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Abstract The authors study the Lagrangian stability for the sublinear Duffing equations
&+ e(t)|z|* 'z = p(t) with 0 < a < 1, where e and p are real analytic quasi-periodic
functions with frequency w. It is proved that if the mean value of e is positive and the
frequency w satisfies Diophantine condition, then every solution of the equation is bounded.
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1 Introduction

In 1976, Morris [1], by using Moser’s twist theorem, proved that all solutions of the equation
i+ 22 = p(t)

are bounded when p is periodic and piecewise continuous. Since then, KAM theory has been

the most powerful tool to study Littlewood’s boundedness problem for Duffing type equations
&+ Yz, t) =0, (1.1)

where v is periodic in ¢. And fruitful achievements have been made by many authors (see for
examples [2-6] and references therein).
In 1999, Kiipper-You [7] proved that all solutions of the equation

i+ |z|* e = p(t)

are bounded, where 0 < o < 1 and p € C°(T).

In 2001, Liu [8] investigated the sublinear equation in the more general form

i+ p(x) = p(t),
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and concluded that all solutions of the equation are bounded with p € C®(T) and ¢ € C%(R)

satisfying the sublinear condition:

sign(x) - p(x) — 400, lz) —0 as|z] = oo.
x

In 2009, Wang [9] studied the sublinear equation
&+ e(t)|z|* = p(t), (1.2)

where 0 < a < 1, e, p € C°(T), fol e(s)ds # 0. He proved that the necessary and sufficient
condition that the equation posses the Lagrangian stability is fol e(s)ds > 0.

In the dynamical point of view, it is natural to study Littlewood’s boundedness problem for
(1.1) with ¢ quasi-periodic in ¢.

In 2000, Zharnitsky [10] proved an invariant curve theorem for a quasi-periodic planar map-
ping and applied it to answering a question asked by Levi-Zehnder [11], that is the boundedness
of solutions of the Fermi-Ulam model.

In 2005, Liu [12] established some invariant curve theorems for some planar reversible map-
pings with quasi-periodic perturbations. As an application, he proved the existence of quasi-

periodic solutions and the boundedness of all solutions of an asymmetric oscillation
i+ axt — b =p(t), (1.3)

when p is a real analytic, even and quasi-periodic function with the frequency w satisfying the
Diophantine condition.

Recently Huang-Li-Liu [13-14] proved the existence of invariant curves for quasi-periodic
smooth mappings and used the theory to get the existence of quasi-periodic solutions and
the boundedness of all solutions of (1.3) when p is a smooth quasi-periodic function with the
frequency satisfying the Diophantine condition (see the results in Appendix).

Motivated by the above references, especially by Wang [9] and Huang-Li-Liu [13-14], we are
going to investigate the boundedness problem of the special quasi-periodic subilinear Duffing

equations
&+ e(t)|z|* Lz = p(t) (1.4)

with 0 < o < 1, where e and p are real analytic quasi-periodic functions and their frequency

w = (w1,ws, - ,wy) satisfies the Diophantine condition
k)l 2 s ke Z"\{0) (1.5)

for two positive constants ¢, o.
It is well known that for any quasi-periodic function f, its mean value Tlim % fOT ft)de
— 00
always exists. Denote it by [f].

Our main result is the following theorem.
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Theorem 1.1 Assume that e, p are real analytic quasi-periodic functions with the frequency
w = (w1, ,wy) satisfying the Diophantine condition (1.5). If [e] > 0, then (1.4) has quasi-
periodic solutions and all the solutions of (1.4) are bounded, i.e., every solution x(t) of (1.4)

exists for t € R and sup(|z(t)| + |£(t)]) < +oo.
teR

Remark 1.1 The main idea of the proof of Theorem 1.1 is similar to the one in [9]. But
here, due to the quasi-periodicity of e and p, we meet the so called “small divisor” problems,
so we need much more regularity estimates and introducing new function class F,(ro,lp) of
quasi-periodic functions as a tool. To meet the requirements of the invariant curve theorem
established by Huang-Li-Liu in [13], we must suppose that e and p are analytic quasi-periodic

functions. It seems an interesting question to consider the smooth case.

The rest of our paper is organized as follows. In Section 2, we will give some definitions
and proprieties and the integral proposition of quasi-periodic functions. In Section 3, we will
introduce the action-angle variables and the new function class F(ro,lo) of quasi-periodic
functions, then change action-angle variables. In Section 4, we will make further canonical
transformations and obtain a new transformed Hamiltonian system. In Section 5, we will prove
the existence of quasi-periodic solutions and the boundedness of all solutions for (1.4). Here
we point out that though our proof appears a simple variant of [9], there is a huge difference
between our quasi-periodic case and the periodic case in [9]. In fact, in our proof we use the
integral proposition of quasi-periodic functions in Section 2 and the proprieties of the new

function class F,,(ro,lp) in Section 3.

2 Preliminaries

We first recall some basic knowledge on the analytic quasi-periodic functions. For further

contents, one can refer to [15, Chapter 3].

Definition 2.1 (see [15]) A function f : R — R is called a real analytic quasi-periodic

function with the frequency w, if it can be represented by a Fourier series

f0) =D fretrithelt,
kezn
where k = (k1, ko, ,kn), (k,w) = kw1 +kowa+ -+ kpwn #0 if k £ 0, and fi exponentially
decays with |k|, where |k| = |ki| + |ka| + - + |kn].
The set of all such functions is denoted by Q(w).

