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Existence of the Eigenvalues for the Cone
Degenerate p-Laplacian®

Hua CHEN! Yawei WEI?

Abstract The present paper is concerned with the eigenvalue problem for cone degen-
erate p-Laplacian. First the authors introduce the corresponding weighted Sobolev s-
paces with important inequalities and embedding properties. Then by adapting Lusternik-
Schnirelman theory, they prove the existence of infinity many eigenvalues and eigenfunc-
tions. Finally, the asymptotic behavior of the eigenvalues is given.
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1 Introduction and Main Results

Write B = [0,1) x X as a local model of stretched cone-manifold (i.e., manifold with conical
singularities) with dimension N > 3. Here X C SV~! is a bounded set in the unit sphere of
RV, and 2’ = (x9,--- ,2n) € X. Let intB be the interior of B and B := {0} x X be the
boundary of B. The cone degenerate p-Laplacian is defined as follows:

—Ap[ag = —xl_pdiV[B(|V[B . |”_2V]B;-), (11)
where Vg = (210, , 02y, + , 0z ) is cone gradient operator and for F = (Fy,, Fy,, -+, Fiy),
the cone divergence operator divg is defined by divg F' = Vg - F = 210y, Foy + Oy Foy + -+ +

Oy Fiy-
The present paper is devoted to the following Dirichlet eigenvalue problem for the cone
degenerate p-Laplacian, i.e.,

{—APE u = —xq Pdivg(|Veu[P72Veu) = Nu[P2u  in intB, (1.2)

u=0 on OB,

where A > 0, 2 < p < N. We call the problem (1.2) to be typical Dirichlet eigenvalue problem,
because if (u, ) is a solution of (1.2), (au, ) is also a solution for all & € R. Hence it is
different from the following problem

(1.3)

—Appu = Au|7?u in intB,
u=20 on OB
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with p # ¢. In fact, the problem (1.3) with different homogeneity of the right hand side preserves
a curve of solution, namely, if u # 0 verifies the problem (1.3) with A = 1, then for a > 0, au is
a solution of (1.3) with A = a?~%. That is why we need different ways to construct Palais-Smale
sequence in these two problems. The existence of multiple solutions for problem (1.3) has been
studied in [9].

N
Here we are looking for non-trivial solutions (u, \) € ’Hll,jop (B) x R4 with u # 0, which verify
the problem (1.2) in the following weak sense (the definition of H;:g(B), please see Definition

L& . . .
2.4 below), we say u € H, ¢’ (B) is a weak solution, if

diZ?l

T1

d
/B|V]B;u|p_2VBu : V]B;cpxilldx’ = /\/]Bxf|u|p_2ug0 da’ (1.4)

holds for any ¢ € C3°(int B). The weak solutions to the eigenvalue problem (1.2) are critical
points of the following energy functional

1 d A d
J(u) = _/|vBu|p—‘“dx'_ —/xﬂuw—“dx’. (1.5)
P JB L1 pJs 1

Then we have the following results.

Theorem 1.1 For 2 < p < N, the Dirichet eigenvalue problem (1.2) processes infinitely

N
many non-trivial weak solutions {(uk, A\g)tk>1 in the sense of (1.4) in ’Hll,jop (B) x Ry..

Here if the eigenvalues A\ # A;, then the corresponding eigenfunctions are not equivalent,
i.e., up # u;. Furthermore, the limit of the sequence of eigenvalues {A;}r>1 is infinity.

Corollary 1.1 The eigenvalues Ay, for the problem (1.2) turn to infinity as k — oo.

The existence of solutions to nonlinear elliptic equations involving the p-Laplacian
—Apu = —div(|Vul[P~2Vu)

have been widely studied, see [2, 4-5, 12], etc. The motivation for the cone degenerate p-
Laplacian (1.1) comes from the calculus on manifolds with conical singularities, as follows.
A finite dimensional manifold B with conical singularities is a topological space with a finite
subset By = {b1,--- ,bp} C B of conical singularities, having the two following properties:

1. B\ By is a C'* manifold.

2. Every b € By has an open neighborhood U in B, such that there is a homeomorphism

o:U— X2

and ¢ restricts a diffeomorphism
¢ U\ {b} = X",

Here X is a bounded subset of the unit sphere SV=! of R, and set
X2 =Ry x X/({0} x X).

This local model is interpreted as a cone with the base X. Since the analysis is formulated off
the singularity, it makes sense to pass to

XN =R, x X,
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which is the open stretched cone with the base X. Here we take the simplest case that
B=10,1)x X, 0B={0}xX.

The typical linear differential operators on a manifold with conical singularities are called
Fuchs type, if the operators in a neighborhood of 1 = 0 are of the following form

Ale_miak(xl)(—xlaixl)k (1.6)
k=0

with the coefficients ax(z1) € C (R, Diff " *(X)). More examples of this kind of operators
are expressed in [18]. Furthermore, in [11, 13, 15, 19] and references therein, one can find more
information about operators on manifolds with singularites.

