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Abstract This is the first of the two papers devoted to the study of global regularity
of the 3 + 1 dimensional Einstein-Klein-Gordon system with a U(1) X R isometry group.
In this first part, the authors reduce the Cauchy problem of the Einstein-Klein-Gordon
system to a 2 4+ 1 dimensional system. Then, the authors will give energy estimates and
construct the null coordinate system, under which the authors finally show that the first
possible singularity can only occur at the axis.
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1 Introduction

1.1 Introduction and previous results

Let ((4)M &) g) be a 3+1 dimensional globally hyperbolic Lorentzian manifold which satisfies
the following Einstein-scalar field equations:

1
4 _( _ 4 A 4
DGy =1 T = 0,00, = 59,0 6020 — Vg,V (9), (1)
Owyg¢ = V'(0),
where ¥ g is the Lorentzian metric, (4 G is the Einstein tensor of g, (4)T;w is the stress-
energy tensor given as above, ¢ is the scalar field, and we take the potential V(¢) = %m2¢2.
Then, the equation that the scalar field satisfies is a Klein-Gordon equation, which makes the

system an Einstein-Klein-Gordon system. The Einstein-Klein-Gordon system (1.1) is equivalent

to the following equations:

1
(4)RNV :(4) pH«V é M¢8V¢ + (4)9;,W§m2¢27
D(4)g¢ = m2¢7

(1.2)
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where (4)RW is the Ricci curvature tensor.

One fundamental open problem in the field of general relativity is the cosmic censorship
conjectures by Penrose. Roughly speaking, the weak cosmic censorship may be formulated
as follows: For generic asymptotically flat Cauchy data, of the vacuum equations or suitable
Einstein-matter systems, the maximal development possesses a complete future null infinity,
while the strong cosmic censorship states that the maximal Cauchy development is inextendible
for generic initial data. This question is partially related to the study of the formation of event
horizons. Although still open in general, there is a series of results in spherical symmetric case
by Christodoulou for the Einstein equations coupled with a massless scalar field, see [8-9] for
the formation of black holes. On the other hand, of our interest, it is related to the global well-
posedness of the Cauchy problem, see [12, 21, 23-24] for vacuum Einstein equations, [7, 10, 25]
for Einstein-scalar field equations, and [20, 22, 34] for Einstein-Klein-Gordon equations.

We aim to show the global regularity of the above 3 4+ 1 dimensional Einstein-Klein-Gordon
systems with a U(1) x R isometry group, while in this paper we will firstly give several results
in preparation for the subsequent study on the global well-posedness.

Our study is motivated by research on the vacuum Einstein equations with spacelike Killing
vector fields which is related to the study of wave map systems. We first review some related
results on the vacuum case and the wave map systems.

For the 3 + 1 dimensional vacuum Einstein equations with one spacelike Killing field, as we
can see in [5-6] and [26], the Einstein equations can be reduced to a 2+1 dimensional Einstein-
wave map system on a 24 1 dimensional Lorentzian manifold where the target manifold is the
hyperbolic space H?. Yet the global existence problem of the Einstein-wave map system is still
open. As a first step towards this global existence conjecture, Andersson, Gudapati and Szeftel
proved that the global regularity holds for the equivariant case in [2], by reference to some
pioneering work on equivariant wave maps.

Shatah and Tahvildar-Zadeh proved the global regularity for 241 dimensional equivariant
wave maps with the target geodesically convex in [28]. This condition was later relaxed by
Grillakis to include a certain class of nonconvex targets (see [14]). Their proof of regularity
was also simplified later by Shatah and Struwe in [30]. They gave several more results on
equivariant wave maps in the areas of existence and uniqueness, regularity, asymptotic behavior,
development of singularities, and weak solutions (see [29]). Further, as an improvement of these
above results, for target manifolds that do not admit nonconstant harmonic spheres, global
existence of smooth solutions to the Cauchy problem for corotational wave maps with smooth
equivariant data was shown by Struwe [32].

Then, for the 3+ 1 dimensional vacuum Einstein equations with G5 symmetry, it was shown
in [3] that the system reduces to a spherically symmetric wave map u : R>*1 — H?, where R1+2
is the 24 1 dimensional Minkowski spacetimes and the target H? is the hyperbolic space. Thus
the global regularity can be proved by the work of Christodoulou and Tahvildar-Zadeh [11] on
2+1 dimensional spherically symmetric wave maps. In [11], the range of the wave map u should
be contained in a convex part of the target N. This restriction was later shown unnecessary
by Struwe [31] as the target is the standard sphere. Further, Struwe gave a more general result
in [33], where the target is any smooth, compact Riemannian manifold without boundary. We
refer to [13] for more results and references of wave maps.



The Einstein-Klein-Gordon System 941

1.2 The 341 dimensional spacetime with U(1) X R isometry group

In this paper, we work on the Lorentzian manifold (YA = R x R? x R with a Lorentzian
metric Wg on it, and we consider the polarized case where the Killing fields of ((4M,(4) g)
are hypersurface orthogonal. Then, with the existence of the translational Killing vector, the
metric can be written in the following form:

Wg = e=2®) g 4 ¢27(dz?)?,

where 0,3 is the translational spacelike Killing vector field.

As we mentioned before in [5] and [26], the 3 + 1 dimensional vacuum Einstein equations
with spacelike Killing field reduce to a 2 + 1 dimensional Einstein-wave map system with the
target manifold H2. We will give a similar reduction to a 2 + 1 dimensional Einstein-wave-
Klein-Gordon system in Section 2, where ~ in ¥ ¢ satisfies a wave equation and the scalar field
¢ satisfies a Klein-Gordon equation.

In the vacuum case with G5 symmetry, the wave maps equations reduced from the Einstein
equations are semilinear wave equations, for instance, special solutions of this case are the
Einstein-Rosen waves, see [18] and references therein. The major difficulty in our problem is
that the wave equations are coupled with Einstein equations, which make the system quasilinear.
However, we develop a new way to solve this problem in 2+1 dimension with symmetry.

