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Gibbs Measure for the Higher Order Modified
Camassa-Holm Equation®
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Abstract This paper is devoted to constructing a globally rough solution for the higher
order modified Camassa-Holm equation with randomization on initial data and periodic
boundary condition. Motivated by the works of Thomann and Tzvetkov (Nonlinearity,
23 (2010), 2771-2791), Tzvetkov (Probab. Theory Relat. Fields, 146 (2010), 4679-4714),
Burq, Thomann and Tzvetkov (Ann. Fac. Sci. Toulouse Math., 27 (2018), 527-597), the
authors first construct the Borel measure of Gibbs type in the Sobolev spaces with lower
regularity, and then establish the existence of global solution to the equation with the helps
of Prokhorov compactness theorem, Skorokhod convergence theorem and Gibbs measure.
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1 Introduction

In this paper, we consider the Gibbs measure and the Cauchy problem for the following
periodic higher order modified Camassa-Holm equation under randomization on initial data:

ug + O3u + %81(112) +0,(1 —0%)71 [u2 + %(awu)ﬂ =0,

uw(z,0) =uo(z), =€S'=]0,2m).

(1.1)

Omitting the second term in (1.1) yields the Camassa-Holm equation in nonlocal form
1 1
w5 0: (u?) + (1= 0270, [u? + 5 (0,0)?] =0,

which was introduced by Camassa and Holm as a nonlinear model for water wave motion in
shallow channels and we recommend the reader to refer to [8] for details. Many researchers
have investigated the Cauchy problem for the Camassa-Holm equation, for instance, see [4, 8,
11-12, 26].
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A Gibbs measure is an efficient tool to obtain a global solution of some dispersive equations
by the continuation of local solution. It compensates the absence of conservation law in the
Sobolev space with lower regularity to some extent. One can refer to [6-7, 9, 19, 28] and the
references therein, in which the Gibbs measure and its applications were demonstrated. The
invariant measure in this paper is obtained by the nonlinear flow generated by the concerned
modified Camassa-Holm equation. Actually, the construction of invariant measures under non-
linear flows for many partial differential equations with random initial data was introduced by
Lebowitz-Rose-Speer [17], and since then the Gibbs measure has attracted much research at-
tention due to its special feature and applications. There are rich existing results on this topic,
for examples, by using some new spaces and a suitable randomization, Burq and Tzvetkov [6-7]
constructed the local and global strong solutions for a large set of initial data to the supercritical
wave equation; Colliander and Oh [10] studied almost surely well-posedness for the nonlinear
cubic Schrodinger equation with the randomization on the initial data. Besides, we name but
a few more references like [2-3, 5, 13-14, 20-24] for interested readers.

For the Cauchy problem of (1.1) we are concerned with, many studies have carried out on
the real line and in the periodic settings (see e.g. [1, 15-16, 18, 25, 27]). Different from existing
results, we consider the Cauchy problem for the periodic modified Camassa-Holm equation with
randomization on initial data in this paper. For this, inspired by [22-23], by using Prokhorov
compactness theorem and Skorokhod convergence theorem, we construct the Borel measure
of Gibbs type in the Sobolev spaces with lower regularity, and then establish the existence of
global solution.

Next we clarify some notations used throughout this paper. Set

2m
() = VL Fofk) = [ f@etde, | Flae = 1B FufR)]e,

0
X5 = () HO(SY).
0<%
We denote the spectral projector by Ily.

Let (Q, F,p) be a probability space and (g, (w))nez be a sequence of independent complex
normalized Gaussians, to be specific, g, € Nc(0,1) with a form below:

gn(w) = ﬁ(hn(w) +iln(w)), (1.2)
where (hp(w))nez, (In(w))nez are independent standard real Gaussians with the distribution
N&(0,1).

Also we use

En = span((e"") _n<n<n)

to denote the complex vector space and

N
HN(§ :cnemz) _ § : cnemz
n=—N

nez

to denote the projection operator on Ey. Setting ¢, = a, + ib,, we consider the probability
measure dfy on R2CN+1D defined as

N
> (n)?+(n)h)(af 407,

- y N
dfy = Cyle =W I dandbn,
n=—N
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where

N
-1 3 (n)2H(n)") (a7 +07)

Cy = e n=-N da,db,
N A2(2N+1) H

Then 6y can be regarded as the distribution of the En valued random variable
In |<N

where (g,)N__ are Gaussians in (1.2).
We denote by L?(2; H? (S!)) the Banach space of H? (S!)-valued functions on 2. Obviously,
(pn) is a Cauchy sequence in L2(Q; H?(S')) which leads to the limit

o) = Z% € L2 HO(5).

