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The Stochastic Control Model for
Use Conversion of Land*
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Abstract In this paper, the authors investigate the optimal conversion rate at which land
use is irreversibly converted from biodiversity conservation to agricultural production. This
problem is formulated as a stochastic control model, then transformed into a HJB equation
involving free boundary. Since the state equation has singularity, it is difficult to directly
derive the boundary value condition for the HJB equation. They provide a new method
to overcome the difficulty via constructing another auxiliary stochastic control problem,
and impose a proper boundary value condition. Moreover, they establish the existence and
uniqueness of the viscosity solution of the HJB equation. Finally, they propose a stable
numerical method for the HJB equation involving free boundary, and show some numerical
results.
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1 Introduction

Land is one of the most important nature resources, which has at least two common uses:
Agricultural production and biodiversity conservation. It is a popular and important topic that
how to allot the land to production and conservation appropriately, which is focused on in this
paper.

There is a vast literature on this subject. In [1, 7], the authors discover the optimal con-
version rules via two-period stochastic models. The authors extend the similar arguments by
means of continuous time models in [2-3]. But there are no direct feedback expressions of the
optimal conversion strategy in the above papers. In [10], the authors formulate this problem
into a stochastic control model, and explore the properties of the optimal feedback between the
conversion decision and the conservation benefit. They first transform the optimal stochastic
control model into its associated Hamilton-Jacobi-Bellman (HJB for short) equation, and ob-

tain some numerical results via the numerical method for partial differential equation (PDE for
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short). Unfortunately, there remains some uncertainty about the boundary value condition for
the HJB equation and room for model improvement, which will be presented later.

In this paper, we suppose that land has only mutually exclusive uses: Agricultural pro-
duction use and biodiversity conservation use. Land use can be converted from conservation
to production, but the inverse transformation is inadmissible. Moreover, we assume that the
transformation rate has an upper bound, and our aim is to obtain maximum benefit through
adjusting the transformation rate. This problem can be formulated into a stochastic control
model. In this model, the states are taken as the land area used as biodiversity reserve R
(suppose that the total area is one unit) and the biodiversity conservation benefit per unit Y,
the control variable is just the transformation rate v, and the objective functional § is the
expectation of the total benefit from agriculture and conservation minus the converting cost.
The specific formulation of this model will be presented in Section 2.

In summary, the state equations in the optimal stochastic control problem are as follows:

t
R;;v:r—/ vs ds, (1.1)
0

t t 2
. - 1 S . S B
VYT =yt / (0‘ - LRW)U )des + / \ i ;Cr?v vyrrdz,, o (1.2)
0 S 0 S

where a, m, o, oc are positive constants, whose practical meanings will be explained in Sec-

tion 2, and Z is a one-dimensional standard Brownian motion on a filtered probability space
(Q,F,F := {F : t > 0},P) satisfying the usual condition. The vector (y,r) is the initial s-
tate with ¥y > 0,0 < r < 1, and v is the admissible strategy, which belongs to the following

admissible strategy set
A(y,r) := {v : v is F-progressively measurable, v, € [0,7], R™" > 0, Y¥"" > 0}, (1.3)

where v is a positive constant, and represents the upper bound of the transformation rate. The

objective functional takes the form of

Sy, v) == E{ / e Pt {1&(1 — RPY)Y 4 RIVYYT kvt} dt}, (1.4)
0 -7
where p, ¢, v, k are constants satisfying p > «, ¢ >0, v € (0,1) and k > 0.
We aim to find an optimal transformation rate v* € A(y,r) satisfying
F(y,r) =3(y,r;v") = sup F(y,rv), (1.5)
veA(y,r)
where the function F is called the value function of the stochastic control problem (1.5). From
the upper estimate of F' in Theorem 3.1, we know the existence of the value function F'.
Applying the stochastic control theory in [8, 13], we derive that the value function F is the

viscosity solution of the following HJB equation

LF := sup {1 (U2E + @)yQFyy + (a - M) yFy —vF, — pF

0<v<w \2 T
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+(%(1—T)1_7+yr—kv)}20, y>0,0<r<l. (1.6)

As we all know, the boundary value condition is important to a PDE problem. PDE with
improper boundary value condition might have multiple solutions. So, the proper boundary
value condition is important to ensure that the viscosity solution of PDE (1.6) is really the value
function of Problem (1.5). In the PDE (1.6), there are four boundaries y =0, r =0, y — 400
and r = 1, on which the appropriate boundary values are necessary'. Particularly, on the
boundary r = 0, since the state equation (1.2) makes no sense, it is difficult to impose the valid
boundary value condition.