Particularly, if the scalar field is massless, we can remove the condition that the Killing
vector field 0,3 is hypersurface orthogonal, and the metric will take the general form

(4)9 = e_2V(3)g + e2v(dx3 + Aadxa)Q'

We will mention in Section 2 that the system reduces to a wave map equation coupled with a
linear wave equation on the Minkowski spacetimes, of which the problem left is to study the
wave map system, the same as in the vacuum case.

Now we assume that the reduced spacetime ((3)M ,(3) g) is a globally hyperbolic 2 4+ 1 di-
mensional spacetime with Cauchy surface diffeomorphic to R2, on which the reduced Einstein-
wave-Klein-Gordon system is radially symmetric. And we assume that the U(1) action on M
is generated by a hypersurface orthogonal Killing field dy. In particular, we write the metric
)¢ in the following form in this paper:

®g = —e2ae? 4 2P0 dr? + 12dg?
g+ r?de?, (1.3)

[I>

where ¢ is a metric on the orbit space Q@ = M/S! and r is the radius function, defined such
that 277(p) is the length of the S orbit through p.

1.3 The Cauchy data

As we mentioned before, to study the Cauchy problem of the 341 dimensional Einstein-
Klein-Gordon system, we can equivalently consider the Cauchy problem of the reduced 2 + 1
dimensional Einstein-wave-Klein-Gordon system.

Now we introduce the definition of the Cauchy data set for the 2+1 dimensional Einstein-
wave-Klein-Gordon systems with U(1) isometry group as follows.
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Definition 1.1 (Cauchy data set for the 2 + 1 dimensional Einstein-wave-Klein-Gordon
system with U(1) isometry group) A Cauchy data set for the 2 + 1 dimensional Einstein-
wave-Klein-Gordon system with a U(1) isometry group is a T-tuple (My, g0, K, 0,71, $0, $1)
consisting of a Remannian 2-manifold (Mo, go) with a spacelike rotational Killing vector field
and a 2-tensor K which is the second fundamental form and symmetric under the same action,
Y0, 71 are initial data for the wave equation that v satisfies, ¢g, ¢1 are initial data for the Klein-
Gordon equation that the scalar field satisfies. go, K are functions of r only and the following
constraints equations hold:

Ry — Koap KP4 (trK)? = 28T, snn?, (1.4)
D'BKQB - Dong = (B)Taunua

where n“(t,r) is the future directed unit normal, Ry is the scalar curvature on My, D, is the
intrinsic covariant deriwative on My, and (B)TQB is the stress-energy tensor for the reduced
system.

For a smooth solution of the 2 + 1 dimensional Einstein-wave-Klein-Gordon system with
U(1) symmetry, it must hold that «(t,r), 8(t,r) are even functions of r. And we give some
normalisation of the metric functions a(t, ) and B(¢,r) on the axis. It must hold that 5(¢,0) =
0, in order to avoid a conical singularity at the axis I, which means that the perimeter of a circle
of radius r grows like 2mwer at the axis, instead of 27r in the Euclidean metric. This condition
can be realized by appropriately choosing the Cauchy data such that 3(0,0) = 0 (see Section
2). Further, «(¢,0) is determined only up to a choice of time parametrization. We choose a
time coordinate such that a(t,0) = 0.

Finding solutions to the constraint equations is a research area in itself. Note that Cecile
proved the existence of such constraint equations in vacuum with translational Killing vector
field in [16-17], which is used in [18-19] to prove stability of the Minkowski spacetime in this
setting. In our case, we will just briefly show that such data exists, without going further into
the study of the constraints.

We will construct an asymptotically flat! Cauchy data set which satisfies the following initial
conditions:

'Yt(oﬂ') =M (T) 2 07

/ Lo (1.6)
7(0.7) =70(r) 20, 7 (0,1) =75(r) > —5r 7"

Remark 1.1 The following initial condition in (1.6)

1
(0,1 = 5(r) > =57

can be replaced by
(0.7) = 7j(r) > ~Cr?
with C' an arbitrary positive constant. Here, we take C' = % just for simplicity.

For metrics of the form (1.3), it can be calculated that the second fundamental form K of
a Cauchy t-level takes the following form:

K = K,,dr?,

I1We say the Cauchy data is ‘asymptotically flat’ in the sense of Andersson [2] here and hereafter.
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where K, = ¢~ 21283,
For the reduced 2 + 1 dimensional Einstein-wave-Klein-Gordon system (see Section 2), the
constraint equations (1.4)—(1.5) take the following form in local coordinates:

1 1 2
9e~20p—153 — 2(6—2a%2 4 e—2/3%2 4 56_20‘@2 4 56_2%%2 4 %6_27@52),
rle By = 2T Yy, + € Gy

If we take 5; = 0 and ~; = 0, the constraint equations become

1 1 2
220715, = 2(e_25%2 + 56_20‘@2 + 56_25@2 + mTe_hqbQ),
e_a¢t¢r =0.
Remark 1.2 Note that 8; = 0 means that My is a totally geodesic submanifold. Moreover,
what is more interesting, a direct calculation shows that the additional condition ¢ = 0 makes

the corresponding Cauchy hypersurface of the 3+1 Einstein-Klein-Gordon system a totally
geodesic submanifold.

Note that all quantities above are functions of r only. Thus, we can properly choose the
initial data sets for v and ¢ which are compatible with (1.6) such that the second equation
holds. Here, we set ¢; = 0. What left to be done is solving the first equation, which is just an
ordinary differential equation. Note that it is equivalent to the following equation

1 2
—0,(e7?P) = 2r(e‘25%2 + 56_25%2 + %6—27¢2)7

which is a first order linear differential equation of e~2#, and with the condition 3(0,0) = 0,
the solution takes the form

B(r) = Lelv@en®+eotac _ Ly (1 _ /T §m2e—27¢2ef§(277w2+77¢>r2)dnd§)'
2 2 0

Thus, properly choose the initial data sets for v and ¢ such that

/O em2e=2 pPels Gy HnéP)dnge g (1.7)

and

-

1

o

$=0("%), y=00"%) (1.8)

as r — 0o. The first condition (1.7) guarantees that the initial energy is finite. The second
condition (1.8) on asymptotic behavior guarantees the asymptotic flatness, which is to say that

B =B+ B.
Here, B is a constant and (3, K) € H' x Hy, | with Hi*' and Hg, , the weighted Sobolev
space (see [2, 14]) where we take § = —% and s > 1. Thus, we finally give a non-trivial solution

of the constraint equations.