This paper is organized as follows. In Section 2, some preliminaries are given here, including
the definitions and properties of weighted Sobolev spaces, such as inequalities and embedding
properties, more details can be found in [6-8, 10]. Afterward, we introduce the idea of genus
as a tool to give the categories of the sets in a convenient way, see [16] for more information.
In Section 3, by adapting the idea of Lusternik-Schnirelman theory in [1], we prove the main
result Theorem 1.1. After the deformation result achieved, the existence of eigenvalues and
eigenfunctions of the present problem (1.2) is obtained by applying the min-max argument.
Finally, the asymptotic behavior of the sequence of eigenvalues is given in Section 4.

2 Preliminaries

In order to express the weak solutions for Dirichlet problem (1.2), we need the adequate
distribution spaces. To define the weighted Sobolev spaces on the stretched cone B, we first
introduce the weighted Sobolev spaces and weighted L? spaces on Rf .

Definition 2.1 For the weight data v € R, we say u(z) € LY(RY) for z € RY := Ry x
RN=1 if u e D'(RY) and

N_, 1
||u||L;(R£) = (/ / |z u(:z:)|Pdg) " < 400
R, JRN-1

hold here and after we simplify the notation as do = dw—rlldx’.
Definition 2.2 For m € N and v € R, the spaces
HIY(RY) = {u e D'(RY) : (210,,)*0u € LY(RY)}
Jor arbitrary o € N, § € NN=1 and o + 8] < m. Moreover, let H,'s"(RY) denote the closure
of Cg°(RY) in 7 (RY).

According to [18, Section 2.1], we can generalize the definitions of the weighted Sobolev
spaces on RY to X"

Definition 2.3 Let U = {Uy,--- ,Upn} be an open covering of X by coordinate neigh-
borhoods. Fiz a subordinate partition of unity {¢1,---,om} and charts x; : Uj — RN,
j=1,---, M, then u(x) € Hp""(X") if and only if u € D'(X") and satisfies the following

M 1
lullageocxny = { D2 1) ™ g gy, 7 < oo
7j=1
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Here 1 x xj + Cg°(Ry x RN=1) — C§°(Ry x Uj) is the pull-back function with respect to
1x xRy x Uy = Ry x RN=1. Moreover, we denote H,'s"(X") as the closure of C5°(X") in
Hm 'y(X/\)

Definition 2.4 Let W[""(int B) denote the classical local Sobolev space (here intB is the
interior of B). For 1 < p < oo, m € N and the weighted data v € R, H;"7(B) denotes the
subspace of all uw € WP (int B), such that

M,y (B) ={u e WP (int B) | wu € ’H;n"V(XA)}

loc

for any cut-off function w supported by a collar neighborhood of [0,1) x OB. Moreover, the
subspace H,'s'(B) of Hy*7(B) can be defined by the following deformation

where the cut-off functions w are defined as_before, and WP (int B) denotes the closure of
Cs°(int B) in Sobolev space W™P(X) when X is a closed compact C*° manifold of dimension
N containing B as a submanifold with boundary. Also, we have

L) (B) :=H)"(B), x]"H)"7?(B) = H»" 2 (B).
For the proof of the main result, the following inequalities and embeddings are necessary.

Proposition 2.1 (Cone Type Poincaré Inequality) Let 1 < p < oo and v € R. If u(x) €

H; J(B), then

lw(@) 3@ < cllVeu(@)|l Ly @), (2.1)
where the constant ¢ depends only on B and p.

Proof Follow the same process of [7, Theorem 2.5].

Remark 2.1 The cone type Poincaré inequality implies that the norm ||u||H1,g(B) is equiv-
D,

alent to the norm || Vu| ;).

Lemma 2.1 For1 <pys <N and 1 <p; <pj= , the embedding

H,, 5 (B) = L7 (B)

is compact, provided that pﬂl -7 > pﬂz — V2.

Proof According to Definition 2.4, we write

HLTR(B) = [WHL3(XM) + [1 — w] WP (int B),
H)s (B) = [w]H 5 (X") + [1— w]We P (int B),

and observe that the embedding ’Hg’gé (B) < L}}(B) is continuous. To verify this result, we
employ the classical compact embedding (see details in [14, Chapter 5]) as follows

[1— w]Wy P (int B) < [1 — w]W3 P (int B)
is compact for 1 < p; < p3. It remains to prove that the embedding

[WIHp 5 (X7) = [l 26(X )
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is compact.
To this end, we introduce a map as follows. Set 1 < g < co. For any v(z) € H;'5'(X"), we
define

(Sxv)(1,a") = e 7T y(e", ).

Then Sx ., induces an isomorphism as follows:
-

S ¢ [WHEE (X") = WS (R x X)
with &(r) = w(e™"), where W7"9(R x X) is the classical Sobolev space.

