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Abstract In this paper the authors consider the bundle of affinor frames over a smooth

manifold, define the Sasaki metric on this bundle, and investigate the Levi-Civita connec-

tion of Sasaki metric. Also the authors determine the horizontal lifts of symmetric linear

connection from a manifold to the bundle of affinor frames and study the geodesic curves

corresponding to the horizontal lift of the linear connection.
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1 Introduction

Fiber bundles play an important role in all major areas of modern differential geometry.

Prime examples of fiber bundles are tangent, cotangent and tensor bundles over differentiable

manifolds. The geometry of the tangent bundle was first investigated in the fundamental paper

[16] of Sasaki. He used the metric g, given on the differentiable manifold Mn, to construct the

Riemannian metric G on the tangent bundle T (Mn) of Mn. This metric is called the Sasaki

metric (or the diagonal lift of g to T (Mn)). The curvature properties of the Sasaki metric

on T (Mn) are studied by Kowalski in [6]. Interesting relationships between the geometric

properties of the base manifold (Mn, g) and its tangent bundle (T (Mn), G) with the Sasaki

metric are investigated by Aso [1], Musso and Tricerri [11]. The Sasaki metric on the cotangent

bundle was studied by Mok [9], Salimov and Agca [13]. In [3, 12, 14–15] the Sasaki metric was

investigated on the tensor bundles. The Sasaki metrics on the linear frame and linear coframe

bundles were studied by Mok [10], Kowalski and Sekizawa [7], Fattayev and Salimov [5]. In the

study of fiber bundles, a special place is also occupied by lifts of linear connections and their

geodesic curves (see, for example, [2, 8–9, 17–18]).

In this paper, we consider a bundle of affinor frames over a smooth manifold, and using the

diagonal lift of the Riemannian metric, we study some questions of the differential geometry of

this bundle, also we define the horizontal lifts of the symmetric linear connection and investigate

their geodesic curves.
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2 Preliminaries

In this section, we summarize all the basic definitions and results that are needed later.

In the following all manifolds, maps, tensor fields, connections and metrics in question are

supposed to be differentiable of class C∞.

Let Mn be an n-dimensional differentiable manifold and L1
1(Mn) the bundle of an affinor

frames of Mn (see [4]). The bundle of an affinor frames L1
1(Mn) consists of all pairs (x,Ax),

where x is a point of Mn and Ax is a basis (an affinor frame) for the linear space T 1
1 (x) of

all affinors at point x. We denote by π : L1
1(Mn) → Mn the projection map, defined by

π(x,Ax) = x. For the coordinate system (U, xi) in Mn, we put L1
1(U) = π−1(U) and an affinor

Xα
β of the frame Ax can be uniquely expressed in the form Xα

β = X
αj
βi

(
∂
∂xj

)
x
⊗ (dxi)x, so that

{L1
1(U), (xi, Xαj

βi )} is a coordinate system in L1
1(Mn) (see [4]). Indices i, j, k, · · · , α, β, γ, · · ·

have range in {1, 2, · · · , n}, while indices A,B,C, · · · have range in {1, · · · , n, n+1, · · · , n+n4}

and indices iαβ, lγδ, kστ , · · · have range in {n + 1, · · · , n + n4}. For simplicity, we give the

following notation: (xI) = (xi, xiαβ ) = (xi, Xαj
βi ). Summation over repeated indices is always

implied.

We denote by ℑrs(Mn) the set of all differentiable tensor fields of type (r, s) on Mn. Let ∇

be a linear connection, V ∈ ℑ1
0(Mn) a vector field and B ∈ ℑ1

1(Mn) an affinor field on Mn with

local components Γkij , V
i and B

j
i , respectively. Then there is exactly one vector field HV on

L1
1(Mn), called the horizontal lift of V , and exactly one vector field VαβB on L1

1(Mn) for each

pair α, β = 1, 2, · · · , n, called the αβth -vertical lift of B, that are known to be defined in L1
1(U)

(see [4]) by

HV = V i ∂

∂xi
+ V k(Xαj

βmΓmki −Xαm
βi Γjkm)

∂

∂X
αj
βi

, (2.1)

VαβB = δγαδ
β
σB

j
i

∂

∂X
γj
σi

(2.2)

with respect to the natural frame {∂i, ∂iαβ} =
{

∂
∂xi

, ∂

∂X
αj

βi

}
in L1

1(Mn), where δ
γ
α is the Kronecker

delta.

If f is a differentiable function on Mn,
V f = f ◦ π denotes its canonical vertical lift to

L1
1(Mn).

Let (U, xi) be a coordinate system in Mn. In U ⊂ Mn, we put

X(i) =
∂

∂xi
= δhi

∂

∂xh
∈ ℑ1

0(Mn),

Λji =
∂

∂xi
⊗ dxj = δhi δ

j
k∂h ⊗ dxk ∈ ℑ1

1(Mn), i, j = 1, 2, · · · , n.

