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Asymptotic Equation of the Nematic
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Abstract In this paper, the author studies the local existence of strong solutions and
their possible blow-up in time for a quasilinear system describing the interaction of a
short wave induced by an electron field with a long wave representing an extension of the
motion of the director field in a nematic liquid crystal’s asymptotic model introduced in
[Saxton, R. A., Dynamic instability of the liquid crystal director. In: Current Progress
in Hyperbolic Systems (Lindquist, W. B., ed.), Contemp. Math., Vol.100, Amer. Math.
Soc., Providence, RI, 1989, pp.325-330] and [Hunter, J. K. and Saxton, R. A., Dynamics
of director fields, STAM J. Appl. Math., 51, 1991, 1498-1521] and studied in [Hunter, J. K.
and Zheng, Y., On a nonlinear hyperbolic variational equation I, Arch. Rat. Mech. Anal.,
129, 1995, 305-353], [Hunter, J. K. and Zheng, Y., On a nonlinear hyperbolic variational
equation II, Arch. Rat. Mech. Anal., 129, 1995, 355-383| and in [Zhang, P. and Zheng,
Y., On oscillation of an asymptotic equation of a nonlinear variational wave equation,
Asymptotic Anal., 18, 1998, 307-327] and, more recently, in [Bressan, A., Zhang, P. and
Zheng, Y., Asymptotic variational wave equations, Arch. Rat. Mech. Anal., 183, 2007,
163-185].
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1 Introduction and Main Results

Motivated by the study of an asymptotic equation for the director field in a simplified model

of a nematic liquid crystal, introduced by Saxton, R. A. and Hunter, J. K. in [10, 14] and studied
by Hunter, J. K., Zheng, Y. and Zhang, P. in [11-12, 15], we study the interaction with a short

wave induced by an electron beam (cf. also [3]).

This interaction can be described by the following coupled time dependent system of the

Benney type (cf. [2, 58| for some previous examples):

i + Upe = oful*u + bou,

1

ot 50 = ab(a) [ Py = blfuPr),
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for > 0 and t > 0, where @ > 0, b € R and a € R are given constants, h € C*°([0, +o0) is a
non-negative function with compact support, i = /—1, u(z,t) € C represents the short wave
(electron field) and v(z,t) € R represents the long wave (the director field in [10], where b = 0,
a=1% and h(z) = 1).

We will consider the IBV (initial and boundary value) problem for (1.1) with null boundary
condition and with given initial data

u(z,0) = ug(z) € HY(Ry) N HY(RL), wv(z,0) =wvo(z) € Hi(Ry) N H3(RL). (1.2)
In [15] the equation
ve + %(’U2)w = a/o (vp)?dy, x>0,t>0 (1.3)

is studied with a = % By setting w = v,, we derive

wi + vwy, = (@ — 1)w? (1.4)
and with a = 1, a1 =a—1= -3, wo(z) = w(z,0) > 0, wy € C(Ry), they obtain by the
method of characteristics, with

doy(x di(z)
) R
0
¢O(x) =,
the solution .
9 _
w(t, z) = wo(dy (z))

T 2+ wo(o (@)t

_ [ 2wl ()
) = [ e

Replacing a = % by a <1 and so a; =a — 1 < 0, we derive, by the same method,
T —1
o(t,x) = / wo(¢s (_yl)) dy > 0. (1.5)
0 1 —aywo(dy ()t

In Section 2, we study the local in time existence (and uniqueness) of a strong solution for
the problem (1.1)—(1.2) with

and so

h e C>®([0,4)), h >0 and with compact support,

by applying a variant of T. Kato’s theorem in [13], after making a suitable transformation of
the system to avoid some limited smoothing properties of the Schrodinger kernel and following
the ideas introduced in [7-8]. We will prove the following result:

Theorem 1.1 Assume that (ug,vo) verifies (1.2). Then there exist T > 0 and a unique
strong solution (u,v) of the IBV problem (1.1)—(1.2) with