For uy(z) € 7-[2’1'?(1) (X"), one has

Sy oy (wlar)u(2)) = wle e "GN

and it induces an isomorphism

Sx W HDR(XD) = DWW (R x X)

IRAL p1,0

On the other hand, for us(z) € 7{;’;3 (X7M),

S oy Wl )us(@)) = wle™ e T ug(e ™, ')
— e—T((%—71)—(%—72))w(e—r)e—r(%—V2)u2(e—r7x/)’
and it also induces an isomorphism

Sn o [WHIZ(XN) = [@e "W, P (R x X)

IR p2,0
with § := (]Dﬂ1 — 71) — (% — '72) > 0. The following embedding

[@]e "W, P2 (R x X) < [D]W P (R x X)

is compact, since the function o(r) = e - 7% and all derivatives in r are uniformly bounded

on supp w for every s > 0. This completes the proof.

Remark 2.2 With the same idea, for 1 < ps < N and 1 < p; < p3, the embedding

.2 (B) — L) (B)

p2,0

is continuous, provided that pﬂl -y > % — 7.

Now we verify the following Breizis-Lieb type result in the weighted Sobolev spaces.

Lemma 2.2 (Breizis-Lieb Type Result) Let 1 <p < oo and {u} C L)(B). If the following
conditions are satisfied

(i) {ur} is bounded in L}(B),

(ii) up — w a.e. inintB as k — oo,
then

T (el ) — lluk =l 5)) = 0l 5 (2.2)
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Proof Due to Fatou lemma, it yields

N
fuly = [ fe! urdo
i
Sliminf/|x1p ug|Pdo
k—o00
= liminf [lug |’ < oc.
k—oo P

N N_
For simplicity, we set here uj, = =/’ Tup and @ = xy "u. Since p>1, j(t) =t is convex. For
any fixed € > 0, there exists a constant c., such that
[|ag —u + ul? + |uk — ul?| < elag —ul? + cc|ul?,

and then

[lag — u+ul? — |ug — ul? — [a|?| < elug —ul? + (1 + ¢ )|ul’.
Therefore, we obtain that

fi = (P — @, —alP — @l - efay —a’)™ < 1+ c.)faf”.

Then Lebesgue dominate theorem induces

lim /Bfg(x)daz/]gkli}r{.lofg(x)dazo.

k— oo
Since

N
P

N _ N _ N _ _ N _ N _
PP |of Tup —af P — oy P < fftelry up —af ul,

||
it follows that

. N - 5=
limsup [ |jzy  url’ — |z (up —w)P — |z wlP|do < ce
k—oo JB

where
=
c:= sup/ |z (up — u)|Pdo.
B

Let € — 0, then it verifies the result.

For investigating the existence of solutions to the Dirichlet problem (1.2), some important
concepts in variational methods are presented in the following. Let E be a Banach space. Define
the class in E as

Y(E)={ACE|Ais closed, and A =—A}.

Definition 2.5 For A € ¥(E), define the genus of A, denoted by v(4), as

0, ifA=0,
v(A) = oo, if {meN;;Ihe C(AR™\{0}),h(—2x)=—h(x)} =10,
inf{m € Ny;3h € C(A,R"™\ {0}),h(—z) = —h(x)}.

Proposition 2.2 Let A, B € 3X(E), the genus 7 possesses the following properties
(1) If v € C(A, B) is odd, then v(A) < ~(B).

(2) If v € C(A, B) is an odd homeomorphism, then v(A) = v(B) = v(¥(A)).

(3) If A C B, then v(A) < v(B).
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(4) If v(B) < 00, ¥(A = B) 2 ~7(A) = 7(B).

(5) v(AU B) < v(A) +~(B).

(6) If Sm=L is the sphere in R™, then v(S™~!) = n.

(7) If A is compact, then y(A) < oco.

(8) If A is compact, there exists 6 > 0 such that for Ns(A) = {z € X : d(z,A) < 0}, we
have ~(A) = 7(N5(4).

Proof The proof can be found in [16, Section 3].

3 Proof of Theorem 1.1

The idea of Lusternik-Schnirelman theory in [1] is adapted here for the proof. Consider the
following two operators

1 N
B(u) = ];/xf|u|pda : ’H;:O" (B) - R (3.1)
B

and
N
p

N 1 —
b(u) = al|ulP 2w 1, 0 (B) = Hy 7 (B), (3.2)

N

—1. - N
where H, b (B) is the dual space of H ’Op (B) with the norm as follows

g,¥
lol o= m>iLJL
o fel..x
gaEHPO pO

Lemma 3.1 We have the following properties of the above two operators.

(i) The operator b defined in (3.2) is odd, compact and uniformly continuous on bounded
sets.

(i1) The operator B defined in (3.1) is even and compact.