It is not difficult to see fo = [f].

For each f € Q(w), there is a real analytic function F(0) = F(01,02,---,0,) : R* — R
which is 1-periodic in each variable 6; (1 < j < n) and bounded in a complex neighborhood
I ={(01,62,--- ,60,) € C": [ImO;| <r,j=1,2,---,n} of R for some r > 0 such that

f(t) = F(wit,wat, - ,wnt), YteR.
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Then F' has a Fourier expansion

F(G) _ Z kaQﬂi<k,9>.

kezn
This F is called the shell function of f.
Let Qr(w) C Q(w) be the set of real analytic quasi-periodic function f such that the cor-
responding shell functions F' is bounded on the subset I = {(61,02,--- ,60,) € C" : |[Im ;| <

r,j=1,2,--+ ,n} with the supremum norm
|F|, = sup |F(0)] = sup ‘kae%i(k’e)‘ < +o0.
oet perty |

Define |f], = |F|,.

It is well known that indefinite integral of a periodic function is still a periodic function if
the mean value of the function is zero. It is easy to prove that this conclusion is not valid for a
quasi-periodic function. However we have the following result for a real analytic quasi-periodic

function.

Proposition 2.1 If f € Q(w) with the frequency w satisfing the Diophantine condition
(1.5), and

= — ds,
ott) = [ ()= 1)
then g € Q(w).

Proof From Definition 2.1,

f(t) _ [f] _ Z fk€27ri<k’6>t.

keZ\{0}
Suppose |fx| < |f|-e~2*! for some 7 > 0 and ¢ > 0. Then from (1.5), we have

o) = [ -1ts= [ pemiteras= 35 Amtary)

kezZn\{0} kez"\{0}

So
pol<fe X Uhe () [0 X etk <
g - Te |I€|E — kA € OO?
keZm\ {0} kezZn\{0}

which implies that the function g is well defined, where C' is a positive constant. Since g(t) =
S ogre? B9t with go = 30 1<f—’“w> and g = 1<,{—kw> for k # 0, noting the fact that f; decay

kezZn kezn\{o} ’
exponentially, we see g € Q(w).

Lemma 2.1 (see [13]) The set Q(w) has the following properties:

(1) If f, g € Qw), then f g, g(- + f(-)) € Qw).

(2) If w satisfies Diophantine condition, f € Q(w) and T = ft + f(t) with 8+ f' > 0, then
the inverse relation is given by t = =11 4 g(7) where g € Q(%) In particular, if § =1, then
g9 € Qw).
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Lemma 2.2 If f, g € Q(w), then f-g € Q(w).

Proof Since f, g € Q(w), we denote f, g respectively as

f(t) _ Z fke%ri(kw)t, g(t) _ Z ngZﬂ-i(kM)t,
kezn kezn
where fi, gr satisfy | fi] < Mle—\k\Pl, lgk| < Moe=IklP2 for positive constants My, Mas, p1, p2.
Let ¢(t) = f(t)g(t). Then
C(t) _ Z CkQZWi<k7w>t;

kezm
where Ck = Z fk—mgm or Ck = Z fmgk—m-

meZ™ mez"
(i) Consider the case pa > p1 > 0. We have

|<k|:‘ Z fk—mgm‘ < Z Mle—\k—mlmMQe—lm\m

mezn mezn
— E Mye~lF=mle1 ppye=Imlerg=Iml(p2—p1)
mez"
< E M Mye~Iklp1g=Iml(p2—p1)
mez"
= M, Mye~Iklp1 E e~ Iml(p2—p1)
mezn

v —|k —|k
< MM Mse [klp1 < Me | |p17

therefore, ¢ € Q(w).
(ii) Consider the case p1 > p2 > 0. We have

|<k| _ ‘ E fmgk—m‘ < E Mle—\m|P1M2e—\k—m|Pz

mezn mezn

— E Mye~Imlp2e=Iml(p1=p2) pp, o= Ik—mlp2
mez"

< E M, Mye~Iklp2g=Iml(p1—p2)
mezn

= M, Mye~Iklp2 E e~ Iml(p1—p2)

mezn

v —|k —|k
< MM Mse [k|p2 < Me | Ipz7

therefore, ¢ € Q(w).

(iii) Consider the case p1 = pa and choose a constant 0 < p < p; = p2. We have

|<k| :‘ Z fk—mgm‘ < Z Mle—\k—m|P1M2e—|m‘P2 < Z Mle—\k—m|pM2e—\m|p2

mezn mezn mezn
— E Mye~F=mle ppye=Imlp=Iml(p2—p)
mez"

< Z Mlee—\k\Pe—\ml(pz—p)

mez”
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< M1M26—|k|l’ Z e~ Iml(p2—p) < MM1M2G—\k\p < Me_‘k‘p,

mezn

therefore, ¢ € Q(w). We complete the proof now.

3 Action-Angle Variables

We will first introduce the action-angle variables after two canonical transformations and
then change action-angle variables in this section. Moreover, we give the definition and prop-
erties of a new function class JF,(ro,lo) of quasi-periodic functions in order to estimate the

Hamiltonian.