In fact, Leroux, et al. consider a similar model in [10], where they use the biodiversity
reserve R and the biodiversity conservation benefit B = YR as the state processes. From Itd’s

formula, B is governed by the following stochastic differential equation (SDE for short):

Bb“’_b+/ (a mf’i Bb”ds+/ UCTfBb”dZ b=yr (1.7)
0 Rs RS

In their model, the admissible set and the objective functional are the same as those in (1.3)
and (1.4), respectively. The authors deduce that the value function F(b, ) of the corresponding

optimization problem is the viscosity solution of the following HJB equation:

o~ 1 2 ~ ~ ~ ~
LF := sup {— (U% + M)b2be + (a — @)be —vF,. — pF
0<v<T 2 T T

+(1¢ 1—r)= 4 b kv)}:o. (1.8)
In their paper, they give the boundary value conditions as follows, via “practical meaning”
rather than mathematical method,

Fir(6,0) = Fypr (b,0) =0,  F(0,0) = ————,
(b,0) = Fiu (b,0) 0.0)= 77—

ﬁb((),r) = e(%nf)% —1, lim Fb(b r) = e(%npﬁ)% — 1.
b—+o00
They impose the values of ﬁbr, ﬁbbr or 131, rather than F on the boundaries, except for the value
at the point (0,0). As we all know, Fisa viscosity solution rather than a classical solution,
and might have low regularity such that ﬁbr and ﬁbbr make no sense. So, the above boundary
value conditions are improper. In fact, we can show that the numerical result in [10] remains
to be discussed via Theorem A.l in our paper, where we prove that F is linear growth with
respect to b, rather than superlinear with respect to b in [10, Figure 3].

Our contributions can be summarized as follows. The first contribution is that we deduce a
more feasible boundary value condition for the HJB equation (1.6), which is provided in Section
3 by means of some stochastic control methods. The main difficulty in imposing the proper
boundary value conditions comes from the singularity at » = 0, which means that the state

n fact, we will show that it is sufficient to impose the boundary value condition when r = 0 in Section 3.
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equation (1.2) makes no sense if r = 0. So, it is impossible to directly achieve the value of F' at
r = 0. In order to overcome the difficulty, we first obtain the upper bound of the upper limit
of F(y,r) as r — 0T via estimating the upper bound of F, and then obtain the lower bound
of the lower limit of F(y,r) as r — 0T via another auxiliary stochastic control problem. Since
we prove that the upper bound is equal to the lower bound, they are just the limit of F'(y,r)
as r — 07. Thus, the value function F(y,r) is continuous with respect to r at r = 0 if we let
its value at r = 0 be equal to the limit. Moreover, we expect that the approach proposed in
this paper has wider applicability, and can be used to impose the boundary value condition for
the kind of HJB equation, which is arisen from the stochastic control problem with the state
equation involving singularity.

The second contribution is to establish the existence and uniqueness of the viscosity solution
of the HJB equation (1.6). We can not directly apply the classical result for the existence and
uniqueness of the viscosity solution of the HJB equation (1.6), due to % in the coefficient
functions in (1.6) blowing up when r tends to zero. In order to obtain the existence and
uniqueness of the viscosity solution, we firstly define the viscosity solution of the HJB equation
(1.6) according to Definition 4.1, where the solution must have linear-growth with respect to
y and proper asymptotic property as r tends to zero, which is different from the standard
definition in [5]. Then we construct a sequence of classical stochastic control problems (4.1)
without blowing up characteristic to approximate to the original problem (1.5), and show the
existence and uniqueness of the viscosity solution of the HIB equation (1.6) via establishing
some proper estimates on the value functions of the stochastic control problems (4.1).

