Science, Hebei Normal University, Shijiazhuang 050024, China.
E-mail: cljiang@hebtu.edu.cn

2Department of Mathematics, University of Puerto Rico at Rio Piedras, PR 00936, USA.
E-mail: liangqing.liQupr.edu

3Corresponding author. Department of Mathematics, University of Puerto Rico at Rio Piedras, PR
00936, USA. E-mail: kun.wang@Qupr.edu



830 C. L. Jiang, L. Q. Lt and K. Wang

This algebra is called an Elliott dimension drop interval algebra. Denote by HD the class of
algebras consisting of direct sums of building blocks of the forms M;(I};) and PM,(C(X))P,
with X being one of the spaces {pt}, [0,1], S* and Tyrx, and with P € M, (C(X)) being
a projection. (In [2], this class is denoted by SH(2), and in [24], this class is denoted by
B). We will call a C*-algebra an AHD algebra, if it is an inductive limit of algebras in HD.
In [19-20, 23, 28], it is proved that all AH algebras with the ideal property of no dimension
growth are inductive limits of algebras in the class HD—that is, they are AHD algebras. By
this reduction theorem, to classify AH algebras with the ideal property, we must study the
properties of homomorphisms between those basic building blocks.

In the local uniqueness theorem for classification, it requires the homomorphisms involved
to satisfy a certain spectral distribution property, called the sdp property (more specifically,
sdp(n, §) property introduced in [18] and [11] for some positive real numbers 1 and §). This
property automatically holds for the homomorphisms ¢,, ,,, (provided that m is large enough)
giving rise to a simple inductive limit procedure. But for the case of general inductive limit
C*-algebras with the ideal property, to obtain this sdp property, we must pass to certain good
quotient algebras which correspond to simplicial sub-complexes of the original spaces; a uniform
uniqueness theorem, that does not depend on the choice of simplicial sub-complexes involved,
is required. For the case of an interval, whose simplicial sub-complexes are finite unions of
subintervals and points, such a uniform uniqueness theorem is proved in [23] (see [5, 26] also).
But for the general case, there is no uniqueness theorem for the general case involving arbitrary
finite subsets of M,,(C(Tis 1)) (or M;(Ix)). In this paper, we prove decomposition theorems
between such building blocks or between a building block of this kind and a homogeneous
building block. And we will compare the decompositions of two different homomorphisms in
the last part of Section 4. Such decomposition and comparison results will be used in the proof
of the uniqueness theorem for AH algebras with the ideal property in [19].

2 Notation and Terminology

In this section, we will introduce some notation and terminology. We can assume all con-
necting maps in the inductive system are injective (see [10]).

Definition 2.1 Let X be a compact metric space and v : C(X) — PMy, (C(Y))P (with
rank(P) = k) be a unital homomorphism. For any point y € Y, there are k mutually orthogonal
k
rank 1 pTojections P1,P2, Pk with Z Pi = P(y) and {xl(y)uxQ(y)v T 7xk(y)} cX (ma’y be
i=1

repeat) such that
k

V() =Y f@)p, VfeCX).
i=1
We denote the set {x1(y),z2(y), - ,zk(y)} (counting multiplicities) by Spi,. We call Spyy,
the spectrum of ¥ at the point y.

2.1 For any f € I, C My(C[0,1]) = C([0, 1], M (C)) as in [13, 3.2], let function f : [0,1] —
C U M(C) (disjoint union) be defined by
A, if t =0and f(0) = A1y,
F0) = it 1and f(1) =l
F(6), if0<t<l.
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That is, f(t) is the value of irreducible representation of f corresponding to the point ¢. Simi-
larly, for f € M;(Iy), we can define f : [0,1] — M;(C) U M;;(C) by

a, if t=0and f(0) =a® 1,
ft)y=14qb, ift=1and f(1) =b® 1,
f@), ifo<t<l.

2.2 Suppose that ¢ : I, = PM,(C(Y))P is a unital homomorphism. Let r = rank(P). For
each y € Y, there are ty,ta,- -+ ,t,n, € [0,1] and a unitary v € M,,(C) such that

_ 1rank(P) 0 *
Ply)=u ( 0 0)

and
JAGY
f(t2)
o(f)y) =u u* € P(y)Mn(C)P(y) (2.1)
S (tm)
O'ﬂ—T
for all f € Ij.
2.3 Let ¢ be the homomorphism defined by (2.1) above with t1,t2, -+ , ¢, as appeared in

the diagonal of the matrix. We define the set Sp¢, to be the points ¢;, %2, - - ,t,, with possible
fraction multiplicity. If ¢; = 0 or 1, we assume that the multiplicity of ¢; is %; ifo<t; <1, we
assume that the multiplicity of ¢; is 1. For example if we assume

t1=ta=1t3=0<t4 <5 < - <tlpoa<1l=tpn_1="1n,
then Sp¢, = {ON%,ON%,ON%,M, ts, o tmeo, I7F, 1~%}, which can also be written as
~3 ~2
Sp¢"/ = {0 oty s, 7tm—271 k}

Here we emphasize that, for ¢ € (0, 1), we do not allow the multiplicity of ¢ to be non-integral.
Also for 0 or 1, the multiplicity must be multiple of % (other fraction numbers are not allowed).
Let ¢ : C[0,1] = PM,(C(Y))P be defined by the following composition:

G C[0,1] = Iy & PM,(C(X))P,

where the first map is the canonical inclusion. Then we have Spi, = {Sp¢, }~*—that is, for
each element ¢ € (0, 1), its multiplicity in Spt, is exactly k times of the multiplicity in ¢,,.

2.4 (a) We use #(.) to denote the cardinal number of a set. Very often, the sets under
consideration will be sets with multiplicity, in which case we will also count multiplicity when
we use the notation f. The set may also contain fractional point. For example,

ﬂ{ola 12,0,0, 1} =95.

(b) We use a™* to denote a,a,--- ,a. For example {a™~3,0~%} = {a,a,a,b,b}.
—_———

k
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(c) For any metric space X, any x9 € X and ¢ > 0, let B.(v) £ {z € X | d(z,10) < c}, the
open ball with radius ¢ and center xg.

(d) Suppose that A is a C*-algebra, B C A is a subset (often a subalgebra), F' C A is a finite
subset and ¢ > 0. If for each element f € F, there is an element g € B such that || f — ¢|| <,
then we will say that F' is approximately contained in B within €, and denote this by F' C. B.

(e) Let X be a compact metric space. For any § > 0, a finite set {1, z2,- -+ ,x,} is said to
be d-dense in X if for any « € X, there is z; € {x1,22, -+ ,2,} such that dist(z,z;) < 4.

(f) We will use o or ee to denote any possible positive integers.

(g) For any two projections p,q € A, by [p] < [¢] we mean that p is unitarily equivalent to
a sub-projection of q. And we use p ~ ¢ to denote that p is unitarily equivalent to q.

2.5 Let A = M;(I)). Then every point ¢ € (0, 1) corresponds to an irreducible representation
7, defined by m:(f) = f(¢). The representations 7y and 7 defined by

mo = f(0), m =f(1)

are no longer irreducible. We use 0 and 1 to denote the corresponding points for the irreducible
representations. That is,

mo(f) = £(0), m(f) = f(1).
1

On—r

where some of ¢; may be 0 or 1. In this notation, up to unitary equivalence, f(0) is equal to
k
Under this notation, we can also write 0~% as 0. Then the example of Spg, in 2.3 can be

written as
Sp¢y = {ON%70N%70N%7t43 t5a o 7t7n—25 1N%7 1N%} = {QanQv t47t57 o 7tm—Qalal}'
2.6 For a homomorphism ¢ : A — M,,(I}), where A = I}, or C(X), and for any t € [0, 1],
define Sp¢y = Spy, where v is defined by the composition
Wi AL M, (L) — Mu(C[0, 1)).

Also Spe¢y = Sp(mp o ¢). Hence, Spgpg = {Sp(bg}”k.

2.7 Let ¢ : M,(A) — B be a unital homomorphism. It is well known (see [8, 1.34, 2.6])
that there is an identification of B with (¢(e11)B¢(e11)) ® M, (C) such that

o =¢1 ®id,, : M (A) = A® M, (C) — (¢(e11)Bo(err)) ® M, (C) = B,

where e1; is the matrix unit of upper left corner of M, (A) and ¢1 = @le,, m, (A)er, * A —

¢(€11)B¢(€11)-
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If we further assume that A = I, or C(X) (with X being a connected CW complex) and
B is either QM,,(C(Y))Q or M;(Ix,), then for any y € SpB, define Spg, = Sp(¢1),. Here, we
use the standard notation that if B = PM,,(C(Y))P then SpB =Y and if B = M;(I}), then
Sp(B) = [0, 1].

