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Metrics and Connections on the Bundle of Affinor Frames
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Abstract In this paper the authors consider the bundle of affinor frames over a smooth
manifold, define the Sasaki metric on this bundle, and investigate the Levi-Civita connec-
tion of Sasaki metric. Also the authors determine the horizontal lifts of symmetric linear
connection from a manifold to the bundle of affinor frames and study the geodesic curves
corresponding to the horizontal lift of the linear connection.
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1 Introduction

Fiber bundles play an important role in all major areas of modern differential geometry.
Prime examples of fiber bundles are tangent, cotangent and tensor bundles over differentiable
manifolds. The geometry of the tangent bundle was first investigated in the fundamental paper
[16] of Sasaki. He used the metric g, given on the differentiable manifold M,,, to construct the
Riemannian metric G on the tangent bundle T'(M,,) of M,,. This metric is called the Sasaki
metric (or the diagonal lift of g to T'(M,)). The curvature properties of the Sasaki metric
on T(M,) are studied by Kowalski in [6]. Interesting relationships between the geometric
properties of the base manifold (M,,g) and its tangent bundle (T'(M,,),G) with the Sasaki
metric are investigated by Aso [1], Musso and Tricerri [11]. The Sasaki metric on the cotangent
bundle was studied by Mok [9], Salimov and Agca [13]. In [3, 12, 14-15] the Sasaki metric was
investigated on the tensor bundles. The Sasaki metrics on the linear frame and linear coframe
bundles were studied by Mok [10], Kowalski and Sekizawa [7], Fattayev and Salimov [5]. In the
study of fiber bundles, a special place is also occupied by lifts of linear connections and their
geodesic curves (see, for example, [2, 8-9, 17-18]).

In this paper, we consider a bundle of affinor frames over a smooth manifold, and using the
diagonal lift of the Riemannian metric, we study some questions of the differential geometry of
this bundle, also we define the horizontal lifts of the symmetric linear connection and investigate

their geodesic curves.
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2 Preliminaries

In this section, we summarize all the basic definitions and results that are needed later.
In the following all manifolds, maps, tensor fields, connections and metrics in question are
supposed to be differentiable of class C°.

Let M,, be an n-dimensional differentiable manifold and Li(M,,) the bundle of an affinor
frames of M,, (see [4]). The bundle of an affinor frames L}(M,,) consists of all pairs (x, A,),
where x is a point of M,, and A, is a basis (an affinor frame) for the linear space T} (z) of
all affinors at point . We denote by 7 : L}(M,) — M, the projection map, defined by
n(x, A,) = x. For the coordinate system (U, %) in M,,, we put L1(U) = 7= 1(U) and an affinor
X§ of the frame A, can be uniquely expressed in the form X§ = X;‘f (3%), ® (dz'),, so that
{L1(U), («*, X5/)} is a coordinate system in Li(M,) (see [4]). Indices i,7,k, -, a, 53,7, -
have range in {1,2,--- ,n}, while indices A4, B, C,--- have range in {1,--- ,n,n+1,--- ,n+n*}
and indices ing,lys, kor, -+ have range in {n + 1,--- ,n + n*}. For simplicity, we give the
following notation: (af) = (2%, xte#) = (af, ngj ). Summation over repeated indices is always
implied.

We denote by Q7 (M,,) the set of all differentiable tensor fields of type (r,s) on M,,. Let V
be a linear connection, V' € S} (M,,) a vector field and B € $1(M,,) an affinor field on M,, with

local components I'*., V' and BJ respectively. Then there is exactly one vector field 7V on

170 70
Li(M,,), called the horizontal lift of V, and exactly one vector field V»# B on Li(M,,) for each
pair a, B3 =1,2,--- ,n, called the a3 -vertical lift of B, that are known to be defined in L}(U)

(see [4]) by

-0 . ) o
Hyr _ Y/t k aj pmo amtJ
V=V ot +V (Xﬁmrki XBi ka)anij7 (2'1)
Vas B = 5g5§B§'i (2.2)

X!
with respect to the natural frame {9;, 9;,, } = {%, a)?aj }in L}(M,,), where 87 is the Kronecker
Bi

delta.