3.1 A canonical transformation

(1.4) can be written as a Hamiltonian system

OH

OH
T = En =y +q(t), Y=""% = —e(t)z|x|*" + [p]. (3.1)
The corresponding Hamiltonian is
1, e(t) a+l
H(z,y,t) = 59" +a(t)y + — 7 [a] [p)a
L, [e] +1 e1(t) +1
= — e « t - . @ - 2
S+ ol Oy + 2l — e, (32)

where e, ¢ are as the following:

Since e, p € Q(w), from Proposition 2.1, ¢ is well defined and ¢ € Q(w).

To make the Hamiltonian system simple, we introduce a transformation

oG
Dy =1, yzz—!—a—xl(a:,t),
where Gy (z,t) will be determined later. Under ®;, Hamiltonian function (3.2) is transformed
to
1 8G1 2 [6] 8G1 el(t) 8G1
H — _ it e a+1 . it RS a+l VL
(x,2,1) 2(z+ 895) +a+1|x| +q(t) (z+ 8x)+a+1|$| [plx + 5
1 2 [6] at1 8G1 1 8G1 2 8G1 el(t) a+1
= — _ P — — t P _
2Z+a+1|x| +Z8x+2(8x) —|—q()(z—|— 8x)+a+1|x|
+ oG _ |z
ot '
Let 0 0c
ex(t a+l 1 _
a+1 ™+ o 0
then .
t) = ———|z|*T! :
Gl t) =~ =gl [ exo)s
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Define . .
E(t) = — /O er(s)ds = — /O (e(s) — [€])ds.

From Proposition 2.1, we see F € Q(w). From Lemma 2.2, E? € Q(w). Therefore, Gi(z,-) €
Q(w) for every x € R. Then the Hamiltonian function (3.2) becomes

H(z, z,t) —;z + — [ ] |9C|O‘Jrl + zlz|* T2 E(t) + %|x|2O‘E(7§)2
+qlt )(Z + |il?|a 'zE(t)) - [plz, (3.3)

and the corresponding Hamiltonian system is

&=z + x| E(t) + q(t),

S — a=l,. _ o |n20=2 2 ja—2 (3.4)
z [e]|z|* " — alz] zE(t) alz|* 2z (q(t) + 2)E(t) + [p].

3.2 Introducing action-angle variables

In order to introduce the action-angle variables, firstly consider the corresponding au-

tonomous Hamiltonian system of (3.4),

=z z=—[elz|* 'z (3.5)

with the Hamiltonian ho(z,z) = 122 + a[—+]l|a:|°‘+1.

Let (zo(t), z0(t)) be the periodic solution of (3.5) satisfying the initial value

(20(0), 20(0)) = (1,0)

and Ty > 0 be its minimal period. Introduce the functions C and S by

(e(t),8() = (20(7-)-20(75)):
The functions C, S satisfy

(1) C€ C*(T), s € C(T), ¢(0) =1, (0) =0;

) C(—t) = C(t), S(—t) = —8(1), (3 — 1) = —c(t), S(% — ) = s(¢);

) ()—Oﬁ)t(mod ) }L,

) C=1Ls, s_ Higje-te;

) 3s(t)? + L fe(p)lett = L4

The action and angle variables are introduced by the canonical transformation

(2
(3
(4
(5

®y . oz =d'I%C(0), z=d3I%2S(h),

where b = a=2-2b= 2D and d = ble]Tp. It is obvious that <b<i<a<lif

2
a_-|-3’ a+3

0 < a < 1. We claim that @5 is a symplectic diffeomorphism from R x T onto R?/{0} for the
following reason. (C, S) is a solution of (3.5) with the minimal period Tp, so @2 is one to one

and onto. Moreover, ®, is measure preserving.
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Under &5, the Hamiltonian (3.3) is transformed into

H(0,1,t) =doI® + (d2S(0)I% + q(t))(d°C(9))*E(t)I** + %(dbc(ﬂ))QaE(t)QIQb“
+d%s(0)q(t)I% — [pld°c(H)I°, (3.6)

where dg = Jd".

We introduce the quasi-periodic function space F,(ro, o) as follows.

3.3 A function class F,(ro,lo)

Given rg € R, lg > 0, denote F,(r9,lo) the set of functions in (\,0,t) € RT x T x R: f is
C*>in A\, C in 0, f(\,0, ) € Q(w) for all (\,0) € Rt x T and satisfies

sup (N7 |DIDEDLF(N, 0,1)]) < 00, 1 <ly.
(A,0,t)ERTXTXR

Lemma 3.1 F,(ro,lo) has the following properties:
(1) IfT'1<7‘2, thenfw(rl,lo)wa(Tg,lo).

(it) If f € Fulro,lo), then DY f € Fo(ro — jo, lo)-
(111) If f1 S Fw(Tl, ll) and fQ S Fw(TQ, 12), then f1 . f2 c fw(Tl + Tg,min{ll, 12})
(iv) If f € Fu(ro,lo) satisfies |f(N, -, )| = eA™ for A > Xo, then % € Fu(—r0,lo).