2.8 Let A and B be either of form PM,(C(X))P (with X path connected) or of form
M;(I;). Let ¢ : A — B be a unital homomorphism. We say that ¢ has property sdp(n,?)
(spectral distribution property with respect to n and §) if for any 7-ball

B, (z) ={z' € X | dist(2',z) < n} C X(=Sp(A))
and any point y € Sp(B),
8(Spey N By(x)) = 6 - 1Spey,

counting multiplicity. If ¢ is not unital, we say that ¢ has sdp(n,d) if the corresponding unital
homomorphism ¢ : A — ¢(14)Bd(14) has property sdp(n, d).

2.9 Set P"X = X x X x---x X / ~, where the equivalence relation ~ is defined by

n

(xlv'va"' 71771) ~ (17117$I27 7'1:'/n,)

if there is a permutation o of {1,2,---,n} such that x; = x;(i) for each 1 <i < n. A metric d
on X can be extended to a metric on P"X by

d([:l?l, T, - 7:1:77«]3 [213/17212/2, o ax;z]) = moin 1I£za§Xn d(‘r“x:r(z))v
where o is taken from the set of all permutations, and [x1,x2, -+, 2,] denotes the equivalence
class of (21,2, - ,x3) in PFX.

2.10 Let X be a metric space with metric d. Two k-tuple of (possible repeating) points
{z1,22, 2} C X and {a},2), -+ ,2),} C X are said to be paired within » if there is a
permutation o such that

d(aci,x;(i)) <n, i=1,2--,k.

This is equivalent to the following statement. If one regards [z1, z2, -+, ] and [2], 25, -+, 2]
as points in P" X, then

d([ZEl,J?Q," . wrn]v [xllazl%' o 7x;7,]) <.

2.11 For X = [0,1], let P™F X, where n,k € Z;\{0}, denote the set of £ elements from
X, in which only 0 or 1 may appear fractional times. That is, each element in X is of the form

{ONLkovtlthW" 7tm71~%} (22)
With0<t1gtgg---gtm<1and’;€—°+m+%:%.
An element in P™*) X can always be written as

k1

{ONkTovtlvt27"' 7t’i71~T}3 (23)
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where 0 < kg <k, 0< ki <k, 0<t; <ty <---<t; <1and %—l—i—l—%:%. (Here t; could
be 0 or 1.) In the above Representations (2.2)—(2.3), we know that

ko =ng (mod k), ki1 =mn; (mod k).
Let
~%o ~5 (n,k)
y:[o k7t17t27"'ati71 k]EP ’ X7
k{ KA
y = [0~ 17 ] e PRI X
with ko,kl,ké,ki S {0,1,"~ Jk— 1}.

We define dist(y,y’) as the following: If ko # k{, or k1 # ki, then dist(y,y’) = 1; if ko = k{
and k1 = k] (consequently ¢ = i’), then

. no_ 4
dist(y, y') = max [t; — 1]

as we order the {¢;} and {t;} astq <ty <---<t;and t) <th <--- <t respectively.

Note that PV X = P"X with the same metric. Let ¢, : Iy — M,(C) be two unital
homomorphisms. Then Sp¢ and Spy define two elements in P(™*)[0,1]. We say that Sp¢$ and
Spy can be paired within 7, if dist(Sp¢, Spy) < 7.

Note that if dist(Sp¢, Spy) < 1, then KK (¢) = KK ().

2.12 Let A = PM(C(X))P, or M;(I;;) and X1 C Sp(A) be a closed subset—that is, X
is a closed subset of X or of [0,1]. We define A|x, to be the quotient algebra A/I, where
I={f€A, flx, =0} Evidently Sp(4|x,) = X;.

If B=QMi(C(Y))Q, ¢ : A — B is a homomorphism, and Y7 C Sp(B)(=Y or [0,1]) is a
closed subset, then we use ¢|y, to denote the composition:

oly, - A -2 B — Bly,.

If Sp(ély,) € X1 UXoU---U Xy, where X7, Xo, -+, X}, are mutually disjoint closed subsets of
X, then the homomorphism ¢|y, factors as

n
A= Alx,uxo0-0x, =P Alx, = Bly:.
i=1

We use ¢
Do

{/(11' to denote the part of @|y, corresponding to the map A|x, — Bly,. Hence ¢|y, =

X;
Y:

3 Decomposition Theorem I
In this section, we will prove the following theorem.
Theorem 3.1 Let F' C I}, be a finite set, € > 0. There is an n > 0, satisfying that if
¢ : Iy » PMo(C(X))P (dim(X) < 2)
s a unital homomorphism such that for any x € X,

t(Speln[0.2]) >k, #(Speln[1-T1]) >k,
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where
¢ C[0,1] - I, -2 PM(C(X))P,

then there are three mutually orthogonal projections
Qo, Q1, 1 € PM{(C(X))P
with
Qo+ +P =P

and a unital homomorphism
2/11 : Mk(C[O, 1]) — PlM.(C(X))Pl,

such that
(1) write ¥(f) = f(0)Qo + f(1)Q1 + (¢1 0 1)(f), then

I 6(f) —v(f) lI<e

forall f € F C I, C M(CI0,1]), and
(2) rank(Qo) < k and rank(Qq) < k.

We divide the proof into several steps.

3.1 Let n > 0 (and 1 < 1) be such that if | t =t [< n, then || f()— f(t') ||<  forall f € F.
We will prove that this n is as desired. Let a unital homomorphism ¢ : I, — PM,C(X)P
satisfy that §(Spg, N [0, 2]) > k and #(Spe, N [1 — 2,1]) > k for each x € X. We will prove
such ¢ has the decomposition as desired.

3.2 Let rank(P) = n, and let e; ; € M,,(C) be the matrix units. For any closed set Y C [0, 1],
define hy € C[0,1] C I;, (considering C[0,1] as in the center of I};) as

L, iftey,
12n . - n
_ = < 1
hy (t) = 1 ; dist(t, x), if dist(¢t,z) < T2
e 1 n
0 f dist(¢, x) > ——.
: if dist(t,z) > Ton
Define H' = {hy | Y is closed} U {hye;; | Y C [f-,1 — 3] is closed}. Note that for a
closed set Y C [g2=,1 — 13=], hy(0) = hy (1) = 0, and therefore hye;; € I}. Note also that the

family H’ is equally continuous. There is a finite set H C H' satisfying that for any b’ € H’,

dh € H such that .

1< Bmr e

For finite set HU F, ¢ > 0 and ¢ : I, — PM,(C(X))P, there is a 7 > 0 such that the
following are true:

(a) For z,2" € X with dist(2’, 2) < 7, Sp¢|, and Sp¢|,s can be paired within gz5. This is
equivalent to the condition that Sp¢’|, can be paired with Sp¢’|,s within 57 (since KK (¢[.) =
KK (), where ¢ = ¢ o1 is as the above.

(b) For z, 2’ € X with dist(2/,z) < 7,

[p(h)(x) — d(h)(a)]

| h—H

g
< - -
‘—1ﬂn+1ﬁ’
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regarding ¢(h)(x) € P(x)Me(C)P(z) C Mo(C) and ¢(h)(x') € P(2')Ms(C)P(2") C Mo(C). In
particular, |P(x) — P(2')| < Tomgz Since 1 € H.

3.3 Choose any simplicial decomposition on X such that for any simplex A C X, the set
Star(A) = U{A’| A’ is a simplex of X with A"NA # 0}

o
has diameter at most %, where A’ is the interior of the simplex A’.

3.4 We will construct the homomorphism v : I, — PM(C(X))P which is of the form

U(f) = f(0)Qo + f(1)Q1 + 1 (f)

as described in the theorem. Our construction will be carried out simplex by simplex.
First, define the restriction of map ¢ to PMe(C(X))P|, = P(v)M¢(C)P(v) for each vertex
v € X. The homomorphism is denoted by

¢|{v} I, — P(U)M.((C)P(’U).

(Here and below, we refer the reader to 2.12 for the notation v|x, for a subset X; C X.)
Next, we will define, for each 1-simplex [a,b] C X, the homomorphisms

Ylap) : Ik = Plia,p)Me(C([a, b])) Pl

which will give the same maps as the previously defined maps v|;,} and 1|} on the boundary
{a,b}. Finally, we will define, for each 2-simplex A C X, the homomorphism

¢|A : Ik — P|AM.(C(A))P|A

such that ¥|spa should be the same as what previously defined.