In particular, ¢(-,w) € HJ(S!) almost surely and the map w — ¢(-,w) is measurable from
(Q,A) to (HZ(S'),B), where B denotes the Borel sigma algebra of HJ(S'). Then, ¢(-,w)
defines a measure 6 on (Hg(S'), B) and we define the measure # = po ¢! on X2 (Sh).

Let xgr: R — [0,1] be a continuous function with a compact support such that yr(z) =1
for || < R. Denote uy = IIyu. Then we define the density Gy (u) as

GN(U) = XR(HU‘NH%2(51) + ||amuN||%2(§1) — aN)e_ fSl(U?V+UN(aIUN)2)dI7 (13)
and the measure yy on H?(S!) as

dpn (u) = Gy (uw)do(u), (1.4)

where

1
ay = Z W

In|<N
To end this section, we show two main results in this paper.

Theorem 1.1 (Constructions of Gibbs Measure) The sequence G (u) converges in mea-
sure as N — oo with respect to the measure 8. We denote by G(u) the limit of (1.3) as N — oo
and define dp(u) = G(u)d@(u). Then, for every p € [1,00), G(u) € LP(df(u)) and the sequence
GnN converges to G in LP(dO(u)) as N — oo.

Theorem 1.2 (Global Solution) There exists a set 3 of full ;i measure such that for every
ug € X, (1.1) has a solution

u e C(R; X7 (SY)).

The rest of the paper is organized as follows. In the next section, we give two important
conservation laws and several elementary inequalities. In Section 3, the hypercontractivity
properties of the Ornstein-Uhlenbeck semi-group are recalled and a Gibbs measure with support
in Ho(S') for any o < 1 is constructed, which is the proof of Theorem 1.1. In Section 4, we
prove Theorem 1.2 to construct the global solution of the concerned equation (1.1).
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2 Conservation Laws and Some Inequalities

To begin with, we give two important conservation laws and some useful estimates in the
following lemmas in this section.

Lemma 2.1 Let u be a 27 periodic function which is the solution of (1.1). Then, F(u) =
F(ug), where

Pl = 5 [ (@02 + @20 = 5 [ 0+ @00

Proof First note that

d
QP =1, -1
dt (’LL) 1 29

where

Ii(u) = / O2u(0,0%u — uy)dx,
St

3 1 1
Ir(u z/u —u2—|——8zu2——8§u2 dz.
2(u) - t(2 5 (0eu)” = 50:( ))

By acting (1 — d2) on both sides of (1.1), we have
_ 992 3, o5 L 2y Loz, o 2 1 2) _
up — 0 0su + dou — Dou + 281(11 ) 28z(u )+ 0 (u + 2(8111) =0, (2.1)
which implies
I, = /S1 aiu{ﬁgu — Pu + %81(13) - %83(112) + 0, (u2 + %(8mu)2)]dx

3 1 1
— 3, (2,2 1 2 Lo2 2
= /sl Bwu(Zu + 2((?:Eu) 26:u(“ ))dx (2.2)

Inserting (1.1) into Iy and integrating by parts, we conclude that

Iy = — /S [+ %3z(u2) +0,(1— 027 (u? + %(azu)l’)} (§u2 + %(amu)Q - %8£(u2))dx

2
1 - i : 9, (u2) By )2 da — /S [amu — 927! (u2 n %(amu)Q)] (u2 + %(&Eu)Q)dx
- %/g (0.0 - 027 (w2 + %(azu)l’)} (u2 — 02(u2))dx
=1 + % /Sl u(Opu)?d — %/gﬂ u(Opu)3da. (2.3)
Combining (2.2)—(2.3) into (2.1), we have
%F(u) = 0.

This completes the proof of Lemma 2.1.