If f is a differentiable function on M,, Vf = f o m denotes its canonical vertical lift to
Li(My).

Let (U, 2%) be a coordinate system in M,,. In U C M,,, we put
0 4 0
COxt " Oxh

_ ) _ _
A = p ®dad = 6060, @ da® € ST(M,,), 4,5 =1,2,-- ,n.

From (2.1)—(2.2), we have

0
"X = 0000 + (XGnTh: — X5 Thi) mvmar s (2.3)
oXgy
. 9
Ve _ gcagosh
N = 850761, (2.4)

oh
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with respect to the natural frame {;,8;,,} in L{(M,). These n + n* vector fields are linearly
independent and generate, respectively, the horizontal distribution of linear connection V and
the vertical distribution of L}(}M,). We call the set {/X;),"*#A/} the frame adapted to the
linear connection V on 7~Y(U) C Li(M,,). Putting

Dz:HX(l)a D :VQBsz

iap

we write the adapted frame as {D;} = {D;, D;_,}. From (2.3)-(2.4) we see that 7V and V# B

have respectively, components

HV:ViDi:(HVI):( ‘6 )’ (2.5)
Vet B = B}6102D;,, = (V¢ BT) = ( 575%33. ) (2.6)

with respect to the adapted frame {D;}, V¢ and Bf are the local components of V' and B on
M,,, respectively.

Let B € $1(M,,), which is locally represented by B = Bf% ® da’. The vector fields vB
and 7B on L}(M,) are defined by

9
B=(XmBi)———
0 ( Bi m)ang
3B = (X% pm :
’7 ( Bm1 )anzj

with respect to the natural frame {0;,9;,,} in L}(My).

The brackets of vertical and horizontal lifts are expressed by the following formulae:

[VQBBv V/\TC] = 0,
[HX,Ver B] = Vo5 (Vx B), (2.7)
HX Y] =H[X, Y]+ (7 —7)(R(X,Y))

for all X,Y € S§(M,) and B,C € S}(M,), where R(X,Y) = [Vx,Vy] — Vixy] and 7 — 7 :
B — S§(L1(M,)) equals

~ 0
(7_7)B - ( Xaj B™ _ngmBgn > (28)

pm=1
for any B € S}(M,,).
Remark 2.1 Using equality (2.6), it is easy to establish that a vertical vector field
(¥ —v)(R(X,Y)) € S1(L1(M,)) can be represented as

n

F-NREY) = Y (X0 R(X,Y)). (2.9)

a,y=1
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3 Sasaki Metric on L}(M,,)

Let (M,,g) be a Riemannian manifold. For each x € M,, the extension of scalar product g
(denoted by G) is defined on the linear space Li(x) = 7=1(x) by

G(B,C) = gpqgiszPng

for all B,C € 3}(M,,).

Definition 3.1 The Sasaki metric °g (or diagonal lift of g) is defined on Li(M,) by the

following three relations:

Sg(Ves B,V ) = 6°785," (G(B, C)), (3.1)
Sg(V-sB,HY) =0, (3.2)
S X, 1Y) =V(9(X,Y)) (3:3)

for all X,Y € S{(My,) and B,C € S1(M,,).

We recall that any element t € S9(L1(M,)) is completely determined by its action on
vector fields of type # X and Y=# B. From this it follows that “g is completely determined by

(3.1)—(3.3).
From (3.1)—(3.3), we see that the Sasaki metric g has the components
s,y _ ( Y U
( gIJ) - ( 0 5&75509:0(191] ) ) (34)
s 1y _ [ 97 0
("¢") = < 0 8007 gPlg,; ) (3.5)

with respect to the adapted frame {D;}, where g;; and g" are the local covariant and con-
travariant components of g on M,,. For cotangent bundle “T(M,,), linear frame bundle F'(M,,),
linear coframe bundle F*(M,,) and (1, 1)-tensor bundle T} (M,,), see [5-6, 13-14], respectively.

