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Translating Surfaces of the Non-parametric Mean
Curvature Flow in Lorentz Manifold M? x R*

Li CHEN! Dan-Dan HU! Jing MAO? Ni XIANG!

Abstract In this paper, for the Lorentz manifold M? x R with M? a 2-dimensional
complete surface with nonnegative Gaussian curvature, the authors investigate its space-
like graphs over compact, strictly convex domains in M?, which are evolving by the non-
parametric mean curvature flow with prescribed contact angle boundary condition, and
show that solutions converge to ones moving only by translation.
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1 Introduction

In Riemannian (or pseudo-Riemannian) geometry, the mean curvature flow (MCF for short)
evolves a family of immersed submanifolds along their mean curvature vectors H with a speed
|fI |. More precisely, let Xo : M™ — N™*™ be an isometric immersion from an n-dimensional ori-
ented Riemannian manifold M to an (n+m)-dimensional Riemannian (or pseudo-Riemannian)
manifold N (or with a pseudo-Riemannian metric whose signature is (p,n + m — p),
n <p<mn+m-—1). The MCF corresponds to a one-parameter family X(-,¢) = X; of
immersions X; : M" — N™T™ whose images M;* = X;(M") satisfy

iX(QC,L‘):HT, on M™ x [0,T),
dt (1.1)

X(z,0) = Xo(x), on M™

for some T > 0. The MCF attracts a lot of attention since Huisken'’s significant work (see
[8]), where, by using the method of L? estimates, he proved that if M™ is a compact, strictly
convex hypersurface in the Euclidean (n + 1)-space R"*!, the MCF (1.1) has a unique smooth
solution on the finite time interval [0, Tyax) With Thax < 0o, and the evolving hypersurfaces
M contract to a single point as ¢ — Tax. Moreover, after an area-preserving rescaling, the

rescaled hypersurfaces converge in C'*°-topology to a round sphere having the same area as M.
For the MCF (1.1), if

H=-x*

)
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then the submanifold X, : M™ — R™T™ is called a self-shrinker, which is a self-similar solution

o (1.1). Here (-)* denotes the normal projection of a prescribed vector to the normal bundle
of M* in R™*" Self-shrinking solutions are important in the study of type-I singularities of
the MCF. For instance, by proving the monotonicity formula, at a given type-I singularity of
the MCF, Huisken [10] proved that the flow is asymptotically self-similar, which implies that
in this situation the flow can be modeled by self-shrinking solutions. If there exists a constant
unit vector V such that

H=Vv",

then the submanifold X; : M™ — R™™™ is called a translating soliton of the MCF (1.1). It is
easy to see that the translating soliton gives an eternal solution X; = X +tV to (1.1), which is
called the translating solution. Translating solitons play an important role in the study of type-
IT singularities of the MCF. For instance, Angenent and Veldzquez [2-3] gave some examples
of convergence which implies that type-1I singularities of the MCF are modeled by translating
surfaces.

From the above brief introduction, we know that translating solutions of the MCF are special
solutions to the flow equation and are worthy of being investigated for understanding type-II
singularities of the MCF. There exist some interesting results which we prefer to mention here.
For instance, Shahriyari [12] proved that for the MCF, there are only three types of complete
translating graphs in R3, i.e., entire graphs, graphs between two parallel planes and graphs
in one side of a plane. Moreover, in the last two types, graphs are asymptotic to planes
next to their boundaries. Xin [14] proved that any complete translating soliton in R™*™ has
infinite volume and has Euclidean volume growth at least. Moreover, he showed that graphic
translating soliton hypersurfaces are weighted area-minimizing. Huisken [9] investigated graphs
over bounded domains (with C?® boundary) in R™ (n > 2), which are evolving by the MCF with
vertical contact angle boundary condition, and proved that the evolution exists for all the time
and the evolving graphs converge to a constant function as time tends to infinity (i.e., t — 00).
Altschuler and Wu [1] proved that graphs, defined over compact, strictly convex domains in
R2, evolved by the non-parametric MCF with prescribed contact angle (not necessary to be
vertical), converge to translating surfaces as t — oo. Guan [7] investigated graphs over bounded
domains in R™, which are evolving by the non-parametric MCF with prescribed contact angle,
and proved that the flow exists for all the time. But an extra assumption about the prescribed
contact angle should be added in order to get the asymptotical behavior of limiting solutions.
Zhou [15] improved Altschuler-Wu’s and Guan’s conclusions to the case of general product
spaces M™ x R with closed manifold M™ having nonnegative Ricci curvature.