3.5 For each simplex A of any dimension, let Ca denote the center of the simplex. That is, if
A'is a vertex v, then Ca = v; if A is a 1-simplex identified with [a,b], then Ca = “T'H); and if A is
a 2-simplex identified with a triangle in R? with vertices {a, b, c} C R? then Ca = %HC € R?
which is barycenter of A.

3.6 According to each simplex A (of possible dimensions 0, 1 or 2), we will divide the
set Spg'|a C [0,1] into pieces, where ¢/ : C[0,1] < I, 2+ PM.C(X)P. (Recall Spd/|, =
{Sp¢|, }~*, and Sp¢’|, has no fractional multiplicity.) So for each x € X,

Sp¢’|z = n =rank(P) (counting multiplicity).

If we order Sp¢/|,. as
0<Aifz) < Aofz) <+ < Anfz) <1,

then all functions )\; are continuous functions. By path connectedness of simplex A, the set
Spo|a can be written as

Spd|a = [ao, bo] U [a1,b1] U -+~ U fag—1, b —1] U [ags, br]

with
0<ap<by<ar<br<ar<by<---<ap_1<by_1<ap by <1
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(Note that, if a; = b;, then [a;,b;] = {a;} is a degenerated interval.)

We will group the above intervals into groups Tp U T U - - - U Tlag such that Spo|a = UTj,
with the condition that for any A € T}, € Tj41, we have A < u, according to the following
procedure:

(i) Spgla N [0,2 + {] C Tp, that is, all the above intervals [a;, b;] with a; < 2 + &
should be in the group Tp; and Spg|a N [1 — (ﬂ + 1;7n) 1} C Tast, that is all [a;,b;] with
b >1-— (ﬂ + m) W111 be grouped into the last group Tiast.

(i) fa; — b1 < then [aZ 1 bZ 1] and [a;, b;] are in the same group, say 7).

(iii) If a; — bi—1 > 18-, a; > 7 + 7= and b;—1 < 1 — (% + 12”) then [a;—1,b;—1] and [a;, b;]
are in different groups, say 7 and Tjt1.

Denote Tiast by T, (ice., la = last) — if there is no confusion, we call 7}, by 7;. Let to = 0,
so = max{%, maxTp}, t; = min{l — 2, min T}, s; = 1; and for 1 < i <[, let t; = minT}, and
s; = maxT;. Then T; C [t;, s;]. With the above notation, we have the following lemma.

12’

Lemma 3.1 With the above notation, we have the following:
(a) Length[to, so] < 1+ &;
(b) Lengthlt;,si] < 7 + &;
(¢) Lengthlt;, s;] < 77 forze{l =1
() i+1 — Si 12nf07n7’€{07 ) 771_1}
Proof From (ii) of 3.6, we know that minT;; —maxT; > 12-;
minTy > 2 + <L and max7;_; < 1— (2 + ). Hence (d) holds.
The following fact is well known:
For any two sequences 0 < A\ < Xg < --- <Ay <land 0 < pyp <po <-oo <y <1

{Ai}; and {p;}; can be paired within o if and only if |\; — ;| < o for alli € {1,2,--- ,n}.
k/
Note that A is path connected and Spp|a = | [ai, bi] with [a;, b;] N [a;,b;] = 0 if ¢ # j. We

and from (i), we know that

i=1

conclude that for any 2,2’ € A and 1,

8(Spgl N [ai, bi]) = 4(Spgl=r N [ai, bi])

counting multiplicity. In our construction, we know that Spe|, and Sp¢|,. can be paired within
using the above mentioned fact. We know also that

Spél. N las, bi], Spel.r N [as, b

can be paired within 57-. Consequently

_n_
24n2"’

(@i, bi] C_n, [ai, bi] N Spdloa,

where Cx is the center of simplex A. Note that Spg|c, N [a;,b;] is a finite set with at most

n points in [0 1] and -neighborhood of each point is a closed interval of length at most

24 2
(W) -2 = 12”2 Hence we have

U U
length[a;, b;] < ( ) =1
engthla;, bi] < 12n2 " 12n

Furthermore, each T contains at most n intervals [a;, b;]. And for each consecutive pair of
intervals in T (0 < j < 1), we have

n.on n oo
i bi i+1, bi (— —71—( —))
lai: bi] Ulaisns bin] < (3 + 50 1 1on
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838
and the distance between them a;1 —b; < gg-. That is, the gap between them is at most 3.

Hence for each i € {1,2,---,1 — 1}, the length of [t;, s;] is at most

n n n
L 1) — <1
mon T D s <G
(at most n possible intervals and n — 1 gaps).
Also,
n,.n
lengthltg, so] < = + =
engthlto, so] < 7 + G
and
n.,n
lengthlt;, s;] < = + =.
engthlt;, s 1 + 5

3.7 For each simplex A with face A" C A, we use T;(A) and T;(A’) to denote the sets
[ti(A), si(A)] or [t;(A"),s;(A”)] as in 3.6, corresponding to A and A’. Then evidently, the

decomposition
Spolar = [ J(T;(A") N Spe|ar)
J

is a refinement of the decomposition Spp|a = U(T;(A) N Spd|a)— that is, if two elements

A, 1t € Spg|ar are in the set T;(A’) for a same index j, then they are in the set T;(A) for a
same index 7.
3.8 For each simplex A, consider the homomorphism

(;5 I — PM.(C(A))P = A|A.

1
U [t5, s;], ¢ factors through as

Jj=1

l
Since Spgla € U T;(A) =
j=0
L DPj
Iy = @ Iily, s;) —= PMo(C(A))P.
7=0

Let Pj(z) = ¢j(1kl,,s,))(z) for each z € A. Then Pj(z) are mutually orthogonal projections

satisfying
!
Pj(z) = P(z).
j=0
By the assumption of Theorem 3.1, we have rank(P,) > k and rank(P;) > k.

3.9 Now we define ¢ : I, — A|a simplex by simplex, starting with vertices — the zero

dimensional simplices.
Let v € X be a vertex. As in 3.6, we write

l
Sp¢|{v} = U[tiu Si] N Sp¢|{v}7

=0
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where 0 =tg < sog<t1 <s1<---<t_1<s.1<t<s =1, with

th SO] C |:07 ﬂ:|7

[ [
[1—%,1} C It 5] C [1—%,1},
0 ¢

Recall that ¢|gyy : I — P(v)M¢(C)P(v) (as in 3.8) can be written as

l
¢|{’U} = dia’g(¢07¢17 e a¢l> : Ik — @P’LMU((C)P’L C P(U)M.(C)P(U)a
=0

[ti,si]

where ¢; = ¢ ) I, — I

!
(ti,s] — PiMo(C)P; and P(v) =  P;. (Here and below, we
i=0

refer the reader to 2.12 for the notation (;5|)Z(”1 (X1 C X), which makes sense, provided that
Sp(¢lx,) € UZ;, where {Z,} are mutually disjoint closed subsets of the spectrum of the
J

domain algebra of ¢.)
From now on, we will use diagy<;<; (¢i) to denote diag(¢o, ¢1, -+ , 1)
Define wi I [t:,54] — HM.(C)H by

Vi =¢i f1<i<l—1.

(That is, we do not modify ¢; for 1 <i <1 —1.) For i =0 (the case i = [ is similar) we do the
following modification. There is a unitary u € M¢(C) such that

do(f)(v) =u f(&) u®,

f(&ee)

where & € (0,81], 0 < & <& < -+ < &ge < 51. Or write it as

¢0(f)(’l}) = Udiag(f(Q)Nja f(gl)v f(§2)7 T 7f(§oo)a 0,--- 7O)U*'

If 0 < j < k then we do not do any modification and just let g = ¢o. If 7 > k, then write
Jj=kk +j with 0 < j/ <k, choose & € (0,&1), and define

Yo(f)(w) = udiag(F(O)™, (€)Y, F(€1), F(E2)s -, F(Eae), 0, -, 0)u™.
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That is, change kk’ terms of f(0) in the diagonal of the definition of ¢ to k' terms of the form
f(&). If 5 =0, then we change & to 0, that is,

Yo(f)(v) = udiag(f(0)™, f(€2), . f(Eea), 0, , O)u’.

Since [§' — 0] < 2 and [{; — 0] < 3, we have ||¢o(f) — o(f)|| < § for all f € F (see 3.1).
We modify ¢; in a smnlar way to define v;. Let

¢|{U} = dia’g(d)ﬂa 7111, e 7¢l> g — P(U)M'((C)P(U)?

where ¢ =[5, Then [[¢(f) — ¥(f)|| < £ for all f € F.