The third contribution is that we provide a stable numerical method for this kind of HJB
equation associated with some free boundaries, which is first applied to compute the viscosity
solution of HJB equation in [8-9], then extended to some financial PDE problems involving
some free boundaries (e.g. in [4]). In fact, the authors apply another numerical method to the
problem in [10], which looks like arising from “practical meaning” rather than from rigorous
mathematical method. They assume that there exists a curve (i.e., the free boundary) splitting
the overall solution domain into two parts: The conservation region, where the optimal trans-
formation rate v* = 0, and the conversion region with v* = 7, and the free boundary is just
the intersection between these two regions. Moreover, they assume that the value function Fis
smooth in these two regions, and its first order derivative continuously crosses the free bound-
ary. Though the assumptions may be true in this practical problem, no existing mathematical
result ensures that these assumptions are right. In fact, there are several free boundaries rather
than only one free boundary in some other practical problems, such as the example given in
[11]. In order to avoid these assumptions, we apply the finite difference method for the viscosity
solution of HIB equation in [4, 8-9] to the HIB equation (1.6), and provide some numerical
results.

The forth contribution is to build a model which is more reasonable than the model intro-
duced in [10] (Model L for short), where the authors use the biodiversity reserve R and the
biodiversity conservation benefit B = YR as the state processes. We will show that the value
function F' in Model L always achieves its maximum value at r = 0 by means of Theorem A.1.
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It means that the value of land is maximum when all land is used for agriculture production,
which is puzzling. The key of the puzzle comes from the fact that the biodiversity conservation
benefit per unit is infinite when b > 0 and r — 07, which is impossible. So we change the state
B by Y, which represents the biodiversity conservation benefit per unit. We will show that the
benefit achieves its maximum at a proper biodiversity reserve by means of the numerical result
in Table 2.

This paper is organized as follows: We formulate the model, deduce the HJB equation in
Section 2, and derive the boundary value condition in Section 3. We prove that the value
function is a viscosity solution of the HJB equation (1.6), and establish the existence and
uniqueness of the viscosity solution of the HJB equation (1.6) in Section 4. In Section 5,
we apply the finite difference method for HJB equations to Problem (1.6), and obtain some
numerical results. Finally, we apply the methods in Section 3 and Section 5 to Model L in

Appendix A, and show a more reasonable numerical result.

2 Optimal Conversion of Land Use Model

In this section, we first formulate the model as a stochastic control problem, then transform

it into its associated HJB equation.

2.1 Assumptions and model

Consider an area of land, normalized to unity. The land use can be converted from biodi-
versity conservation to agricultural production, and the conversion is irreversible. Let A; and
R; be the area of the land used for production and conservation at time ¢, respectively. Hence,
A+ Ry = 1.

Suppose that the area of the land for biodiversity reserve R"" satisfies the ordinary differ-
ential equation (ODE for short) (1.1), where v is the conversion rate from reservation land to
agricultural land, and the superscript r; v means that R depends on its initial state r and the
conversion strategy v. It is clear that A; and R; are nonnegative. Moreover, it is natural to
assume that the initial conservation land r # 0 as the conversion is only from conservation land
to agriculture land. So, we suppose that 0 < r, R™? < 1.

The biodiversity conservation benefit B is governed by the SDE (1.7), where parameters
a,m,op and o¢ are positive constants, and represent the increasing rate of the species value in
conservation land, the elasticity coefficient of conservation benefit, the volatility of the species
value and the volatility of the ecosystem-specific species density, respectively. For more details,
refer to [10]. Z is a one-dimensional standard Brownian motion on a filtered probability space
(Q, F,F,P) satisfying the usual condition.

Since the biodiversity conservation benefit B depends on the area of conservation land,
we would rather adopt the biodiversity conservation benefit per unit Y as the state variable.
Applying Itd’s formula, we deduce that Y is governed by the SDE (1.2), which is clearly positive.

Since the conversion is irreversible, and its rate has a maximum value T, we let vs € [0,7],

and the admissible strategy set takes the form of (1.3).
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The decision-maker aims to find an admissible strategy v* to maximize the objective func-
tional defined as (1.4), in which the constants ¢, v, k and p satisfying ¢ > 0, v € (0,1), k>0
and p > «, represent the return per unit area, the elasticity coefficient of the utility function,
the marginal cost of conversion and the discount rate, respectively. For more details, we refer to
[10]. In (1.4), the first term in the braces represents the flow benefit from the land for produc-
tion, the second term represents the total value of biodiversity from the land for conservation,

and the last term means the total cost of land conversion.