The purpose of this paper is to investigate the case of space-like graphs evolved by the
non-parametric MCF with the prescribed contact angle boundary condition, and try to get
interesting convergence conclusions.

Throughout this paper, M? denotes a 2-dimensional complete Riemannian manifold with a
metric o and € is a compact, strictly convex domain of M? with smooth boundary 0. Let x > 0
be the curvature function of 9. Assume that a point on € is described by local coordinates
{w',w?}. Let 9;, i = 1,2, be the corresponding coordinate vector fields and o;; = o(9;,9;),
i,7 = 1,2. Similar to the basic introduction of geometry of graphs shown in [4-5], we know
that for the space-like graph ¢ := {(z,u(z,-)) | € Q} defined over  C M2, in the Lorentz
manifold M? x R with the metric g := 0;;dw’ ® dw’ —ds®ds, the tangent vectors are given by

é’i=8i+Diu85, 1=1,2,
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and the corresponding upward unit normal vector is given by
1

where Diu = ¢ D;u with D the covariant derivative operator on M2. Denote by V the gradient
operator on M? x R, and then the second fundamental form h;;dw® ® dw’ of ¢ is given by

(65 + Djuaj),

1
hij = —<V5‘ié'j,’7> = 7DiDju.

VI—1DuP

Moreover, the scalar mean curvature of ¢ is

2 _ ;

2 2 Z (O’lk + f’_?gj‘é‘)Dleu

H=S hi= ( ZkaDiu) _ k=l ,
; V1= IDul2 z%::l /1= |Dul?

where ¢** is the inverse of the induced Riemannian metric on the space-like graph 4.

Let T be the counterclockwise unit smooth tangent vector of 92 and N be the inward unit
normal vector of 9€). Then one can smoothly extend N, T' to a thin neighborhood of the
boundary 952 (see Subsection 2.1 for details).

In order to bring convenience to calculations in the sequel and state our main conclusion
clearly, we use the following notations:

— VI TDWP.

9ij = 0ij — DiuDju,

(1.2)

g = o 4 DiuDiu
1 — |Dul?’
_ Ou
Ut = a

For vectors V', W or matrices A, B, we will use the shorthand as follows
VW), = g"ViW,, (V,W), = oc"V,W;, (A, B)y, = g0 Ay By

Define g™V := ¢ T;N;, g"7 := g9 T;T; and g™V := g N;N; on 09Q. For the second-order
covariant derivatives of a prescribed function, we have the formula

Dy Dwu = V'WID}u+ (DyW, Du).

For the space-like graphs ¢, we consider the following initial-boundary value problem (IBVP
for short)

. DiuDJ
up = (gu + %)DiDju, on Q x [0,T],
® Dnyu = ¢(z)v, on 90 x [0, T,
u(+,0) = uo(+), on y,
where ; = Q x {t} is a slice in Q x [0, T], ¢ € C>=(9Q) and ug € C>=(Q2). Of course, on O,

Dnug = ¢(x)y/1 — |Dugl|?
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holds, which is actually called the compatibility condition of the IBVP (f). Clearly, the IBVP (4)
describes the evolution of space-like graphs ¢ by the mean curvature vector with the specified
contact angle, since by (1.2), the right-hand side of the first evolution equation in (f) equals
Hv. For the IBVP (#), we can prove the following theorem.