Proof (i) f € F,(r1,ly), r1 < re, then

sup (M2 [DIDEDLf(X,6,1)))
(N,0,t)ERTXTXR

= sup (NN T2 DI DEDL F(N, 0,1)]) < 00, 1< Io.
(X,0,t)eRTXTxR

(ii) f € Fu(ro,lp), then

sup (MU0 DIDEDY(DY f (A, 0,1))])
(A,0,t)ERTXTXR

= sup (N Fdo=ro| DI DEDL £(X,0,1)]) < 00, 1 <.
(X,0,6)ERTXTXR

(111) f1 S ./T"w(’l”l,ll) and fQ S ]:w(TQ,ZQ), from Lemma 2.2, f1 . fQ S Q(UJ)

sup  (MTCHIDIDEDY(f1f2)(A 6, 1))
(X,0,t)ERT XTXR

2

T o > IV DL D Dyt £i(A,0,0)]) < o0, 1 < min{ly, s},
(NOERTXTXR ;T i

k1 + kg =k,

lo1 +1lo2 =1

(iv) f € Fu(ro,lo), then

- 1
DJADngiD

Ai—(=70)
o ( F\0,10)

(X,0,t) ERT XTXR, A>Xo
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< sup (N7 DIDEDY(cIATT)]) < 00, 1< o,
(X,0,t)ERT XTXR, A>Xg

For f € F,(ro,lo), denote the mean value over ¢-variables by [f]:

A0v0) = Jim 2 [ 0.0dt > 0.

T—oo T

Define C;(6) = (d°C(6))*. Tt is obvious that C; € C° for 0 < a < 1. Rewrite (3.6) as

HO,1,8) = doI® + (d3S(0)% + q(1))C1 () E() 1™ + %C1(9)2E(t)212ba
+d3S(0)g(t) % — [pldc(o)1". (3.7)

Denote

From the definition of the function space F,(r9,lp) and Lemma 3.1, we have
Hy € Fola,+o0), Hy € Fu(2a—1,0), Hye }‘w(g, 1), Oy e Fob,2). (3.8
Define
Ho(1,C(0)) = Ho(I) + Hs(I,C(0)), Hy(I,C1(),8(0),t) = Hy(I,C1(0),8(6),t) + Ha(I,8(6),1).
Then the Hamiltonian (3.7) becomes
H(9,1,t)=Hy(I,c(9))+ Hi(I,C1(0),8(0),1), (3.9)
where
Hy € F,(a,2), H; € F,(2a—1,0). (3.10)

Since the Hamiltonian (3.9) is only C° on 6, we cannot guarantee that the Poincaré map
of (3.9) is smooth enough as required in the quasi-periodic invariant curve theorem obtained
by Huang-Li-Liu in [13]. To solve this probelm, we will exchange the role of § and ¢ in the

following part.

3.4 Changing action-angle variables

From (3.8), Hy € F.(a,+o), Hs € F,(b,2), it is obvious that oo — % # 0 for

large enough I > 0, then there exists a function Zy(o, C(€)) which is C* on C such that

o = Ho(To(a,C(9)), C(6)). (3.11)
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Similarly, from (3.10), Ho € F.,(a,2), H1 € F,(2a—1,0), 21 = M # 0 for large enough
I > 0, so there exists a function Z(H,t, 6) such that

H = Hy(Z(H,t,0),C(0)) + H(Z(H,t,0),C1(0),S(0),1), (3.12)
which can be rewritten as
H — Hy(Z(H,t,0),C1(0),8(0),t) = Ho(Z(H,t,0),C(0)). (3.13)
From (3.11) and (3.13), it is obvious that
I(H,t,0)=To(H — H1(Z(H,t,0),C1(0),8(0),t),C(H)). (3.14)
Consider the function
H(I,C4,C,8,t) = Hy(I,C)+ Hy(I,Cq,S,t).

From (3.10) and %—If = M # 0 for large enough I > 0, there exists a function Z(H, t,C, Cy, S)
with Z being C*° on C, Cy, S such that

H = Hy(Z(H,t,C,Cy,8),C) + Hy(Z(H,t,C,Cy,8),C1, S, ¢). (3.15)
From these definitions, Z(H, t,0) = Z(H,t,C(0),C1(6),s(0)).
Let
Hor,,
0 80'
- Hy(Z(H,t,C,C1,8),Cy, S, t)du. (3.16)

7,(H,t,C,Cy,8) = — H — pHy(Z(H,t,C,Cy,8),t,C,Cy,S), C)

It is easy to deduce that Z; is C*° on C, C; and S respectively. From the definition of Hy, Zy
and Lemmas 2.1-2.2, 7; € Q(w).

The Hamiltonian (3.9) becomes
I(H,t,0) =Zo(H,C(0)) +I1(H,t,C(0),C1(0),5(0)) (3.17)

with 6, ¢, H being the new time variables, new angle variables and new action variables respec-

tively. From the proprieties of the function space F,(ro,lo) (see Lemma 3.1), we have
1
Ty € F., (—, 2), T, € F.(1,0). (3.18)
a
Furthermore, for a positive constant Cy,

04Ty > CoH=". (3.19)
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4 More Transformations

We will make more transformations since the Poincaré mapping of the Hamiltonian system
(3.17) is not a small perturbation of a stand quasi-periodic twist mapping. Notice that all these
transformations are quasi-periodic in the time variable. We will discuss the quasi-periodicity
after every transformation.