2.2 Associated HJB equation

In summary, the model can be formulated as a stochastic control problem. The decision-
maker aims to find v* from the admissible strategy set (1.3) to maximize the objective functional
(1.4) subject to (1.1)—(1.2).

From the stochastic control theory in [8, 13], we know that the value function F is a viscosity
solution of the HJB equation (1.6).

3 Boundary Value Condition

In this section, we derive the boundary value condition for the HJB equation (1.6) via the
original stochastic control model and the theory on PDE.

Since the HIB equation (1.6) is degenerate at y = 0 and satisfies Fichera condition in [6],
the boundary value of F' at y = 0 should be determined by itself. Specifically, we should first
deduce the ODE for F(0,r) through taking y = 0 in the HJB equation (1.6), and obtain the
value of F(0,r) by means of solving the ODE. Since F has a linear growth with respect to
y, which will be proven in Theorem 3.1, the standard theory for Cauchy problem (refer to
[11-12]) implies that the boundary value of F(y,r) at y — 400 is also unnecessary. Note that
the derivative of F' with respect to r and the second-order derivative of F' with respect to y in
the HJB equation (1.6) are non-positive and non-negative, respectively. So, the HJB equation
(1.6) is a forward parabolic PDE, and the boundary value at r = 1 is not needed. Hence, it is
sufficient to impose the boundary value of F' at r = 0.

However, it is not trivial to obtain the boundary value of F' at r = 0 since the SDE of Y
is meaningless when r = 0. The key idea to overcome the difficulty is to consider the limit of
F(y,r) as r — 07. In fact, we should find a continuous solution of the HJB equation (1.6). So,
F(y,0) is just the limit of F'(y,r) as r — 07, and it is sufficient to find the limit.

Theorem 3.1 The boundary value F(y,0) = ﬁ for any y > 0. Moreover, F' has the

following estimate

1— )=
pd-—r) 7 < F(y,r) < ¢ + yTa foranyy >0, 0 <r <1. (3.1)

0= p(L—7) “pl=7) p-

Proof The proof is divided into two steps: Finding the lower bound of the lower limit of
F(y,r) as r — 0", and finding the upper bound of the upper limit, which are equal.
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Step 1 Take the special control v = 0, then we deduce R"® = r, and

F(y,r >IE / “be i 1—R§%0)1—7dt} = 7p(1¢_7)(1‘”1_7 (3.2)

for any y > 0,0 < r < 1. Taking 7 — 07 in (3.2), we obtain the lower bound of the lower limit
of F(y,r) as follows:

liminf F(y,r) >

> ——— foranyy > 0. 3.3
r—0+ p(l—7) (3:3)

Step 2 Construct another stochastic control problem: The state equation takes the form of

_ t L t L
B =b +/ (- mi ) Bi7ds +/ \ o2 + 020, BYdZ,,
0 0

where the new control v is similar to 77 in the SDE (1.7).
The objective functional is described as

F(:7) = IE[ / G (i + Ei’ﬁ) dt}
0 L=y
and the stochastic control problem is to find the optimal strategy o* € A(b) such that

Fb) =3(b:7%) = sup F(b:0)

e A(b)
with the admissible strategy set

T
A(b) = {5 : v is F-progressively measurable, v > 0, / vsds < +oo for any
0
€ (0, +00) a.s. in Q, BY > O}.

It is not difficult to check that

Ve c .Z(yr), BY R — BYTTIV YUV R %(y?"; %) > 5y, r;v)

for any v € A(y,r),y > 0,0 < r < 1. So, we deduce that F(yr) > F(y,r) for any y > 0,0 <
r < 1. Denote
BT — ot B >

then B Y7 satisfies

t
BY = yr — / m, BY"ds + / \/ 0% + 02, BYPAZ,
< yr—l—/ 1/0E+UCUSBUT”dZ

Since the term on the right hand side of this inequality is a non-negative local martingale, we

have that .
E(E?r;'ﬁ) <yr+ ]E(/ \/0’%‘ + Uéﬂs EYSJT;UdZS) < yr.
0
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Hence, we deduce that

F(y,r) < F(yr) = max E[/ et (L + eo‘tgfrﬁ) dt]
veA(yr) 0 1

¢ + - for any y > 0,0 <r <1. (3.4)

Tpl-7) p-a

A

Taking 7 — 07 in the above inequality, we obtain the upper bound of the upper limit of
F(y,r) as follows:

limsup F(y,r) < _¢ for any y > 0.
o0t p(1 =)
Combining (3.3), we derive that
lim F(y,r) = _¢ for any y > 0. (3.5)
r—0t p(1—7)

Then (3.1) follows from (3.2) and (3.4).