Proof It is obvious that B is even and b is odd. First we verify the uniformly continuity of
1, I
b on bounded set. Let u1,uo be in a bounded set in H,, ¢/ (B), and set § :=u; —ug € My, (B),

N
then for any ¢ € 7—{11,:0" (IB%), we have that
{b(u1) = b(uo), )|

= ‘/ (2 |Jur|P~2uy — 28 ug [P~ ng)tpda‘

- ‘ / ) (Juo + 6P (uo + 6) — |uol”~*uo)pdo|,
B

where

lug + 6|72 (ug + 6) — |uolP2uo

B8 | (o +6) — ol P

p—2 p—2
< | SOt S | 3 Ol %)
=1 =1

p—1
<CY lup e
=1
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Hence, it implies that

p—1
[(b(ur) — buo), @) = €Y /B P~ 5| do.
=1

Set p1 = 5=, p2 = 7, p3 = p and ChOOSG’Yl—’YQ—’)/g ——1suchthat (——71)( —1-

0+ (% — )l + (% — ) =p with & > — 7% > 0fori=1, 2,3, then by Holder inequality, we
have

|<b(u1) — b(uo), ¢}
1 N 1
<CZ /|CL‘1 N, p 1— l)p1d0_> (/l 2 |lp2d 2(/|x1p Vs(plpgdo) 3
B
= CZ ol ol e llell g

According to Lemma 2.1 and the conditions % —v; > 0fori=1,2,3, we have

[(b(ur) = bluo), )] < C(Z ol 531

1,
pO p

N .
2 )l

Due to the assumption that ui, us are in a bounded set and 6 = u; — ug, we have

-1
|(b(u1) = b(uo), )| _ ¥ !

b(ur) — b(u ,_N = su <CE Uy —u ,
|| ( 1) ( Z)H’Hp , 1;’ E% ||<,0|| || 1 OH’H %

1
pEH, | op =1 P,0

't!»—l

which verifies the uniformly continuity of b in bounded sets.

1Ly
Now we show that b is a compact operator. For {uj} bounded in ’H ¥ (B), there exists a
subsequence of {uy} (here and after the subsequence is denoted by the same notation) such
that

1. N
. A
up —u inH, 5 (B)as k — oo,

and by Lemma 2.1,
up —u in L)'(B) as k — oo

for choosing a proper «y; such that % —71 > 0. As a consequence of convergence in L) (B), we
claim that there exists a subsequence holding that

xf Ty, — xf " ae. in intB. (3.3)

In fact, there is a subsequence {ug,} of {ux} such that

1

ga ]:1527

||ukj+1 — Uk, ||LZ1 <

N _
Y

N_ k N_
Let 2 v =3 |zy vlukﬂl —ay uy,|, then by Minkowski inequality, we get

k

vkl <D llawwy o — ung g < 1.
j=1
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N N
We set x ’Ylv(x) hm xf s v (x). By Fatou lemma, it follows that

/| xf x)[Pdo < hmlnf/ |x1 vg(z)Pde < 1.

The absolutely convergence implies that

N _
p Y1

-m ! N
xfug + E (7 un ., —xl ugy) = u(z) ae in intB,

which verifies the claim (3.3).
N
Then for any v € ’H;:O’) (B) and 0 < v < p, it implies that

[(b(ur) = b(u),v)]
< / [ (g P~ — uf?~u) P57 do / 2% 0l do v
=1 - Is.
Together with Lemma 2.1, by taking % —v2 =p—7 >0, we have
Iy = vl < Cllof .,
H, OP

N _ N

Due to x M — xy "y aein intB as k — oo, we apply Lebesgue dominate convergence
theory to I, and obtain that I; — 0 as k — oo. This implies that

_1._N
blug) — b(u) inH, 7 (B) as k — oo.

1,N
For the compactness of B, we take a bounded sequence {ug} in Hyo (B), then, as before,
up to a subsequence, we have

ugp —u in L)' (B) as k — oo,

here taking v, = % — 1. Then
1, 1 1o I
B(ug) = = [ 2{|ulPdo = = [ |zjulPdo = —|lug||” x|, = =[lul|’ x _, = B(u) as k — oc.
D Js b JB p LF b oLp
The main idea of the proof is to obtain the critical points of B(u) on the manifold
L 1 »
M= {uen (IB%)‘]—D [ 1Vsuldo = o}, (3.4)

N
here a > 0 is fixed. For each u € ’H;:OP (B) \ {0}, we can find A(u) > 0 such that A(u)u € M in
the following way

S

Au) = (W) (3.5)
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N
Hence A : 7—{11,:0" (B)\{0} — (0, +00). It is obvious that A(u) is uniformly continuous on manifold
M. By direct computation, the derivative of \ is as follows

_p+1
(N(u), p) = —(pa)? (/B |VIB“|de) ' /BWIBUV’_Z)VIBU - Vepdo (3.6)

N
for any ¢ € ’H;:O’) (B). Therefore, [ |[Vu[P~*Vpu - Vpedo = 0 implies (X' (u), ) = 0.
Lemma 3.2 The functional N (-) is uniformly continuous on M.