It should be noticed that C; € C. In order to make more transformations, we will improve
the smoothness of C; by constructing a smooth approximation function Cs of C;. Denote
S:1(0) =9'(0) = —%C(G) -|C(0)|*~L. For the same reason, we also find a smooth approximation
function S; of S;. The method can be found in [9], so we state the two conclusion in the following
Lemma 4.1 without detail proof for simplicity. Here we point out that though our proof appears
a simple variant of [9], there is a big difference between our quasi-periodic case and the periodic
case in [9]. In fact, in our proof we use the integral proposition of quasi-periodic functions in

Section 2 and the proprieties of the new function class F,,(ro,lo) in Section 3.

Lemma 4.1 (see [9]) For any e > 0, there exist C* periodic functions Ca, Sy such that

|C2(0) — C1(0)] < Dy -, |Ch(0)] < Dy -1, (4.1)
1 1
= i - — = > ° .
Co(8) = C1(0) if ‘9 (mod 2) 4‘ > D, (4.2)
and
1S2(0) — S1(0)] < Dy -, [SH(0)] < Dy -1, (4.3)

where constants D1, Dy > 0 are independent of €.

From (3.17),

I(H,t,0) = To(H,C(0)) + I, (H,t,C(0),C1(6),5(6))
= To(H,C(0)) + I1(H,t,C(0),C2(0),8(0)) + Iy (H, t,C(0),C1(6),S(6))
—I,(H,t,C(0),C(0),5(0))
:IO(H C(0)) + T (H,t,C(0),C2(0),S(0))
+ ; gﬁ (H,t,C(0), 1(C1(0) — C2(0)), 8(0)) - (C1(6) — Ca(0))dpe.
Let
Iy(H,t,0) = ; gﬁ (H,t,C(0), 1(C1(0) — C2(0)),8(0)) - (C1(0) — C2(0))dpe. (4.4)

Then (3.17) is rewritten as
T =1y(H,C(0)) +Z:(H,t,C(0),Ca(0),8(0)) + Z2(H, t, ). (4.5)

Lemma 4.2 For the initial action variable Hy > 0 large enough, there exists a canonical

transformation such that the Hamiltonian (4.5) is transformed into

T =TJo(A0,C2(0)) + T (A, 7,0,C2(0),82(0)) + T2 (N, 7,0,C2(0)) - C5(0) + T3(A, 7,6),  (4.6)
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where
1 1 L 14co
JoeFu(=2). T BeFu(2-2.0), HF T e FL0). (4.7)
Moreover, for a positive constant Cy,
Oy Jo > CoXs . (4.8)
1+CQ)

Proof Lete = H, @
From (3.18), (4.4) and Lemma 4.1,

* be the parameter in Lemma 4.1 with the constant 0 < ¢g < 1.

IT5| < DyHy G, (4.9)

where D; is a constant independent of Hy denoted in Lemma 4.1, so
(1 _14e¢
Hy @)L, € F01,0). (4.10)

Introduce a canonical transformation

' 0G, L 0G,
y: H=A+ =2(N00), T=t+=2(\1,0),

where the function Go(\,t,6) will be determined later. Under ®3, the Hamiltonian (4.5) is

transformed into

8G2 aGQ
e c(e)) +1 (/\ + =

= To(\, C(0)) + [Z1] (A, (), C2(0),8()) +

,t,C(0), C2(9),s(9)) _|_12(/\+ 0G2 ,t,ﬂ) 0Go

ot 90
o7, 0Ga
M; (A, C(0)) - —= + Tu (A, 1,€(0), C2(6), 5(9)

I:IO(/H—

~ (L)1, C(6),C2(0). 5(0)) + / g (-1 50.00) - (%52

0

Loz, len Gy 9Gs P
+ [ G (T .c0).020),50)) - TR+ (A + T2 00) + T (aa)

where [Z1](), €(6), C2(0),5(6)) = lim I i\ t,C(8), Ca(6), S(6))dt.
Let

0Ty oG

OH ()‘ C(G)) 6t2 +1 (/\7 2 C(G)v C2(9)7 S(G)) - [Il](/\v C(G)v 02(9)v 8(9)) = Ov

then
Ga(\,t,C(0),Ca(0),8(0))

_ _(%)_1@,%9)) /Ot(Il(/\,t,C(G),Cg(G), S(0)) — [T1](A, C(0), G (60), S(0))) .

7, is C™ in C, Cy, S respectively and Z; € Q(w) with the frequency w satisfying the Diophantine
condition (1.5). According to Proposition 2.1, fOt(Il — [71])dt € Q(w) and C* in C, Co, S
respectively. Thus Ga(A,-,C(0),C2(0),8(0)) € Q(w) and C* in C, Cy, S respectively. It is
obvious that

%(x\,tﬁ) = —(%)_1/; wdt 5(6) - (%)_1/; wdﬁw
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_2 2 t
- (%) -%/O (T, — [Ta])dt - S(6). (4.12)

Denote

Ji1(A,7,C(0),C2(0),8(0)) = —

(511)
Tia(A7,C(0), Ca(6),5(6), 81 (6)) = _(8_0)‘1 /Ot Mla;s[zl])dt -84(6),
Fra(A 7, C(0), C2(6),5(0) = — (57