Remark 3.1 Let us emphasize that the homomorphisms 1; are the same as ¢; for i €
{1,2,-+ Iy — 1} We modify ¢o and ¢; (I = lf,3) to get ¢ and 7).
Also, we have
Sp(to) C [0, so], SP(‘/’Z{U}) - [tl{u}? 1.
Furthermore, 1;(1) = ¢;(1) for any 4, and consequently (1) = ¢(1).
3.10 Now consider 1-simplex A=[a,b] C X. We need to deﬁne Y|a = VY|[q,p from previously
defined [(4 and |y, According to 3.6, write Spg|a = U Spola N T;(A) with To(A) =

=
[0,50(A)] and T;, (A) = [tio(A),1]. Recall that in the deﬁmtlon of ¥l(ay, Ylgpy, we use the

decomposition

. T;({a
¢|{a} = dlaglgjgl{a}(¢|{a§.{ }))

and
T; ({b})
ol = diag<;<1,,, (6173,
l{a}({ }) 1] tl{b}({b})!l]

,so{a ,s0{b
olinst (or o5 and gupay = 0l (or ¢l ).

For A = [a,b], let us consider the decomposition

and only modified ¢g =

Ia
i(A),s5 (A
Bla = @D ol @ =)

j=1
. " [t (A),s;(A)]
From the above, we know that for any 0 < j < [a, the definition of ¢|{a}
( |[t 3 (D),85 A))

is the same

l{a}, since the decomposition

Lay
Spél 1y = (J T5({a}) N Spol(ay

J=1

is finer than the decomposition

A
Spoliay = |J T5(A) N Spél(ay
j=1

(see 3.7) and only partial maps involving [0, s1{a}] (C [0, s1(A)]) and [t;,,, ({a}), 1] (C [tin (A),1])
are modified. The same is true for ¢|(y and ¥|gy. Therefore, we can define the partial maps

i(A),s;(A i(A),s; (A
¢|[£J( )58 ( )]:¢|[£g( )>85(A)]
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for 0 < j < la. The only parts need to be modified are ¢|[§’S°(A)] and ¢|[E(A)71].

3.11 Now denote ¢|[£’SO(A)] (A = [a, b]) by ¢p and ¢|[£1(A)’1] by ¢1, and so(A) by so, tya)(A)
by t;. Now we have two unital homomorphisms

(;50 : Ik|[0)50] — PQM.C(A)PO

and
01+ Ikl — PIMLC(A)P,

where Py, P, are defined as in 3.8. We will do the modification of ¢ to get ¥y (the one for ¢
is completely the same).

We already have the definitions of 1o[(q} and vo|y. Note that Py € M¢(C(A)) can be
written as ¢(hjo,s,]), Where hjg 5, is the test function appeared in 3.2, which is equal to 1 on
[0,50] and 0 on [sg + 72=,1]. (Note that ¢(h( ) is a projection since Spp C [0, so] U [t1,1]
and t; > so 4 1) Consequently,

€

[ Po(x) — Po(y)l| < 2+ 12

for all x,y € [a,b] = A (see (b) of 3.2).
There exists a unitary W € M(C(A)) such that
1

1
Py (x) = W(x) rank(Po)xranlé(Po) W* (CL‘)

e

for all z € A and [|W(z) — W(y)|| < HEEIER

To define
Yo = Irljo,s0) = PoMe(C(A)) Py,

it suffices to define
AdW o 1/)0 : Ik|[0,so] — Mrank(Po)(C(A))a

since
* _ 1rank(Po) 0
W*PyW = < 0 o)
Note that
8(Sptol(ay N {0}) = rank(P) (mod k),
where

B+ €10, 50] = Iklpo ) 2 Po({a})Me.(C) Po({a}).
(This is true since the multiplicities of all the spectra other than 0 are multiples of k.) Similarly,
8(Sptol by N {0}) = rank(Py) (mod k).
Also, from the definition of ¥ on the vertices (namely on {a} and {b}) from 3.9, we know that

ﬂ(SpJol{b} n{0}) = ﬂ(SpJol{a} N{0}) £k <k
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Lemma 3.2 Suppose that two unital homomorphisms
0/7 O/I : Ik'[(),so] — Mrank(Pg)((C)

satisfy that
0 < #(Spa’ N{0}) = ¢(Spa”’ N{0}) <k

counting multiplicity, where & (or &) is the composition
C[Oa SO] — Ik|[07so] i> Mrank(Po)((C) (O’I’ C[Oa SO] — Ik|[0,so] a—> Mrank(Po)((C))v
then there is a homomorphism
(0% Ik'[(),so] — Mrank(Po)(C[aa b])a

such that 0 < §(Spal; N {0}) <k for allt € [a,b] and o,y = o/, a|py = o, where again & is
the composition
O[Ov 50] — Ik|[07so] i> Mrank(Po)(C[aa b])

Proof We can regard [a, b] = [0, 1]. There are two unitaries u,v € Myani(p,)(C), a number
kK €{1,2,--- k}, and two finite sequences of numbers:

0<& <& < <& < sp,
0<& <G < <& <s

such that
f(0)
/ _ f(Q) k' x k' *
“f) = f(&) !
f(&)
and
f(0)
" — f(Q) k! x k'’ *
R 7€) ’
f&)
Let u(t), 0 < ¢ < 1 be any unitary path with «(0) = u, u(3) = v. Define a as follows.
For 0 <t < %,
f(0)
f(Q) k/xk/
a(f)(t) = u(t) F(&) u*(t);

f(&2)

f(&)
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andfor%ﬁtgl,
f(0)

_ | f(Q) k! Xk’ :
a(f)(t) =v F((2=26)& + (2t — 1)) o

(2 —2t)6 + (2t — 1)&)

Then « is a desired homomorphism.
3.12 Applying the above lemma, we can define

Qo Ik|[07so] — Mrank(Po)(O[av b])

such that
10 algqy = AdW (a) o Yolia}

and
70 a|{b} = AdW(b) e} ¢0|{b},

where 2 : Miank(p,)(C) — Mo (C) is defined by
A0
1(A) = < 0 0) .

Yo = Iiljo,s0) = PoMe(C(A)) Py
by o = AdW* o (10 a) — that is, for any ¢ € [a,b] = A,

Define

wiho=we (90 D).

As mentioned in 3.10, when we modify ¢[(, 5 to obtain (), we only need to modify

bo = (;5“272]0] and ¢; = ¢|Ell ’bl]]. The modifications of ¢; to v; are the same as the one from ¢q to

0. Thus we have the definition of 9[(, ;) = diagy<;<;(¢:)-
3.13 Let us estimate the difference of ¢|(, ) and 9[(, 4 on the finite set ' C I;. Note that
Plla,p) = diagoi<i(di), Yl = diagoe;<;(¥i)

and ¢; = ¢; for 0 < i < 1. So we only need to estimate ||¢o(f) — vo(f)|l and ||¢i(f) — Li()|l-
Note that ¢g and vy are from Iy|(g 5, to PoMe(Cla, b]) Py, where Py is as in 3.11. And both
AdW o ¢y and AdW o 1)y can be regarded as 20 ¢ and 1201’ for

¢I7 ’@[/ : Ik|[0,50] — Mrank(Po)(C[au b])u

where
(2 Mrank(Po)(C[au b]) — M’(C[a7 b])

2(A) = (‘g 8)

is given by
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Claim Let « : Iy|o,59] = Mrank(p,)(Cla,b]) be any unital homomorphism. Then we have

£
a(f) = -
f (Q) rank(Py)

In fact, for each x € [a,b], there exist u, € U(Mank(py)(C)), K € {1,2,---,k} and
0<& <& < < &e < 50 such that

f(&ee)
It follows that

la(f)(@) = £(Q) - Lrank(ry) |
[ )

© ) ((Q) )

- oy B ), .
= (&) £(0) e
i () £(0)

0
0
= 0 k' x k!
(&) — £(0)
[(£ea) — f(0)

Thus, the claim is true.
It follows from the claim that

[6(H)® = (NN < 2max (sup (€)= FO, sup [£(€) = FDI) <2
1 <E<1

0<&<s0

for all t € [a,b], and f € F, as [so — 0] < 3 and [t; — 1| < 5. Hence we have the definition of 1)
on the 1-skeleton X (V) C X satisfying

l6(H® = (O] < 2

forallt € XM and f € F.
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3.14 Now fix a 2-simplex A C X. We define
U|a : Iy = PMo(C(A))P
based on the previous definition of
Y|oa : Iy = PMGC(OA)P.