Lemma 2.2 Let u be a 2 periodic function which is the solution of (1.1). Then, G(u) =
G(up), where

G(u) = /S1 (u? + (0pu)?)d.
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Proof Multiplying by 2u on both sides of (2.1) and integrating by parts with respect to
[0, 27) yield

d
—(ulF) =0,
dt

which completes the proof of Lemma 2.2.

Lemma 2.3 Let u be a 27 periodic function which is the solution of (1.1). Then

uy = —0, (1 — 83)—151;—2“). (2.4)

Consequently, (1.1) possesses the Hamiltonian structure due to the fact that 0,(1 — 92)~' is a
Hamiltonian operator.

Proof By an immediate computation, we have

5F(U)_4 2 35 1 o 1o o
50 = O,u — OJu+ 5 U + 2(8Iu) 28I(u ). (2.5)

Combining (2.5) with (1.1), we have (2.4) which leads to the desired result.

Lemma 2.4 Let N € Z and o > . Then there exists Cg > 0 such that

1 Cp
2 et Ny < )

nez
forall B <2a—1 when%<a§1 and 8 = «a when a > 1.
For the proof of Lemma 2.4, we recommend the reader to refer to [5, Lemma 5.1].

Lemma 2.5 Let o < % Then there exists C' > 0 such that

Mullgellz < CVp
for all p > 2.

For the proof of Lemma 2.5, we recommend the reader to refer to [5, Lemma 4.4].

3 Proof of Theorem 1.1

First we have a statement as below and one can refer to [22, Proposition 2.4] for the details
of the proof.

Lemma 3.1 (Wiener Chaos) Letd > 1, ¢(ni,--- ,ni) € C and (gn)1<n<a € Nc(0,1) be
complex L?-normalized independent Gaussians. For k > 1, denote by A(k,d) = {(ny, - ,ng) €
{17 7d}k7 ni S Snk} and

Sk(w) = Z C(nlv"' vnk)gnl(w)"'gnk(w)'

A(k,d)

Then for alld > 1 and p > 2,

1Skl o) < VEF1(p — 1) [[Sk]l 20
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Define the function fy : H’(S!) — R by

In(u) = /81 un (2)(Opun (z))*da.

Then we prove some lemmas in preparation to prove Theorem 1.1.

Lemma 3.2 For the sequence (fy)n>1 defined above, it is a Cauchy sequence in L*(H (S'), d6).
In particular, there exists C > 0 such that for every M > N > 1,

[ far(w) — fn ()| 2o (s1), 8, a0) < % (3.1)
Moreover, for every M > N > 1 and p > 2,
I £ar(w) — f ()| Lo(ae 1), B, a0y < CPEN . (3.2)
Proof Note that

Oupn(w) = > inign(w) e,

2
oy 2V
which implies
2 Iny (w)gnz (w) i(ni1+n2)z
(Ozpn(w))” = ‘ I;I<Nn1n274ﬂ<nl>2<n2>26 . (3.3)
ni|,[n2|<

From (3.3), we have

| v @uente == 9 ()0ny )y ), (3.4

87T2 n1 < 2>2<7’L3>2

where
An = {(n1,n9,n3) € Z3,|n1], |nal, |n3| < N and nq + ny +ng = 0}.

We now split (3.4) into three parts as below
Ay = AL U A% U AS
where

Ay = {(n1,n2,n3) € Ay, n1 # £no, n1 # £ngz, ny # tng},
A2 = {(n,—n,0),(n,0,—n), (0,n,—n)},
A?’V ={(n,n,—2n),(n,—2n,n), (—2n,n,n)}.

Thus, we have

where

Z n gnl gnz ( )gn?, (w)

871'2 (n1)?(n2)?(ns)?

)
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3

o Iy (W) Gy (W) gns (W)
Z 871’2 nl <n2>2<n3>27

i In1 (W) Gns (W) gng (W)
Z 8 (1)2(n2)? (na)?

First, we show that there exists C' > 0 such that for all M > N > 1,

C
10 (w) = fy (W)l o) < —- (3.5)
N2
For M > N > 1, set

A(N, M) = {(Tll,TLQ,Tlg) S ZB, ni +ng +ng = 0, ni 75 :|:712, ni 75 ing,
ng # £ng, |ni|, |n2l, |ng] < M, max(|ni],|ns|, |n3|) > N}.