Theorem 1.1 If is a compact, strictly convex domain in M? with nonnegative Gaussian
curvature, then, for solutions to the IBVP (1), we have the followings:

1. There exists a constant ¢1 := c1(uo, ko, Po, $1,¢2) > 0 such that |Du|2 <c <1on
Q x [0,00), thus u(z,t) € C=( x [0,00)), where

= i = i = a. = ax |D )
ko = min k(x),  go = min o(x), ¢1 = max (@), ¢z = max|Dré(z)|
2. u(x,t) converges as t — 0o to a space-like surface uoo (unique up to translation), which
moves at a constant speed cs given by (2.15);
3. if fan‘b = 0 then cs = 0, hence us s a mazimal space-like surface in the Lorentz
manifold M? x R.

Remark 1.1 Clearly, if M? = R?, Theorem 1.1 gives the existence of translating solutions
to the space-like non-parametric MCF with the prescribed contact angle boundary condition in
the Minkowski 3-space R%1.

The paper is organized as follows. The uniform estimates for the time derivative and the
gradient of the solution to the IBVP () are in Section 2, which can be used to get the solvability
of the BVP (%), the elliptic version of (£), and the long-time existence of the IBVP (#). The
existence of translating solutions to (f) is shown in Section 3.

2 Estimates

2.1 The boundary

Let {0,r}, with r(z) the Riemannian distance function d(z,9) from z to the boundary
092, be the local coordinates for a thin neighborhood of 92 such that

L5 (L)

and
0o 0
— = ={N,T}.
{Br’ 89}69 (V. T}
Define a function ¢ such that ‘np‘l % ? = 1. Then one can get the extended normal and tangent

vectors to be the orthonormal frame {%, o1 % of the thin neighborhood of €2, which is also
denoted by {N, T}, that is, {%, (p_l% = {N,T}. By [1, Lemma 2.1], we have the following
lemma.

Lemma 2.1 On 0%, one has
(i) VoT = kN, Vo N = —kT, VNT = VNN = 0;

(ll) For any f € COO(Q), DNnDrf =DrDynf+kDrf.

From the boundary condition of (), it is not hard to verify the following facts

[Dnul? = ¢°v%, (2.1)
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|Drul* =1 — (1 + ¢*)v? (2.2)

Differentiating conditions (2.1)—(2.2) in the time and tangential direction respectively, we know
that all the derivatives of u on 02, except Dy Dyu, can be given in terms of the first derivatives
of u. More precisely, we have

DuDut
Dyuy = —p———, 2.3
NUt o) T DuP (2.3)
DrDyu = ¢Drv+vDro, (24)
DnDru = ¢Drv+vDrp + kDru,
1 YD 26D
DTDTU:—U( +¢ ) TV + v ¢ T(b. (26)

DTU

Besides, elements of the inverse of the metric matrix of the space-like graphs in M? x R are
given by

TT _ 1- (DNU)2

. , (2.7)

N =142, (28)
DnyuDru

gNT = TN = 2T 5 = (2.9)

v

2.2 Existence of solutions

The key point of the existence for small time and the uniqueness of solutions to the IBVP
(£) is to show that the evolution equation in () is uniformly parabolic at ¢ = 0, which can be
assured by the assumption that the initial graphic surface over € is space-like. In fact, by the
linearization theory (see [11]) and the inverse function theorem (see [13]), together with the
space-like graphic assumption, the short-time existence and the uniqueness of solutions to the
IBVP (#) can be obtained.

Assume that the IBVP (#) has smooth solutions on the time interval [0, T], which means that
all derivatives of u have bounds on [0, T]. In the following, we first establish a time independent
priori estimate for the gradient of the solution (see Theorem 2.1), which leads to the space-like
preserving property for the evolving graphic surfaces in M2 x R, and then turn the quasilinear
evolution equation into a uniformly parabolic equation. Furthermore, by the standard theory
of the second-order parabolic PDEs, the higher order regularity follows, which leads to the
long-time existence of smooth solutions of the IBVP (f)—see the end of Subsection 2.4 for a
brief explanation.

2.3 The time derivative estimate

By the maximum principe of the second-order parabolic PDEs, we have the following lemma.