From (2.1)–(2.2), we have

HX(i) = δhi ∂h + (Xαk
βmΓmhi −Xαm

βi Γkhm)
∂

∂Xαk
βh

, (2.3)

VαβΛji = δαγ δ
σ
βδ

h
i δ
j
k

∂

∂X
γk
σh

(2.4)
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with respect to the natural frame {∂i, ∂iαβ} in L1
1(Mn). These n+ n4 vector fields are linearly

independent and generate, respectively, the horizontal distribution of linear connection ∇ and

the vertical distribution of L1
1(Mn). We call the set {HX(i),

VαβΛji} the frame adapted to the

linear connection ∇ on π−1(U) ⊂ L1
1(Mn). Putting

Di =
HX(i), Diαβ = VαβΛji ,

we write the adapted frame as {DI} = {Di, Diαβ}. From (2.3)–(2.4) we see that HV and VαβB

have respectively, components

HV = V iDi =
(
HV I

)
=

(
V i

0

)
, (2.5)

VαβB = B
j
i δ
γ
αδ
β
σDiγσ = (VαβBI) =

(
0

δγαδ
β
σB

j
i

)
(2.6)

with respect to the adapted frame {DI}, V
i and B

j
i are the local components of V and B on

Mn, respectively.

Let B ∈ ℑ1
1(Mn), which is locally represented by B = B

j
i
∂
∂xj

⊗ dxi. The vector fields γB

and γ̃B on L1
1(Mn) are defined by






γB = (Xαm
βi Bj

m)
∂

∂X
αj
βi

,

γ̃B = (Xαj
βmBm

i )
∂

∂X
αj
βi

with respect to the natural frame {∂i, ∂iαβ} in L1
1(Mn).

The brackets of vertical and horizontal lifts are expressed by the following formulae:

[VαβB, VλτC] = 0,

[HX, VαβB] = Vαβ (∇XB), (2.7)

[HX,HY ] = H [X,Y ] + (γ̃ − γ)(R(X,Y ))

for all X,Y ∈ ℑ1
0(Mn) and B,C ∈ ℑ1

1(Mn), where R(X,Y ) = [∇X ,∇Y ] − ∇[X,Y ] and γ̃ − γ :

B → ℑ1
0(L

1
1(Mn)) equals

(γ̃ − γ)B =

(
0

X
αj
βmB

m
i −Xαm

βi Bj
m

)
(2.8)

for any B ∈ ℑ1
1(Mn).

Remark 2.1 Using equality (2.6), it is easy to establish that a vertical vector field

(γ − γ)(R(X,Y )) ∈ ℑ1
1(L

1
1(Mn)) can be represented as

(γ − γ)(R(X,Y )) =

n∑

α,γ=1

(VαγXα
γ ◦R(X,Y )). (2.9)
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3 Sasaki Metric on L
1
1
(Mn)

Let (Mn, g) be a Riemannian manifold. For each x ∈ Mn, the extension of scalar product g

(denoted by G) is defined on the linear space L1
1(x) = π−1(x) by

G(B,C) = gpqg
ijB

p
i C

q
j

for all B,C ∈ ℑ1
1(Mn).

Definition 3.1 The Sasaki metric Sg (or diagonal lift of g) is defined on L1
1(Mn) by the

following three relations:

Sg(VαβB, VγσC) = δαγδβσ
V (G(B,C)), (3.1)

Sg(VαβB,HY ) = 0, (3.2)

Sg(HX,HY ) = V (g(X,Y )) (3.3)

for all X,Y ∈ ℑ1
0(Mn) and B,C ∈ ℑ1

1(Mn).

We recall that any element t ∈ ℑ0
2(L

1
1(Mn)) is completely determined by its action on

vector fields of type HX and VαβB. From this it follows that Sg is completely determined by

(3.1)–(3.3).

From (3.1)–(3.3), we see that the Sasaki metric Sg has the components

(
SgIJ

)
=

(
gij 0
0 δαγδβσgpqg

ij

)
, (3.4)

(
SgIJ

)
=

(
gij 0
0 δαγδ

βσgpqgij

)
(3.5)

with respect to the adapted frame {DI}, where gij and gij are the local covariant and con-

travariant components of g on Mn. For cotangent bundle
CT (Mn), linear frame bundle F (Mn),

linear coframe bundle F ∗(Mn) and (1, 1)-tensor bundle T 1
1 (Mn), see [5–6, 13–14], respectively.

Now we consider local 1-form η̃I in π−1(U), defined by

η̃I = ÃI Jdx
J ,

where

A−1 = (ÃI J ) =

(
Ãi j Ãi jβσ

Ã
iαγ
j Ã

iαγ
jβσ

)
=

(
δij 0

Xαm
γi Γhjm −Xαh

γmΓ
m
ji δαβ δ

σ
γ δ
h
kδ
j
i

)
. (3.6)

The matrix (3.6) is the inverse of the matrix

A = (A J
L ) =

(
A

j
l A

j
lτλ

A
jβσ

l A
jβσ

lτλ

)
=

(
δ
j
l 0

−X
βm
σj Γklm +Xβk

σmΓmlj δβτ δ
λ
σδ
k
r δ
l
j

)
(3.7)

of the transformation DL = A J
L ∂J (see (2.3)–(2.4)). We easily see that the set {η̃I} is the

coframe dual to the adapted frame {DK}, i.e., η̃I(DK) = ÃI JA
J

K = δIK .
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Since the adapted frame {DI} is non-holonomic, we put

[DI , DJ ] = Ω K
IJ DK

and then we have

Ω K
IJ = (DIA

L
J −DJA

L
I )ÃK L.