Remark 1.3 If we eliminate the condition v, = 0, it is also easy to give a construction in a
similar way by properly choosing v; and ¢, which have the same asymptotic behavior as above.
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1.4 The problem of global well-posedness

The proof by Choquet-Bruhat and Geroch (see [4, 6]) of existence and uniqueness of max-
imal solutions to the Cauchy problem for the vacuum Einstein equations, together with the
equivalence of the Cauchy data, can be generalized to our case as follows, which guarantees the
local well-posedness.

Theorem 1.1 Let (Mo, go, k, 70,71, 0, ®1) be the Cauchy data set for the 2 + 1 dimen-
sional Finstein-wave-Klein-Gordon system with U(1) isometry group. Then there is a unique,
mazximal Cauchy development ((3)M,(3) 9,7, ®) satisfying the 2+1 dimensional Finstein-wave-
Klein-Gordon system.

Our goal is to prove the following theorem about the global regularity.

Theorem 1.2 Let ((3)M,(3) g) be the maximal Cauchy development of a regular Cauchy
data set aforementioned in Subsection 1.3. Then there is a global in time smooth solution for
the Cauchy problem of the 3+ 1 dimensional Einstein-Klein-Gordon system.

As preparation for the above theorem, in this paper we give several results that will be
useful in the proof of the global regularity. The paper is organized as follows. In Section 2, we
reduce the 3+1 dimensional Einstein-Klein-Gordon system with U(1) x R isometry group to a
2 + 1 dimensional Einstein-wave-Klein-Gordon system on () M,(®) ¢) with U(1) symmetry. In
Section 3, using vector field methods, we give energy estimates of the systems. In Section 4,
we give a null coordinate system. In Section 5, we will show that the first possible singularity
must occur at the axis.

2 Reduction to the 2+1 Dimensional Einstein-Wave-Klein-Gordon
System

Consider the Einstein equations (1.2), where the spacetime (Y0, g) admits a space-
like translational Killing vector field. The Einstein-Klein-Gordon system can be reduced to
a 2 4 1 dimensional Einstein-wave-Klein-Gordon system in a similar way as we know in [15].
For demonstration purposes, let us go ahead and perform the reduction. Given a spacelike
hypersurface orthogonal Killing vector field, the metric can be written in the following form:

Wg = 2@ g 4 e27(d2?)”

where J,5 is the translational spacelike Killing vector field. In a similar way as in [6], the 3+ 1
dimensional Einstein-scalar field system (1.2) on (‘Y M,® g) can be rewritten as

. . 1
W Rup = Rap — Vadsy — 0a70p7 = 0atpsd + ga5§m2¢2, (2.1)
WR.s =0, (2.2)
2
~ ~ ~ m
) Ryy = —e%(gaﬁaﬂaBV + g“ﬁvaﬁm) = 62V7¢27 (2.3)

where § = ¢=27() g and (2.2) is trivial in polarized case.
Then, we give the following formulas about the conformal transformations of Ricci tensors
and the wave operator:

\/|det @ g| = e374/| det g, (2.4)
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1
O gt = ———=0 det @ g|® g 9,u) = =2V (Ogu + §*P9570au), 2.5
gt = 03y det VgV 00u) = e (Cgu + 3000, (29

(B)RQB = ﬁag — gaB%U%U’Y — %Q%B’y + %a’y%BV - §a,@%"fy%g% (2.6)

where o, 3,0 = 0,1, 2.
Rewriting (2.3) under the conformal transformation and it turns out the equation taking
the form

2
By7g,y = _e—2vm7¢2, (2.7)

which is a wave equation.
(2.1) rewritten in a same way results in a 2 4+ 1 dimensional Einstein equation

@ Rap = 2007 - 057 + 0ad0pd + 26721 g 5V (9) 2@ pgs.

This is equivalent to
1
G Gap =) Tag £ pag — gtr((?’)p)(?’)gaﬁv (2.8)

where (®)T,5 is the stress-energy tensor. And the wave equation that the scalar field satisfies
can be rewritten as

D(3)g¢ = e_27m2¢. (2.9)

When the metric takes the form (1.3), we give the computation of the Einstein tensor *)Gyp ,

®Goo = %6201—2135“
1
@Gy = ;5&

1
@G = ~ay,
T

GGy = r? (e Pay, — e 2By + e Pay(ar — Br) + e 2B (ar — Br)),
(3)G02 = Oa
® Gy =0,

and the stress-energy tensor (37,5,

1 m
— 2 —
200—203 200—27 f2 200 ,

1
@ Tho = 7.° + 72,7 + §¢t2 *3 2

O To1 = 277 + der = @ m,

1 1 m2
(a)T11 _ ezﬁ—za%z + %2 + §e2ﬂ—2a¢t2 4 §¢T2 B 7623_2%%)2’

3 222222r222r222m2222
oy = 177209, = r%e ™0y, 4 Se7200;" — e, — Zor%e™g?,
G The =0,

BT = 0.
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Thus, using the translational Killing vector field, we have reduced the 3 + 1 dimensional
Einstein-Klein-Gordon system (1.1) to a 2+ 1 dimensional Einstein-wave-Klein-Gordon system
(2.7)—(2.9).

Now we write the 2+ 1 dimensional radially symmetric Einstein-wave-Klein-Gordon system
in local coordinates,

e = 2002 7 4 T2 4 Loty T g (2.10)
B = 2ryyr + 110r, (2.11)
ap = re?P200,2 Ly 2 4 gezﬁ—za¢t2 4 g¢T2 _ mTQTezB—zv(ZQ’ (2.12)
e Pay, —e 2By + e Pa(ay — Br) + e 2By — Br)

g ien(in led) emai ko) e

U gy = =72y + (B — o) ve) + e (’Yrr + % + (e — ﬁr)%)
= —%252%2, (2.14)

Tirg = —e (9w + (B~ a)o) + ¢ (600 + 2 4 (0 — 5110
=m?e . (2.15)

Therefore, as we mentioned in Section 1, we can set $(0,0) = 0. Then, by (2.11), we have
B(t,0)=0onT.