Now we consider local 1-form 7’ in 7= (U), defined by

77] :AVI deJ’
where
~ At A 5 0
A_lz(AI J): e ’ At oo :( amTh ’ ah T'm o so Sh ST ) (36)
Ay AR Xorrh — XOMTT 6509056]
The matrix (3.6) is the inverse of the matrix
A 7oA &7 0
A= (4, )= L by = ! :
e ( A, 74 e )\ oxery xpsry et ) G0

of the transformation Dy, = A; 70 (see (2.3)—(2.4)). We easily see that the set {7’} is the
coframe dual to the adapted frame {Dg}, i.e., 7 (Dg) = AT A, 7 = 6L
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Since the adapted frame {D;} is non-holonomic, we put
[Dr.Dy] =, Dk

and then we have
According to (2.3)-(2.4) and (3.6)-(3.7), the components of non-holonomic object Q;,% are
given by

Bot (3.8)

kT)\ — T"r m Tm T
Qij - X)\m - X,\k

{Qijﬁ’jm =, k= 0505(8]L] — 6T,
ijk ijm
with all the others being zero, where Rij kh are the local components of the curvature tensor R
of the Riemannian metric g on M,,.
Let ®V be the Levi-Civita connection of the Sasaki metric ©g. Putting *Vp, Dy = “T; ;K D,

from the equation

SVLY —5VeX = [X,Y], VX,Y € S3(LH(M,)),
we have

SF?J - SFJKI = QIJK (3-9)

with respect to the adapted frame {D;}, where T, are the components of the Levi-Civita
connection V.
The equation (SV)}SQ)(T/, Z)=0,YX,Y,Z € S)(L}(M,)), has the form

Dr%grs = °T % gks — °TL %91k = 0 (3.10)
with respect to the adapted frame {Dg}. Thus, we have from (3.9)—(3.10)

1 1
STy = ESQKL(DISQLJ +Ds%g1r, — Dr%grg) + §(QUK +0f L, +0fF ), (3.11)

KLS P
gPJQLI :

Taking account of (3.4)—(3.5), (3.8) and (3.11), we immediately get the following theorem.

where QX |, =9¢

Theorem 3.1 Let (M,, g) be a Riemannian manifold and °V be the Levi-Civita connection
of the bundle of affinor frames L1(M,,) equipped with the Sasaki metric ®g. The particular values

of ST'K, for different indices, are then found to be

STk k
0 =15,
Stkrn 1 Tr pm ™m pr
Fij - §(X>\m ijk — Mk ijm)7
Stk _ Stkix _ Stkea _
Ficwjﬁo - Fiaﬂj T Tlayise 0,

1 . .
Stk k b k
e, = 5(91“){5%}2@1' -9’ Xfl;anmi)a
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STE = 6705 (69T — 67T,),

)Bo

1
Srk _ (ghaXaa Rmz k sz Rhmg)

ZQ’YJ

with respect to the adapted frame { Dy}, where R™ * = gmlgis R, ¥,

It is well-known that the Levi-Civita connection V of a Riemannian metric g is given by

Koszul formula

29(VxY,Z)= Xg(Y, 2) —I—Yg(Z,X) - Zg(X.,Y) —i—g([X,Y],Z)
—g([Y,Z],X)-i—g([Z,X],Y) (3'12)

for all vector fields X,Y,Z € S3(M,).
The following theorem holds.

Theorem 3.2 Let M, be a Riemannian manifold with the metric g and Li(M,) be the
bundle of affinor frames of M, equipped with the Sasaki metric °g. Then the corresponding

Levi-Civita connection °V satisfies the following relations:
n

(i) SVaxY = H(VxY)+1 3 V(X[ oR(X,Y) - R(X,Y) o X]),
T,A=1
(it) Vi x V2 B = Voo (Vx B)+5 ;15Tﬁ5AaH(9pq(X§f(g_loR( , X)7)B+g" (R(XT;, X)) B;j),
(iil) FVvo, ,1Y = 3 ;15m5wH(9pq(X§f(g_l oR(Y);))AM + gV (R(XT;,Y))A;),
(iv) “Vvay 4V B = 0 for all X,Y € S{(M,) and A,B € SH(M), where B; = (BY),