According to (2.3)–(2.4) and (3.6)–(3.7), the components of non-holonomic object Ω K
IJ are

given by

{
Ω kτλ
ijβσ

= −Ω
j

kτλ

βσi

= δτβδ
σ
λ(δ

j
kΓ

r
il − δrl Γ

j
ik),

Ω kτλ
ij = Xτr

λmRmijk −Xτm
λk Rrijm

(3.8)

with all the others being zero, where R h
ijk are the local components of the curvature tensor R

of the Riemannian metric g on Mn.

Let S∇ be the Levi-Civita connection of the Sasaki metric Sg. Putting S∇DIDJ = SΓ K
IJ DK ,

from the equation

S∇
X̃
Ỹ − S∇

Ỹ
X̃ = [X̃, Ỹ ], ∀X̃, Ỹ ∈ ℑ1

0(L
1
1(Mn)),

we have

SΓKIJ − SΓKJI = Ω K
IJ (3.9)

with respect to the adapted frame {DI}, where
SΓKIJ are the components of the Levi-Civita

connection S∇.

The equation (S∇
X̃
Sg)(Ỹ , Z̃) = 0, ∀X̃, Ỹ , Z̃ ∈ ℑ1

0(L
1
1(Mn)), has the form

DL
SgIJ − SΓKLI

SgKJ − SΓKLJ
SgIK = 0 (3.10)

with respect to the adapted frame {DK}. Thus, we have from (3.9)–(3.10)

SΓKIJ =
1

2
SgKL(DI

SgLJ +DJ
SgIL −DL

SgIJ) +
1

2
(Ω K

IJ +ΩK
· IJ +ΩK

· JI), (3.11)

where ΩK
· IJ = SgKLSgPJΩ

P
LI .

Taking account of (3.4)–(3.5), (3.8) and (3.11), we immediately get the following theorem.

Theorem 3.1 Let (Mn, g) be a Riemannian manifold and S∇ be the Levi-Civita connection

of the bundle of affinor frames L1
1(Mn) equipped with the Sasaki metric Sg. The particular values

of SΓKIJ for different indices, are then found to be

SΓkij = Γkij ,

SΓkτλij =
1

2
(Xτr

λmRmijk −Xτm
λk Rrijm),

SΓkiαγjβσ = SΓkτλiαβj
= SΓkτλiαγjβσ

= 0,

SΓkijβσ =
1

2
(glaX

βa
σmR

mj k
· · i − gjbX

βm
σb Rklmi),
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SΓkτλijβσ
= δτβδ

σ
λ(δ

j
kΓ

r
il − δrl Γ

j
ik),

SΓkiαγj =
1

2
(ghaX

αa
γmR

mi k
· · j − gibXαm

γb Rkhmj)

with respect to the adapted frame {DK}, where R
mj k
· · i = gmlgjsR k

lsi .

It is well-known that the Levi-Civita connection ∇ of a Riemannian metric g is given by

Koszul formula

2g(∇XY, Z) = Xg(Y, Z) + Y g(Z,X)− Zg(X,Y ) + g([X,Y ], Z)

− g([Y, Z], X) + g([Z,X ], Y ) (3.12)

for all vector fields X,Y, Z ∈ ℑ1
0(Mn).

The following theorem holds.

Theorem 3.2 Let Mn be a Riemannian manifold with the metric g and L1
1(Mn) be the

bundle of affinor frames of Mn equipped with the Sasaki metric Sg. Then the corresponding

Levi-Civita connection S∇ satisfies the following relations:

(i) S∇HX
HY = H(∇XY ) + 1

2

n∑
τ,λ=1

Vτλ(Xτ
λ ◦R(X,Y )−R(X,Y ) ◦Xτ

λ),

(ii) S∇HX
VβσB = Vβσ (∇XB)+ 1

2

n∑
τ,λ=1

δτβδλσ
H(gpq(X

τp
λs (g

−1◦R( , X)si ))B
iq+gij(R(Xτ

λi, X))Bj),

(iii) S∇VαγA
HY = 1

2

n∑
τ,λ=1

δταδλγ
H(gpq(X

τp
λs (g

−1 ◦R( , Y )si ))A
iq + gij(R(Xτ

λi, Y ))Aj),

(iv) S∇VαγA
VβσB = 0 for all X,Y ∈ ℑ1

0(Mn) and A,B ∈ ℑ1
1(M), where Bj = (Bq

j ),

Biq = gijB
q
j , X

τ
λi = (Xτs

λi ), R( , X)Y ∈ ℑ1
1(Mn) and g−1 ◦R( , X)Y ∈ ℑ2

0(Mn).

