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Abstract The authors construct a metric space whose transfinite asymptotic dimension
and complementary-finite asymptotic dimension are both 2w + 1, where w is the smallest
infinite ordinal number. Therefore, an example of a metric space with asymptotic property
C is obtained.
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1 Introduction

M. Gromov introduced the notion of asymptotic dimension to study finitely generated groups
in [1]. In 1998, Guoliang Yu discovered a successful application of asymptotic dimension. He
proved that a group with finite asymptotic dimension satisfies the higher Novikov signature
conjecture (see [2]). In 2000, N. Higson and J. Roe proved that metric space with bounded ge-
ometry and finite asymptotic dimension has property A (see [3]). There is a large class of groups
with finite asymptotic dimension, such as finite generated commutative groups, finite rank free
groups, Gromov hyperbolic groups and so on. In [4], A. Dranishnikov introduced asymptotic
property C which is a natural extension of asymptotic dimension. To classify the metric spaces
with infinite asymptotic dimension, T. Radul defined the transfinite asymptotic dimension
(trasdim) and found that asymptotic property C' can be characterized by transfinite asymptot-
ic dimension. i.e., a metric space X has asymptotic property C if and only if trasdim(X) < oo
(see [5]). There are examples of metric spaces with trasdim= oo, and with trasdim= w as well,
where w is the smallest infinite ordinal number (see [5]). In [6], we constructed a metric space
X with trasdim(X) = w+ 1 which is the first example we found out with transfinite asymptotic
dimension greater than w. By the technique developed in [6], we constructed metric space
X4k with trasdim(X,+x) = w + k in [7], which generalized the results in [6]. In this paper,
we construct a metric space Xo, 11 with coasdim(Xa,,41) =trasdim(Xa,11) = 2w + 1.

This paper is organized as follows: In Section 2, we recall some definitions and properties of
transfinite asymptotic dimension and complementary-finite asymptotic dimension. In Section
3, we construct a concrete metric space X441, whose transfinite asymptotic dimension and
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complementary-finite asymptotic dimension are both 2w + 1, where w is the smallest infinite
ordinal number.

2 Preliminaries

Let (X, d) be a metric space and U,V C X,
diam U = sup{d(z,y) | z,y € U} and d(U,V)=inf{d(z,y) |z € UyecV}.
Let R > 0 and U be a family of subsets of X. U is said to be R-bounded if
diam U = sup{diam U | U € U} < R.
In this case, U is said to be uniformly bounded. Let r > 0, a family U is said to be r-disjoint if
d(U, V) >r forevery UV €U with U # V.

In this paper, we denote | J{U | U € U} by JU, denote {U | U €Uy or U € Uz} by Uy Uls
and denote {Ns(U) | U € U} by Ns(U) for some § > 0. Letting A be a subset of X, we denote
{z € X |d(z,A) < e} by N(A) for some ¢ > 0.

Definition 2.1 (see [8]) The asymptotic dimension of a metric space X does not exceed n
(denoted by asdim(X) < n) which means if there exvists n € N, such that for every r > 0, there
exists a sequence of uniformly bounded families {U;}1_ of subsets of X such that \|J U; covers

i=0
X and each U; is r-disjoint for i =0,1,---  n. In this case, we say that X has finite asymptotic

dimension.

In [5], T. Radul generalized asymptotic dimension of a metric space X to transfinite asymp-
totic dimension denoted by trasdim(X).

Definition 2.2 (see [5]) Let FinN denote the collection of all finite, nonempty subsets of
N, and let M C FinN. For o € {0} |JFinN, let

M? ={r €FinN|7Uo € M and T No = (}.

Let M be the abbreviation for M1% for a € N. Define the ordinal number OrdM inductively
as follows:

OrdM =0& M = 0.
OrdM < a <V a €N, there exists § < «, such that OrdM* < .
OrdM = a < OrdM < « and OrdM < (8 is not true for any 8 < a.

OrdM = oo & OrdM < « is not true for any ordinal number .

Lemma 2.1 (see [9]) Let M C FinN and k € N, OrdM < w+k if and only if OrdM™ < w
for every T € FinN with |7| = k + 1.