From Theorem 3.1, we guess that the value function F' of the stochastic control problem (1.5)

is the unique viscosity solution of the HJB equation (1.6) with boundary value F(y,0) = p(1¢_7) .

4 Existence and Uniqueness of the Viscosity Solution

In this section, we present the accurate definition of the viscosity solution of the HJB

equation (1.6), and establish the existence and uniqueness of the viscosity solution.

Definition 4.1 A function F € C([0,400) x [0,1]) is called a viscosity solution of the
HJB equation (1.6) with boundary value F(y,0) = ﬁ, if F satisfies (3.1) and the following
properties:

(1) for any f € C%((0,+00) x (0,1)), whenever F — f attains a local mazimum at (y,r) €
(0, +00) x (0,1), then Lf(y,r) > 0;

(2) for any f € C?((0,+0c0) x (0,1)), whenever F — f attains a local minimum at (y,r) €
(0,400) x (0,1), then Lf(y,r) <0.

Next, we prove that the value function F' of the stochastic control problem (1.5) satisfies
Definition 4.1, and then is a viscosity solution of the HJB equation (1.6) with the boundary
value F(y,0) = ﬁ. This proof is not trivial. Since the coefficient functions in the state
equation of Y and the HJB equation (1.6) blow up, the classical result can not be directly
applied to this problem.

Theorem 4.1 The value function F of the stochastic control problem (1.5) is a viscosity

solution of the HIB equation (1.6) with the boundary value F(y,0) = ﬁ.

Proof First of all, from Theorem 3.1, we see that the value function F of the stochastic
control problem (1.5) satisfies (3.1).
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In order to prove the F' satisfies Properties (1)—(2), we construct the following approximation

stochastic control problem

F,(y,7) == sup IE{/ et {—1 ¢ (1= BRI 4+ RIVYY™ — kv, | dt
veA(y,r) 0 -

+ e_pT"F(YT?{:“”,RZf)} (4.1)
subject to (1.1)—(1.2), where n € N, and
. w1
Tn :zlnf{tZO:Rt’ g—}.
n

By the dynamic programming principle, we see that F,(y,r) = F(y,r) for any (y,r) €
A, = (0,+00) x (£,1]. Noting that the coefficient functions in the state equations (1.1)~(1.2)
are smooth in the set A,,, we know that the above approximation stochastic control problems
are classic problems for any n € N;. So, F,, is a viscosity solution of the HJB equation (1.6)
in the domain A,, via the theory in [8]. Hence, taking n — +oo, we deduce that F satisfies
Properties (1)—(2).

We will present the existence and uniqueness of the viscosity solution of the HJB equation

(1.6) with the boundary value F(y,0) = ﬁ by means of the following theorem.

Theorem 4.2 There exists a unique viscosity solution of the HIB equation (1.6) with bound-

ary value F(y,0) = p(1¢—'y)'

Proof First, the upper estimate in (3.1) implies that the value function F' of the stochastic
control problem (1.5) exists. From Theorem 4.1, we know that the value function F is a
_¢
p(1—v)" So,
we obtain the existence of the viscosity solution of the HJB equation (1.6) with the boundary

__ 9
value F(y,0) = FEEE
In the following, we prove the uniqueness of the viscosity solution. Otherwise, there exist at

viscosity solution of the HJB equation (1.6) with the boundary value F(y,0) =

least two viscosity solutions F'! and F2. Consider the approximation stochastic control problem
(4.1), and denote F,, by F! with the boundary value F* i = 1,2, respectively. It is clear that
for any fixed (y,7) € A,,

|F1(y77.) _F2(y77.)| = |F11(y77.) _Fi(yﬂ‘”

< sup E(e ™ P YII RIP) — FA(YST RIY))
veA(y,r)

o VAR o0 Ry

= o E[e_m(p(l—”y) p— o p(l—7)

a veA(y,r)