Proof (i) By the help of Koszul formula (3.12), (2.5)–(2.7), (2.9) and (3.1)–(3.3), we have

2Sg(S∇HX
HY,HZ) = HX(Sg(HY,HZ)) + HY (Sg(HZ,HX))− HZ(Sg(HX,HY ))

− Sg(HX, [HY,HZ]) + Sg(HY, [HZ,HX ]) + Sg(HZ, [HX,HY ])

= 2g(∇XY, Z) (3.13)

and

2Sg(∇̃HX
HY, VβσC) = HX(Sg(HY, VβσC)) + HY (Sg(VβσC,HX))

− VβσC(Sg(HX,HY ))− Sg(HX, [HY, VβσC])

+ Sg(HY, [VβσC,HX ]) + Sg(VβσC, [HX,HY ])

= −VβσC(Sg(HX,HY ))− Sg(HX, Vβσ(∇Y C))

+ Sg(HY,−Vβσ(∇XC)) + Sg(VβσC,H [X,Y ] + (γ − γ)(R(X,Y )))

= Sg(VβσC, (γ − γ)(R(X,Y )))

= Sg
(
VβσC,

n∑

τ,λ=1

Vτλ(Xτ
λ ◦R(X,Y )−R(X,Y ) ◦Xτ

λ)
)
. (3.14)
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By combining of (3.13) and (3.14), we obtain

S∇HX
HY = H(∇XY ) +

1

2

n∑

τ,λ=1

Vτλ(Xτ
λ ◦R(X,Y )−R(X,Y ) ◦Xτ

λ).

(ii) The statement is obtained as follows:

2Sg(S∇HX
VβσB,HY ) = HX(Sg(VβσB,HY )) + VβσB(Sg(HY,HX))

− HY (Sg(HX, VβσB))− Sg(HX, [VβσB,HY ])

+ Sg(VβσB, [HY,HX ]) + Sg(HY, [HX, VβσB])

= Sg(VβσB, (γ − γ)(R(Y,X)))

= Sg
(
VβσB,

n∑

τ,λ=1

Vτλ(Xτ
λ ◦R(Y,X)−R(Y,X) ◦Xτ

λ)
)

= Sg
( n∑

τ,λ=1

Vτλ(Xτ
λ ◦R(Y,X)−R(Y,X) ◦Xτ

λ

)
, VβσB

)

=

n∑

τ,λ=1

Sg(Vτλ(Xτ
λ ◦R(Y,X)−R(Y,X) ◦Xτ

λ),
VβσB)

=

n∑

τ,λ=1

δτβδλσG(Xτ
λ ◦R(Y,X)−R(Y,X) ◦Xτ

λ , B).

Using

G(Xτ
λ ◦R(Y,X)−R(Y,X) ◦Xτ

λ , B)

= gpqg
ij(Xτ

λ ◦R(Y,X))piB
q
j − gpqg

ij(R(Y,X) ◦Xτ
λ)
p
iB

q
j

= gpqg
ijX

τp
λsR

s
kliY

kX lB
q
j − gpqg

ijR
p
klsX

τs
λi Y

kX lB
q
j

= gkmgpqX
τp
λsR

m s
· li Y kX lBiq

·
− gkmgijRmlsqX

τs
λi Y

kX lB
q
j

= gkmgpqX
τp
λsg

nrR s
rli X

lBiq
·
Y k + gkmgijRmlsqX

τs
λi Y

kX lB
q
j

= g(gpq(X
τp
λs (g

−1 ◦R( , X)si ))B
iq , Y ) + g(gij(R(Xτ

λi, X))Bj , Y )

= Sg(H(gpq(X
τp
λs (g

−1 ◦R( , X)si ))B
iq),HY )

+ Sg(H(gij(R(Xτ
λi, X))Bj),

HY ),

we have

2Sg(S∇HX
VβσB,HY ) =

n∑

τ,λ=1

δτβδλσ
Sg(H(gpq(X

τp
λs (g

−1 ◦R( , X)si ))B
iq),HY )

+
n∑

τ,λ=1

δτβδλσ
Sg(H(gij(R(Xτ

λi, X))Bj),
HY ).

On the other hand,

2Sg(S∇HX
VβσB, VτλC) = HX(Sg(VβσB, VτλC)) + VβσB(Sg(VτλC,HX))
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− VτλC(Sg(HX, VβσB)) − Sg(HX, [VβσB, VτλC])

+ Sg(VβσB, [VτλC,HX ]) + Sg(VτλC, [HX, VβσB])

= Sg(Vβσ (∇XB), VτλC) + Sg(VβσB, Vτλ(∇XC))

− Sg(VβσB, τλ(∇XC)) + Sg(VτλC, Vβσ (∇XB))

= 2Sg(Vβσ(∇XB), VτλC).

Therefore,

S∇HX
VβσB

= Vβσ (∇XB) +
1

2

n∑

τ,λ=1

δτβδλσ
H(gpq(X

τp
λs (g

−1 ◦R( , X)si ))B
iq + gij(R(Xτ

λi, X))Bj).

(iii) By calculations analogy to those in (ii), we obtain

2Sg(S∇VαγA
HY, VβσB)

= HY (Sg(VαγA, VβσB))− Sg(VαγA,Vβσ (∇Y B))

− (Sg(VβσB, Vαγ (∇Y A))

= Sg(Vαγ (∇Y A),
VβσB) + Sg(VαγA, Vβσ(∇Y B))

− Sg(VαγA,Vβσ (∇Y B))− (Sg(VβσB, Vαγ (∇Y A))

= 0,

and

2Sg(S∇VαγA
HY,HZ)

=

n∑

τ,λ=1

δταδλγ
Sg(H(gpq(X

τp
λs (g

−1 ◦R( , Y )si ))A
iq),HZ)

+
n∑

τ,λ=1

δταδλγ
Sg(H(gij(R(Xτ

λi, Y ))Aj),
HZ).