Bt = g B!, XJ, = (X[7), R( ,X)Y € $1(M,) and g~ o R( , X)Y € S3(M,).
Proof (i) By the help of Koszul formula (3.12), (2.5)—(2.7), (2.9) and (3.1)—(3.3), we have

Sg(SVux Y, 12) = X (Sg(1Y, " 2)) + Y (Sg(" 2,7 X)) = " Z(3g(" X, 1Y)
S X, (1Y, " 2]) + Sg(MY, [ 2,1 X)) + Sg( 2,11 X, HY])
=2¢(VxY, 2) (3.13)

and

Sg(%HXHY" Vggc) _ HX(Sg(HK Vggc)) + HY(Sg(VB"C, HX))
= e C(Pg("X, MY) = 29 (TX, [Ty, Ve C))
+ (1Y, [V C X)) + Bg(Ve €, [ X, HTY)
= =" 0" X, 1Y) = Fg(T X, Ve (Vy O))
+ g1y, =Voe (VX O)) + 5g(V C X, Y] + (7 — 1)(R(X,Y)))
S9("7 0, (7 = (R(X,Y)))

(Vﬂac ;1 N(XToR(X,Y)— R(X,Y)oxg)). (3.14)
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By combining of (3.13) and (3.14), we obtain
1 n
SVux Y = H(VxY) + 3 > V(X o R(X,Y) — R(X,Y) o X3).
T,A=1
(ii) The statement is obtained as follows:
Sg(*Vux e B,1Y) = X (%g(Y" B, 1Y) + Ver B(Sg(MY, X))
- HY( g(HXa VBUB)) - Sg(HX7 [VBng HY])
+29(" B, 1Y X)) + 7MY, [T X, V0 B])
=9(""" B, (7 = 7)(R(Y. X)))

= 5g (B, Z Vo (XT 0 R(Y, X) = R(Y, X) 0 X3))
T,A=1
:59( zn: Vi (X o R(Y, X) — R(KX)OX;\')’VBUB)

T,A=1

S9(" (XS o R(Y, X) = R(Y,X) 0 X7), """ B)
1

0 P5\eG(XT o R(Y,X) — R(Y,X) o X{,B).
1

Rl Rl
(=10

Using
= gpqgij (XX o R(Y, X))qu - gpqgij (R(Y,X)o X;)Zi)B;‘J
= gpqgin RklekX Bq - gpqg Rkls YleBq
= Gempg XiPR™ SYRX!IBY — gy g RlqufY’“X B!
= gkmgqu;\-fgnTR rlileBquk + gkmg”Rlsq 'SYkX B;'I
= 9(9pg(X (g7 0 R(, X)9))B'Y) + 9(9" (R(XT;, X))Bj,Y)
=%9("(gpe(X3L(9™ 0 R( , X)}))B"), 1Y)
+ Sg(H(gij (R(XL, X))Bj)a HY)7
we have

ZSQ(SVH Ve B, HY Z 57600 " 9( gpq( (g_l o R( vX)f))Biq)vHY)
T,A=1

+ 2 0709 (g7 (R(XT, X)) By), 1Y),
T,A=1

On the other hand,

Sg(SVux V3B, C) = X (Sg(“ B, V) + Ve B(Sg('C, 1 X))

127
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=09 X, e B)) - Sg(" X, [ B,V C])

+%g(" B, [ C T X]) + 2g(V O, [T X, Voo BY)

=3g("# (VxB),"C) + %g(**" B, (Vx())

—59(" B,"N(VxC)) + 5g("C, V5 (Vx B))
=25¢(V5 (Vx B), V" C).

Therefore,
SVH X VBU B

=" (VxB) + Z 5850 M (9pg(X3E(g™ 0 R(, X)3))B™ + ¢ (R(XS;, X)) Bj).-
7')\ 1

(iii) By calculations analogy to those in (ii), we obtain

2%9(*Vvar, 4 MY, V27 B)

=1y (5g(Y= A,V B)) = 5g(Y> A,Yse (Vy B))
— (°g(Y#e B, " (Vy A))

=7g("* (Vy A), Y57 B) + 5g(Y>" A, V= (Vy B))
—5g(Y* AY5e (Vy B)) = (Pg("*= B, V= (Vy A))