In addition, we mention here that, if we consider the case that the scalar field is massless,
i.e., V=0, then we can remove the condition that the Killing vector field 0,3 is hypersurface
orthogonal, and the metric will take the general form

(4)9 = e_2V(3)g + e2v(dx3 + Aadxa)Q'

Thus, the reduction in [15] yields a wave map equation coupled with a wave equation.
Noting that if V = 0, then a,. = 3, by the 2 4 1 dimensional Einstein equations, then e®~#
is independent of . Let

Therefore, we get a coordinate (7',7) in which (Q, ) is conformally flat. For simplicity, we
still denote T by t. Thus, rewritting the Einstein-wave map-scalar field system in the new
coordinates, we can obtain a spherically symmetric wave map to the hyperbolic space (H?, h)
coupled with a linear wave equation on the Minkowski spacetimes (R'*2, m).

Noting that regularity for the linear wave equation [J,,¢» = 0 that the scalar fields satisfies
is trivial, we only need to consider the spherically symmetric wave map on the Minkowski
spacetimes (R'*2,m), which can be proved applying (see [11]) in the system.

3 Energy Estimates

As a preliminary part of later work, we will give the energy estimates of the Einstein-wave-
Klein-Gordon system in this section. The energy estimates are performed in a well-known way
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as in [1]. The notations here will follow what were given in [2].

(BIM,3) g) by (M, g) from now on.
Let us define the energy on the Cauchy surface ¥,

E(t) ::/ efl,
P
= 277/ e(t,r)re?®rdr,
0

the energy in a coordinate ball B,.,

E(t,r) ::/ ef,

r

= 27r/ e(t,r)r'e? )y
0

the energy inside the causal past J~(O) of O,

with O appears at the axis.

3.1 Energy conservation

We start by proving that the energy is conserved.
Theorem 3.1 The energy E(t) is conserved,

d

SE() =0,

947

For simplicity, we denote

Proof Consider two Cauchy surfaces ¥4 and ¥ at t = s and ¢t = 7 respectively. First, let

us construct a divergence free vector field Pp. Consider the Einstein’s equations (2.10)—(2.11).

They can be rewritten as

—0,(e7P) =rele,

—9y(e7P) = re®m.

From the smoothness of 3, we have
—0%(e™?) = ~07.(e7").
Together with (3.1)—(3.2), we infer
—8t(re'8e) + Or(re“m) = 0.
Now we define a vector field
Pr:=—e %0; + e ’md,.

The divergence of Pr is given by

1
VyPr = —=0,(V/|g|Pr)

Vol
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= Teﬁ%(—at(mﬂe) + O0r(re”m)). (3.4)

By (3.3), we know that Pr is divergence free. Next, let us apply Stokes’ theorem in the space-
time region whose boundary is 3¢ U X,. Due to the asymptotic flatness, the boundary terms
at 7 = oo do not contribute. Thus, we have

/ eaP}ﬁq—/ e*Pin, = 0. (3.5)

s T

Therefore, it follows that

which proves that the energy is conserved.

With the conservation of the energy, we can prove that the metric functions S(¢,r) and
a(t,r) are uniformly bounded during the evolution of the Einstein-wave-Klein-Gordon system.

Theorem 3.2 There exist constants cg,cg,c;,c;t depending only on the initial data and
the universal constants such that the following uniform bounds on the metric functions B(t,r)
and a(t,r) hold

IN
IN

o} ™Y

Cc C

)

o7
IN

B(t,r)
a(t,r)

Proof For simplicity of notation, we use a generic constant ¢ for the estimates on (¢, r)

IN

C C

and a(t,r). Integrating (3.1) with respect to r and noting the normalisation that S|r = 0 as
we mentioned before, we obtain

" 1
1-e?= / er'e’dr’ = —E(t,r),
0 2

which implies
1 -1
ef = (1 - —E(t,r))
2w

Now we define

Boo(t) = lim B(r,t).

T—00

Then we have

—1

1
Bae (V) = (1 — Bt )
e 52 ()
Since E(t,r) is a nondecreasing function of r, so is B(t,r), therefore,

1 = BE0) < Btr) < oBoc(t),

Moreover, since the energy is conserved E(t) = E(0), B (t) is also conserved during the evolu-
tion of the Einstein-wave-Klein-Gordon system,
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Thus,
0 < B(t,r) < Boc(0).
Now we introduce
f:=m2e 2792
Thus the Einstein’s equation (2.12) for «, takes the form
a, = re?P(e — f).

Similarly, integrating the above equation with respect to r and noting the normalization that
alr = 0, we obtain

r
a(t,r) < c/ (e — f)r'eldr
0
s
< c/ er'edr’
0
<c
and
"f
a(t,r) > —c/ —r'ePdr’
0 2
s
> —c/ er’ePdr
0
> —c.

This finishes the proof of the theorem.

3.2 The vector field method
Let X be a vector field on M. Set the corresponding momentum Px as

P =TIX". (3.7)

Then, we have
V,Px = X'V, T, +T;V, X" (3.8)

Since the stress-energy tensor 1), satisfies

VT, =0,
the first term in the right-hand side vanishes, hence

V,Py =T"V, X,

1 v
= 5(X)T‘-‘WTM ’

where the deformation tensor (X )7TW is defined by

O, =V, X, + V., X,
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= 9ovOu X7 + g0y X7 + X709,
For instance, consider T'= e~ *0;. The corresponding momentum Pr is
Pr = —e “ed; + e Pmd,. (3.9)
Then, we have the non-zero components of the deformation tensor are

T T
Mgy = e =T g,

Dy = 26272,
Thus, using the Einstein equations (2.11)—(2.12), we have that the divergence of Pr is

V,Pt=eBile—f) —e Pa,m
=0.
This is compatible with (3.3)—(3.4).