Thus,

S∇VαγA
HY =

1

2

n∑

τ,λ=1

δταδλγ
H(gpq(X

τp
λs (g

−1 ◦R( , Y )si ))A
iq + gij(R(Xτ

λi, Y ))Aj).

(iv) By using the Koszul formula (3.12), (2.7) and (2.9), we yield

2Sg(S∇VαγA
VβσB,HZ)

= −HZ(Sg(VαγA, VβσB)) + Sg(VαγA,Vβσ (∇ZB)) + Sg(VβσB, Vαγ (∇ZA))

= −Sg(Vαγ (∇ZA),
VβσB)− Sg(VαγA, Vβσ (∇ZB))

+ Sg(VαγA,Vβσ (∇ZB)) + Sg(VβσB, Vαγ (∇ZA))

= 0
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and

2Sg(S∇VαγA
VβσB, VτλC)

= VαγA(Sg(βσB, VτλC)) + βσB(Sg(VτλC, VαγA))

− VτλC(Sg(VαγA, VβσB))− Sg(VαγA, [VβσB, VτλC])

+ Sg(VβσB, [VτλC, VαγA]) + Sg(VτλC, [VαγA, VβσB])

= 0.

Therefore, we have
S∇VαγA

VβσB = 0

and Theorem 3.2 is proved.

4 Horizontal Lifts of Linear Connections

Let ∇ be the symmetric linear connection on Mn and Γkij its components.

Definition 4.1 A horizontal lift of the symmetric linear connection ∇ on Mn to the bundle

of affinor frames L1
1(Mn) is the linear connection H∇ defined by

H∇HX
HY = H(∇XY ), H∇HX

VβσB = Vβσ (∇XB),

H∇VαγA
HY = 0, H∇VαγA

VβσB = 0 (4.1)

for all X,Y ∈ ℑ1
0(Mn) and A,B ∈ ℑ1

1(M).

We note that the horizontal lifts of linear connections to tangent, cotangent, and linear

frame bundles were defined in [2, 8–9, 17, 19].

The components of the horizontal lift H∇ of ∇ on Mn with components Γkij in the natural

frame
{

∂
∂xi

}
, are defined in the adapted frame {DI} by decomposition

H∇DIDJ = HΓKIJDK . (4.2)

From (4.1)–(4.2), by using (2.5)–(2.6), we obtain

(1) H∇VαγA
VβσB = 0,

H∇A
j
i δ
τ
αδ
γ

λ
Diτλ

(Bl
kδ
ω
β δ

σ
µDkωµ) = 0,

A
j
iB

l
kδ
τ
αδ
γ
λδ
ω
β δ

σ
µ
H∇Diτλ

Dkωµ +A
j
i δ
τ
αδ
γ
λδ
ω
β δ

σ
µDiτλ(B

l
k)Dkωµ = 0,

A
j
iB

l
kδ
τ
αδ
γ
λδ
ω
β δ

σ
µ
HΓPiτλkωµDP = 0,

A
j
iB

l
kδ
τ
αδ
γ
λδ
ω
β δ

σ
µ(
HΓpiτλkωµDp +

HΓ
pηε
iτλkωµ

Dpηε) = 0,
HΓpiαγkβσDp +

HΓ
pηε
iαγkβσ

Dpηε = 0,

consequently,
HΓpiαγkβσ = 0, HΓ

pηε
iαγkβσ

= 0.

(2) H∇VαγA
HY = 0,

H∇A
j
i δ
τ
αδ
γ

λ
Diτλ

(Y kDk) = 0,
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A
j
i δ
τ
αδ
γ
λY

kH∇Diτλ
Dk +A

j
i δ
τ
αδ

γ
λDiτλ(Y

k)Dk = 0,

A
j
i δ
τ
αδ
γ
λY

kHΓPiτλkDP = A
j
i δ
τ
αδ

γ
λY

k(HΓpiτλkDp +
HΓ

pηε
iτλk

Dpηε) = 0,
HΓpiαγkDp +

HΓ
pηε
iτγk

Dpηε = 0,

from which we find
HΓpiαγk = 0, HΓ

pηε
iτγk

= 0.

(3) H∇HX
HY = H(∇XY ), H∇XiDi(Y

kDk) = (∇XY )pDp,

X iY kHΓPikDP +X i∂iY
pDp +X i(ΓshiX

ηj
εs − ΓjhsX

ηs
εi )

∂

∂X
εj

ηh

(Y p)Dp

= Xm∂mY pDp +XmΓpmrY
rDp

X iY kHΓpikDp +X iY kHΓ
pηε
ik Dpηε = XmΓpmrY

rDp,

consequently,
HΓpik = Γpik,

HΓ
pηε
ik = 0.