= O7
and
S (SVVQWAHK Hz)
= Z 07 0xy s (H(gpq(X;f(g_loR( 7Y)z§))Aiq)7HZ)
=1
Z 67005 g(" (9 (R(XT,, Y))45), 7 2).
Thus,
1 - T — s i @j T
Vv a Y = 5 37 8700 (g (2™ 0 RO Y))A + g9 (R(XT, Y ) Ay).
T,A=1

(iv) By using the Koszul formula (3.12), (2.7) and (2.9), we yield

2%9(5Vva, 4% B, Z)
= —MZ(5g(Y A,V B)) 4+ g(Y=r A,Y27 (V2 B)) + 5g(Y#= B, (V2 A))
59(Y*1(VzA), " B) = %g(**" A, "% (V2 B))
+9g(Ver A Ve (V2 B)) + 9g(Voe B, Vo (V4 A))
=0
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and

2595V V47 B, V)
= Y A(Sg(7 B,V 0)) + P B(Sg(*C, Vo 4)
=T C(Fg( A,V B)) = Sg(Yer A, [0 B,V C))
+59(%07 B, ["C. Yo A]) + 59, [V 4,V B)
= 0.

Therefore, we have
SVvar 4B =0

and Theorem 3.2 is proved.

4 Horizontal Lifts of Linear Connections

Let V be the symmetric linear connection on M,, and I‘i—“j its components.

Definition 4.1 A horizontal lift of the symmetric linear connection V on M, to the bundle
of affinor frames L1(M,) is the linear connection N defined by

A ux Y = H(VxY), H"Vux'?"B =" (VxB),
Vv, 'Y =0, HVv.,,V?"B=0 (4.1)

for all X,Y € S§(M,,) and A, B € SH(M).

We note that the horizontal lifts of linear connections to tangent, cotangent, and linear
frame bundles were defined in [2, 8-9, 17, 19].
The components of the horizontal lift 7V of V on M,, with components I' fj in the natural

frame {52 }, are defined in the adapted frame {D;} by decomposition
AV p, Dy =15 Dy (4.2)

From (4.1)-(4.2), by using (2.5)—(2.6), we obtain
(1) HVVQ,YAVB"B =0,
H_VA;'&(;&;DH (325555Dm) = O?
AﬁB,ééf;é:\yég(SZHVDI.Tk Dy, + A§5;5:\Y§§52Diﬂ(3,i)Dkw =0,
AlBLo7T630955 1T | Dp =0,

ZT)\kw[J.
Al B67.676560, (T D, + 1% D, )=0,

irakop irakup
H1P HPne —
Fimkﬂa D, + I‘iMkBUDpns =0,
consequently,
Hypp _ HPne _
Fiwkaa =0, Fiavkaa =0

(2) HVVOCWAHY == O,
Y iszsip,, (VEDR) =0,
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ALSTOIY RN, Dy + Al6583 D, (YF) Dy =0,
AlSTOYHITY | Dp = AlST6YYVR(HTY |\ D, + 1T, Dy, ) =0,
Hp H1Pne _
Lo kD + 71 Dy, = 0,
from which we find

Tk

=0, Hri" =0

(3) IVuxY =H(VxY), IV xip (Y*Dy) = (VxY)PD,,
XYMTE Dp + X'0,YP D, + X'(T5, X2 — T}, XI)> )?} (YP)D,
= X", Y?D, + X™T? Y"D,

consequently,

Hpp _ 1P HyPne __
Fik_rik’ Fik =0.

(4) BV ux Voo B = Voo (Vx B),
AV xip, (B},6507 Dy,,) = (Vx B)},0567 Dx,,,
X'B,6500"V p, Dy, + X656 Di(B}) Dy,
(Om B}, + T, By —T7  BL)X™0560 Dy,
X'Biogort'ry,  Dp+ X'6567 (0B, + (U}, X2 — 17 X 7)Dye(B})) Dy,
= X0y, B}.0500 Dy, + X", Bp05 60 Dy, — X ™}, BL6% 60 Dy,
X'Biogop "I, Dp+ X'Biogop T Dy, + X'6%67,0,B} Dy,
+X'0507T5, X Dye(By) Dy, — X'036;1, X[ Dye(Bj]) Di,,
= X"™8,,B}.0500 Dy, + X™T%,, Bp6%565 Dy, — X ™I BLS 65 Dy,
X'Byogort'Ty, Dy + X'Boges Ty Dy,
_ m1l rSw SO myr |l SwSo
= X" B}6460 Dy, — X", BL8567 Dy,
X'Biogop T, Dy + X'Biogsq T Dy,
= X'B05065 (6701 0KTS, — 61610[TE) Dy, .