Now let J~(O) be the causal past of the point O on the axis and I~ (O) be the chronological
past of O. Compared to the flat case, we give the following definitions:

»9.=%,nJ(0),

Kit)= |J =ZvnJ(0),
0<t<t/ <to
C(t) = ) U Se N (I (0)\I(0)),
K(t,s) = O_U <tozt, NJ=(0),
0<t<t'<s
Clt,s) := 0<tL<Jt/< Ey 0 (J7(O0)\I(0))

for 0 <t <s<to.
Then, the volume 3-form of (M, g) is given by

fy = reBtede A dr A do,
and the area 2-form of (X, ¢) is given by
, = refdr A d6.
Let us define 1-forms T, n and m as follows

= —e®dt + ePdr,
n = —e¥dt — Pdr,

m = rd#f,

therefore,

fi, = = (L AT ATR).

N | =
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Then we introduce the 2-forms 7z; and 7 such that

ﬁf = —Eﬁ A 7’71,
_ 1~
Iy = 51 Am,
so we have
ﬁg =—IA ﬁfv
ﬁg = _ﬁ /\ ﬁ’ﬁ'
Now, let us apply the Stokes’ theorem for the i ,-divergence of Px in the region K (7, s). We
have
/ V., PxT, :/ e* Pk, —/ ¢ Pk T, + Flux(Px)(, 5), (3.10)
K(7,s) 20 a1
where

Flux(Px)(7,s) = — /c( )ﬁ(PX)ﬁﬁ.

3.3 Monotonicity of energy

Theorem 3.3 There holds E9 (1) > E9(s) for 0 <7 < s < to.

Proof Applying Stokes’ theorem (3.10) to the vector field Pr, we have
0= —/ efl, +/ efi, + Flux(Pr)(r, s), (3.11)
z0 50

where

Flux(Pr)(7,s) = — /c( )ﬁ(PT)Eﬁ

— [ (e-mm
C(7,s)
Noting that we have e > |m|, we obtain
Flux(Pr)(7,s) <0
which implies
EC(1)—E°(s) >0, Y0<7<s<to.

This concludes the proof of the theorem.

4 Null Coordinates

In this section, we introduce a null coordinate system, in which the wave equations may be
written in a classical form in the flat case. This coordinate system will be of great importance
in our work on global well-posedness. In the following part, we assume that all objects are
smooth, unless otherwise stated.
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4.1 Existence of null coordinates

Let (Q, g) be the orbit space, where
Q= M/s
and
g= —e2dt? + P ar?.

As discussed in Section 1, the orbit space (Q, ) is a 2-dimensional globally hyperbolic Lorentzian
space and thus in particular locally conformally flat. Hence, as noted in [27], we may introduce
a null coordinate system with respect to which ¢ takes the form

g = —e®*(u, v)dudv,

which means that the 3-dimensional manifold (M, ¢g) admits a coordinate system (u,v, ) such
that ¢ takes the form

g = —e**(u,v)dudv + 7% (u, v)d6?,

where now df? is the line element on the S' symmetry orbit. Then we can define

u—+v R:v—u'

T =
2 2

A direct calculation gives the following equations that the null coordinates satisfy:

(4.1)

wup + e By, = 0,
v — e By, =0.

Obviously, such coordinate system exists locally. Now we impose the following initial boundary
conditions:

(4.2)

t=0:u=-r,v=r,
r=0:u=w.

We will show that the solution of the above initial-boundary problem (4.1)—(4.2) gives a
global null coordinate system in the next part, where a prior estimate for the Jacobian is given.

4.2 L*° estimate for the Jacobian

Based on the energy estimates in Section 3, we aim to derive uniform bounds for the Jacobian
transformation between (¢,r,0) and (u,v,6) coordinates in this section, which can lead to a
global null coordinate system. In view of the definitions of the 1-forms I and 7 in Section 3,
their corresponding vector fields are null, given by

I= e 9, +eP0,,

n=e"%, —e P0,.
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Lemma 4.1 There exist two scalar functions F and G such that

1 1 6
81; = 56]:1, 8u = §egn. (43)
Moreover, F and G satisfy the following equations:
20,(G) = e’ re (e + m — f), (4.4)

20,(F) = —e9re’ (e — m — f).

Proof In view of (4.1)—(4.2), on the initial surface, there holds

ou Opu\ e F -1
v Ow)  \e*F 1)

Qut Opt\ _ 1 [efm ofme
Our Oyr) 2\ —1 1

which implies

ont=0.
Thus, we have

1 1 -~
Oyr = 2 Oyr = —3 I(ry=eP, @(r)=—e"*

ont=0.
Note the fact that 9, and 9, are null vectors, and 9, QU,Tand n are all future directed.
Thus, we infer that there exist two scalar functions F and G such that

1 1 5.
81; = 56}—1, au = §egn

with the normalization on the initial Cauchy surface
F=G=20.
Now we derive the equations that F and G satisfy. We have

[1,7] = 2~ B+ (—,.0; + 5,0, ).

Then,
oFYO
00,0, = “—— (7] + [(G)7 — A(F)D)
(F+9) g
_ eTe_(ﬂ"'o‘)(—arﬁt +B0,) + %av(g)(e—aat — e 83,)
e]—'

= 5 Ou(F)(e70, +e7"0,).

Since [0y, dy] = 0, F and G are such that

e 70,(G) — e 90,(F) =ref (e — f),
e 70,(G) + ¢ 90,(F) = refm,
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hence

20,(G) = " ref(e + m — ),

20,(F) = —e9rc’ (e — m — f).
This concludes the proof of the lemma.

Now, with respect to the null coordinate system, let us revisit Stokes’ theorem for 7z -
divergence for Py in K(7,s). We have

dv=—-e"7n, du= —e 9.