(4) H∇HX
VβσB = Vβσ (∇XB),

H∇XiDi(B
l
kδ
ω
β δ

σ
µDkωµ) = (∇XB)lkδ

ω
β δ

σ
µDkωµ ,

X iBl
kδ
ω
β δ

σ
µ
H∇DiDkωµ +X iδωβ δ

σ
µDi(B

l
k)Dkωµ

(∂mBl
k + ΓlmrB

r
k − ΓrmkB

l
r)X

mδωβ δ
σ
µDkωµ ,

X iBl
kδ
ω
β δ

σ
µ
HΓPikωµDP +X iδωβ δ

σ
µ(∂iB

l
k + (ΓshiX

ηj
εs − ΓjhsX

ηs
εi )Dηε(B

l
k))Dkωµ

= Xm∂mBl
kδ
ω
β δ

σ
µDkωµ +XmΓlmrB

r
kδ
ω
β δ

σ
µDkωµ −XmΓrmkB

l
rδ
ω
β δ

σ
µDkωµ ,

X iBl
kδ
ω
β δ

σ
µ
HΓpikωµDp +X iBl

kδ
ω
β δ

σ
µ
HΓ

pηε
ikωµ

Dpηε +X iδωβ δ
σ
µ∂iB

l
kDkωµ

+X iδωβ δ
σ
µΓ

s
hiX

ηj
εsDηε(B

l
k)Dkωµ −X iδωβ δ

σ
µΓ

j
hsX

ηs
εi Dηε(B

l
k)Dkωµ

= Xm∂mBl
kδ
ω
β δ

σ
µDkωµ +XmΓlmrB

r
kδ
ω
β δ

σ
µDkωµ −XmΓrmkB

l
rδ
ω
β δ

σ
µDkωµ ,

X iBl
kδ
ω
β δ

σ
µ
HΓpikωµDp +X iBl

kδ
ω
β δ

σ
µ
HΓ

pηε
ikωµ

Dpηε

= XmΓlmrB
r
kδ
ω
β δ

σ
µDkωµ −XmΓrmkB

l
rδ
ω
β δ

σ
µDkωµ ,

X iBl
kδ
ω
β δ

σ
µ
HΓpikωµDp +X iBl

kδ
ω
β δ

σ
µ
HΓ

pηε
ikωµ

Dpηε

= X iBl
kδ
ω
β δ

σ
µ(δ

η
ωδ

µ
ε δ
k
pΓ

q
il − δηωδ

µ
ε δ

q
l Γ

k
ip)Dpηε

from which we obtain that

HΓpikβσ = 0, HΓ
pηε
ikβσ

= δ
η
βδ
σ
ε δ
k
pΓ

q
il − δ

η
βδ
σ
ε δ

q
l Γ

k
ip.

Thus, the following theorem holds.

Theorem 4.1 The horizontal lift H∇ of the symmetric linear connection ∇ given on Mn,

to the bundle of affinor frames L1
1(Mn) has the components

HΓpiαγkβσ = 0,

HΓ
pηε
iαγkβσ

= HΓpiαγk = HΓ
pηε
iτγk

= 0,

HΓpik = Γpik,

HΓ
pηε
ik = HΓpikβσ = 0,

HΓ
pηε
ikβσ

= δ
η
βδ
σ
ε δ

k
pΓ

q
il − δ

η
βδ
σ
ε δ
q
l Γ

k
ip (4.3)

with respect to the adapted frame {DI}.
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Now consider the following transformation of frames on L1
1(Mn):

{Di, Diαγ} =
{ ∂

∂xj
, ∂

∂X
βk
σj

}( δ
j
i 0

−X
βm
σj Γkim +Xβk

σmΓmij δβαδ
γ
σδ
k
hδ
i
j

)
, (4.4)

i.e.,

DI = A J
I ∂J .

Note that matrix (A J
I ) and its inverse matrix (Ã K

J ) are defined of the forms (3.7) and (3.6),

respectively.

We denote the components of the linear connection H∇ with respect to the natural frame

{∂I} by HΓ
P

IK , i.e.,
H∇∂I∂K = HΓ

P

IK∂P .

Then

HΓ
S

JL = A S
P

HΓPIKÃI JÃ
K
L − (DIA

S
K )ÃI JÃ

K
L. (4.5)