Then we have

1£3:(u) = Fr ()72

/ n1N2M1IM2gn, (W)Gny (W) Gns (W) T, (W) Ty (W) T, (W)
0 6473 (n1)? (n2)?(n3)?(m1)?(ma)?(ms)?

dp(w), (3.6)
A(N,M)

where (n1,n2,n3), (m1, ma, msg) € A(N, M). Note that if (n1,n2,n3) and (mq, ma, ms) are two
triples from A(N, M) such that {ni,na,ng} # {mi, ma, ms}, then

/Q G (9) s (@) ()T, (©)F g (©)Fomy () dD(w) = 0.

We consider the following three cases:

(i) (n1,n2,n3) = (M1, ma,m3) or (ny1,ne,ng) = (M1, ms, m2),

(i) (n1,n2,n3) = (M2, m1,m3) or (ny,n2,ng) = (ma, mg, m),

(iii) (n1,ne,ns) = (mg, my,mz) or (n1, ne,ng) = (Mg, ma, m1).
In fact, only the first case needs to be considered, and the other two cases can be proved in a
similar way. For (ni,ne,nsg) = (my, ma, ms), it follows from (3.6) that

14 (W) = A ()| 20

/ Z nin319n, (@) P19gna (W) 2]gns ()2 dp(w)
3 1 1 2
(n1,n2,m3)EA(N,M) Gdm <Tl1> <TL2> <Tl3>
nin?
<C _mna
- 2 (n1)*(na)*(ns)*

(n1,n2,n3)EA(N,M)
3
=2 L
=1

where

2
n2n
I]_—C E 1 2 - >
(n (n1+n
[n1|>N 1) L2

2

n n
L=C Z 1 : + > 47
TL TL n
[n2| >N 1 1 2




112 L. Lin, W. Yan and J. Q. Duan

L=C D T

[ni4n2|>N

By the symmetry and Lemma 2.4, we further have

¢ 1
b=l Z T N2(m, &+ N2
N n1€Z, |na| >N (n1)2(n1 + na)
¢ 1
N ni€Z, |n2\>N< > < ( n2)>
C 1 c
SNz < —
BEE ng)? = N3
[n2|>N
and
by Y MOy 1
3> g a2 < = L
N n1€Z, |ni+nz[>N <n1> <n2> N n1€%Z,|n1+nz| >N (n1) <n2>
¢ 1
N n1€Z, [ni+nz|>N (n1)%2(ny — (n1 + n2))
C 1 c
<= 1 _c
R Z (ng +mng)? — NP

n1€Z, |n1+nz2| >N

Combining (3.7) with (3.8), we have (3.5).
Next we prove that there exists C' > 0 such that for all M > N > 1,

C
13 (uw) = fR () 2 (0) < N

For this, we write

In|<N 83 (n)
Z 7 (|gn (W) = 1)go(w )+ n*go(w)
- 3
<N 8% (n)? i< 872 ()
NI

For M > N > 1, it turns out that

1434 () = F3H @) 220y
[y (@~ Do) 5~ ) V)

N<|n|<M 82 ()4 N<|m|<M 82 (m)*
24 (g ()12 — 1)1 go(w)[2
D S R T
N<|n|<M
C C
< ) i S A

N<|n|<M

(3.10)
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and

/32 () = [ (@) 22
n m?g, (w
LD T

N<|n|<M N<lml<n 87
n*m?|go(w)|>
o X e

N<|nl,Im|<M

< > ¢ < (3.11)

N mi<ar ()% TN

Combining (3.10) and (3.11), we deduce

=l

I3 (u) = R (@l 2y < |1f3r (W) = F3H @)l 2 + 137 (@) = 37 (W)l 20) <
Finally we prove that there exists C' > 0 such that for every M > N > 1,
C
Hfl?/[(u) - fJ?\’/(U)HL?(Q) < N (3.12)
For M > N > 1, it yields that
13 (@) = fR(@)]|72 0
of vy MEEllmeP

n)8(2n)4
pp o, (0w

2

. wt( [ lonerPape))” ([ lom ()l dpe))’
B (n)®(2n)

I<|n|<HE

nt 63 63 1
=C 2 i =C 2 e

F<in|<H F<in|<H

<C
7F7

which implies (3.12).