Again, write
dla = diagy<i<yia)(¢i),

where

b = [ii(A)aSi(A)] _ Ikl[ti,si] N PiM.(C(A))Pi

and P; are projections defined on A with

1(A)
Y Pi(z)=Plx), VzeA

For each face A’ C A, we know that the decomposition

lA’ lA’
Spg|ar = U T;(A') N Spglar = | J[t5(A), 55(A")] N Spe|a-
j=0

is finer than the decomposition

Ia

Ia
Spelar = [ T5(8) N Spglar = [J[t5(4), 55(A)] N Spglar.

=0

Consequently,
[0,50(A")] C [0,50(A)],  [tuar, 1] C [tiay, 1.

Note that when we define 1|a. by modifying ¢|a/, we only modify the parts of ¢|
and ¢|Al,(N — that is

[0,50(A")]

[s0(A") 48,8 ary(A)=4] [s0(A")+8,t;ar)(A")— 5]

Blar =|ps

where ¢ € (0, 13--). Hence

[t1(A),s1(a)- 1(A)] [tl(A)751(A)—1(A)]

ol Ular

since .

ti(A A) 4+ —— > s9(A/

1(A) > so( )+12n_80( )+
and

spay—1 < tl(A)(A) — % < tl(A/)(A ) — 0.

Because A’ C JA is an arbitrary face, we have

|[t1(A) 2S1(A)— 1(A)] |[t1(A) 2S1(A)— 1(A)]
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Therefore similar to what we did on 1-simplexes, define

¢|[tJ(A 255 (A)] :¢|[£j(ﬁ);8j(ﬁ)]

for j € {1,2,--- ,I(A) — 1}. Then we only need to modify ¢|[0 s0(A)] = ¢¢ and ¢|[£Z(A)’1] = ¢.
We will only do it for ¢y.

3.15 We have the definition of unital homomorphism

Yoloa : Iilo,s0) = PoMe(C(0A)) Py

such that N
ﬁ(sp¢0|w N {O}) = k/ € {1727 e 7k}

for any x € A, where A is a 2-simplex and 7:[;0 is defined as the composition
C0, so] = I l(0,s0] o, PyMo(C(0A)) Py
We need to extend it to a homomorphism
Yola : Ikljo,s) = PoMe(C(A)) Py

such that #(Spio|a N{0}) = &' for all z € A Once this extension is obtained, as in 3.13, we

[9:50) and ¢|[AO’S°] are approximately equal within § for

can use the claim in 3.13 to prove that ¢|
all feF. (Note that in the argument of 3.13, the estimation is true which do not depend on
the choice of the extension. It only uses [so — 0] < 3 <7, and ||f(t) — f(t')|] < § whenever

[t—t]<n.)
There is a W € U(M4(C(A))) such that

Po() = W(x) (1ran(1)<(P0) o) W (2)

for all z € A. Again, if we can extend

Lian 0 Lian 0 0
(AdW oo)lan : Ikl[0,s0) — ( (1)<(P0) O) M, (C(A)) < (1)<(P) 0)

to
1ran O 1ran O
ala : Ikljo,s0] = ( S(PO) 0) Mo (C(A)) ( S(PO) 0) ;

then we can set 1p|a = AdW*oa|a to obtain our extension. But (AdW otg)|sa (or a|a) should
be regarded as a homomorphism from Iy|(g s5] t0 Miank(p,)(C(OA)) (or to Myank(py)(C(A))).
Hence the construction of ¢y|a follows from the following lemma.

Lemma 3.3 Let 3 : Ii|jg s, — Mn (C(S')) be a unital homomorphism such that for any
x e S,
1(Sp(Bo2). N{0}) = K e {1,2,---,k}
for some fized k' (not depending on x), where v : C[0,s0] — Ix|[0,s,)- Then there is a homomor-
phism
B Ixlo,5) = M (C(D)),
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where D is the disk with boundary S*, such that
1Sp(B o). N {0} =K
for all x € D and 7o B = B, where
™ M (C(D)) = M (C(Sh))

is the restriction.
Proof Let h(t) =t-1; be the function in the center of Iy [ s,;. Then B(h) is a self adjoint
element in M, (C(S')). For each z € S1, write the eigenvalue of 8(h)(z) in increasing order

0=MX(2) < Xa(z) < - < M\ (2) < s0.

Then A1, A2, - -, Ay are continuous functions from S* to [0, sg]. From the assumption, we know
that A (2) = Aa(2) = -+ = Aw(2) =0 and for all j > &, \;(2) > 0. (Note that each A; (j > k)
repeats some multiple of k times.) Consequently, there is £ € (0, so] such that \;(z) > £ for all
j > k'. Hence 8 factors through as

diag(Bo,B1)
Iilfo,s0) = Trl{oy ® Ikljg,s0) ——— Mo (C(SY)),

where
Bo : Iklgoy (= C) = QoM (C(S"))Qo
and
B+ Iilie s (= Mi(C[E, s0])) = Q1M (C(S1)Qu
with

Qo+ Q1 = 1,y € M, (C(SY).

Note that rank(Qo) = &', and rank(Q;) = n’ — &, which is a multiple of k. Write rank(Q;) =
n’ — k' = kk”. There is a unitary u € M, (C(S')) such that

* 1k’ 0 ® 0 0
UQOU - < O O) ) quu - <O 1n’—k’> .

Hence
Adu* o 8 = diag(f;, £1)

with

B5 : Irl {0y (= C) = My (C(SY)),

B1 + Iklig,s0) (= Mi(CIE, 50])) = My (C(SM)).
Evidently,

C
Bolc) = =c 1y € Mp/(C(SY)), VeeC.

c

For B}, there exist 3" : C[€, so] — My (C(S1)) and a unitary V € My (C(S1)) such that

VBNV = p" @idp(f), VS € Mk(CIE, s0]).
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Let

Then

(AdW™ o B)(f) =
A" @idk(f)

Let m be the winding number of the map
Stz det(W(2)) e TCC.
Then W € U(M,,(C(S1))) is homotopic to W’ € M, (C(S')) defined by

W'(z) = 1 , VzeS'=T.
1
Let {wr}1<,<; be a unitary path in M, (C(S1)) with
wi(z) =W(z), wi(z)=W(z), Vze St

Evidently the homomorphism

8"+ C¢, s0] = My (C(S))
is homotopic to the homomorphism

8" Cl& s0] = My (C(S1))

defined by

B"(f)(@™) = F(€) Ly
— that is 8”(f)(e'?) is the constant matrix f(£)1x~ (which does not depend on ). There is a
path {ﬁr}ogrg% of homomorphisms

Br: C([&, 50]) = My (C(S))

such that ﬁ% = 3" and By = B".
Finally, regard D = {re!?,0 <7 < 1}, and define 3 : Ii|j,s,) = M (C(D)) by

<f(Q) )
w* (el? wrew’ i 177', ,
" o k(;k )(f)(e?) e
N o " @ idy ol
B(f)(re 0) = £(0)
( "f(Q)>k’><k’ ’ ingrgé.
(8- @idg)(f)(e*)
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This homomorphism is as desired.

Proof of Theorem 3.1 From the above arguments, we have constructed
Y Iy = PMo(C(X))P

with the property -
lo() —w(h)ll < 5

for all f € F. And importantly, for each z € X, ﬂ(Sp1/)|m N {0}) is a constant k" € {1,2,---  k}
and #(Spe|, N {1}) is also a constant ke {1,2,--- Kk}, where ¢ is the composition

C[0,1] = Iy -5 PM.(C(X))P.

Let h(t) = t -1y € I be the canonical function in the center of Iy. Then ¢ (h) €
PM,(C(X))P is a self-adjoint element. For each x € X, denote the eigenvalues of ¥ (h)(z)
by

0 < Ai(w) < Aa(z) <+ < Nank(py () < 1.

Then all \;(z) are continuous functions from X to [0, 1]. Furthermore,

)\1({E) = )\2(1‘) == )\k/(CL‘) = O,
0 < Apr+1(2) < Aprg2(®) < < Avani(p) -y (7) < 1

and
)\rank(P)—ki-i—l(x) = /\rank(P)—k’l-i—Z (:Zj) == /\rank(P) (:E) =1
Let
& = mln Mer1(w) >0, o = max Aank(p)—w () < 1.
Then

Spy C {0} U [&1,&] U {1}
That is, ¢ factors through as

diag(ao,1,01)
=,

Iy = Ca Mi(Clé1,&]) & C PM,(C(X))P,

where we identify Ik|{0} = C and Ik|{1} =C
Let Qo = ap(1), Q1 = ai(1) and Py = ¢1(1as, (¢ (j¢1.¢2])))- Finally, regarding ¢; as

M (C[0,1]) 2880 A (C([€1, &) 2 PLML(C(X)) Py,

we finish the proof of Theorem 3.1.