Using (4.3) and (3.6)–(3.7), from (4.5) we obtain

HΓ
s

jl = A s
p

HΓpikÃ
i
jÃ

k
l +A s

pηε
HΓ

pηε
ikβσ

Ãi jÃ
kβσ
l = δspΓ

p
ikδ

i
jδ
k
l = Γsjl,

HΓ
s

jτν l
= A s

p
HΓpikÃ

i
jτν

Ãk l +A s
pηε

HΓ
pηε
ikβσ

Ãi jτν
Ã
kβσ
l = 0,

HΓ
s

jlωυ
= A s

p
HΓpikÃ

i
jÃ

k
lωυ

+A s
pηε

HΓ
pηε
ikβσ

Ãi jÃ
kβσ
lωυ

= 0,

HΓ
s

jτν lωυ
= A s

p
HΓpikÃ

i
jτν

Ãk lωυ
+A s

pηε
HΓ

pηε
ikβσ

Ãi jτν
Ã
kβσ
lωυ

= 0,

HΓ
sϕψ
jτν l

= A
sϕψ

p
HΓpikÃ

i
jτν

Ãk l +A
sϕψ

pηε
HΓ

pηε
ikβσ

Ãi jτν
Ã
kβσ
l

− (DiA
sϕψ

k )Ãi jτν
Ãk l − (DiαγA

sϕψ
k )Ã

iαγ
jτν

Ãk l

− (DiαγA
sϕψ

kβσ
)Ã

iαγ
jτν

Ã
kβσ
l

= δϕτ δ
ν
ψδ

j
sΓ

r
lq − δϕτ δ

ν
ψδ

r
qΓ

j
ls,

HΓ
sϕψ
jlωυ

= A
sϕψ

p
HΓpikÃ

i
jÃ

k
lωυ

+A
sϕψ

pηε
HΓ

pηε
ikβσ

Ãi jÃ
kβσ
lωυ

− (DiαγA
sϕψ

kβσ
)Ã

iαγ
jτν

Ã
kβσ
l

= δϕωδ
υ
ψδ

l
sΓ
r
jm − δϕωδ

υ
ψδ

r
mΓljs,

HΓ
sϕψ
jτν lωυ

= A
sϕψ

p
HΓpikÃ

i
jτν

Ãk lωυ
+ A

sϕψ
pηε

HΓ
pηε
ikβσ

Ãi jτν
Ã
kβσ
lωυ

− (DiαγA
sϕψ

kβσ
)Ã

iαγ
jτν

Ã
kβσ
lωυ

= 0,

HΓ
sϕψ
jl = A

sϕψ
p

HΓpikÃ
i
jÃ

k
l +A

sϕψ
pηε

HΓ
pηε
ikβσ

Ãi jÃ
kβσ
l

− (DIA
sϕψ

K )ÃI jÃ
K
l

= −ΓrpmX
ϕm
ψs Γpikδ

i
jδ
k
l + ΓmpsX

ϕr
ψmΓpikδ

i
jδ
k
l

+ δ
ϕ
ψδ

ε
ηδ
p
sδ
r
q(δ

η
βδ
σ
ε δ

k
pΓ

q
it − δ

η
βδ
σ
ε δ

q
l Γ

k
ip)δ

i
j(X

βm
σk Γtlm −Xβt

σmΓmlk)

− (DiA
sϕψ

k )Ãi jÃ
k
l − (DiA

sϕψ
kβσ

)Ãi jÃ
kβσ
l − (DiαγA

sϕψ
k )Ã

iαγ
jÃ

k
l

= −ΓrpmX
ϕm
ψs Γpjl + ΓmpsX

ϕr
ψmΓpjl + ΓrjtX

ϕm
ψs Γtlm − ΓrjtX

ϕt
ψmΓmls
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− ΓkjsX
ϕm
ψk Γrlm + ΓkjsX

ϕr
ψmΓmlk − (∂i + (ΓmhiX

ρa
ξm − ΓamiX

ρm
ξh )) ∂

∂X
ρa

ξh

(−X
ϕb
ψsΓ

r
kb

+X
ϕr
ψbΓ

b
ks)δ

i
jδ
k
l −

∂
∂Xαhγi

(−X
ϕm
ψs Γrkm +X

ϕr
ψmΓmks)(X

αp
γi Γ

h
jp −Xαh

γp Γ
p
ji)δ

k
l

= −ΓrpmX
ϕm
ψs Γpjl + ΓmpsX

ϕr
ψmΓpjl + ΓrjtX

ϕm
ψs Γtlm − ΓrjtX

ϕt
ψmΓmls

− ΓkjsX
ϕm
ψk Γrlm + ΓkjsX

ϕr
ψmΓmlk +X

ϕb
ψs∂jΓ

r
lb −X

ϕr
ψb∂jΓ

b
ls + ΓmsjX

ϕb
ψmΓrlb

− ΓmbjX
ϕr
ψmΓbls − ΓbmjX

ϕm
ψs Γrlb + ΓrmjX

ϕm
ψb Γbls +X

ϕm
ψs ΓrlhΓ

h
jm −X

ϕh
ψmΓrlhΓ

m
js

−X
ϕm
ψi ΓilsΓ

r
jm +X

ϕr
ψmΓ

m
jiΓ

i
ls

= X
ϕb
ψs(∂jΓ

r
lb − ΓrpbΓ

p
jl + ΓrjpΓ

p
lb)

+X
ϕr
ψa(−∂jΓ

a
ls + ΓpjsΓ

a
lp + ΓapsΓ

p
jl)−X

ϕb
ψa(Γ

r
lbΓ

a
sj + ΓalsΓ

r
bj).

Thus, we have the following theorem.