1L, 1L,
Proof Indeed, let ui, ug be in M, and set uy—ug =: 6 € H,, (B), then for any ¢ € My (B),
we have

[N (u1) — N (uo), @)

_ p+1

:C‘(/|V3u1|pdcr) T/|V3u1|p_2VBu1-VBLpda
B B

_pt1
— (/ |VBu0|de) Y /|VBu0|p_2VBuO-VB<de‘
B B
= C" /(|VBu1|p_2VBu1 — |V3u0|p_2v]gu0) . Vmpda‘,
B

here, as in Lemma 3.1, we have
|V]B;U1|p_2V[BU1 — |V]B;UQ|p_2V]BuO
= |VBuo + Ve6["*(Veuo + VBS) — |Vete[’ >VEUo
p—1

<CY [Veuol~' 7 Vad|.
=1

Hence, by setting p; = p_’{_l, p2 = ¥ and p3 = p, it implies that
[(N'(u1) = X (uo), )

p—1
<Oy [ Fsuolr Va1V npldo

=178

p—1 B a1 1
< c;( /B Vsuopdo) ™ /E Vsolrdo) ™ ( /E Vsgldo)

p—1
= luolP 5 I6)!
=1 H, H

2
0

1,%7
Hp,O

1HHQ£H
P
p,0

which leads to the uniformly continuity of X'(-) on M, i.e.,

MN(uy) — N(u ., .~ <C w1 — ugl|!
[ A" (1) (O)HH -x < > lw 0||H

1
P =1 P,

The next step is to construct a flow on M related to the functional B(u) and the corre-
sponding deformation result allows us to apply the min-max theory, see [17]. Let D(u) denote

N
the derivative of B(A(u)u) for u € ’H;:OP (B) \ {0}, then we have

. pa (b(u),u) » —1-d
D) = T3 uds (bw) - R L (—afAppu)) € H, T (B),
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N

ie. foranvaH 7 (B),

__ po (b(u p-
<D(U),’U> = m((b(u),v> m/ |V]E’U,| 2V]B;’U, V]B’Udo')

If w e M, then

_ (b(u), ) p
D(u) = b(u) — m(—xlAzﬂBU)-

We claim that D(u) is uniformly continuous on M. Since b(u) and —a}Appu are uniformly
continuous on M as proved in Lemmas 3.1-3.2, it is sufficient to Verlfy that (b(u),u) hold this

property on M. In fact, let ui,ug € M, and set 6 := u; — ug € H 7 (B), then we have

|(b(u1),u1) — (b(uo), uo)|
/ (Juo + 817 — [uo|P)do

ch/ 2 [uo|P~ l5lda—cz/|x1 Cuolrlar T 5d
SCZ(/BIxf gl 0P dor) /| ”25|lp2da)
=1

p
x <O lur —u!
=1 H

3

= CZ ol 181172 < CZ ol x Jlun = uol\;
=1

1
=1 HPO D,

O]
“xlz

1,
P
where the compact embedding Lemma 2.1 is employed, and p; = 57 P2 = 2, the proper v,

and 79 are chosen here, such that (— —'71)(p— )+ (— — 72)1 p with % —v; >0fori=1,2.
Recall the definition of duality map.

Definition 3.1 Let E be normed vector space, E* be the dual space of E. We set for every
xg € F,
T (x0) = {fo € E*; | follz+ = llzoll& and {fo, w0) = [[zol*}-

The map xg — J(xq) is called the duality map from E into E*.

According to the information of duality map in [3, Chapter 1], here we define the duality
map

—-1,- 1,
J:Hp  T(B) = H, (B)
for all f € 7—[;:1’_% (B), such that J verifies
O NTON 2z = -, ,
Hyo (B Hp o (B)
(i) (£, T(f) = ||f||2 ,
Hop (IB)

(iii) J(-) is unlformly continuous on bounded sets.
For each u € M, we define the tangent component as follows

(= Apsu, T(D(u)))

(=i Appu, u)

T(u) = J(D(u)) -

)

such that N
T:M—H ’0?( )
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and
(=27 Appu, T(u)) =0

hold, which implies that if u € M, then
(N (u),T(u)) = 0.

Lemma 3.3 The tangent component T (u) processes the following properties
(i) T(u) is odd,

(i) T'(u) is uniformly continuous on M,

(iii) T'(u) is bounded on M.

Proof According to the definition of duality map and the fact that D(u) is odd, we arrive
that T'(u) is odd. Since both D(-) and [J(-) are uniformly continuous on bounded sets, one can
deduce that T'(u) is uniformly continuous on M by applying the very similar procedure as in
Lemma 3.2.

On the manifold M, the norm of T'(u) is estimated as follows:

T(u ~ < || J(D(w ~ + ~ =1 + 5.
Tl s < 1TDEN] e+ F=7 RS
By applying Holder inequality, we obtain that
—1
L= [|TD) x =D i x <Clul"
H ' Hp 7 H,o
and
1
[ull”7 x ||»7(DU)||H1,%
,0 —1
I < p0||u||p . HUH L= ||J(DU)|| LN = ”D(U)H —1-X < CH“HP 1N
1y Hyo Hy0 Hp 2.0
p,0
Then we have
—1
1Ty < Cllul? s,
’pro p,op

which implies that T'(u) is bounded on M.
For all w € M, there exist 7o > 0 and ¢y > 0 such that for all (u,t) € M x [—t, to], it holds

[u+tT ()] 1 x =7 >0.
H, L

As a consequence, we define the flow
o(u,t) : M x [—to, to] = M (3.7)

by
(u,t) = o(u,t) = Mu+tT(uw))(u+tT(u)).