3.16 From the definition of ¢ in the above procedure, for every x € X, the map
Gl I 2 PMy(C(X))P 22Mate 28 20 b0y M, (C) P(a)
is defined when the construction of

¥la : Iy — PMo(C(A))P
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is carried out for the unique simplex A such that z € & (the interior of A). And when we

define ¥|a by modifying ¢|a, the only modifications are made on the two parts ¢|[§’S°(A)] and

¢|[£L(A)’1]. Consequently,

Spolz N (s0(A),t1(A)) = Spl. N (s0(A), t1(A))

as sets with multiplicity. On the other hand for any simplex A, so(A) < 2 and t;(a)(A) > 1—1.
Hence

sl 131 2] = [

If we further assume that ¢ has property sdp(g, (5), then v has property sdp(n, §). As a conse-
quence, we can use the decomposition theorem for

1+ M (C0,1]) = PLM4(C(X)) Py

to study the homomorphisms ¢,¢ : I — PM(C(X))P. Note that the homomorphisms
f= f(0)Qo and f — f(1)Q; factor through the C*-algebra C.

3.17 Lemma 3.3 is not true for the case k¥’ = 0. In fact, there exists a unital homomorphism
a : Mi(C) — Mi(C(S')), which can not be extended to a homomorphism @ : My(C) —
My (C(D)). Let my, = Ii|jo,59) — Mi(C) be the map defined by evaluating at the point sq.
Then 3 = aomy, : Iiljo,.ss) — Mr(C(S")) can not be extended to B : Ii|j,s, — Mi(C(D))
such that Sp(B01), N {0} =k’ = 0 for all z € D, where ¢ is the canonical map from Mj(C) to
It |i¢,so] for some 0 < ¢ < sp.

4 Decomposition Theorem II

Our next task is to study the possible decomposition of ¢ : C(X) — M;(Ij,) for X being
[0,1], S* or T k. The cases of [0,1], S! are more or less known (see [4, 9]). Let us assume
that X is a 2-dimensional connected simplicial complex.

The following lemma is essentially due to Su [38]. The case of X =graph was stated in [27].

Lemma 4.1 For any connected simplicial complex X, a finite set F C C(X) which gener-
ates C(X), n > 0 and a positive interger n > 0, there is a § > 0, such that for any two unital
homomorphisms ¢, : C(X) — M, (C), if ||o(f) — o (f)]] < for all f € F, then Sp(¢) and
Sp(¥) can be paired within 7.

This is a consequence of [39, Lemmas 2.2-2.3]; also see [25, argument 2.1.3]. For the case
of graphs, it was stated in [25, 2.1.9].

Lemma 4.2 For any connected simplicial complex X, a finite generating set F C C(X),
e > 0 and positive integern > 0, there is & > 0 with the following property: If x1,xo,- -+ ,x, € X
are n points (possibly repeating), u,v € M, (C) are two unitaries such that

f(z1) f(z1)
f(x2) f(x2)

(@) fla)
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for all f € F, then there is a path of unitaries uy € M, (C) connecting u and v (i.e, ug =
u,u; = v) with the property that

f(z1) f(x1)
f(z2) f(x2)

U ) uy — uy ) uyl| <e

forall f € F and t,t' € ]0,1] (of course § depends on both € and n).

This was proved in the steps 2-3 of the proof of [39, Theorem 3.1].

The following lemma reduces the study of ¢ : C'(X) — M;(Ix) to the study of homomorphism
¢1: C(T') — M;(I)), where I' C X is 1-skeleton of X under a certain simplicial decomposition.
Since T is a graph, we will use the technique in [25-26] to obtain the decomposition of ¢;.

Lemma 4.3 Let X be a 2-dimensional simplicial complex. For any F CC(X), €>0, n>0,
and any unital homomorphism ¢ : C(X) — M;(Iy), there is a simpicial decomposition of X
with 1-skeleton X =T and a homomorphism ¢ : C(T') — M;(Iy) such that

(1) |lo(f) = p1om(f)|l <e, where w: C(X) — C(T) is given by w(f) = f|r.

(2) For any t € [0,1], Spo|; and Sp(¢1 o 7)y can be paired within 1.

Proof By Lemma 4.1, we only need to prove that there exists a homomorphism ¢; to satisfy
condition (1). Without loss of generality, we assume that F' generates C'(X). By Lemma 4.2,

there is an &’ > 0 such that for any z1, 29, -+ ,25 € X and unitaries u,v € My, (C), if
f(x1) f(x1)
f(x2) . f(x2) A
U ) u* - ) v*|| < &
f(zw) f(zw)
then there is a continuous path u; with ug = u,u; = v satisfying
f(21) f(x1)
f(x2) . flx2) e
Ut . Uy — Uy . Up || < 5.
) . 3
f(zw) f(zw)

Recall for the simplicial complex, a continuous path {z(t)}o<¢<1 is called piecewise linear if
there is a sequence of points
O=to<ti <---<t,=1

such that {z(t)}+,<¢<¢,,, fall in the same simplex of X and are linear there. Note that the
property of piecewise linear is preserved under any subdivision of the simplicial complex. For
the simplicial complex X, we endow the standard metric on X, briefly described as below (see
[18, 1.4.1] for detail). Identify each n-simplex with an n-simplex in R” whose edges are of length
1, preserving affine structure of the simplexes. Such identifications give rise to a unique metric
on the simplex A. For any two points x,y € X, d(x,y) is defined to be the length of the shortest
path connecting = and y. (The length is measured in individual simplex, by breaking the path
into small pieces.) With this metric, if z, 21 € X with d(zg,21) = d, then there is a piecewise
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linear path x(¢) with length d such that x(0) = zg, x(1) = z1. Furthermore, d(x(t),z(t)") < d
for all ¢,' € [0,1]. In fact, we can choose z(t), such that

d(z(t),z(t") =|t' —t|-d.

There is an 7" < 7 such that the following is true: For any z,2" € X with d(xz,2") < 27/,

/

@)~ f@)] < 3.

Let 6 > 0, such that if [t — /| < ¢, then

/
l6(H® - NN < 5, VfePR

and Sp¢; and Spgy can be paired within 7.

Divide the interval [0,1] into pieces 0 = to < t1 < ta < -+ < to = 1, with [t;11 — ;] <
5. We first define ¢ : C(X) — M;(I}) such that v is close to ¢ on F within 5, Sp¢; and
Spyy; can be paired within 7', and with extra property that on each interval [t;, t;11], Spyy =
{ai1(t), aa(t), -, aux(t)} with all o : [t;,ti11] — X being piecewise linear.

Set ¥[(¢,1 = |,y for each t; (i =0,1,2,---,8)— that is

dl(f)(tz) = ¢(f)(tl) fori=0,1,2,--- ,e.

We will define 4|y for t € (t;,t;41) by interpolating the definitions between ¢,y and |4, 413 -
(Note that we do not change the definitions of ¢|;oy and ¢|;1y, hence 1 is a homomorphism
into M;(Ix) instead of M, (C10,1]).)

Let

Splpy = {on, o, -+ ya} C X,

Sty = 161, B2, -, B} C X.
Since Spt|g,y and Spily,,,y can be paired within 7/, we can assume dist(ay, ;) < 7'

There exist two unitaries u, v € Mj;(C) such that
flan) f(B)
V(f)(t:) = u u's p(f)(tipn) = v vt
flor) f(Br)

Noting that || f(a;) — f(55)| < %/ for each j, we have

fla) 1(8) ,
v : vt —w . v < %
flam) f(Br)
Combining with [[¢(f)(t;) = 9 (f)(tis1)|| < 5, we get
flan) flaa) ,
. . 2e
u ' u —v v < ?
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Since ¢’ is the number 0 in Lemma 4.2 for £, applying Lemma 4.2, there is a unitary path u(t),
t; <t< % with u(t;) = u, u(%) = v such that

floa) floa)
u(t) u*(t) — u(t) u*(t)| <
f(am) flaw)

for all t,t' € [t,, %]
There are piecewise linear paths r;(t) with T‘l(%) = o; and 7(t;4+1) = f; such that

d(ri(t),r(t")) < dist(ay, 8;) <7
Define ¢(f) as follows: For ¢ € [t;, %],

flan)

flri(t))

Then {Spty,t € [t;,t;+1]} is a collection of kl piecewise linear maps from [¢;,¢;+1] to X. (Note
that for ¢ € [t,, %], we use constant maps which are linear.)