Thus, combining (3.5), (3.9) with (3.12), we have (3.1). As for (3.2), it is a direct consequence
of (3.1) and Lemma 3.1.

With Lemma 3.2, we immediately have the following corollary.

Corollary 3.1 Denote by f(u) € L*(H?(S"), B, d) the limit of (fn)n>1. Then the sequence
(fN)n>1 converges in measure to f. In particular, for every e > 0,

lim O(u € HJ(SY) : |f(u) — fn(u)] > ¢€) = 0.

N —o0

Proof The lemma immediately follows from an application of the Chebyshev inequality, so
we leave out the proof here to save space.

We then study the limit of [lun|[721) + [|0sun||721) — an as N — oo. Define ry :
H(S') — R by

rn(u) = ||UN||2L2(SI) + HamuNHi%sl) — QN (3.13)
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Then the following statement can be obtained.

Lemma 3.3 For the sequence (ry)n>1 defined in (3.13), it is a Cauchy sequence in
L2(HZ(SY),B,d0). In particular, there exists C > 0 such that for every M > N > 1,

C
([rar(w) = rv (W)l 2 g s1),8,00) < N (3.14)

Moreover, denote by r(u) the limit of ry(u) in L*(HG(S'),B,df), the sequence (ry)n>1 con-
verges to r(u) in measure, i.e.,

Ve > 0, A}im O(u € HJ(SY) : |r(u) —ry(u)| > €) = 0.
—o0

Proof We write

27
lonZa e = / > s

e 5 S 3 B

In |<N Im|<N Inl<N
) 1nw . gm(w) —imax
||81<PN||L2 sty = / ‘ |2<:N MN————= <7’L ImZS:N( lm) 2\/E<m>2e dx

= 2|g” (3.16)

|n|<N
Combining (3.15) with (3.16), we have
lrar — 7"N||2L2(Hg(sl),3,d9)

- / lontlZan, + 19epnrlZa@n, — ant — llow 2aer) — 10sonlZa@r, + an[2dp(w)
n? 4+ 1)|gn(w)|? — 472

47 (n)*
N<|n|<M
< C/Q N<Xn|:<M |gn(‘<‘2 - ’ dp(w +C/ ’N<n|<M |gn c<¢2>|4 dp(w)
+\NZ %\Qﬂ 3 %}
<In|<M N<|n|<M

|
] =

Ji.
i=1

Set R,(w) = |gn(w)|?> — 1. For n # m, since g, and g, are mutually independent and
El|gn(w)|?] = 1, it follows that

By an immediate computation, we have

|gn W)|2 |gm(w)|2 -1
J=C R — dp(w
b QN<|n\<M (n)? N<|;§M (m)? P

<n>4

Q N<|n\<M
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Blgn(@)I* = 2E|gn(@)]* +1 _ C
=C 2 E =N
N<|n|<M
|gn(w)* — 1 |gm (w)|* — 1
Jo=C o <n>4 Z m>4 dp(w)
N<|n\<M N<|m|<M
(lgn(w)* = 1)*
I
N<|n|<M
E|gn(w)|* = 2E|gn(w)?+1 _ C
N<|n|<M
Obviously,
c
J3 < N2
C
J4 S m
From (3.17)—(3.20), we conclude
[rar(w) —rn (W2 (ag st),8,08) < N

115

(3.17)

(3.18)

(3.19)

(3.20)

This yields (3.14). Finally, the convergence of (rn)n>1 in measure follows from the Chebyshev

inequality, which puts an end of the proof of Lemma 3.3.

Lemma 3.4 There exists C' > 0 such that for every M > N > 1, p > 2,
7ar (w) — 7 (W)l Lo (rg (51, B, d0) < CpN~".

Proof Notice

HTM =0 H"(Sl) B,d6)

/‘ (n +1)Ign(w)l2—1‘Pdp(w)

1
N<|n|<M (n)

2

<C Z |gn(w)|2 — 1‘pdp(w) +C Z |gn(w) -1

|
()t

(n)?