Definition 2.3 (see [5]) Given a metric space X, define the following collection:

A(X) ={o € FinN | there are no uniformly bounded families U; for i € o,
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such that each U; is i-disjoint and U U; covers X }.
€0
The transfinite asymptotic dimension of X is defined as trasdim(X)=0rdA(X).

Definition 2.4 Let {Z;}32, be a sequence of subspaces of a metric space (Z,dz). Let

X = El((),... ,0,2;,0,---).
i=1

For every z,y € X, there exist unique I,k € N, x; € Z; and yx € Zk, such that © =
0,---,0,21,0,---) and y = (0,---,0,9p,0,---). Assume that | < k. Let ¢ = 0 if l = k
andc=1+({+1)+---+ (k—1) ifl < k. Define a metric on X by

d(z,y) = dz(x, y) +c.

The metric space (X,d) is said to be an asymptotic um’on of {Z;}32,, which is denoted by
as [_| Z;. And we denote as [_| Z; as a subspace of as [_| Z; for every n € N.

i=1 i=n =

For every k,n € N, let

XM = {(z1,--w0) €RY||{j | 2 ¢ 22} < k} and Xw+k—as|_|Xw+k,

n=1
where X Jr)k is considered as a subspace of the metric space (PR, dmax)-
Lemma 2.2 (see [7]) coasdim(X,+x) =w + k for every k € N.
Let V., = {(x1,--- ,2,) € (2FZ)" | |{j | ; ¢ 2"Z}| <k}, and let

o0
Yotk = as |_| w+k and Y5, = as |_| Yotk
k=1

where Y, 4 is a subspace of the metric space as | | R’ for each k € N.
j=1
Lemma 2.3 (see [7]) For every k € N, trasdim(Y,1+x) = w + k and trasdim(Ya, ) = 2w.

Definition 2.5 (see [9]) Fuvery ordinal number v can be represented as v = A(y) + n(v),
where X(7y) is the limit ordinal or 0 and n(y) € N. Letting X be a metric space, we define the
complementary-finite asymptotic dimension of X (coasdim(X)) inductively as follows:

e coasdim(X) = -1 & X = 0.

e coasdim(X) < A(v) + n(y) & for every r > 0, there exist 7" dz’sjoint uniformly bounded

families Uy, - -+ Uy~ of subsets of X such that coasdim (X \ |J U Z/{) < ().

° coasdim(X) =~ < coasdim(X) < v and coasdim(X) £ 3 for every 3 < 7.

e coasdim(X) = co & coasdim(X) & v for every ordinal .
X is said to have complementary-finite asymptotic dimension if coasdim(X) < v for some
ordinal number .

Lemma 2.4 (see [9]) Let X be a metric space with X1, X € X. Then

coasdim(X; U X2) < max{coasdim(X1), coasdim(X2)}.
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Lemma 2.5 (see [10]) Letting X be a metric space, if X has complementary-finite asymp-

totic dimension, then trasdim(X) < coasdim(X).

3 Main Result

Let

X((pla 7pn)7(q17 7qn))
g i k-1
= {(xl)ill € (@nz)y= | i ¢ 2772} < qu for every k = 2,3, - },
Jj=1

where (p1,---,pn), (@1, 1q2) € N" and p1 < --- < p,. Then YW, = X((k,n), (k,n — k))
when n > k. Since for every k € N,

trasdlm(a |_| w+k) = trasdim(as |_| Y“Ei)k) = trasdim(Y41) = w + £,

n=1
We have
trasdim (as JC:|1 (as n|:|]~C X((k,n), (k,n— k)))) = trasdim (as JC:|1 (as n|:|k Yugi)k)) < 2w

is not true. -
Since as | | (as || X((k,n),(k,n—k))) C Ya, and trasdim(Ya,) = 2w, we get

k=1 n=~k
trasdim(as |_| (as |_| X((k,n), (k,n— k)))) = 2w.
k=1 n=k
Now we prove that trasdim (as |O_O| (as a X((0,k,n), (1,k,n—k)))) =2w+1.
k=1 n=~k

Lemma 3.1 For every r € N, there are r-disjoint uniformly bounded families Uy and U,

such that Uy UU, covers as |O_O] (as [_| X((0,k), (1,n))).