Now let’s subdivide the simplicial complex X so that each simplex of the subdivision has
diameter at most 7', and so that all the points in Spé|;oy = Sp¥|;0y and Spg|(1} = Spy[(1; are
vertices. With this simplicial decomposition we have Spy) VA G A for every 2-simplex A. This
is true because Spi|, +,.,] is the union of the collection of images of kl piecewise linear maps

from [t;, t;4+1] to X, and a finite union of line segments must be 1-dimensional. Hence for each
simplex A of dimension 2, we can choose a point xa 6&, such that xa & Spi.

There is a o > 0 such that Spy has no intersection with B, (za) = {z € X, dist(z,za) < o}
for all A. Let Y = X\(U{Bs(za) | A is 2-simplex}). Then Spyp C Y. That is, ¢ factors
through C(Y) as

G O(X) Zeon, oy B (1),
Let a: Y — X be the standard retraction defined as a map sending A\{za} to DA for each
simplex A. Then d(z,a(z)) <. Let ¢ : C(XM) — M;(I;) be defined by

droa: O(XW) 25 oY) 2 My(Iy).

Evidently ¢4 is as desired.

Corollary 4.1 Suppose that ¢ : C(X) — M;(I}) is a unital homomorphism. For any finite
set F C C(X), e >0 andn >0, there is a unital homomorphism

d) : O(X) — Ml(Ik)
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such that

(1) (£)(0) =¥ (f)(0), o(f)(1) =¥(f)Q) for all f € C(X);

(2) llo(f) = ()l <e for all f € F;

(3) Spor and Spiy can be paired within n;

(4) for each t € (0,1), the mazimal multiplicity of Spi; is one — that is, V| has distinct
spectra.

Proof Applying Lemma 4.3, we reduce the case of C'(X) to the case of C(X ™)), where X (1)
is a 1-dimensional simplicial complex. The corollary of this case is almost the same as the special
case of [25, Theorem 2.1.6] (where we let Y = [0, 1]). Note that from the proof of [25, Theorem
2.1.6], if we do not require the homomorphism % to have distinct spectrum at the end points 0
and 1, then we do not need to modify the original homomorphism ¢ at these two end points. The
proof goes the same way as the proof there with some small modifications. We briefly describe
them as below. One divides the interval Y = [0, 1] into small pieces [0,1] = mul[yi, y**t1] with

i=0

y¥* =0 < y' <y?-- < y™ =1, as in the proof of [27, Theorem 2.1.6]. Define ¢|,; with
1 <i < m—1, by slightly modifying ¢|,: so that 1|, has distinct spectra; but define ¥|q = ¢[o
and 9|1 = ¢|1 (no modifications are made at the ending points). Therefore, in our case, ¥|o
and ¢|; do not have distinct spectra—this is the only difference from [27, Theorem 2.1.6]. For
all intervals [y’,y"™!] with 1 < i < m — 2, the constructions of |, ,i+1) are the same as in
the proof of [27, Theorem 2.1.6]. For the constructions of 1[j 17 and 9[pm-1 17, we need to
modify [27, Lemma 2.1.1] and [28, Lemma 2.1.2] accordingly, in an obvious way, and then apply
these modifications. For example, [27, Lemma 2.1.1] should be modified to the following case:
Among two l-element sets X° = {29,293, 2%} and X' = {&],2},--- ,2/} — only one of
them is distinct. That is, the following statement is true with the same proof.

Let X = X3 VX2V -V X} be a bunch of k intervals X; =[0,1] (1 <i<k)andY =[0,1].
Suppose that

XO={al 2, a2 c X, X'={z],23,- 7} CX

with xj # x} if i # j. Then there are [ continuous functions f1, f2,---, fi : ¥ — X such that
(1) as sets with multiplicity, we have

{£1(0), £2(0),-++ . £i(0)} = X%, {A1(1), o(1), -+, (1)} = X7,
(2) for each t € (0,1] C Y and ¢ # j, we have
fi®) # 15 (1)

Remark 4.1 In Corollary 4.1, we can further assume that Spt|oy and Spi|;1} have eigen-
value multiplicity just & as homomorphisms from C(X) to M;,(C]0,1]), or equivalently, both
maps

O(X) LM[(I]@) evaluate at 0 Ml((C), O(X) LM[(I]@) evaluate at 1 Ml((C)

have distinct spectrum. To do this, we first extend the definition of the original ¢ to a slightly
larger interval [—4, 1 + §] as below.
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Find v € M;(C) and x1,za,--- ,2; € X such that

fla1) fo
6(f)(0) = u e " © 1.

fx)
Since X is path connected and X # {pt}, there are functions «; : [—9,0] — X such that
{a;(=8)}_, is a set of distinct [ points, a;(0) = x;, and dist(;(t), a;(0)) are as small as we
want. Define
flaa(t))
o(f)t) =u u* ® 1 fort e [-6,0].
flau(®))

Similarly, we can define ¢(f)(t) for t € [1,1+ 4], so that ¢|14s as a homomorphism from C(X)
to My (C) has multiplicity exactly k and ¢(f)(1 + 0) € M;(C) ® 1. One can reparemetrize
[—4d,1+4] to [0, 1] so that ¢|p and ¢|; as homomorphisms from C'(X) to M (C) have multiplicity
exactly k. Then we apply the corollary to perturb ¢ to 1 without changing the definition at
the end points.

Remark 4.2 The same argument can be used to prove the following result. Let X # {pt}
be a connected finite simplicial complex of any dimension. Let Y be a 1-dimensional simplicial
complex. Then any homomorphism ¢ : C(X) — M,(C(Y)) can be approximated arbitrarily
well by a homomorphism v with distinct spectrum. This is a strengthened form of [18, Theorem
2.1] for the case dim(Y") = 1.

The following theorem, for X = gragh, is a slight modification of [29, Theorem 2.7].

Theorem 4.1 Let X be a connected simplicial complex of dimension at most 2, and G C
C(X) be a finite set which generates C(X). For any e > 0, there is an n > 0 such that the
following statement is true.

Suppose that ¢ : C(X) = My ,+r(I) is a unital homomorphism satisfying the following
condition: There are l1 continuous maps

A1,02, "+, Q1 ¢ [071](: Sp(‘[k)) -+ X

such that for every y € [0,1], Sp¢, (considered as a homomorphism from C(X) to
M,1,47)%(C[0,1])) and ©(y) can be paired within 1, where

Oy) = {a1(y)™"", az(y)~"", -+ ar,—1(y)~"*, ay, (y)~ TR

It follows that there are i mutually orthogonal projections pi,pa, -+, pi, € My 1,4+(I) such
that
(i) for allg € G and y €Y,

|6(9)(w) — podl9) (wpo @ 3 glar(y)pe| <.
k=1

U1
where po =1 — > pg;
i=1
(il) rank(p;) = (Io — 3)k for 1 < i < Iy, rank(p;,) = (lo + r — 3)k (as projections in
M1,1,47)%(C[0,1])) and rank(po) = 3l k.
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Proof We will apply [29, Theorem 2.7] (using map a; to replace map boa; as in [29, Remark
2.8]) and its proof (see [27, 2.9-2.16]) for the case Y in [29, Theorem 2.7] being [0,1]. As a
matter of fact, in the proof of [29, Theorem 2.7], Li does use the fact that X is a graph, for only
one property that any homomorphism from C(X) to M,,C(Y) (Y graph) can be approximated
arbitrarily well by homomorphisms with distinct spectra. By Remark 4.2, [29, Theorem 2.7]
holds for the case X # {pt} being any connected simplicial complex and Y, a graph.

For finite set G C C(X), and € > 0, choose 7 > 0 such that dist(z1,z2) < 7 implies
lg(x1) — g(x2)| < § for all g € G, as in [29, 2.16]. Without lose of generality, we can assume
that the Sp¢|; is distinct for any ¢ € (0,1) and Spg|y and Sp¢|; have multiplicities k as in
Corollary 4.1 and Remark 4.1 above. When we go through Li’s proof in [29], we need to make
the projections p; satisfy the extra condition:

pl(o)apz(l) € (Ml1l2+r((c)) ®1 C M(l1l2+r)k((c)'

We will repeat part of the proof of [29, Theorem 2.7] and point out how to modify it.
As in the proof of [29, Theorem 2.7], we can choose an open cover Uy, Uy, - ,U, of [0,1]
with

Up =[0,b0),U1 = (a1,b1), Uz = (a2,b2), -+ ,Ue—1 = (de—1,be—1), Us = (aa, 1],

0<ar <bpg<as<by <az<by<: < ae<be_1<I.