Lemma 2.2 sup |us]? = sup|u¢|?, that is, there exists a positive constant co = co(ug) €
Qx[0,T] Qo

R such that for any (z,t) € Q x [0, T], we have

|ut|2(x7t) S Co-

Proof We first show that the maximum of u; must occur on (99 x [0, T]) U Q. Let (¢%)’
be the differential of g% = g% (x,u, Du) = g¥(z, z, p) with respect to p. For simplicity, denote
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by Diu = u;, Dju := uj, D;Dju = u;; for i,j = 1,2. By a direct computation, we have

2 el = 20,2
ot “ar

agij O
(%)
e at”J+9 ot

9" OuF
= 2uy (8 - Bt uw—l—g DDut)
89” ouk
Yk at
g Ouk
8gk ot —— U —|—g D D |ut| (Dut,Dut>g
g% O(o*iu;)
Youk ot
gt
3gk o*u; Dilug)® + g% D Djlug|* — 2(Dug, Dug),

= DiDju((g"), Vwl?)o + g7 DiDylusl? — 2(Dus, Duy),,

——uij + g (DiDjlug|* — 2Djus Djuy)

= 2u, wij + g D Djlug|® — 2(Dug, Duy),

- 2 ij
where D;D;ju{(g")', V|u|?)o = > DiDju(%q?VﬂutP). The boundedness of all the coeffi-
1,J,k=1
cients of the above evolution equation in the bounded domain Q x [0, T] follows by the continuity,
which implies that

sup |Ut|2 = sup |Ut|2
Qx[0,T] (0% [0,T])UQ0

by directly applying the weak maximum principle.
Next, we exclude the possibility that the maximum occurs at (§,7) € 9Q x [0, T]. Assume
that gnax lue|* = |w]?(€,7) > 0 for some (£,7) € 9N x [0,T], we have (Dru;)(&,7) = 0. By
xX{t

(2.3), it follows that

DyuDyug + DruDruy

VI-1DuP

DNuDNut (5 7_)

V1 —|Dul?
= _¢2(DN’U¢)(§’T)’

(DNut)(ga T) =—¢

(&)
— -0

which implies (1 + ¢?)(Dyu)(€,7) =0, i.e., (Dyug)(€,7) = 0. By Hopf lemma, it follows that
Dylug?(§,7) < 0. On the other hand, by the boundary condition, one has

)
Dvluelle.r) = 2 Dvinle,r) = 2ue 75 (6(2)/T - |Du|2)‘

(&)
o(x)
= 2, —2Y_ puDyu
Yo DuE Y e

=0.

This is a contradiction. Hence, the maximum cannot be obtained at (§,7) € 99 x [0, T]. The
conclusion of Lemma 2.2 follows by summing up the above argument.
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2.4 The gradient estimate

First, we need the evolution equation of |Dul?.

Lemma 2.3 We have the evolution equation of |Dul|? as follows

Dy,| Du|?>D;| Dul?
5 g

0
| Dul? =
8t| ul v

" + g DiD;|Duf® — |D*ul* — |D|Dul*|* — K|Dul?,

where K denotes the Gaussian curvature of M?.
Proof First, by direct computations, we have

0 0
g Dul* = a(umum) =2u" (um)t = 20" (Ut)m,
(ut)m = (gwuij)m = (g”)muij + g” (uij)ma
iy — (i u'v? )
(g )m (0 * 1-— |D’UJ|2 m
(u?) pu? ut(u ), 20 (ug, ) putu?
1—|Dul2  1—|Dul? (1 — |Dul?)?

and
(|Du|2)” = 20mku;€jumi + 20’mk’U4€’umij.
Therefore, the evolution equation for the gradient is given as follows

(u?)pu? ut(u?)y,  2uP (ug)mutud
1—1|Dul2 11— |Dul? (1 — |Dul?)?
_ 2um{(0ikuk)muj n ui(oj’luk)m n 2u” (ug ) muin?