k=2r n=~k
Proof Forevery r € N, k,ne€ Nand k> 2r, n > k. Let Vék) = {[i2% —r,i2k + 7] | i € Z}.
o If [@} = 2m, then let
(k) ok .ok . . . o
VY ={l2" 4+ 25ri2" + 2+ D] |i € Z,j=1,2,--- ,m — 1}
U {[i2% + 2mr, (i + 1)2% — 1] | i € Z},
VP = {[i2% + (2 — V)ryi2k + 2jr] | i € Z,5 = 1,2,--- ,m}.

o If [@} =2m + 1, then let

V(k) = {[i2¥ +2jr,i2" + (25 + V)] | i € Z,5 = 1,2,--- ,m},
(k) = {[i2¥ + (25 — V)r,i2% +2jr] | i € Z,5 =1,2,--- ,m}
U{[12k+2mr—|—r, (i+1)2k—r] |ieZ}.
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Note that V(k) U Vl(k) V(k) are r-disjoint, 2r-bounded and V(k) U V{k) U Vék) covers R. Let

i = {(TT ) nx(o.m. v ),

i=1
n+1

:{H{z niy x Vix ] 2"idni e 2,v; e vV j=1,2,3,- - 7n+1},
i=j+1
J— n+1

WQ(? = {H{anz} x Vi x H {anz}‘nl €LV, e V(k) j=1,2,3 - ,n—|—1}.
i=1 i=j+1

It is easy to see that Wz(z) are r-disjoint and 2r-bounded for ¢ = 0,1, 2. Let
Ok —W UWlk’ ulk —W

Then Z/{é)r;) and Z/ll(? are r-disjoint and 2r-bounded families.
For every x € X((0,k), (1,n)), without loss of generality, we assume that z = (21, -+ ,2,) €

Z x 287 x - x 2F7. Then x; € 2FZ for i = 2,3,--- ,n and z; is in one of the following cases.
o x; € [2F — 7 2Fi 4 7] for some i € 7Z, it is easy to see that x € UWé’;C)

ez €V for some V € V:fk), it is easy to see that x € UW{’Q

ez €V for some V € Vék), it is easy to see that x € UWQ%)

So Z/{é?g UL{I(TL) covers X ((0,k),(1,n)). Let

Uo = \Jugy). thae=Jum

n>k n>k

Since for every n,m > k and n # m,

d(X((0,k),(1,n)), X((0,k),(1,m))) >k >r,

Uo.k, U1, are r-disjoint and 2r-bounded families such that Uy , U U i, covers as |_] X((0,k), (1,n)).

n=k

Similarly, Let Uy = | Upk and Uy = |J Ui k. Since for every k, k' > 2r and k + k'
k>2r k>2r

X((0, k), (1,n))) > 9% >

—

d(as |j X((0,k), (1,n)), as

n=~k n

k}’

Uy, U, are r-disjoint and 2r-bounded families such that Uy U, covers

as D (as D X((0,k), (1,n)))

k=2r n=~k

Proposition 3.1 Let
X =as D (as D X((0,k,n), (1,k,n— k)))

Then coasdim(X) < 2w + 1.
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Proof Since for k <n, X((0,k,n), (1, k,n—k)) C X((0,k),(1,n)) and by Lemma 3.1, for
any r € N, there are r-disjoint uniformly bounded families Uy and U; such that

U(Uo Uly) = as |_| (as UX((O,k,n),(l,k,n—k))).
k=2r n==k

Note that

as | | X((0,k,n), (1, k,n— k) € Xerpr =as | | X000

n=~k n=1
Then by Lemma 2.2 and Lemma 2.4,

2r—1 o
coasdim (as ,!:ll (as n:kX((O, k,n), (1, k,n— k))))
2r—1

< coasdim(as |_| Xw+k+1)
k=1

< coasdim(X,42,) = w + 2r < 2w.

i.e., coasdim(X\ (| U}ZO U;)) < 2w. Therefore,

coasdim(as D (as D X((0,k,n), (1, k,n— k)))) <2w+1.

k=1 n==k

Proposition 3.2 trasdim(as || (as [ | X((0,k,n),(1,k,n—k)))) < 2w+ 1.
k=1 n=k

Proof It can be obtained easily by Lemma 2.5 and Proposition 3.1.