(52

(A, 7, C(0), Ca(6),5(0)) = —

Then (4.12) can be rewritten as

0G2

W2711+712+J13+J2'CI2-

Define

Jo(A, 0,C2(0)) = Zo(A, C(0)) + [Z1](A, C(6), C2(6), 5(0)),
Ji(A,7,C(0),C2(0),8(0),81(0)) = Ji1 (N t,C(0),C2(0),8(0)) + Ti2(A, £, C(0),Ca(0),S(0),81(0))
+j13(/\ t C(9)7C2 9)78( ))

o) e O enom) - ()

611 8G2 8G2
+/0 oH (/\Jr ot t’c(9)702(9)13(9))'—du,

)
(

_ le
TiAT,0) = JQ(A+ 6—t2,t,9).

In the above denotation, t = t(A, 7, C(#),Ca(0),S(0)).

It is obvious that Jo(A, 0, C2(0)) is C™ on C, and C*! on §. From Lemma 2.2, 77 is C* in
C, Cz, S and C* on 0 respectively and J1 (], -, C(0),Co(6),5(0),81(0)) € Q(w). From Lemma 2.1,
Jiis Cton 0 and (A, -, 0) € Q(w).

Moreover, from (4.9),

1 co
Fi e Fo(2-2,0), HE 0T € Fu(1,0),

From the definition of Go, rewrite (4.11) as

T = Jo(\0,Ca(0)) + Ti(\ 7,0,C2(0),81(0)) + Ja(\, 7, 0,C2(0)) - Co(0) + T1(\, 7, 0)
= Jo(\,0,C2(0)) + T1 (A, 7,0,Ca(0),82(0)) + To(\, 7,0,C2(0)) - C5(0)
+ (N 7,0,C2(0),81(0)) — Tr(\,7,6,Ca(0),82(0)) + T1(\, 7, 0). (4.13)
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Define
:7\2()\7 T, 9) = \71 ()\7 T, 97 C2(9)7 31(9)) - Jl (A7 T, 97 C2(9)7 82(9))
From (4.7),
%—1-’*60/\ . 1
H; Jo € Fu (2 a,o). (4.14)
Define

Ts(A\7,0) = T1 + Ja.

Rewrite (4.13) as

T =To(A\0,Ca(0)) + T1 (A, 7,0,Ca(0),82(0)) + To(\, 7,0,C2(0)) - C5(0) + T5(\, 7, 0).

However, the Poincaré map of the Hamiltonian system corresponding to (4.5) does not have
the form of the Poincaré mapping in [14], therefore we should make another transformation.
In the above proof, C, is only C” on . To satisfy the smoothness requirements, we establish a
C' function C3 which is an approximation of C} similar as in Lemma 4.1. Then we can use the
quasi-periodic twist theorem in [14] to the Poincaré mapping. From [9], we have the following

lemma.

Lemma 4.3 (see [9]) For any Hy > 0 and 0 < g9 < cg, there exists a C' function C3(0)
such that

1
| 1640) - cat0)ia0 < - 17, (4.15)
0
1
[ Ies@ao < D), (4.16)
0
max |C5(6)] < D - HEU ™), (4.17)

where D is a constant independent of Hy.
From the above results, the Hamiltonian (4.6) is
7= JO()\a 97 C2 (9)) + jl ()\7 T, 97 C2(9)7 S2(9)) + JQ(Aa T, 97 C2(9)) : C3(9)
+J5(A,7,0) + T2(X, 7,0, C2(0)) - (C(0) — C5(0)), (4.18)
where Jo, J1, Jo are C! on 6, C* on Cy and S, respectively and 1 (A, -, 6, Co(6), S2(0)) € Q(w),
‘72()\7 K 97 C2(9)) € Q(w)v \73(A7 K 9) € Q(Ld)

Lemma 4.4 For the initial action variable Hy > 0 large enough (which implies that new
initial action variable \g large enough), there exists a canonical transformation which transforms
the Hamiltonian (4.18) into

1= ﬁo(p, 9) + ‘Cl(pvgv 9) + LQ(pvgv 9) + £3(pa Ss 9) + £4(p7§7 9) ! (Clz(o) - C3(9))
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Moreover, we have

1 2 2 11 g
LoeFu(52), LieFu(3-Z+as0), LreFu(3-2.0), Lo Hy " “F,(L,0),

La e]—'w(Z— %,0), Ls e]—"w(3— %0) Lo e]—"w(3—2,0), (4.20)

where ¢ > 0 and ¢, = QTTO‘ are constants independent of e¢.