0 m 7, m
a|Du|2 =2u [ ]Uij + 29" u™ (wij)m

) v ™ }“ij + 29 u™ (uij)m

Wemt?  wioTRug,  2uFug,utul

02 02 Vi )“ij + 297 u™ (wig)m

koin,g
Ukm [ i1 4 o 2ututu
= Zum—2 (Ulkuj + o7kt + —— uij
v v

+gY (DiDj|Du|2 — 2amku;€jumi — QumulRﬁmj)

_ 2umukm01ku7uij n 2umukm01ku7uij n 4umukukmulu3uij

v2 v2 vt
+ g”DiDj|Du|2 — ZQZjamkukjumi — ZQ”umulRlimj
Au™upmudug; [ uk? . . .
= UZI Y (0“’C + 2 ) + ¢ D;D;j|Dul? — 26" 0™ up i — 297w u! Ryjm

2 U 2u wg; . y y
= g% 4 g9 D;Dj|Dul* — 297 0™ ugjum; — 297w u Ryin

2
v
Dy|Dul?D;|Dul? . - - -
= d u|v2 il Dyl g% + ¢ D;D;|Du* — 2¢" 0™ upjtini — 29" ™ U Ryjn
Dy|Dul?D;|Dul? . s . yd
_ Dyl U|U2 Dl 9" + ¢" D; D;|Du)? — 2(0” + —UUZ )UmkUijmi

i
G U .
- 2(0’” + 7 )umu Riimj

_ Dy|Dul>D;|Dul?
- 2

U Ui U ujkamk

2

g% + ¢ D;D;|Du|? — |D*ul? — 2

v v
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— 20" U™ ! Ryjpm,

Dy|Du|?D;| Du?
_ Dy|Dul>D;|Dul?
- 2

g% + g D;D;|Du|? — |D*ul? — |D|Dul?? = 26" u™u! Ryjpn;

9" + 9" DiD;|Duf? — |D*ul® — |D|Duf*|* — K|Dul?,

v
where Ryjm;j, 1 <1,4,m,j <2 are the components of the curvature tensor on M?2.
Then, we begin to estimate the gradient of u as follows.

Theorem 2.1 Under the assumptions of Theorem 1.1, there exists a positive constant ¢y =
C1 (u07 Ro, ¢07 ¢1 ’ ¢2) SUCh that

sup |Du* <¢p < 1.
Qx[0,T]

Proof We first show that the maximum of |Du|? must occur on (952 x [0, T]) U Q. Since
M? has nonnegative Gaussian curvature, by Lemma 2.3, we can get the following estimate

+ ¢ D;D;|Dul?.

27y 2
ngu|2 < Dleul D1|Du| gzk
ot v2
By applying the weak maximum principle to the above evolution inequality, we have

sup |Du|* = sup | Dul?.
Qx[0,T] (092x[0,T])UQ0

If the maximum of |Dul? occurs at Qo, then sup |Du|?> < sup|Dul?> < 1, where the last
Ox[0,T] Qo
inequality holds since {(z,u(x,0))|z € M?} is a space-like graph in M? x R. Now, we assume
that the maximum of |Du|? occurs at (£,7) € 9Q x [0,T] and divide the argument into two
cases:
Case (1) If [Drul(¢,7) < L, then applying the fact that (1 + ¢?)v? = 1 — [Dyul?, we have

3

|Du|2(§a7') <1- m

<1,

which establishes an upper bound for |[Du|? on Q x [0, T] already.
Case (2) If [Drul(¢,7) > 4, then at (£, 7), one has

DN|DU|2(€7T) S 07

Dr|Duf*(¢,7) =0 = Dro(&, 7).
Therefore, at (£,7), (2.4)—(2.6) can be simplified as follows

DTDN’LL = UDTgf), (210)

DnyDru =vDr¢+ kDru, (211)
—0v*¢Dro

DrD = 2.12

7 D7 (u) Dra (2.12)

Our target is to show that the following inequality

(DN’U,)(DNDNU(f, 7')) + (DTU)(DNDTU)(f,T) <0 (213)
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can be rewritten as the one only involving the first derivatives of u. In order to get this, we
need to consider the evolution equation of u. In fact, by using the assumption that |Dul|? gets
its maximum at (£, 7), (2.1)—(2.3) and (2.10)—(2.12), we get that at (£, 7), the following identity