(u,0) € (C7([0, T); H'=(Ry)) x C4([0, T); H*I (R1)) 1 (CF((0, T HY(R4)%, 5 =0, 1.
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In Section 3, we start by deducing some identities for the flow (1.1) and, with some additional
requirements on the initial data, and in particular for v > 0 and a < 0, we derive a blow-up in
time result for the local strong solution of the IBV problem (1.1)—(1.2) obtained in Theorem
1.1. We will apply a virial technique developed in the seminal work of R. T. Glassey (cf. [9])
concerning nonlinear Schrédinger equations (see [8] for a related result and [10-12], for blow-up
results concerning the equation (1.3)). The function

t—>/x2|u(x,t)|2dx, Where/:/
Ry

used in [9] for the Schrédinger equation will be replaced by

1 t t
o(t) = §/x2|u|2dx+/ /xv2dxd7'—|—00/ /x|u|2dxdr (1.6)
0 0

for a convenient constant ¢y > 0 depending of «, b and the initial data (ug,vo) verifying
M(0) = /vgd:z: - 2Im/uoﬂ()mdx < 0. (1.7)

We will prove the following result:

Theorem 1.2 Under the hypothesis of Theorem 1.1, let us assume a <0, b>0, xug,x%vo €
L?(Ry), up € HE(Ry) and (1.7). With

1 o b 1
E(0) = §/|u01|2d$+ Z/|u0|4dx+§/vo|ug|2dx+ E/vg’dx, (1.8)

let ¢y be a positive constant such that
b2
co > . 8E(0) + oM (0) < 0. (1.9)

Then there is no global in time solution (u,v) for the IBV problem (1.1)~(1.2) such that
v(x,t) >0 forx >0 and t > 0.

2 Local Existence and Uniqueness

Following [7-8], for ug € HE (R )NH*(R) and vy € Hi(Ry)NH3(R,), let us take (u,v) as
a possible solution in Ry x [0,7), T > 0, of the IBV problem (1.1)—(1.2) and make the following
formal computations.

By setting F' = uy, we derive from (1.1) that

iF 4 Ugy — u = aful?u + bvu — u

. 2
and so, with A = %,

u=(A—1)" alulu+ulbv — 1) — iF). (2.1)

Differentiating the first equation in (1.1) with respect to ¢, we obtain

iy + Fpp = 20|ul*F + au®F + bFv + buvy,
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and using the second equation in (1.2), we get
_ b x
iF) 4 Frp = 20ful*F + au®F + bFv — bu(|ul?), — Eu(v2)z + abuh/ (vz)?dy.
0

These formal computations suggest us to consider the following IBV problem with null
boundary condition:

iFy + Fpo = 2aful’F + au®F 4+ bFv — b*u(|ul?) |
b T
- Eu(v2)z + abuh/ (vz)?dy,
0

(2.2)
ot 507 = ah [ (e Py - ().
F(x,0) = Fy(x) € H*(Ry) N HF(Ry), v(x,0) =vo(z) € H*(Ry) N Hy(Ry), (2.3)
where v and u are given by
u(z,t) = up(x) —l—/o F(x,7)dr, 2.0

a(z,t) = (A = 1) a|ul®u 4+ u(bv — 1) — iF).

The regularization provided by the operator (A—1)~! implies u € H*NH} and this prevents
the derivative losing in the right hand side of the first equation in (2.2).

The following lemma will be proved using a variant of the T. Kato’s result, Theorem 6 in
[13], on quasilinear systems.

Lemma 2.1 Let (Fy,vo) € (H?(Ry) N H}(R4))2. Then, there exist T > 0 and a unique
strong solution (F,v) of the IBV problem (2.2), with

(F,v) € (C7([0,T); H*7* (R+)) x C7([0, T]; H*7/ (R4.))) N (C([0, T]; Hy(R+)))?,  j =0, 1.

This lemma implies Theorem 1.1. Indeed, if (F,v) is a solution of the IBV problem (2.2)
we obtain u; = F and u(z,0) = ug(z). We derive

(iut + uww)t

— _ b x
= 2a|u*F + au®F + bFv — b*u(|u)?), — §u(02)w + abuh/ (v,)2dy
0

= 2aluPus + auT; + bugv + buvy.

Hence,
(s + Upe — aful>u — bou); =0
and so
i + g — alu?u — bvu = ¢o(x),
where

B0 = iFp + (u0)wa — |uo|*ug — buguo.
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If we set

FO = 1((’(1,0)11 — a|u0|2u0 — bUOUQ),

we obtain ¢y = 0 and (u,v) satisfies the first equation in (1.1). In addition,
u=(A—1) " alul®u+u(bv — 1) — iug) (2.5)

and so « = u and (u,v) satisfies the second equation in (1.1). Finally, we observe that u; =
F e o([0,T); (H* N HY)(Ry)) and so by (2.5) we obtain u € C([0,T]; (H* N H})(R4)).