eVpril

wp

wp

from which we obtain that

i, =0, "Thr = R0 ONT S — 630267,

Thus, the following theorem holds.

Theorem 4.1 The horizontal lift N of the symmetric linear connection N given on M,

to the bundle of affinor frames L}(M,,) has the components

Hrg’m U
ey, ="y =" =0,
Hrfk = ka,
Tl =, =0
AT = 63626,Th — 03626/ T5, (4.3)

with respect to the adapted frame {Dy}.
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Now consider the following transformation of frames on Li(M,):
0 &7 0
Di, Dy} = { 5= 52 | ok ), 4.4
{ -t = \aw XTI\ —xlrrk 4+ xBETT 5857680 (44)
i.e.,

Note that matrix (A; ) and its inverse matrix (4, ) are defined of the forms (3.7) and (3.6),
respectively.

We denote the components of the linear connection 'V with respect to the natural frame
{0r} by HffK, ie.,

—P
Y 5,0k = T 0p.

Then
_S ~ ~ ~ ~
HFJL =Ap SHF}DKAI JAK L — (DrAg S)AI JAK L (4.5)

Using (4.3) and (3.6)—(3.7), from (4.5) we obtain

Hfjl =4, SHkaZi jgk l+AanSHFf12;c,gi jgkﬂi = 5157%52‘5116 =T%,
Hf;wl =4, sHF;;?kA'i j.,-,/Z[k Z+Apn€sHng;gA'i j‘wgkﬂi =0,
ML, = A, “Hr0 AT AN 4 A, sHThe A AT =,
HTS o =A, *Hrb AL AR+ A, sHThe 41 A =,
M = Ay "o HTh AL AR Ay SR A i A
_ (DiAk SW)A'i ngk - (DimAk Sw)gimngk l

. Seyp\ flay  fEgo
Dy Ay, o)A, A

= 6204091, — 604,001,
UG, = Ap "W HTRAT AR 4 Ay, ST A
—(D AkﬂjW)Aiaijgkﬂal
= 02840LL, — 62840, T,

HS5ey _ Sop Hpp At A1k Soyp HPne A4 NkBa
Ui, = Ap DAY 5 AT, + A, TS AT AT

Ay T A A
= O,

Jrv
H S Seyp H A Ak Spup H e Ai Akso
I‘jf”’:Ap i kaA jA l+Apn€ v I‘f,;’ﬂUA jAﬂl
— (DA ") Al AR
r m i ok m T i ok
=-Ir X7 kaéjz?l +Fp xXerre 5j5l

.
AT

wv

Tay

Loy wv

pm=<tahs s“typm= ik
+ 0805008, (5362 65TY, — 6302 67T 5, )85 (X 1T, — X D4 TR)

E i 9y E i kgo E Tia~y A
— (Di4, ")A jAk l_(DiAkBU ")A jA Bz — (Do, 4y, ")A jAk l

t t
=D, X T + T X T8 + T X7, — T X0 T

.
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~ DS XS0+ DR XLl — (0 (CRX o, — Do XB) e (— X 0T
+ XETh)0507 — o (= X T + X D) (XSFT, — XTH)of
= T, XOI T8 + Ty X5 T8 4+ 15, X § T, — T, X5 T
= DX i + T3 X Tl + X P00, T, — X 05T, + T X0 T,
= Ty X Tl = Doy X2 Ty + Ty X3 T + XT3 — X2 T3S,
= X T + X3 LT,