Uy = gTTDTDTU + gTNDTDNu + gNTDNDTu + gNNDNDNu
— ¢"(DrT, Du) — g™ (DN, Du) — g"T(DNT, Du) — gV N(Dy N, Du)
_ 1—|Dyul?* (—vDpv(1 4 ¢?) — v2¢DT¢) DNuDTu

o2 Dyt (Dr¢ + ¢D7v)
_ 2
M(DT¢ + ¢Dyv + £Dru) + (1 + ¢*)DyDyu — 1'{)#”'@]“ Du)
DNUDT’LL
1 — ¢?v? [—vDrv(1 + ¢?) — v2pDro 5
= — 1 DyD
v? [ Dru Kd)v} +(1+¢7) Dy Dyu
D
+ 2“5” 2 (Dré + ¢Dyv + kDru)
1= ¢2 > (—v*¢Dro (bv Tu
i ( Dru mbv) (1+¢*)DnDyu+2 (Dr¢ + kDru)

holds. That is,

1 — ¢?0v? (—v2¢DT¢ B H:gbv) (vaTu

1+ ¢*)DyDyu = up —
(1+¢”)DnDnu = u 2 Dru

(Dr¢ + kDru)

=u + M(l _ (;52112 _ 2|DTu|2) + ( - ¢2U2)"f¢ B 2"3¢’|DTU|2
Dru v v
2 2.2
s S D )
TU v v

Substituting the above identity into (2.13), together with (2.11), yields

2 2 1— 2,,2
¢vut+¢D;¢( 1 Druf?) - “f“T+“¢( U““’)}

+ (1 + ¢*)Dru(vDré + kur) <0,

which is equivalent to

¢*vDr¢
Dru

(1+ ¢*)Dru(vDr¢ + kD) < 0. (2.14)

dvuy + ——"(v* — |Drul?) — 2k¢?*| Drul® + kd* (1 — ¢*v?)+

It is easy to verify that
—26¢°| Drul® + £¢?(1 — ¢*v?) + (1 + ¢*)K| Drul® = £(1 — v?)

and

¢*vDro
Dru

UDTgf)

(v* = |Drul?) + (1 4 ¢*) DruDrv = Dru

(1 —2?).

Using the above two identities, (2.14) can be simplified as follows

vDrd
DTu

pvug + k(1 —v?) + (1-v%) <.
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Note that

2 ¢* |DTU|2

1—v" = .
v 1+¢2+1+¢2

Hence,

’UDT(]S ¢2 ’UDT¢DT’U, <0
Dru 1+ ¢2 1+¢2 —

dvug + k(1 —v?) +

In view of Lemma 2.2, [Drul(§, 7) > 5 and €2 is strictly convex, we can find a constant o such
that

0 < ko(1 —v?) < K(1 —v?) < cav,

where ¢; is a positive constant depending on cg, ¢g, ¢1, ¢2. Therefore,

1 ) 2
\/C5 + dcskE — ¢
|Dul? < ¢ = Y2 20 2 <.

2
2KG

Our proof is finished.

Remark 2.1 The gradient estimate in Theorem 2.1 makes sure that the evolving graphs
4, = {(z,u(z, b)) |z € 2,0 <t < T} are space-like under the non-parametric MCF, which is
the core of the IBVP (#).

By Lemma 2.2 and Theorem 2.1, together with the Schauder estimate for parabolic PDEs,
we can get uniform estimates in any C*-norm for the derivatives of u, and locally (in time)
uniform bounds for the C%-norm, which leads to the long-time existence, with uniform bounds
on all higher derivatives of u, of the IBVP (). This finishes the proof of the first assertion of
Theorem 1.1.

2.5 Boundary value problems
Applying the above gradient estimate in Theorem 2.1, one can solve the following boundary
value problem (BVP for short)
(oij N DiuDiu
1 —|Dul?
Dyu = ¢(z)v on 09,

(%) )DiDju =c¢3 on{,

where c3 is a constant determined uniquely by (2.15) below. Clearly, the BVP (x) can be seen
as the elliptic version of the IBVP (4).
In fact, since the left-hand side of the first equation in the BVP (k) can be written as

VIS TDPD: (s

integrating by parts, one can easily get

- Jon ¢ (2.15)
Jo( = Duf?)=2" '

where, for convenience, we have dropped volume elements of the domain ) and its boundary

C3 =

0f) simultaneously.