We now pass to sketch the proof of Lemma 2.1. In order to apply a variant of the Theorem 6
in [13], we follow the ideas developed in [7] and introduce the new real variables F; = Re F,
Fy,=ImF, u; =Reu, uy =Imwu, U = (F1, F3,v), F19p = Re Foy, Foo = Im Fy. The IBV problem
(2.2)—(2.3) can be written as follows:

Ui + AUYU = g(t,U),
(2.6)
U(x,0) = (Fio, Fao, v0) € (H*(Ry) N Hy(Ry))?,
where
0 A 0
AU)=[-A 0 0
0 0 vZ
and

2a|u|2F2 — oz(uf — ug)Fg + 20uius Fy + bvFy — b2u2(|ﬂ|2)w — bugvvy + abuzh/ (vw)Qdy
0
(ve)*dy

g(t, U) — 2a|u|2F1 — a(u% — u%)Fl + 20uius Fy — bvFy + b2u1(|ﬂ|2)z + buivve — abulh/
0

ah /Oz(vw)2dy — b(|ﬂ|2)1

Note that g(t,U) is nonlocal.

We now set X = (L*(Ry))? x HY(Ry), Y = (H?> N H})(R4))? x (H? N HYH(R,), and
introduce the isomorphism S = I—A: Y — X. Moreover, A: U= (Fy, F»,v) € W— G(X, 1, 5),
where W is an open ball in Y centered at the origin and with radius R, and G(X, 1, 8) denotes
the set of all linear operators D in X, such that —D generates a Cyp-semigroup {e~*”} with
[e=P|| <P, t € [0,400), B < L sup |vu(2)| < cR, (Fi, F2,v) € W. For fixed T > 0, it is easy

zeR 4

to see that [|g(t,U)|ly < A, for t € [0,7] and U € C([0,T]; W). Now, with By(v) € L(H"), v
in a ball Wy in (H? N HY)(R,), defined by (8.7) in [13]

B 5} _1 0?
By(v) = —vmm%(l A" — Va5

(which verifies [S, A(v)]S™! = By(v), following (8.7) in [13]), we introduce an operator B(U) €
L(X), U = (Fy,Fy,v) € W, defined by

(1-a)"

0
B(U) = |0
0
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In [13, §8], Kato proved that, for v € Wy, (1 — A)(vv,)(1 — A)~t = 042 + By(v), and hence
SAU)S™ = A(U) + B(U), forUeW.

Moreover, for each pair (U, U*), U = (Fy, Fa,v), U* = (F}, F5,v*) in W, it is not hard to prove
that, for each 77 < T,

lg(t,U) = g(t, U )| Lro,075x) < e(T") sup [|U(t) = U*(t)| x,
0<t<T"

where ¢(T"”) is a continuous increasing function such that ¢(0) = 0.
For example, it is easy to obtain, denoting by || - ||, the LP norm,

1h[(ve)? = (v3)?]ll2 < cllve + villoolva — v ll2 < e(R)llv — 0" |11,

and similar estimates for the remainder terms (cf. [7] for details). Finally, it is also easy to

W[ 1w = @2y, < el [ e vl = vilde < (B0 = o,
0 0

prove that
[AU) = AU eev,x) < allU = U”lx,
¢1 not depending on t € [0, T], and this achieves the proof of Lemma 2.1.

3 A Blow-up Result

We start with the proof of some important identities for the strong solutions of the IBV
problem (1.1)—(1.2).

Proposition 3.1 Let (u,v) be a local solution of the IBV problem (1.1)—(1.2) under the
conditions obtained in Theorem 1.1. Then we have that, for t € [0,T],

/ lu(a, )P = / o () [2dz, (3.1)
——// v2h /uw dy dxdT——/ /|u|2 / )2dy)dxdT=E(O), (3.2)

1 b 1
= §/|uz|2dx+%/|u|4dx—|—§/v|u|2dx—|—§/v3dx (3.3)

and, assuming that ug € HZ(R,),

- 2a/ /vh / dy)dxdT — M(0), (3.4)

M(t) = /’U2d$ - 2Im/uﬂwdx. (3.5)

Proof The first identity is trivially obtained by multiplying the first equation in (1.1) by

where

where

7, integrating and taking the imaginary part to obtain % [ |u|*dz = 0.
Now, we derive by (1.1),