And the volume 3-form of (M, g) takes the form

1
Fiy = gre**dundv A do.
Next, we introduce the 2-forms 1, and z,, as follows
Ty =dv AT,y Tiy = du AT,

From the above two formulas, we infer

_ 1 2\ — 1 2\

Ry =—5re (dundd), m,= re (dv A d6).
Therefore,

Flux(Px)(7, s) = / dv(Px ),
C(t,s)

for instance,

Flux(Pr)(r, s) :/c( )dv(PT)EU

—— [ eTe-mpm,
C(t,s)

Lemma 4.2 There exist constants cg, c(}', cr and c} depending only on the initial data and
the universal constants such that the following uniform bounds hold:

- +
Cg SQSCQ,

- +
cr < F<cr.

Proof Integrating (4.5) with the fact that 7 = G = 8 on the initial Cauchy surface, we
obtain

2F (u,v) — 26(—v,v) = /u eIref (e —m — f)(u/,v)du/.

—v
Next, note that

e2>\ e]-_-i-g

oF+G
-5 = 9(00,00) =

2

g(ﬁ,l) = -
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and we infer
20 =F +G. (4.6)

Thus, we have

2F (u,v) — 26(—v,v) = / e 7ref(e —m — f)e* du/.

—v

Noting the fact that |e + m — f| < e + m and —v < u, using Theorem 3.2, we obtain

|F(u,v)] S e —|—/ e 7 (e — m)re* du'.
Since du = —e_gz we obtain

|[F(u,v)| S c+ dv(Pr)re* du/.

—v

After integration in 6, the right-hand sides are bounded by fluxes which in turn are bounded
by the energy, and hence

|F| <e.

For G, if u < 0, we can integrate (4.4) from the initial surface and get the uniform bound
in a similar way as we did for F.

If u > 0, we need some normalisation on I' to estimate G. Note that we have u = v, which
infers R=r=0and u =v="T. In view of (4.1)-(4.2), on I, there holds

8tu Bru _ Tt Tt
ov Ow) \T, =T,)°

Out Out\ _ 1 (Tt T
Our Oyr)  2\T,7t -1t

which implies

on .
Thus, we have

Opr = —=0Oyr, Il(r)=1, n(r)=-1

on I'. And by Lemma 4.1, we have

Therefore, we obtain that on I' there holds
Gg=7F.
Now we can integrate (4.4) from the axis,

2G(u,v) — 2G(u,u) = 2G(u,v) — 2F (u, u)
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- / e’ ref(e + m — f)(u,v)dv
- / e 9ref (e 4+ m — f)e?rdv'.

Noting the fact that |e + m — f| < e+ m and u < v, using Theorem 3.2, we deduce

v

1G(u, 0)| 5c+/ =9 (e + m)re? dv’.

u

Since dv = —e~77n, we obtain

G (u,v)] < c—|—/ du(Pr)re® dv’

<ec.

This finishes the proof of the lemma.

Lemma 4.3 There ewist constants c, and cj\' depending only on the initial energy and the
universal constants such that the following uniform bounds hold on the metric function X\ in

null coordinates:

ey <A<ct. (4.7)

Proof This follows immediately from (4.6) and Lemma 4.2.
Now, by (4.3), we can write the Jacobian J of the transition functions between (¢, r,6) and

(v,u,6‘),

Opt Oyt Opt
Ji= |0, Our Or
0p0 0,0 0y

1 e]"—a eg—a 0
—_|efFB _—e9-8
0 0 2

3

then the inverse Jacobian J~! is given by

Ov Opv Ogv
J'=|0u Ou Oyu
0:0 0.0 0y

o~Fta  o~F+8
=[e 9t —e 918 0
0 0 1

Therefore,
dv = Tt 4 CF B dr,  du = "9t dt — (-IHA)qp.
Lemma 4.4 There exist constants c,,,,,ct, and C,,,Ct, depending only on the initial data
and the universal constants such that all the entries of the Jacobian J and its inverse J~1 are
uniformly bounded

- +
C S T < s
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- -1 +
Cp,l/ S JNV S C;u/
for u,v=0,1,2.
Proof The proof follows from Theorem 3.2 and Lemma 4.2.

Lemma 4.5 For the scalar functions r, R, there exist constants ¢y, ce such that the following
pointwise estimates hold

r>cR, r<cR.

Proof By the L™ estimate for the Jacobian and its inverse that we have done in Lemma
4.4, we can obviously get the following estimates:

1
|OrT| = |0yr — Our| = §|ef_6 +e978 < ey, (4.8)
1 1
|0, R| = §|8rv — Opu| = §|e_g+6 +e TP < e (4.9)

The proof then follows by applying the fundamental theorem of calculus.
With the use of Lemma 4.4, we can now construct a global null coordinate system, and we

will consider our problem under this coordinate.

4.3 The Einstein equations in null coordinates

In null coordinates, the components of the Einstein tensor take the following form:

Goo = —eQ)‘r_lt?u(e_”@ur),
G01 = r_lau&,r,
G11 = —e* 710, (e 0, r),

G22 = —4r2e_2’\8u81,)\.

Other components are zero.
Thus, rewritting the Einstein-wave-Klein-Gordon system (2.10)—(2.15) in null coordinates,

we can get

Du(e™P0ur) = —e 21 (27,2 + 6.2), (4.10)

m? 22A—2v (2
Tup = —Te o7, (4.11)
Dy (€™ 0yr) = —e 21 (29,2 + ¢,7), (4.12)

2
M = =t = hu + PG, (4.13)
m2
0u(r0u) + 0 (rOuy) = — e ~*7¢7, (4.14)
m2

8u(rav¢) + 8v(rau¢) = _77«62)\—27@5’ (415)

with stress-energy tensor

TOO = 2'Yu2 + ¢u27
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m> o\ oy o
To1 = Te 97,
2
T = 27" + ¢°,
T22 _ 47’26_”\%/% + 2r2e_2>\¢u¢v 2 —ZV ¢2

We can also rewrite the system in (7', R) coordinates, which reads

-
—/\T—i——/\R——iR =72 + 2 + ¢T + ¢ 2y ¢2 (4.16)
r

—% + —)\R + —)\T = 297YR + 9T PR, (4.17)
r r r 1
L ¢2 (4.18)
r r r 2 2
-2 2) O NS P SRS P 1 —2X 2
e App —e AT = — V7¢ te Tyrt —e TRt +ge ér
1 _
56 2>\¢R2, (4.19)
_ _ _oaT _
Ogy = —e Py +e P yrp —e 2’\7T7T +e ZX—RVR
2
= —e_ZVmT¢2, (4.20)
_ _ o) T _on T
046 = —e 2 ¢rr + e drr — e 2’\TT¢T +e 2’\TR¢R
=e m2o, (4.21)
with the stress-energy tensor 7,
1 1 o m? ~
Too = yr* +r° + §¢T2 + §¢R2 +e? 277¢2 =™
To1 = 29rVR + ¢1TPR,
1 1
T =v7r° +9r% + §¢T2 + §¢ A ¢2
22,\222,\27’22,\27“2,\ 222
Ty =1e " yr” —1e R + e TgrT — e dr? —rPe T —¢”.