Then o(u,t) verifies the following properties:
(i) o(u,t) is odd with respect to u for fixed ¢,
(ii) o(u,t) is uniformly continuous with respect to u on M,

(iii) o(u,0) = u for u € M.

Indeed, it is obvious that the properties (i) and (iii) of o(u, t) hold. The uniformly continuity
of o(u,t) can be induced from the uniformly continuity of both A(-) and T'(+).

In order to obtain the deformation result, we first discover the relation between the functional
B(u) and the flow o(u,t) on M.
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Lemma 3.4 Let o(u,t) be defined in (3.7). Then there exists
r: M x [—to,to] — R

such that

71_12%7‘(11, T)=0

uniformly on M and
B(o(u,t)) = B(u) = /t(HD(U)l2 Lox r(uss))ds
0 H, P
for allu € M and t € [—tg, to].
Proof Since o(u,0) = u, B(u) = B(o(u,0)). By the definitions of functional B in (3.1)
and the operator b in (3.2), we have that for any v € ’H,;:O% (B),

Hence,
t
B(o(u,t)) — B(u) = / (b(o(u, s)),0so(u, s))ds.
0
Due to the fact that (N (u),T(u)) =0 and A(u) =1 on M, one can derive

0so(u, s)
= 0s(AMu+ sT(u))(u+ sT(u)))
= (N(u+sT(u)), T(u))(u+ sT(u)) + MNu+ sT(u))T(u)
= (N(u+sT(u)) — N(u), T(u))(u+ sT(u)) + (ANu+ sT(u)) — Mu))T(u) + T(u)
= R(u,s) +T(u),

 —

where
R(u, s) = (N (u+ sT(u)) — N(u), T(u))(u+ sT(u)) + (Mu + sT(u)) — Mu))T (u).
Because T is bounded on M, and both A(u) and X (u) are uniformly continuous, we have

lim R(u,s) =0

s—0

uniformly on M. Therefore,
t
B(o(u,t)) — B(u) = / (b(o(u,s)), R(u,s) + T (u))ds
0
t
= [ (b)) + 51,
0
where
r(u, s) = (b(o(u,s)) — b(u), R(u,s) + T'(u)) + (b(u), R(u, s)).
Since b is uniformly continuous as proved in Lemma 3.1, the properties that 111% o(u,s) =u
S—r

and 111% R(u, s) = 0 leads to that
S—r

lim r(u,s) =0
5—0
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uniformly on M. Moreover, a direct computation implies that

(=2{Apzu, J(D(u))) u>
<_x11)A;DEu7 u>

_ <b(u)7 u><_x11)ApBuﬂ J(D(u))>

(=2 Apgu, u)

= (D(u), J(D(u))) = IID(u)IIj{,l,,%,

P
which completes the proof.

Consider the level set, for g > 0,
O3 ={ue M| B(u) > 3}

Then we have the following deformation result
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Lemma 3.5 Let 5 > 0 be fived. Assume that there exists an open set U C M such that for

some constants 6 > 0 and 0 < p < 3, it holds that

||D(u)||H,1,,% >0 fueV,={ueM|u¢U B(u) -3 <p}

p

Then there exist € > 0 and an operator n. such that
(i) me is odd and continuous,

(ii) 7 (Pp—c —U) C Ppye.

Proof Take tg and 7(u, s) as in Lemma 3.4. Consider ¢; € [0, ¢o], such that for s € [—t1, 1],

1
< 252
()| < 56

for all w € M. Then for v € V, and t € [0, ], we have
t t
Blo(u.t) - Blu) = [ (ID@I*_,_y +ru.o)ds> [
0 H, © 0
Choosing ¢ = min{p, 26%t1}. If u € V, N ®3_, then
[B(u) = 8| < p,

and from (3.8) we have

Blou,1) > Bu) + 56 > f+ =

1 1
2 _ Loy Lo
(6? = 50%)ds = 58%. (3.8)

(3.9)

By Lemma 3.4, fixing u € V,, the functional B(c(u,-)) is increasing in some interval [0, sg) C

[0,¢1). Then for
weVe={ueM|ugU|B(u)-p|<e},

the functional
te(u) = min{t > 0| B(o(u,t)) = 8+ ¢}

is well defined and verifies that
(i) 0 < te(u) < tq,
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(ii) te(u) is continuous in V.
In fact, (3.9) implies (i). The continuity of o(+, s) and the continuity of B(-) induce (ii).
Define

o(u,te(u)) ifueV,
e (u) = {u ifuecds .~ (UUVL) (3.10)

such that
Ne : (1)5_5 —U — (1)54_5.

Indeed, since o(u,t) is odd and uniformly continuous with respect to u, then we have 7. (u) is
odd and continuous.