@ N<|nl<M @ N<|nl<M

I RN I -

N<|n|<M N<|n|<M

By Lemma 3.1, we have

lrar — 7’N||LP(Hg(sl),B,de)

C C
<llrar = rnllz(ae 1), a0) + ‘ Z W‘ + ‘ )
N<|n|<M N<|n|<M
< Op Cp s C n C
= N N ' N¥

which implies

Irar = 7o || Lo s1),8,d0) < CPN 1.
0

dp(w)
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This puts an end of the proof for Lemma 3.4.
We are now able to define the function
G:HJESY) - R
by ,
Glu) = x(r(u))e™/ @S e

Then it is no risk to say that G(u) is the limit in measure of yg(ry(u))e= N (W= Ja unde g
N — oco. Actually, based on [23, Corollary 4.4], Corollary 3.1 and Lemma 3.3, we have the
convergence of ||un||zs(sty, fn(u) and xg(rn(w)) to [|ul|zssty, f(u) and xgr(r(u)) in the 6

measure, respectively. Then by composition and multiplication of continuous functions, the
conclusion that G (u) converges to G(u) in measure follows immediately.

Lemma 3.5 For 1 <p < oo, there exists C' > 0 such that for every N > 1,

G~ (u)llLeaoeuy) < C-
Proof First recall that

G (u) = Xr(lun 122 + 10sun|3a @) — an)e™ o (v Fun @um)Dde,

Thus it follows that

" 3 2
|G N (W)l (a0 (u)) < ||e—131(uN+(uNazuN) )d””llm(do(u))

< flofor I OO Ly g

lunll oo g1y lunliF g1
< ”e Loo(sl) Hl@s )HLP(dG(u))

< H“N”iﬂ(gl)
<le HLP(dG(u))
< [[e* || Loasquy) < C,

which ends the proof of Lemma 3.5.

Now we are well prepared to prove Theorem 1.1.

Consider the sequence (G (u))n>1. Noticing the convergence of G n(u) to G(u) in measure,
we know that there exists a subsequence Ny, such that G, (v) — G(u), 0 a.s. Note that Lemma
3.5 implies that there exists a constant C' > 0 such that ||Gn (u)| Lr@o(w)) < C, Yk € N. Thus,
by Fatou lemma, we have

/ |G(u)|Pd0(u) < Tim inf / G (w)Pd0(u) < C.
HE (Sh) Hg(Sh)

k—o00

4 Proof of Theorem 1.2

The proof of Theorem 1.2 is divided into Lemmas 4.1-4.3 in this section.
We first state some useful notation. Setting hy(un,dyun) = ud + (1 — 92) 7' (u3 +

$(0un)?), we consider the approximation of (1.1):

N W) s
U(z’O)_;2ﬁ<n>2€ .

Set IIY = 1 — Iy, the orthogonal projection on 0-mean functions. We then prove the following
lemma inspired by [23, Lemma 5.1].

(4.1)
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Lemma 4.1 Foro < 1—2¢, hy(un,d,un) is a Cauchy sequence in LP(X2(SY), B,dO, HS (SY)).
More precisely, for all p > 2, there exist n > 0 and C' > 0 such that for all 1 < M < N,

C

IO (hn) — T (han)||%e ea dO (1) < —.
/X;@l)' () = T () e o, A0) <

If we denote its limit by TI°h(u, Oyu), we further have
Dph(u, Opu) = 0, (TI°h(u, Opu)).

Proof According to the definition of the measure 6, we know
||H0hN(uN, 3zuN) - HOhM(uM, 8IUM)||ZI){U st dﬂ(u)
X2 (s1) &)

:/ ||HOhN(‘PNaaz‘PN) _HOhM(‘pMaar@M)H;;[a(Sl)dp-
Q

Also, by definition of ¢y, we have

n? —ning — 1

2(1+n2)

/ HO(hN(uN,QzuN) —hM(uM,amuM))e_ik””da: = Z gnlgnz
Sl
Dun [ (ng)?
j=1
where
QIMN ={(n1,n2) € Z* | k = ny +ny, ny # —ny, M < max{|ny], |na|} < N}.