Proof Introduce the canonical transformation

) B 603 . 8GE)
@4. A—p—" 87' (p77—79)7 C_T+ ap (p7T79)7

where the function Gs(p,,0) will be determined later. Under &4, the Hamiltonian (4.18) is

transformed into

oG oG oG
1z :\70(/)_" —370702(9)) + jl (P"‘ —377-79702(0)782(0)) + j2 (P"’ 6—7_377-70702(9)) ' C3(9)

or or
8G3 8G3 aGS /
+73(p+ G 70) + St + Je(p+ H=,70.Ca(0)) - (G4(0) — Ca(0))
) oG
=J0(p,0,C2(0)) + [1] + [To] - Ca(6) + a—j;(p, C(0)) - = + Ji(p. 7.0, C2(6). 82(6)) — (1]
9GS

+ «72(p7 7—76‘702(9)) : C3(9) - [jQ] : 03(9) + j3(p7 T, 6‘) + W

. L o2, 0G5 OG5\ 2
+ Ja(p.70.C(0) - (€5(0) = Co(0) + | TP (o4 G2 c0) - (F2)
0G5

' O[] 0Gs
+/0 oA (p+/‘ or v9aC2(9),S(9)) Sy

N 0Gs 0G3
+/0 W(P*'#W,T,@,Cz(@)) : Wdﬂ

L ag oG G
+/ 2(p+u—3,T,9,C2(9)) . —3du-C3(6‘)7
0

EN or or

where

1 /T
[J1] = [F1](p, 0, C2(0),82(0)) = lim _/0 Ji(p,7,0,C2(0),82(0))dr,

T—oo T

1 /T
(2] = [F2](p,0,Ca(0)) = lim _/0 J2(p,T,0,Ca(0))dr.

T—oo T

Let

%(p,(:(e)) : % + jl(pa 7—76‘702(9)7 32(9)) - [Jl] + JQ(pv 7—76‘702(9)) 'C3(9) - [jQ] : C3(9) =0,

then

Gs = —(%)_1 /OT(Jl =[]+ (% = [7]) - Ca())dr-
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From the definition of J1, J2 and Proposition 2.1, Gs(p, -, 0) € Q(w). We can calculate that

9Gs _ (&70) /T (3(71 — ) ) + o~ (7)) o ) + O — [jl]))df
a0 B 0 dCy 2 03, 2 00
(37 [ (REEL aentn) + A2y

+ @12 - S0)ar+ (52) 7 508 [ - 19+ (% - 1D - calo),

Define

Lo(p,0) = To(p,0,Ca(0)) + [T1] + [T2] - C3(0),

—2 2 T -1 [T _
etor0) = (50) " Gy [ @ - bar-cato) - (50) 7 [F AL 4 o)

- () [ AR o) 0 - (32) [ (- o),

O\ 0C, O\
92 e OG3\2 Lol oG oG
52(/),7,9):/0 8/30 (p+u 87-3’C) . ( 873) du-i-/o ([9)\1] (p+u o7 2.0,Ca, )'a—:dﬂ
/ , 7,0 Cg) : %du
oG
/ Tl 02) - dn-Ca(f)
2 % AT\~ [T O(Jh — [Th])
( ) " 9NO0 ~ [J)dr - (W) /0 5 0"
j( 8 T,H,CQ)
0G5
£4(pa7-79) \7 (p+ o7 77-79)5
0T o(J1 — [71])
£5(p,7', 9) - _(W) /0 802 dT’

Colpr.0) = _(%)—1 /OT 8(]18;2[71])d77

where 7 = 7(p, <, 0,C3(0)). Then, the Hamiltonian (4.18) is rewritten as

I= ﬁo(p, 9) + Ll(pvgv 9) + EQ(pa S5 9) + £3(97§7 9) + £4(p7§7 9) ’ (C;(G) - CS(G))
+ E5(ﬂa< 9) (9) + 56(p7§76.) s (9)

From Proportion 2.1, £1(p, -, 6), Eg(p, ,0), L3(0,+,0), La(p,-,0), Ls(p,-,0), Le(p,-,0) € Q(w).
Let 6* be the number such that f1 +99* dd = 2|Cy(0)| = H,°. Note that C3(f) = 0 for
|6 (mod %) — 4| < 6* and there are similar results for C4 and C, - C3. From the estimate

on Jo in (4.7) and Cs in (4.3),
2
Ly € ]:w(3_ — +01€070)-
a

From (4.7) and for the reason that fo |C3(0)|d0 is bounded, we can also prove other parts of
(4.20).
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5 Proof of Main Result

It is obvious that the solution (H(#),t(f)) of (3.17) with the initial condition H(0) =
Hy, t(0) =ty satisfies
CHO§|H(9)|§OH05 vee[ovl]v

where ¢, C' > 0 are two positive constants. As a consequence, for the solution (p(6),<(0)) of
(4.19) with the initial condition (p(0),<(0)) = (p(Ho, to,0),s(Ho, to,0)), we have

c-Ho < |p(0)] <C-Hy, V6€|0,1]
Consider the Hamiltonian (4.19),

1= »CO(/); 9) + Cl(pa‘;a 6‘) + E?(pvcv 6‘) + 53(/)7 S5 9) + £4(p7§7 6‘) : (C/2(6.) - 03(9))
+ £5(p7§7 9) ! C/2(9) + ‘Cﬁ(pvgv 9) ! S/Q(o)

The corresponding Hamiltonian system is

dp 0T 0Ly 0Ly 0Ly 0Ly o oy 955 o OLs
o o¢ 0 ds ds as 2 R S (5.1)
%-8_1—%4_%4_%4_%4_%.(0’ C)+%.c’+%.s’ .
o 9p  Op ap ap ap dp 2 dp " o9p 2
The Poincaré map P of (5.1) is of the form
p1 = po + fi(po, <o),
P Lar (5.2)
S| =§o+/ —0d9+f2(/)07§0)7
o Op

where

YooL, oLy, 0Ls 0Ly ., oLs .,  0Ls _,
fl(p(JaCO)—_/O (a—§+6—<+6—<+8—§'(cz—03)+8—§'C2+6—<'Sz)d9, (53)