L YTVRTY PRTY
< sup E[e PTn n n n )]
veA(y,r) p—w p(l - 7)

(B Y ()P (R D) +

< sup —_
veA(y,r) P~ O p(l—7)n
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where we use (3.1) in the second inequality, the fact that (1 — RZV)'™7 > 1 — RZV for any
0 < v < 1 in the third inequality, and the holder inequality in the forth inequality. Moreover,
we adopt the following notation

in(1 — -1 k
5;:1_M6(0,n, k::1+2min(p 2a,m+f )>1, =
2 oy o k—1
Next, we establish an estimate of XV := e=? Y¥"¥(R"v)%. The direct computation
shows that

. — 1), . 2,0, .
0527 = (o p- O gy o+ T e,

where

- (m—!—ﬁ—l)vs) k—l( 9 UCUS)

Qg @ = (Oé Rg;v + 2 UE + Rgv
k—1 k—1 Vs

:(a—p+ . U%E)—((m+ﬁ—1)— > aé)R?Ugo.

So, we deduce that
t oZv
(™Y (RN = (X < MR gk / 0%+ o (XPT)dZ
0 s

Noting the term on the left hand side of this inequality is non-negative, and the It6 integral on
the right hand side of this inequality is a local martingale, we derive that the It6 integral is a
super-martingale, and

E(e—an Y%T’;’U(R:;’U)ﬂ)k S yk’f’kﬁ.
Combining (4.2), we have the following estimate

yr? ¢

|F (y,?") - F (va)| < (p—Oé)TLl_B + p(l _'7)71

—0

as n tends to infinity. Hence, we prove that F' = F2, and it follows that the viscosity solution
of the HIB equation (1.6) with boundary value F(y,0) = ﬁ is unique.

5 Numerical Method and Results

In this section, we apply the numerical method for HIB equations in [8-9] to PDE (1.6),
and obtain some numerical illustrations of our model.

In order to finish the computation in finite steps, we restrict the HJIB equation (1.6) in a
bounded domain rather than the unbounded domain y > 0, 0 < r < 1. So, we use the solution



Stochastic Control Model for Use Conversion of Land 321

FY of the following PDE in a bounded domain to approximate the solution F of the HJB

equation (1.6) in the unbounded domain as § — +00,

1/, UQCU) 2 7 [ (m—l)v} 7 7 7
021:2? { 5 (O'E + . yEy, + |« " yF] —vF! — pF
¢

—(1—r)1_7+yr—kv}}:0, O<y<y, 0<r<l, (5.1)

+{1—”y

_ _ yr _
— FY(y,r)=FY0,7)+ , O<y<y, 0<r<1.
p(1—7) @.7) (0.r) p— o
Remark 5.1 We add the Dirichlet boundary condition at y = 3. According to the standard
method for Cauchy problem (refer to [11-12]), it is not difficult to deduce that F¥ converges to

F asy — +00. So, F¥(y,r) is very close to F(y,r) if § is large enough and y is far from .

Fg(yv 0) =

Apply the numerical method for the viscosity solutions of HJB equations in [8-9], and
define the grid in the (y,r) coordinate system as (y;,7;), ;i = (1 — 1)dy,7; = (j — 1)d,, i =
1,2,-+  M,j=1,2,--- N, where d, = w5,
implicit finite difference scheme of the PDE (5.1)

dy = 5. Thus, we have the following discrete

_Fy + (a - M)Jr

Y ig

max {;(UE—I—O%U) NSO —(Q—M)_yiA

0<v<v T 7
yiAJ Y — oA F) = pFY + (%(1 =) Fyiry - kv)} =0, (5.2)
7 gry 7 ¢
FY =E;, F, =E+-29 FY =
b =F By =B+ 20 Fa= iy
where T = max(z,0), = = max(—=,0),
v _ i v By - F
Flj=Fyiri), AcFi;=— d . AJE) = Zl “
v y
R FLo,+ FLy, —2FT,
Ay Eyj = %7 A’?/Fzy] = o d 7J7 dyy = (dy)27
and E; satisfies
¢ -
—0AE; — pE; (—1— Y= )}: ,
01%13%%{ v §— Pyt 1_7( r5) kv 0
B=—0
p(1 =)