Since (gn)nez+ is a sequence of mutually independent complex normalised Gaussian, we arrive
at

|71 (A (un, pun) — har (uar, Osunr)) |72 (0

— Z Z GniGny 1 —1an2 =1 Gy Gmy M — mama — 1d
. L2 2(1+n%) 2 2(1+m?)
n1,n2€Q5, v m1,m2EQ5, & H<nj>2 H<mj>2
j=1 7=1

1 n% —mning — 1\2
<o X ("5
"177‘269?\4,1\7 H<nj>2
=1
<C Z #

ni ’n2€Q§C\{,N H <n_]>2
j=1

1
<C ——
=C 2 Inlln — k|

|n|>M
<<
- Me <k>2—e '

Consequently, due to o < 3 — 2¢, we obtain

C orerse . C
Hﬁwﬂo(h]\;(umﬁwujv) — hM(uM,6@UM))||%2(Q,HU(SI)) < ﬁ E </€> Tret2 < W
kEZ
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This completes the proof of Lemma 4.1.

Next we consider the probability measure py defined by (1.4). Define the measure vy on
C([=T,T]; X2) as the image measure of yy by the map

X2 = C(-T,T); X?),
v = Oy (t)v,

where @y is the flow generated by (4.1). Moreover, for any measurable F' : C([-T,T]; Xz) — R,

/ | Fu)dvy(w) = [ | F@x()(©0))duny (). (4.2)
C([-T,T);X %) X3

Then we are able to prove the following estimates.

Lemma 4.2 For o < % — ¢, there exists C' > 0 such that
Mz e o, < Cvp (43)
and
MwellLe go-sllry, < C (4.4)
for all N >1 and p > 2.

Proof The bound (4.3) is obtained thanks to Lemmas 2.5 and 3.5. We now turn to (4.4).
From (4.1), it follows that

Uy = —ai‘u — HNam(hN(’U,N, BwuN))
Thus
el cr me-sllze, < Wullesaolley, + Tk (un, Osun)llze, 1o 5o

Obviously, by using Lemma 4.1 and (4.2), we have
||H0hN(uN,6wuN)||’£5NL9HU = /([ b ||HOhN(UN;azUN)”Z£?HUdVN
C([-T,T);X2

= [ (@ (00,003 (000) o i)

1
2

= / HHOhN(U7Bw’U)”ZI)#HUdMN(’U)

1
X2

:2T/ %m0, 0,0) |5 G (v)d6(v)
X2

<Cr( [, IMhy(o. 0013 400)) IGx ()13 < €,

which ends the proof of Lemma 4.2.
By Lemma 4.2, similar to [5, Proposition 4.11], we can prove the following lemma.
Lemma 4.3 ForT >0 and 0 < % — €, the family of measures
UN = Zorae (un(t);t € [T, T))n>1

is tight in C([=T,T); H°(S')).
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Finally, we are well prepared to prove Theorem 1.2. Based on Lemma 4.3, Prokhorov
theorem can be used, i.e., for each 7' > 0, there exists a sub-sequence vy, and a limit measure
v on the space C([—T,T]; X2 (S)) such that vy, — v weakly on C([=T,T]; H°(S')) for all
o < % — €. Thanks to the Skorokhod theorem, there exists a probability space ((NI,]?, ’ﬁ), a
sequence of random variables (i, ) and a random variable u with values in C([—T,T]; X 2 (S))
so that

Zun, :te[-T,T)) = Lun, : t € [-T.T)) =vn,, ZL(u:te|-T,T)]) =v,

and for all o < % — €, Un, — U, p-as. in O([-T,T); H°(S')). Consequently, we have
'ZX%(Sl)(ﬂNk (1) = ‘gx%(sl)(uNk (t)) = pn, forallt € [-T,T] and k > 1. Hence ZX%(SI)(u(t))

= p. On the other hand, note that uy, satisfies the following equation p-a.s.
ﬂth + 85’(7]\@ + I, 895(}11\],C (HNkﬂNk,amﬂNkﬂNk)) = 0. (4.5)

We can see that all terms of (4.5) converges as k — oo, among which the convergence of the
nonlinear terms is derived from [5, Lemma 5.6]. Therefore, it follows that, for o < % — ¢, there
exists C' > 0 such that

0w, (T, Gy, Oy, i, ) — TOR(T, 0,10) a.s.

in L2([-T,T]; H°(S')) as k — oo. This finishes the proof of Theorem 1.2.
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