YoaL, 9Ly OLs 0Ly ILs AL
_ 1 (¢l —¢ ——.cL+ =—=.8/)d6. 5.4

Define .
0Ly
r(p) = —(p,0)do.
0= [ S0

From (4.20),
1
re]—‘w(g —1,2). (5.5)

Moreover, for p large enough, g—; #0.
Then the Poincaré map is expressed as Py : {r | r > 7*,7* > 1} x R — R? of the following

form

r1 =10+ 91(r0,%),

§1 =<0+ 70+ 92(70, ),
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where

1
or
r1=r(p1) =1(po) +/ B—p(po + 5/1(p0,0)) - f1(po, s0)ds,
0
ro = 7(po)-
From (5.5) and (5.6), fol [C5(0)|do and fol [S5(0)|d6 are bounded by a constant, therefore,

10! 97 gi(ro,s0)| < D-15%°, k=12, (5.7)

T0 S0

when ¢y in Lemma 4.1 is chosen small enough to make it smaller than the positive number
which is dependent on ¢, ¢; and a and make the Poincaré map P; satisfy (6.1) in Theorem
6.1.

Define the quasi-periodic mapping M as

Or=0+r+f(0,r),
(9,7") €ER X [aﬂv bO]a (58)
ri=r+g(0,r),
where the function f(0, ), g(,-) are quasi-periodic in 6 with the frequency w = (w1, wa, -+ ,wy).

Definition 5.1 (see [13]) Let M be a mapping defined as (5.8). If M : R x [ag, by] — R?
18 symplectic with respect to the usual symplectic structure dr A d@ and for every curve I' : 6 =
E+ (&), r = (), where the continuous functions ¢ and ¥ are quasi-periodic in & with the

frequency w, there is

I I
lim — dd = lim — de
o 2T /_TT T e 2T /_T“ L
we say that M is an exact symplectic map.

Lemma 5.1 (see [13]) If the mapping (5.8) is an exact symplectic map, then it has inter-

section property.

Proof of Theorem 1.1 Since all the transformations are canonical, the Poincaré map P; is
an exact symplectic. For all the detail above, the Poincaré map P; satisfies all the requirements
in Theorem 6.1. For any rotation number w satisfying (6.3), we can obtain a quasi-periodic
invariant curve of P; with the form (6.4). Let (x,%) be the solution of (1.4) staying in the
interior of some quasi-periodic invariant curves with appropriate rotation number w satisfying
(6.3). Since all the transformations are canonical, every solution starting from (z, &) is confined
in the interior of the time quasi-periodic cylinder whose boundary is one of the quasi-periodic
invariant curves and thus this solution is bounded. Notice that the initial value can be chosen

large enough, thus, all the solutions are bounded.

6 Appendix
Assume that f : R? = R is a C™ smooth function. Define

|z| = max{|6], |r|} for x = (0,r) € R?
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| flrz = sup|[f ()],
R2
1fllm = Z sup |DFh(z)| for m € NT.
lk|<m zER?
In 2017, Huang-Li-Liu [13] established the twist theorem of the following smooth quasi-
periodic mapping.

Theorem 6.1 (see [13]) The quasi-periodic mapping M given as (5.8),

O =0+7r+ f(0,r),

(9,7‘) e R x [ao,bo],
r = T+g(977.)7

is of class C™ (m > 27+ 1 > 2n+ 1) and satisfies the intersection property. The functions

f0,7r), g(0,r) are quasi-periodic in 0 with the frequency w = (wi,wa,- - ,wy) satisfying the

following conditions:

{ |f|R2 =+ |g|]R2 < Ol(marlv”)/?T)a (6 1)
Hme + ||gHm < 02(m71—‘7’777-)7
where I is the Gamma function, v, T are constants satisfying
1
0<y< 5min{1,123(b0—a0)}, T>n (6.2)

and o1(m,T,~,7), o2(m,T,~v,7) are sufficiently small functions of m, T, v, 7 and ag, by > 0
are two constants.

Then for any rotation number w satisfying the inequalities

ag + 12_3'7 <w <by— 12_37,

w 0 ) (6.3)
k,wy— — j| > ——= for all ke Z"\{0 Z
<,w>27T j7|k|7. or a e Zz"\{0}, j €7,
the quasi-periodic mapping M has an invariant curve Iy with the form
0=0+¢0), =), (6.4)
where ¢, V¥ are quasi-periodic with the frequency w = (w1, ,wy) and the invariant curve Ty

18 continuous and quasi-periodic with the frequency w. Moreover, the restriction of M onto T'y
18
M |p,: 0] =0 + .
Remark 6.1 (see [13]) If all conditions of Theorem 6.1 hold, then the mapping M has

many invariant curves I'g, which can be labeled by the form
Mir,: 0 =0+

of the restriction of M onto I'g. In fact, given any w satisfying the inequalities (6.3), there exists
an invariant curve I'y of M which is quasi-periodic with the frequency w, and the restriction of
M onto I'g has the form

M p,: 01 =0 + .
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