Ty + Uy = oful?ully + buTiy
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and so, taking the real part and integrating, we obtain

b [ Ov
19,4294 29, 0[OV o,
2dt/|ugg| dz + 4dt/| I*d + v|ul*dx 5 8t|u| dz =0

|u|dx— /|u| Jodz — 22 /||h/ “dy) da.

and

Moreover,

%E(t) _ Z /UQh(/Oz(vw)Qdy)dx - %b/wl?h(/or(vw)z’dy)dx =0

and so we obtain (3.2) by integrating in ¢. Similarly, we derive

1d
2dt

= [o(= 5020+ ah [ (@nay - bijup). o
:a/vh(/or(vm)2dy)dx+b/vz|u|2dx

and, assuming that ug € Hg(R4),

d
EIm/uﬂwdx

= 2Im/utﬂwdx =-2 Re/iutﬂmdx

v2dz

= -2 Re/(—um + alu|?u + bvu)T,dz

— _b/v(|u|2)mdx = b/vz|u|2dx.
Hence, by (3.7) we derive

1d [, d L Y
55/1} dx—aIm/uuwdx—a/vh(/O (vs) dy)dx

and so we obtain (3.4) by integrating in ¢.

To prove the blow-up result Theorem 1.2, we begin to establish the following lemma.

169

(3.6)
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Lemma 3.1 Under the assumptions of Theorem 1.2, the function t — fx2|u|2dx belongs
to C%([0,TY), the functionst — [ xvidz andt — [ z|u|?*dz belong to C*([0,T]) and, for cy >0,

2 2
dt2 / |u| dx/ /xv dxdT+cO/ /a:|u| dJZdT
=8E(t) — a/ lu|*d2 — 2/v|u|2dx - Co/’U2d5L'

+ 2a/xvh(/oz(vm)2dy)dx +eoM(t). (3.8)

Proof Using the multiplier p.(z) = ¢ and letting e — 07, it is easy to justify (see [4],
[1] for similar arguments) the following formal computations:

Ld [ o o, o 0Pu ou_
% /x |u| dx——Im/az uwdx_2lm/x%udx

1 d?
5@/ 22 |u)?de = 2— Im/x—udx

2
:2Im/x;gtﬂdx+21m/x—ua—?dx

:—2Im/—udx 2Im/ auaudx+21m/ %%dx

and (by (1.1))

:—2Re/—uﬂdx+2a/|u|4da:+2b/v|u|2dx
0x?

ou 1 0%u 9
—4Re/x%(@—a|u| u—bvu)dx

_2/‘ ‘ dx+2a/|u|4dx+2b/v|u|2dx

9 2 4 9 o

2/308 |t dx—l—a/x ul dx+2b/xv8x|u| dz

_4/‘ ‘dx+o¢/|u|4dx+2b/v|u| dz
1 x
_2/xv[vt+§(v )w—ah(/o (vg) dy)}dx
_4/‘ ‘dx+o¢/|u|4dx—|—2b/v|u| dz
29 2 Y
dt zv-de /a:v(v )zdx+2a/xvh(/0 (vs) dy)dx

_4/} }dx+o¢/|u|4dx+2b/v|u| dz
rvide + = 2 /v?’dx—l—Qa/xvh(/z(v )Qdy)dx. (3.9)
dt 3 0
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We also have

d 24 om., 5
E/x|u| dz = QIm/uaxdx = M(t) /v dz (3.10)

by (3.5).
Hence, by (3.4)—(3.5) and with ¢o > 0 and E(t) defined by (3.3), we derive, for

1 t t
B(t) = 5/962|u|2dac—|—/ /xv2dxd7+co/ /x|u|2dxd7 (3.11)
0 0

that ¢ € C*([0,7]) and

d2
1w (t) =8E(t) — a/ lu|*dx — 2b/v|u|2da: - CO/v2dx

+ Za/a:vh(/ (vm)Qdy)dz + coM(t),
0
and Lemma 3.1 is proved.
We can now prove Theorem 1.2.

Proof of Theorem 1.2 Assuming v(z,t) > 0 for z > 0 and ¢ > 0 and the other hypothesis
of the theorem, namely a < 0 and ¢g, E(0), M(0) verifying (1.9), it is easy to verify that
6(t) > 0, $(0) > 0 and

d2
ﬁqb(t) < 8E(t) + coM(t) < 8E(0) + coM(0) < 0.
This leads to a contradiction when ¢ tends to infinity and so the theorem is proved (classical
virial argument).

Acknowledgement The author is indebted to the referee for valuable suggestions and
corrections.
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