Let U = (v, ¢), and rewrite (4.20)—(4.21) in the following form on the Minkowski spacetimes
(RY2 m) :

1
UnU = ~Urr +Ugrr + }—%UR

1
:’H-I—T—TUT— (T—R ——)UR
r r R
£ h, (4.22)
where H = H; = —e?~ 27’” ¢2 when we consider the wave equation (4.20) of v, and similarly

for (4.21) we have H = Ha £ 2~ 27m2¢.

4.4 Estimates on energy flux

In view of the L™ estimates of the Jacobian and the monotonicity of the energy, we give
the following estimates on energy fluxes.
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Theorem 4.1 For 0 < Ty < Ty, consider the space-time region
{TO S T S Tl} - Q7

where Q@ denotes the mazimal development. There hold the following estimates:

min (v,2T) —v)
/ (0ur)? + (0u9)” + mPe™1 ) (o, )’ S B(0),
QT()—’U
T

/ ((007)” + (809)” +mPe™¢%) (u, v )rdv < EX(0).
max (u,2Tp—u)

Proof Noting that the vector field Pr is divergence free, using Stokes’ theorem, we can get

min (v,2Th —v) p27
J |7 te-mm| < E©)
2 0

To—v =0

and

T1 27
|/ | et mm,| < £
max (u,2To—u) J =0

where we use the notations and computations given in Subsection 4.2. In view of the definition
of i, and [, and the rotation invariance, we deduce

min (v,2Ty —v)
/ e (e — m)re* du < E(0)
2Tg—'l)
and
Ty
/ e 9 (e +m)re* dv < E(0).
max (u,2To—u)
Then, by the definition of e and m and (4.3), (4.6), we obtain
min (v,2T} —v) ) )
/ e9(e79(0u7)" + 7% (0u0)” + me” P ¢ )rdu < E(0)
2To—’U
and
o 2 2
/ e” (7 (0,7)" + e (0,0)” + m*e”27¢?)rdv < E(0).
max (u,2To—u)
Therefore, using Lemma 4.2, we finally obtain the estimates on fluxes,
min (v,2T) —v) ) )
/ (0u)? + (D06)* + m?e=216%)rdu 5 E(0)
2To—’U

and

T
/ ((067)” + (000)” + m*e™>7¢%)rdv < E(0).

max (u,2To—u)
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4.5 Lower bound of ~

In this part, we aim to show that v has a lower bound under the given initial conditions. We
may achieve this by some translation. An easy observation tells that the 4-tuple (A+1,7,v+1, ¢)
also satisfy (4.16)—(4.21). Then, we define

A=A+1, F=~+1

Now we will prove that 7 is nonnegative by a bootstrap argument. Firstly, we make a
bootstrap assumption

r33 > 0. (4.23)
The goal will be to improve this bootstrap assumption.

Theorem 4.2 Under the given initial conditions (1.6) and the bootstrap assumption (4.23),
for any T > 0,R > 0, there holds
r%:? > 0.
Proof Multiplying (4.20) by r2, we can verify that

2>\ 27m2 1.9 -3 ~
'Y)RR— 5 r2PT — 1T 2(ry 1)

1
2

(r¥3)pp — (r

In view of the normalization on the initial surface in Subsection 4.2, we see that r%”i is the
solution of the above 1-dimensional wave equation with initial-boundary conditions

T=0:
R=0:r

where 79,71 are the initial data of v and ~;.
Then, when R > T, we have

= R3 (70 + 1), (r27), = Rzef oy,
=0,

m\»—t lo\»—A

1

(F3)(T,B) = S(R+ T (o(R+T) + 1)+ 5 (R—T)} (ro(R —T) + 1)

1 [BAT R+(T—7) _
+—/ €280, )71 (€)dé + = / / A2 5 r2¢2d£dr

2 Jp-r —(T-7)

R+ T— T 5
- —/ / T2 (1y - ry)ydEdT,

and when R < T, we have

(rA3)(T, B) = S(R+ T (o(R+T) +1) — (T — R} (o(T ~ R) + 1)

1 T+R R+(T—71) _
+—/ £2e572(0,€)y1 (€)dE + = / / i > r2¢2d£dr

2 Jr_r —(T—7)|

R+ T— T 5
— —/ / 7“_5 (ry - 1p)ydEdT.

Firstly, we consider the lower bound of the case R > T'. By Theorem 3.2, the initial conditions
(1.6), the bootstrap assumption (4.23), the calculation of the Jacobian, and the equalities above,
we have

ml»—A

> L(R4T)(o(R+T)+1) + 5(R—T)*(0(R~T) + 1)

[\D|)—‘
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1 [RAT 1 (T [RHT-7) 2
+§/ ¢zl a(0,5)71(§)d§+§/ / e 2V7r§¢2d§dr
R-T 0 JR—(T-7)

> Y Re ) o) £ 1) + %(R—T)%(vo(R—T) +1)

Vv
O o=

Then, for the case R < T, we can estimate similarly,

P45 > SR+ T)Ho(R+T) +1) — 5(T = R (0(T ~ R) + 1),

N |

Note that by (1.6), on the initial surface, we have

1
On(rz(y+ 1) = ry, +3r 3 (y+1)
1 1 .
>yt or 2
2
>0
if » > 0. Therefore,
réﬁ >0
when R < T.
Thus, we have shown that
r%”i >0

This finishes the proof of the theorem.