Since the expression in the braces of (5.2) is a linear function with respect to v, we know
that the maximum of the expression achieves at v = 0 or v = . So, we can transform the
difference equation (5.2) into the following difference equation

or;
L=y

1
20EylrJA2Fy prJFy [

yti,j (1_7")1 'Y"'yz "‘hu( )_07

; ; T 0
Fla=Bp Fing =Bt 020 Fh= p(1—=7)’

(5.3)
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where

v; ; = argmax {h; ;(v) : v =0, T} (5.4)

and
o2 = = _ =
hij(v) = (%y?AzFf] — rjArFi’j — kr; )’U — larj — (m — 1)v] yid, Fzyj
+ [ar; — (m — 1)U]+yiA;ng.

Through the above difference equations and the standard iteration method, we obtain some
numerical illustrations. Unless otherwise stated, values of parameters used in this section are

presented in Table 1, which are the same as in [10].

Table 1 The parameters.

the values of parameters
m=0.25 ¢ =29.279 A = 0.887 k=0 p=0.07
v=0.025 o0.=0.5 op =0.1 a = 0.05

Figure 1 shows the optimal conversion boundary » = R(y) (the blue curve), under which is
the conservation zone, and above which is the conversion zone. If (y,r) lies in the conservation

*

zone, then the optimal strategy is no conversion, i.e., v* = 0, keeping the reserve land for
biodiversity conservation. In the case of (y,r) belonging to the conversion zone, the optimal
strategy is to convert the land for conservation into that for production at the rate of ¥ until
the land area for biodieversity conservation r first hits the optimal conversion boundary. More-
over, we find that the optimal conversion boundary is increasing with respect to biodiversity
conservation benefit per unit y. It means that the optimal land area for conservation at high y
should be more than that at lower y, whereas, the optimal land area for agricultural production
at high y should be less than that at lower y. It is clear that the characteristics are consistent

with reality.

r 1 T T
0.9 Conversion zone i
0.8 9
0.7
° ™ o
§ 0.6 Optimal conversion 4
@ boundary
£ 0.5 Conservation zone
Q
8 0.4- d
(-
0.3 9
0.2
0.1- 9
0 1 1 1 1 | |
0 100 200 300 400 500 600 700 800 900 1000

Biodiversity value per unit y($m)

Figure 1 The optimal conversion boundary.

Figure 2 plots land value F' as a function of biodiversity value per unit land y and reserve
land r. From this figure, we find that land value F is increasing with respect to y, but it does
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not have the same monotonicity with respect to r, which is clearly illustrated in Table 2. In
Table 2, the bold numbers represent the maximum value of F' with respect to r for some y.
Table 2 shows that F' first increases and then decreases with respect to r, and the maximum
value of F' achieves at some r* € (0,1) rather than r* = 0. The results are reasonable and

coincide with our intuition.

Land value

100
60

20 40 y($m)

0.9 . . . =
08 07 e S - B - e ) 120
705 o4 . o 80
03 :
02 ¢ i
: per unit

Rese
Ve lang 00 Bio value

Figure 2 Land values F', as a function of reserve land r and biodiversity value per unit land y.

Table 2 Land values F' (in billions of dollars)(in body of table), in terms of biodiversity value per
unit land y (in millions of dollars) and reserve land 7.

Y r
1 0.9 0.8 0.7 0.6 0.5 0.4 0.3 0.2 0.1 0

50 5.32  5.29 5.17  5.02 485 468 450 431 411 391 3.70
25 416 4.24 423 419 414 408 4.02 394 387 3.79 3.70
20 3.94 4.05 4.06 4.04 401 398 393 388 3.82 377 3.70
15 371 3.84 387 3.88 388 3.8 384 381 3.78 3.74 3.70
12359  3.73 3.78 380 3.81 380 379 378 3.7 3.73 3.70
10 3.50  3.65 3.71 374 376 3.76 3.76 3.76 3.74 3.73 3.70
8§ 340  3.56 3.62 3.67 370 3.72 3.72 3.73 3.73 3.72 3.70
5 3.28 345 354 359 363 366 3.68 370 371 3.71 3.70

Appendix Some Results for Model L

In this section, we use the theoretical method in Section 3 and the numerical method in
Section 5 to achieve some results of Model L introduced in [10], showing our improvement and
perfection of this research. Specifically speaking, we will reveal that F has a linear growth with
respect to b via (5.5), rather than superlinear growth w.r.t b, which is shown via Figure 3 in
[10]. And we will prove that F' always achieves its maximum value with respect to r at 7 = 0
for any b > 0.