= XJ2(@;T], = T + 5,17,
+ XL (=0T, + T3, + T 05 = XZU(TLLS, + TLT).
Thus, we have the following theorem.
Theorem 4.2 The horizontal lift TN of the symmetric linear connection ¥V given on M,
to the bundle of affinor frames Li(M,) has the components

HTS _ s
gl — + 4

7 b r r r
AT = X 50T, — Ty + 15, T
r a a a bpr pa a pr
+X1fa(_6jrls +]‘—‘§s]‘—‘lp +T Pp) _X:Za(]‘—‘lbrsj +Fls bj)a

ps— 4l
HT® HT® HTS HTSew
U ="Th, =" ., =10, =0,
HTSe = 6267011, — 626%6,T7,,
HTr = 68640815, — 656467, 4.6
Jlww = YwPYst jm T Yy Imt js ()

with respect to the natural frame {%, ax%}'
i

5 Geodesics of the Horizontal Lift of Linear Connections

Geodesics of horizontal lifts of connections in tangent, cotangent and tensor bundles were
investigated in [2] and [18, pp. 114-117, pp. 297-299]. In the present section we study geodesics
of the horizontal lifts of connections in the bundle of affinor frames.

Let C' be a geodesic curve on the bundle of affinor frames L1(M,) with respect to the
horizontal lift 7V of the symmetric linear connection V on the M,. In induced coordinates

(m=1(U), 2", X9") the equation of the geodesic curve
C:I—Li(M,), C:t—C(t)=(a'(t), X)) = (2! (¢))

is of the form
d2 K _r d Id J
ot

By using formulas (4.6) for T'¥;, from (5.1) we obtain

d2zk dat da?
rk— =" _—9
dt? Ty dt dt ’
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and
d2X7, Bb (o 1l ! I 81
g P P a P a a P
de2 + (Xcrk (airjb - prrij + Fiprjb) + Xda(_airjk + Fikrjp + Fpkrij)
dat dad S g dX P g
Bb i a a r Y] i <l ai _
— X5a (D5 + T bi))_dt TS +2(I5,,6;, — 465) 1 a 0. (5.2)
Let us consider the covariant differentiation of X f,i (t):
d, a ax?! p da? dz™
—(XP ) = Lok pl xPOTT pa xBLTT 5.3
dt( o’k( )) dt + pb“*ok dt pk“*oa dt ( )
Now applying
2ok p Aot dad

a uarar
and taking into account the symmetry of the linear connection V given on M, from (5.3) we

get

= — ok 41l X
de2 dt o

2x5 6 (dxf,i
dt

daP daP
Bb _ma ypl )
— T X7 —
ok q¢ pktoa” gy

d dx? - gda? dzP
= & (Lak 1 x ——raXf”—)
dt( at wtorTgy pkoa” gy
dx”?t daP dzty da
Fl_( ok b xBaLTT b Xﬁb_)_
thal—g Theetor g pkoatqr ) dqt

axso
—r, (—b +TY,X

ga da? P dx”) dz’
dt

oboqe TP g ) e
Bl
_ d2X’

Bb 1 1 l l a a a
T (Xop (0T, = Th, T 4+ T T8 ) + X0 (=0, + T8, I5, + T IT)

ipt jb p
o dat de P g AXOL e
= XOATS T + DHTG)) -~ + 26 — D)) = —

(5.4)

Comparing expression (5.4) and the second equality of (5.2), we obtain the following theorem.

Theorem 5.1 A geodesic curve on the bundle of affinor frames Li(M,) with respect to
the horizontal lift IV of the symmetric linear connection ¥ on M,, has in induced coordinates
(ﬂ_l(U),a:i,Xi-h) in L1(M,,) the equations of the form:

@ i ar ) Tae

2zb , dat dad a2x?

From Theorem 5.1 we get the following result.

Theorem 5.2 A curve C on the bundle of affinor frames L1(M,,) is a geodesic of horizontal
lift 1N of the symmetric linear connection V if the projection C = 71'(5) on M, is a geodesic of
V on M,, and the second covariant differentiation of each affinor Xf,i(t) = Xf,i(t)%@dxk |C(t),
B,0 = 1,2,--- ,n of the affinor frame A along C vanishes, where m : Li(M,) — M, is the
natural projection.
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