Translating Surfaces of the Non-parametric Mean Curvature Flow 307
One method for solving BVP (%) is to consider the solvability of the following BVP:

( i Diu.Diu,

1 —|Du.|?

Dnue = ¢(x)+/1 — [Duc|? on O0.

Theorem 2.2 The BVP (x) has a unique, smooth solution.

(+4) )DiDjua =cu. on €,

Proof We will use an argument similar to those in [1, 11]. It is known that the BVP (xx)
has solutions for € > 0. Therefore, one can replace u; with eu. in the gradient estimate of
Theorem 2.1 and get a conclusion that a limit solution to (xx) exists as ¢ — 0, provided that
there exists some cp, independent of ¢, such that |eu.|? < co.

Let ¢ be a smooth function defined on Q) satisfying Dy < ¢+/1 — |D|? on 0. This kind
of smooth functions can always be constructed. For instance, let d be the distance function to
0N and A be a constant such that ﬁ < ¢ on 0. It is easy to check that a function v
defined to be Ad near 9f) and extended to be a smooth function on all of £ would satisfy the
requirements that ¢ € C°(9Q), Dyt < ¢/1 — | D).

Assume that 1) — u. attains its minimum at some point £ € Q.

If £ € 99, then Dpip(€) = Drue(§) and Dyyp(€) > Dyu(§) hold. One can get

)> ()2 D
V1=Dry? = Dy 7 /1= [Drus]? - [Dyucl?

o(¢ (&) = &(8),

q

\/1-b2—¢2
contradiction.

Therefore, ¢ € Q, Dy(§) = Du.(¢) and D?*(¢) > D?u.(€). There exists a constant
¢q = c4(1) such that

D'p(§) DI (€)
1—[Dp(&)?

Together with the fact that e(z) — euc(2) > e(§) — eu-(€) for any z € , we have

euc(z) < e(2) — eP(§) + euc(§) < edp(2) — e(§) + e

for any z € Q. By a similar barrier argument, one can get a lower bound for cu.. As in [11],
|Duc|? < ¢; implies |D(cu:)|*> — 0 as ¢ — 0, and then we have cu. — c3. This gives the
existence of solutions to the BVP (x).

Now, in what follows, we would like to show the uniqueness of the solutions. Assume that
the BVP (%) has two solutions u1, us with constants ¢s, ¢g on the right-hand side of (x) and
cs < cg. Without loss of generality, we assume u; > wy. By the linearization process, one
easily knows that U := u; — us satisfies a linear elliptic differential inequality £(U) < 0. By the
maximum principle, the minimum of ¢ must be achieved at some point ¢ € 0f2, which implies
that |Dru1|?(¢) = |Drusl?(¢) = a? for some a € R*. Since

since the function with b a fixed constant is monotone nondecreasing in ¢. This is a

D'uc (§) D7 u. (§)

> (g
sz (o + EDIRGIE

)DiDs(€) > (o + )DiDjue(§) = eus(s).

DNul )_ DNU2 )
\/1—a2—|DNu1|2 \/1—a2—|DNu2|2 ’

it follows that Dyui({) = Dyu2(¢) at ¢ € 9Q by using the fact that the function —L—

1—a2—q?
is monotone nondecreasing in q. However, this is contradict with the Hopf boundary point
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lemma. So, ¢5 > ¢g. Reversing the roles of ¢5 and cg, one has ¢; < ¢g. Therefore, one can get
¢5 = cg. By a similar argument, one can also obtain u; = us. This gives the uniqueness of
solutions to the BVP (x).

Our proof is finished.

Remark 2.2 Clearly, if u = u(z) is a solution to the BVP (x), then u(z,t) = u(x) 4 cst is
a solution to the IBVP (#). That is to say u is a translating solution with constant speed |cs].

3 Convergence

Now, we can show the following uniqueness conclusion of limit solutions to the IBVP (1) (up
to translation) by applying the strong maximum principle of the second-order linear parabolic
PDEs.

~ Lemma 3.1 Let w1 and sy be any two solutions to the IBVP (§) and let U =1, — 1. Then
U becomes a constant function ast — oo. In particular, if u is a solution to the BVP (x), then
all limit solutions to the IBVP (#) are of the form u + cst.