We now prove the existence of a sequence of critical values and critical points by applying
a min-max argument. For each k € N, consider the class

Ay ={AC M| Aisclosed, A = —A,~v(A) > k}, (3.11)

where + is the genus as in Definition 2.5.

Lemma 3.6 Let Ay be defined in (3.11), define By as follows

Br = sup min B(u), (3.12)
Ac A, UEA

then for each k and B > 0, there exists a sequence {uy;} C M such that as j — oo it holds
that

(i) B(uw;) = Br,
{(ii) D(szj ): 0. (3.13)

Proof By Definition 2.5, for the manifold M given as in (3.4), we have v(M) = 4+oc0. Hence
it holds that Ay # 0 for all £ > 0. For each k, given A € Ay, we have

min B(u) > 0,
u€A

which implies that 8 > 0 for all k. Assume that there is no sequence in M verifying the
conditions (3.13), then there must exist constants ¢ > 0 and p > 0 such that

HD(U)IIHfl,f% 26 ifue{ueM[|B(u)— Bl <p}

P

Without loss of generality, assume that § < 8. Applying Lemma 3.5 with U = (), there exist
€ > 0 and an odd continuous mapping 7. such that

ns(q)ﬁk—s) C gy +e-
By the definition of 8 in (3.12), there exists a set A. € Ay such that
B(u) > f[r—e in Asv

namely, A. C ®g,_.. Then B(u) > Byt in 7:(A:). Since A. € Ay, we have y(A:) > k. By
Proposition 2.2 and the fact that 7. is odd and continuous, we get

Y(ne(Az)) = k,
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which implies that
Ne (Aa) S Ak.

This is a contradiction with the definition of S in (3.12). In this way, for each k, we obtain
the sequence {ux,} C M verifying the conditions (3.13).

To the end, we need the following local (PS) condition.
Lemma 3.7 Let {u;} C M and 8 > 0 such that as j — oo,

{(i) B(u;) = B,

(ii) D(uj) — 0 in H;L‘% (3.14)

(B).
Then there exists a convergent subsequence of {u;} in M.

N
Proof Since {u;} C M, then {u;} is bounded in H ’OP (B). Hence, it holds that

. I .
uj —~u inH,  (B)asj— oc.

According to the compact embedding stated in Lemma 2.1, it follows that up to a subsequence,

N
. 51 .
uj —»u inLy (B)asj— oo,

which implies that B(u) = 8, in fact

B(uj) = llujll x-y = [lufl x_, = B(u) as j = oo
Lp LP

p P

N
The second condition in (3.14) indicates that for any v € ’H:,:OP (B),

(b(u;)
(D(uj),v) = (b(uj),v) — m |VEu,|P~ 2V, - Vevdo — 0 as j — oo.
This implies that, by setting A = 3, the functional J(-) in (1.5) satisfies that for any v €
1)&
My o (B),

(J'(uy),v /|VBu|p *Vpu - Vevdo — /\/xf|u|p_2uvd0 —0 asj— oc.
B

N
Since u; — uin H ’OP (B), we obtain that
(J'(u;) = J'(u),uj —u) = 0 as j— oo.
A direct computation gives that

o(1) = (J'(u) = J'(u), uj — u)

/ (Vs P~2Vau, — [VaulP~2Vau) (Vau, — Vau)do
B

[l = a2 — wdo
B
= Il — IQ.
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Choose some = such that % —p<m< %. Due to Holder inequality, we can derive that

b= [ af(ul =2 = P2, —u)do

1 % E—Vl) 2 92 _P_ p;1
<M 1?7 = wpaa) (1T g = ) )

—)\Tl

N
Combining Lemma 2.1 and the fact that {u;} is bounded in ’H;:O’) (B), we derive that T3 — 0
and 75 is bounded, which implies

Ib—-0 asj— 0.
Set Pj(z) = (|Veu;[P~2Vgu; — |Veu[P>Vgu)(z)(Veu; — Vu)(z), then we arrive that
L= /Pj(x)dcr 0 as ) oo (3.15)
B
Here, denote the i*" component of Vgu by (Vgu);. We have the following ellipticity conditions
that
PJ({E) >0, PJ({E) >0, if V]B;’U,j 75 Vpu. (316)

In fact, for any zo € int B, without loss of generality, we assume (Vgu;);(zo) > (Veu);(zo).
In the case of (Vgu;j)i(zo) > (Vau)i(zo) > 0, (Vsu;)i(ze) > 0 > (Vgu)i(zo) and 0 >
(Vauy)i(w0) > (Vau)i(zo), we have