Theorem 4.2 The horizontal lift H∇ of the symmetric linear connection ∇ given on Mn,

to the bundle of affinor frames L1
1(Mn) has the components

HΓ
s

jl = Γsjl,

HΓ
sϕψ
jl = X

ϕb
ψs(∂jΓ

r
lb − ΓrpbΓ

p
jl + ΓrjpΓ

p
lb)

+X
ϕr
ψa(−∂jΓ

a
ls + ΓpjsΓ

a
lp + ΓapsΓ

p
jl)−X

ϕb
ψa(Γ

r
lbΓ

a
sj + ΓalsΓ

r
bj),

HΓ
s

jτν l
= HΓ

s

jlωυ
= HΓ

s

jτν lωυ
= HΓ

sϕψ
jτν lωυ

= 0,

HΓ
sϕψ
jτν l

= δϕτ δ
ν
ψδ

j
sΓ

r
lq − δϕτ δ

ν
ψδ

r
qΓ

j
ls,

HΓ
sϕψ
jlωυ

= δϕωδ
υ
ψδ

l
sΓ

r
jm − δϕωδ

υ
ψδ

r
mΓljs (4.6)

with respect to the natural frame
{

∂
∂xi

, ∂
∂Xαhγi

}
.

5 Geodesics of the Horizontal Lift of Linear Connections

Geodesics of horizontal lifts of connections in tangent, cotangent and tensor bundles were

investigated in [2] and [18, pp. 114–117, pp. 297–299]. In the present section we study geodesics

of the horizontal lifts of connections in the bundle of affinor frames.

Let C̃ be a geodesic curve on the bundle of affinor frames L1
1(Mn) with respect to the

horizontal lift H∇ of the symmetric linear connection ∇ on the Mn. In induced coordinates

(π−1(U), xi, Xαh
γi ) the equation of the geodesic curve

C̃ : I → L1
1(Mn), C̃ : t → C̃(t) = (xi(t), Xαh

γi (t)) = (xI(t))

is of the form

d2xK

dt2
+ HΓ

K

IJ

dxI

dt

dxJ

dt
= 0, I, J,K = 1, 2, · · · , n+ n4. (5.1)

By using formulas (4.6) for HΓKIJ , from (5.1) we obtain

d2xk

dt2
+ Γkij

dxi

dt

dxj

dt
= 0,
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and

d2Xβl
σk

dt2
+ (Xβb

σk(∂iΓ
l
jb − ΓlpbΓ

p
ij + ΓlipΓ

p
jb) +Xβl

σa(−∂iΓ
a
jk + ΓpikΓ

a
jp + ΓapkΓ

p
ij)

−Xβb
σa(Γ

l
jbΓ

a
ki + ΓajkΓ

r
bi))

dxi

dt

dxj

dt
+ 2(Γljbδ

i
k − Γijkδ

l
b)
dXβh

σi

dt

dxj

dt
= 0. (5.2)

Let us consider the covariant differentiation of Xβl
σk(t):

d

dt
(Xβl

σk(t)) =
dXβl

σk

dt
+ ΓlpbX

βb
σk

dxp

dt
− ΓapkX

βl
σa

dxm

dt
. (5.3)

Now applying

d2xk

dt2
+ Γkij

dxi

dt

dxj

dt
= 0,

and taking into account the symmetry of the linear connection ∇ given on Mn, from (5.3) we

get

δ2X
βl
σk

dt2
=

δ

dt

(dXβl
σk

dt
+ ΓlpbX

βb
σk

dxp

dt
− ΓapkX

βl
σa

dxp

dt

)

=
d

dt

(dXβl
σk

dt
+ ΓlpbX

βb
σk

dxp

dt
− ΓapkX

βl
σa

dxp

dt

)

+ Γlib

(dXβb
σk

dt
+ ΓbpaX

βa
σk

dxp

dt
− ΓbpkX

βb
σa

dxi

dt

)dxi
dt

− Γbik

(dXβl
σb

dt
+ ΓjpaX

βa
σb

dxp

dt
− ΓapbX

βl
σa

dxp

dt

)dxi
dt

=
d2Xβl

σk

dt2
+ (Xβb

σk(∂iΓ
l
jb − ΓlpbΓ

p
ij + ΓlipΓ

p
jb) +Xβl

σa(−∂iΓ
a
jk + ΓpikΓ

a
jp + ΓapkΓ

p
ij)

−Xβb
σa(Γ

l
jbΓ

a
ki + ΓajkΓ

r
bi))

dxi

dt

dxj

dt
+ 2(Γljbδ

i
k − Γijkδ

l
b)
dXβh

σi

dt

dxj

dt
. (5.4)

Comparing expression (5.4) and the second equality of (5.2), we obtain the following theorem.

Theorem 5.1 A geodesic curve on the bundle of affinor frames L1
1(Mn) with respect to

the horizontal lift H∇ of the symmetric linear connection ∇ on Mn has in induced coordinates

(π−1(U), xi, Xβh
γi ) in L1

1(Mn) the equations of the form:

d2xk

dt2
+ Γkij

dxi

dt

dxj

dt
= 0,

d2Xβl
σk

dt2
= 0.

From Theorem 5.1 we get the following result.

Theorem 5.2 A curve C̃ on the bundle of affinor frames L1
1(Mn) is a geodesic of horizontal

lift H∇ of the symmetric linear connection ∇ if the projection C = π(C̃) on Mn is a geodesic of

∇ on Mn and the second covariant differentiation of each affinor X
βl
σk(t) = X

βl
σk(t)

∂
∂xl

⊗dxk
∣∣
C(t)

,

β, σ = 1, 2, · · · , n of the affinor frame A along C vanishes, where π : L1
1(Mn) → Mn is the

natural projection.
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