Proof By the linearization process, one can easily get that U satisfies the following linear
parabolic equation

%ﬁ = §9D;D;U+b' DU on Qx[0,7]

with the boundary condition

o < Dul DUQ

_ ,N> — FIN, DU on 8Q x [0, 7],
VI-IDaE  VI-IDuP J o7

where
Gl = / 49 (0Duy + (1 — 0) Du)do
0

and bi, @ are similarly determined (see [6]), N; are components of the unit normal vector N.
Note that ¢ is a positive definite matrix. By the strong maximum principle, we know that the
oscillation function osc(t) := max U(-,t) — min U(-,t) > 0 is strictly decreasing in ¢ unless U is
constant.

The long-time existence of solutions to the IBVP (#) has been explained in Subsection
2.2 provided that the time-independent priori gradient estimate can be obtained. Therefore,
together with estimates in Subsections 2.3-2.4, we have T = co here.

We claim that || must be uniformly bounded on € x [0, 00). By the maximum principle,
we know that the minimum of ¢/ should be achieved at some point (£, ) € (92 x [0, 00)) U Q.
If (£,t9) € 09 x [0,00), then DpU(E,t) = 0 and DyU(E,tg) > 0. That is, Dyui(€,to) =
Drus(&,tg) and Dyui(€,tg) > Dyua(&,tg). Therefore, one has

Dyus

DNU1
) - 2 2
/1= |Druz|? — |Dyus|

V1= [Drui? — [Dyui [?

(fatO (fvtﬂ)a

q
—b2—¢2

contradict with the boundary condition

since the function with b a fixed constant is strictly increasing in ¢. However, this is

o DN’LLQ
V1= [Drug? — [Dyug|?

DNu1
V1= [Drui? — [Dyus[?

(f?tﬂ)

(&, t0) = 9(8).
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Therefore, (£,t9) € Qo, i.e., £ € Q and ty = 0. This means that U attains its minimum on Q.
The same situation happens to the maximum of /. Hence, we have [U| = |uy — us| < ¢7(uo)
for some nonnegative constant ¢7(ug) depending only on wug.

Since |U| is uniformly bounded on € x [0,00), we can take a sequence {t,}, n € ZT with
Z* the set of all positive integers, such that the limit lim 2/(-,t,) exists. If lim U(-,t) is not

tyn—00 t—o0

a constant function, then a limit of Uy (-,t) := U(-,t + t,) as t, — oo would yield a solution
on Q x [0,00) which would not be constant but osc(t) would be constant. However, this is
contradict with the strict monotonicity of osc(t). Therefore, tlggo U(-,t) should be a constant
function, which implies the first assertion.

By Remark 2.2, we know that u 4 cst is a solution to the IBVP (4) provided that w is
a solution to the BVP (k). Hence, for any solution w of (), by the first assertion, one has
w — (u+ cst) tends to a constant as t — oo, which implies that w tends to u+ est for a different
t. This completes the proof of the second assertion.

By applying Lemma 3.1 directly, we have the following corollary.

Corollary 3.1 For a solution u = u(z,t) of the IBVP (), there exists a positive constant
cs € RY such that |u(x,t) — cst| < cs.

Now, we show that if faﬂqﬁ = 0, the limiting surface uq := tlim u(-,t), with u(-,t) the
— 00
solution to the IBVP (f), should be maximal space-like.

Lemma 3.2 If [, ¢ = 0, then c3 = 0 and tlim ug = 0. That is, solutions u(-,t) to the
—00

IBVP (%) converge to a maximal space-like surface uso in the Lorentz manifold M? x R.

Proof The first assertion follows directly from (2.15). By a direct calculation, we have

d D;uD; 2
_/v:_/ﬂz/u_w/ e
dt Jo Q v Qv a0

which implies

S|

Applying Theorem 2.1 and Corollary 3.1, we know that there exists a positive constant cg € R
depending on ¢; and cg such that
[
- S Cy,
o Jao v

which implies the second assertion of Lemma 3.2.
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