(|Veu;|P~2Vpu; — |Vpu|P~2Vpu);(z0)(Veu; — Veu);(zo) > 0.
This shows (3.16). In the following, we verify that
(Veuj)i = (Veu); for 1 <i< N asj— oo

a.e. in int B, which can be deduced by contradiction. Assume, there exist a point z7 € intB
and its neighborhood U,,, such that for any z¢ € U,,,

lim Vgu,;(xo) # Vau(zo).
k— o0

The convergence of (3.15) implies that (Vpu;|P~2Veu; — |Veu|P~2Veu)(Veu; — Vpu) is bound-
ed, then it holds
(IVeu; [P~ Veu; — [VaulP~*Veu)i(20)(Vau; — Veu)i(zo) < c.
It follows that
(|VBU‘J|p 2VE”J) (xO)(vEuj) (o)
< e+ (|Veu; P72 Vauy)i(zo) (Veu)i(zo) + (|Veul’"*Vau)i(zo)(Veu; — Veu)i(zo)
< e+ (Ve [P~ + [VeulP?)(20) (VB )i (20) (VBw)i (z0),

N
which indicates that |Veu;(zo)|P = Z(|VE’LLJ|Z) 2Vgu;)i(20)(Veu;)i(zo) is bounded. There

=1

exists a subsequence, here still denoted by {u;} such that

(Veuj)(zo) = & # £ = Vpu(zo) as j — oo.
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This induces that
Pj (CL‘Q) = (lV[@’LLj|p_QV]B;Uj - |V[Bu|p_2V[gu)(xo)(VBuj - V[@’u)(xo) — Cco > 0

for any z¢ € Uy, as j — oo. It follows that
L :/Pj(x)da—>c750 as j — oo,
B

which contradicts to (3.15).
Applying Lemma 2.2 to (Vgu;); for 1 <7 < N, we have

lim (|Veuil|” v, — [IVBu; — Veul|” x_,
i Ly ' ® Ly

p

) = IVeull” x_,
(®) L (®)

What left is to show that

/|V]BUj|de—> / |VeulPdo  as j — oo.
B B

(3.17)

Due to Egorov theorem, we obtain that for any § > 0, there exists a subset £/ C int B with the

measure m(E) < §, such that
(Veu;); = (Vgu); for1<i< N asj— oo

uniformly on int B\ E. It follows that

/ |Vgu;|Pdo — / |VeulPdo  as j — co.
B\E B\E

(3.18)

Now we claim that for any € > 0, there are d(¢) > 0 and a subset £ C B with the measure

m(E) < d(e), such that
/ |V]B;’U,j|pd0' < e.
E

In fact,
o(l) =1, = /(|V3uj|p_2vlguj - |V]Bu|p_2VBu)(V]Buj — Vpu)do,
B

which implies that

/ |VE’LLj|de = /(|V]B;Uj|p_2 + |VBu|p_2)(VBuj . V[@’u)dU - / |VEu|pda + 0(1)
B B B

For any E' C B, we have

/ Vs, Pdo < / Va7~ [Vauldo + / VeulP~ [Vauy|do + / Vg, Pdo.
E E E E

According to Holder inequality, it follows

p—1

/E|V[Bguj|pda < (/E |V]Euj|de)T(/E|Vu|pda);

+ (/E|Vmguj|pda>%(/E|Vu|pdo)%

+ / |V[@u|pd0',
E

(3.19)
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which verifies (3.19). Hence, for any € > 0, there exist d(¢) > 0 and a subset E C intB, such
that both (3.18) and (3.19) hold, then we have

/|V]BUj|de—> / |VeulPdo  as j — oo.
B B

This finishes the proof.

Combining Lemmas 3.6 and 3.7, then for each k, we have a sequence ux, C M such that
Up; —> up  in M,

which gives that uy, € M with B(uy) = S and D(uy) = 0. This induces that for any ¢ €
’Hzl,o (B) and for each k € N,

/ |Vug P2 Viu - Vepdo = A / 2P lug P 2ugpdo
B B

by setting A\x = ﬁ% This completes the proof of Theorem 1.1.

Remark 3.1 For the case p = 2 in (1.2), the problem involving the linear Fuchs type
operator —1'1_2diV[B (Vpu) turns to be linear, which is a simpler and similar case of (1.2).

4 Proof of Corollary 1.1
N
Consider {E} to be a sequence of linear subspaces of ’H;:OP (B), such that
(i) Bk C Egy1, N
e\ AT 1,4
(i) L(UER) = H, ¢ (B),
(iii) dim Ej, = k.
Define

= su inf B(u
ﬁk AEE}C ueANE; _ ( )7

where EJ is the linear and topological complementary of Ej. It is obvious that

B = B > 0.
Hence, it is sufficient to show that klim Ek = 0, which will be verified by contradiction as
— 00

follows. Assume that for some positive constant v > 0, we have Bk > > 0 for all kK € N. Then
for each k € N, there exists Ay € A such that

> inf B .
bz o pinh, B>

Then there exists u € Ay N E}_; such that
Br > Bluy) > 7.
In this way, we have formed a sequence {uy} C M, such that B(uy) > v for all k € N. Since

{ur} € M, as before we know that {u} is bounded in 7—[ ( ), which implies that

Lﬂ

ug = v inH,J (B)as k — oo,
N_q

up — v in Ly (B)ask — oo.
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Hence we have

1
B(v) = v’ x_, > (4.1)
p Lp

But the fact that up € Ef_, implies v = 0, which induces the contradiction with (4.1), and
then we finish the proof.
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