Theorem 5.1 The boundary value for the HIB equation (1.8) is ﬁ(b, 0) = p(1¢l'y) + p_La.

Moreover, F has the following estimate
10) b

¢ 11— i r
Ogm(l_r) +p—a§F(b’ >§p(1—7)+p—0/ (55)
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Proof The proof is similar to that of Theorem 3.1 in Section 3.
Step 1 Taking the special control v = 0, we compute that R:;O =r and
t t o2
B0 =y / aBb"0ds + / opBT0dZ,, BV = bexp { (a - 7E)t + oEZt}.
0 0
So, we conclude that

2

2
/ exp oz—U—E)t+aEz—%}dz:be°‘t.

E(BX™0)

\/ 2mt 2

Combining the expression of the objective functional § in (1.4), we deduce that
F(b,r) > E{ / o Pt {1 — RO+ Byt
"Y

:/Oooe—pt {L(l_ ) W_HE(B‘”O)} dt

Q

= /OOO et {L(l —r)t —i—beo‘t] dt

v
¢ 1- b
=—(1—=-r)7+ . 5.6
p(L =) (=7 p—a (56)
Taking » — 07 in the above inequality, we know that
lim inf F (b, r) > ¢ + b for any b > 0 (5.7)
r—0+ p(l=7) p-«a Y ' '

Step 2 Construct the same stochastic control problem and repeat the argument as that in

the proof of Theorem 3.1, we obtain that

N ~ ¢
F(b,T)SF(b)Sp(l_’y) p—«

forany b >0, 0 <7 < 1. (5.8)

We derive the following inequality through taking r — 07 in (5.8),

limsup F\(b, r) < ¢ + b for any b > 0.

rs0+ p(l—7) p—«a

Combining (5.7), we conclude the result via the continuity of F,

ﬁ(b, 0) = lim F(b r)= ¢ + b for any b > 0.

r—0+ p(l—7) p—a

Then (5.5) follows from (5.6) and (5.8).

The results in Theorem A.1 show two results: /' has a linear growth with respect to b, and
F achieves its maximum value with respect to r when r = 0. In fact, these theoretical results
are testified by the below numerical results as well.

Applying the numerical method in Section 4 to the HIJB equation (1.8) with the boundary
value condition in Theorem A.1, we provide some numerical results for Model L, which are
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shown in Figure 3 and Table 3. In Figure 3, we can find that F really has a linear growth with
respect to b, rather than super linear growth in [10]. In addition, we find that Fis decreasing
with respect to r, which implies that for any fixed b, the maximum of F arrives at 7 = 0. Tt
means that the value of the land without biodiversity reserve achieves maximum (refer to Table
3), which is puzzling. As a matter of fact, we present that the maximum of the land value is
achieved at a proper biodiversity reserve r* € (0,1) in our model (refer to Table 2), which is

more reasonable.

Land value

120

e i e il 100
0201, 20 40 b ($ ™)
Bio value

Figure 3 Land values F', as a function of reserve land r and biodiversity value b.

Table 3 Land values F (in billions of dollars)(in body of table), in terms of biodiversity value b (in
millions of dollars) and reserve land r.

1 09 08 07 06 05 04 03 02 01 0
25 419 438 448 4.56 4.63 4.69 4.76 482 487 491 4.95
13 3.64 3.83 393 4.00 4.06 4.11 416 421 426 431 4.35
12 3.60 3.79 3.89 396 4.02 4.07 412 416 4.21 426 4.30
10 3.52 3.70 3.80 3.87 3.93 3.98 4.03 4.07 412 416 4.21
9 346 3.65 3.75 3.82 388 393 397 4.01 4.06 4.10 4.15
3.38 3.57 3.67 3.74 3.8 385 3.89 392 396 4.01 4.05
3.34 353 363 370 3.76 381 3.8 388 392 396 4.00
3.30 349 3,59 3.66 3.72 3.77 3.81 384 387 391 3.95
3.26 345 3.55 3.62 3.68 373 3.77 380 383 386 3.91

= Ot oy
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