We will define Pj,(i = 1,2,---,11) as same as in [29, 2.12] for U = U; (0 < i < e)—note
that Sp¢,, for y € (a1,be—1) C (0, 1), are distinct. For Uy and U,, a special care is needed as
follows. We will only do it for U (it is the same for U,). Write Spglo = {A7%, X35, - AF
with ¢ = l1l2+7. Then {\1, A2, -+, A\, } can be paired with {ag(0)™~2,a2(0)~2, -+ a;,—1(0)™'2,
ar, (0)~(2+1)1 (note that ~ Ik is changed to ~Iy here) within 1. We can divide {A, Az, - -+, Ay}
into groups {A1,Ag, -, Ag} = G E" (where |[E"| =1if 1 < j <Il; — 1, and |EY| = Iy + r if
j=1

j = l1) such that dist(\;, a;(0)) < n for all \; € EJ.

Let o’ satisfy the following conditions:

(1) o < min{dist(x\i, /\j), ) 7é ]},

(2) o/ < n—max{dist()\;,a;(0)), \; € E7}.

We can choose b1 (> by > a1 > 0) being so small that for any y € [0, b1], Sp¢, and Spe can
be paired within %, and dist(a;(y),a;(0)) < %, Then for each y € [0, b1], Spg, can be written
as a set of

with A (0) = A;. Then let EY(y) be the set {\! (y); A\; € E”7}. In this way we have, if \{' € B,
then
dist(A] (y), a;(y)) <n.

Let both Péo (y) and Pél (y) (defined on Uy = [0,b9) and Uy = (a1, b1)) be the spectral projec-
tions corresponding to Ej(y). In particular, P, (0) € Miy1,4-(C) ® 1. We can define p;(y)
as a subprojection of P/, (y) (for U 3 y) as in [27, 2.9-2.16] for each y € [by, as] but with rank
(pj(y)) = (I2 — 3)k (instead of ly — 3 in [29]) for 1 < j <} — 1 and rank(p;, (y)) = (la +7 —3)k
(instead of Iy +r — 3 in [29]). Also we can choose an arbitrary subprojection p;(0) < Péo (0) €
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Mi,1,++(C) ® 1, of form p;(0) = p}(0) ® 1x € Mi,1,+,(C) ® 15 with rank(p’;(0)) = la — 3 for
1 <j <l —1, and rank(p;, (0)) = Iz +r — 3. Consequently,

rank(p;(0)) = (Io — 3)k, rank(ps, (0)) = (Io + 7 — 3)k.

Finally, connect p;(0) and p;(bo) by p;(y) for y € [0,bo] inside P&O (y). As one can see from
[27, 2.16], if the projections p;(y) are subprojections of P/, (y), then all the estimations in that
proof hold. After we do similar modifications for Pé. (y) and p;(y) near point 1, we will get
P;(y) € Myy1,4-(Ix) instead of M, 1,4m%(C[0,1]). (This method was also used in the proof of
[13, Theorem 3.10].)

The following result is a generalization of [18, Proposition 4.42].

Theorem 4.2 Let X be a connected finite simplicial complex of dimension at most 2,
e >0 and F C C(X), a finite set of generators. Suppose that n € (0,¢) satisfies that if
dist(z, z") < 2n, then || f(z) — f(z)|| < § for all f € F.

For any § > 0 and positive integer J > 0, there exists an integer L > 0 and a finite set
HCAffTC(X)(= Cr(X)) such that the following holds.

If ¢, : C(X) — B = Mgk (1) (or B=PM.(C(Y))P) are unital homomorphisms with the
properties:

(a) ¢ has sdp(32,5),

(b) K > L (or rank(P) > L);

(c) |AffTo(h) — AffT(h)|| < § for all h € H,
then there are three orthogonal projections Qo,Q1,Q2 € B, two homomorphisms ¢ € Hom(
C(X),Q1BQ1)1 and ¢2 € Hom(C(X), Q2BQ2)1, and a unitary w € B such that

(1) 13 = Qo + Q1 + Qq;

(2) lo(f) = (Qud(f)Qo + ¢1(f) + ¢2(f))|| < e and

[(Adu o ¥)(f) — (Qo(Adu o ) (f)Qo + ¢1(f) + d2(f))I| < e for all f € F;

(3) @2 factors through o, 1];

(4) Q1 = p1 + -+ + pn with (rank(Qo) + 2)J < rank(p;) (i = 1,2,---,n), where rank:
Ko(B) = 7Z is the map induced on Ky by the evaluation map at 0 or 1 (whzch is rank p;(0) for
B = Mgk (I), where rank p;(0) is regarded as projections in My (C) not M (Mg (C))), and ¢
1s defined by

n

$1(f) =D flz)pi, Vf € C(X),

i=1
where p1,pa, -+, Pn are mutually orthogonal projections and {x1,xa, -+ ,xn} C X is an e-dense
subset of X.

Proof For the case B = PM,(C(Y))P, this is [18, Proposition 4.42]. The proof for the case
B = Mg(I) is almost the same as the proof of [18, Proposition 4.42], replacing [18, Theorem
4.1] by Theorem 4.1 above. The only thing one should notice is that, in [18, Lemma 4.33],
rank ¢(1) = K; the K should be corresponding to K in our theorem (not Kk) and O(y) should
be defined as

O(y) = {ao Bi(y)~"2*, a0 Baly) " 2F, - o Br_1(y)~"2F, o Br(y)~E2 iR,

(Note that in the above, we use ~Lok and ~(Lg + L1)k to replace ~Lg and ~(Lg 4+ Ly) in
[18].) In the proof of this version of [18, Lemma 4.33], one can choose the homomorphism
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' C(X) = Mp(C[0,1]) (not to Mkr(C0,1])) as the map v there, with

IAFST) ~ ALSTW(DI < 2, ¥ € Hnd,2)

as in [18, Lemma 4.33]. Then let ¢ = ¢’ @1y, where 1), : C — M(C) is defined by 1, (\) = X- 1.
With this modification, we have that Spwvl; is

@/(y) ={ao ﬁl(y)NLz’a o ﬁQ(y)~L27 S ,a0 ﬁL—1(y)NL2, ao ﬁL(y)N(L2+L1)}’

and Sp,, is

Oy) = {aofi(y)~"* a0 fa(y)™ ¥, Lo By (y) ™" a0 By (y) P HH0k)

as desired. All other parts of the proof are exactly the same.

For the proof of uinqueness theorem in [19], it is important to have a simultaneous decom-
position for two homomorphisms as below.

Theorem 4.3 Let X be a connected finite simplicial complex of dimension at most 2,
e >0 and F C C(X), a finite set of generators. Suppose that n € (0,¢) satisfies that if
dist(z, z") < 2, then || f(z) — f(z')|| < § for all f € F. Let k be a fized simplicial structure of
X.

For any § > 0 and positive integer J > 0, there exists an integer L > 0 and a finite set
HCAffTC(X)(= Cr(X)) such that the following holds.

If X1 is a connected sub-complex of (X, k), and if ¢,¢ : C(X1) = B = Mg (Iy) (or B =
PM,(C(Y))P) are unital homomorphisms with the following properties:

(a) ¢ has sdp(35,0);
(b) K > L (or rank(P) > L);

() |AffTo(hlx,) = AfFTY(hIx,)|| < § for all h € H,
then there are three orthogonal projections Qo, Q1, Q2 € B, two homomorphisms ¢1 € Hom(C(X1),
Q1BQ1)1 and ¢o € Hom(C(X1),Q2BQ2)1, and a unitary uw € B such that

(1) 15 = Qo + Q1 + Q2;

(2) l[8(f1x:) = (Quo(f1x1)Qo+ 1 (f[x:) +d2(flx,))]l <€ and [[(Aduot))(f]x,) — (Qo(Aduo
V) (f1x:)Qo0 + d1(flx:) + ¢2(fIx,))|| <€ for all f € F;

(3) @2 factors through C[0,1];

(4) Q1 =p1+ -+ pn with (rank(Qo) + 2)J < rank(p;) (i =1,2,---,n), and ¢ is defined
by

n

$1(f) =D flepi, Vfe€O(X),
i=1
where p1,pa, -+ ,Dn are mutually orthogonal projections and {x1,xa, -+ ,xp} C X1 is an e-
dense subset of X;.

Proof Suppose that {X;}; are all connected sub-complexes of (X, k) (there are finitely
many of them for a fixed simplicial structure of a finite complex). Use Theorem 4.1 to each X;
to obtain L; and H; C AffT(C(X;)) as in the theorem. By Tietze Extension theorem, there
are finite sets H; C AffT(C(X)) such that H; C {h|x, | h € H;}. Evidently L = mlax{Li} and

H = JH; are as desired.
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