The above theorem closees the bootstrap argument and yields the nonnegativity of 4, which
shows that v has a lower bound v > —1.

4.6 Existence of null coordinates in a light cone

Now we consider a cone J~ (O) with O a point on the axis. As is done before, we can similarly
construct a null coordinate system in J~(O) with different initial boundary conditions,

{t:O:Ez—E, (424)

r=0:u=tv=t.

The process of constructing such a coordinate system is just similar to what we have done in
Subsections 4.1-4.2, and obviously the equations take the same form in this coordinate as in
Subsection 4.3. The estimates we did before in Section 4 still hold in the new null coordinate
system.

This coordinate will be used only in the second part of our work of proving the global
existence of solutions to the Einstein-wave-Klein-Gordon system. For simplicity, we still denote
(w,v) by (u,v). Here, we give two more properties.

Lemma 4.6 There exist constants cq,co, 3, cq4 such that
r>cR, t>c3T,
r<coR, t<cT

hold in J~(O).
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Proof In a way similar to Lemma 4.5, using (4.8)—(4.9), we can obtain
R <r<ceR.

Moreover, by the L estimate for the Jacobian, we have

1
Tt = |0t + Oyt| = =|e” = +e77 7| < '3, .
o) Dyt + O 5 Frap o9 < ¢ 4.25

1
|ORrt| = |0t — Out| = §|ef—a —e97 < ¢y, (4.26)
1 1
|0,T| = §|8tv + Opu| = §|e_f+°‘ +e 9% < ¢, (4.27)
10,7 = %@U + Ol = %|e_f+ﬁ ~ eI < ¢ (4.28)

Noting that in J~(O) there holds R < T', and r < ¢ owing to the fact that o and 3 are bounded,
then, as in Lemma 4.5, the proof follows by applying the fundamental theorem of calculus in
the region J~(O).

To work in the new coordinate system later, we need an energy estimate in (7, R) coordi-
nates. We can similarly define energy in (T, R) coordinates

EO(T) = /~ el
SrnJ-(0)
where (iT, g) denotes the Cauchy surface. Then, we have the following theorem.
Theorem 4.3 For 0 < Ty < Tp, we have that in J~(O), the following estimate holds
E°(Ty) 5 B(0).

Proof Firstly, the theorem holds at the initial time. Then, for Ty > 0, we will use Stokes’
theorem for Pr on the region

K(TQ,S) = {TQ <T,t< S} n J_(O)

Using Stokes’ theorem and the estimates on energy flux, we can get
-/ (Prm)i; < e (4.29)
Er,NJ~(0)

with n the unit normal vector,
n=—e 9y = —e_A(au + 0y).

Then, by Lemma 4.1, we have

(e—>\+]:—o¢ 4 e—)\-l-g—a)

“MF-B _ g A G5
e 5, — (e e )

Therefore,
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In view of the definition of e and m and (4.3), (4.6), the L> estimate for the Jacobian, Lemma
4.6, we imply

o MF

(6_2}_((91;’}/)2 + 6_2]:((91,¢)2 + m2e_27¢2)
R ) )
+ =5 (7 (0uy)" + 7 (0ue)” + mPe” M7
> C((0,7)" + (000)” + (87) + (0u0)” + mZe21¢?)

> (Ce.

—(Pr,n) =

Thus, by (4.29), we have
EO(TO) 5 g,

which concludes the proof of the theorem.

5 The First Singularity Occurs on the Axis

In this section, we prove that the first possible singularity must occur on the axis. This is
equivalent to showing that the Cauchy problem admits a regular solution away from the axis.

Theorem 5.1 For any (u,v) away from the axzis, the solution of the system (4.16)—(4.21)
is regular at (@,7).

Proof Away from the axis, the equations become a 1 + 1 dimensional system. Now we
denote the maximal development by Q. Without loss of generality, we consider (7,7) € Q \ Q.
For (w,7) € Q\ Q, there exists a small light cone C(z 7 away from the axis with vertex at (%, )

satisfying
Thy<T<T, 0<Ry<R<Ri V(T,R)ECan),
and
Th—-To<1, Ri—Ro<l,
and

(Cam \{@1)}) C Q.

We denote the small scale of the light cone by e.
Now, by the estimates on energy flux, we have

U@o)| < Vo) + [ (Ul

—v
1

< Co+ (/H |Uu|2d“) i

-7
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Then, we rewrite the Einstein equations (4.14)—(4.15),

Yoo = —%% - %% + %26”‘2”0#27 (5.1)
b = — T, — T~ Ty, (5.2)
Let
X = sup |Uy|.

(w,v)

Integrating (5.1) from ug to u, where (ug,v) on the initial hypersurface of C(z 5 and (u,v) €

du+/
) 2

Ty
5 Tu
r

C(3), we obtain

I%ISMJrX/
ug

r U m?
_uw d o222y 2d

§M+X/ du—|—/ [yuldu + €
) uo

u 3
SMAeX + (/ |7u|2rdu)
0

u

S M +eX.

Then integrating (5.2) from ug to w, noting that v has a lower bound, we obtain

u u “ 9
|¢v|§M+X/ g—udu—i—/ ;—vqbu du+/ mTGQ)‘_Q'%du
ug r u T wo

(0]

SU+X [dut [ (ou]+]e P du
uo )

SMteX+ (/ (I6ul” +e—2”¢2>rd“)é

U
Uo

S M +eX + E(0)
SM+eX.
Thus,
X S M+eX,
which implies
X < M.
We can similarly get the upper bounds for 9,,U. Therefore,
|oU| < M.

Now integrating (4.13) along the ingoing light ray, we get

u

|Av|§M+/

uo

u qu
allwldu-+ [ oo, ldut [ Teeotau
uo uo



The Einstein-Klein-Gordon System 965

sarar( [+ |¢>u|2>rdu)% + B(0)

Uuo

S M.
The same estimate holds for d,A. Then
O] < M.
Thus, it must hold that (w,7) € Q. This finishes the proof of Theorem 5.1.
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