Definition 3.1 (see [11]) Let X be a metric space and let A, B be a pair of disjoint subsets
of X. We say that a subset L C X is a partition of X between A and B, if there exist open
sets U, W C X satisfying the following conditions

AcUBCW and X=UULUW.

Definition 3.2 (see [7]) Let X be a metric space and let A, B be a pair of disjoint subsets
of X. For any € > 0, we say that a subset L C X is an e-partition of X between A and B, if
there exist open sets U, W C X satisfying the following conditions

ACU, BCW, X=UULUW, dL,A) >e dL,B)>e.

Clearly, an e-partition L of X between A and B is a partition of X between A and B.

Lemma 3.2 (see [7]) Let Lo = [0, B]" for some B >0, F;", F[" be the pairs of opposite
faces of Lo, where i = 1,2,--+- ,n and let 0 < € < %B. For k = 1,2,--- n, let Uy be an
e-disjoint and %B—bounded family of subsets of [0, B]™. Then there exists an e-partition Lji1
of Ly between F/j+1 N Ly and Fy | N Lk, such that Liy1 C Ly N (UUk+1)¢ and Ly C Ly, for
k=0,1,2,--- ,n—1.
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Proof For every k € {1,---,n}, let Ay, = {U € Uy, | d(U, F;") < 2¢} and By = {U € Uy |
d(U, F;7) > 2¢}. Clearly, Ay, U By, = Uy,. Let

Ap = {N=(U) : U € Ay},
By = J{N:(U) : U € By}
Then d(Ay, Fy, ) > B— 1B —2¢ — £ > 3¢ and d(By, F}|) > 2¢ — £ > 3e. It follows that
(A U N3 (F) N (B U Ny (F7)) = 0.
Let

Lt = Li\ (Aesr UN3 (Fy1) U (Bist UN5 (Fiy )

for k=0,1,2,--- ,n — 1. Therefore,
Lt = Lic \ (Ap+1 U N1 (F51)) U (Bt U N3 (Fiyy ) C Lie
And Ly is an e-partition of Ly between F,chl N Ly and F,_ | N Ly such that Ly C L N

(Ulks1)e

Lemma 3.3 (see [11, Lemma 1.8.19]) Let F;" and F,” be the pairs of opposite faces of
™ = [0,1]", where i € {1,--- ,n}. IfI™ = Lo D Ly D -+ D Ly, is a decreasing sequence
of closed sets such that L; is a partition of L;_1 between L;_1 N Fi+ and L,y N F[ fori €
{1,2,--- ,n}, then L, # 0.

Proposition 3.3 Let

X =as |_| (as |_| X((0,k,n), (1,k,n— k)))
k=1 n=k

Then trasdim(X) < 2w is not true.

Proof Suppose that trasdim(as |_| (as |_| X((0,k,n),(1,k,n — k)))) < 2w. Then for

every a € N, OrdA(X)* < w + m for some m = m( ) € N. By Lemma 2.1, for every 7 € FinN
satisfying a ¢ 7 and |7| = m + 1, OrdA(X){9}"" < n for some n = n(a,7) > 1. Then for any
o € FinN with o] =n+1and ({a} Ur)No =0, {a}UTUo ¢ A(X). Let

r={a+2"3 a+ 2" 41, a+2"3 £ m}

and

o={a+2""" M Lma+ 2 L1, a4 2T L 4on)
Then there are a-disjoint B-bounded family U, (a+2™%3)-disjoint B-bounded families Vl, Vi1
and (a 4 2m+" T4 4+ m)-disjoint B-bounded families Wy, --- , W, 11, such that ¢ U ( U Vi )

i=1
n+1 m+1 n+1
( U W) covers X for some B > 2mT"+ 4 g 4 m. It follows that 4/ U ( |J Vi) U ( U )
~ = pa
covers

X((0,m+1,m+n+2)(1,m+1,n+1))N[0,6B" "3,
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We assume that p = ng—liu € N. Take a bijection
djl {172’ ’pm+n+3}_>{071’27.” ’p_l}m+n+3’

and let
m—+n+3

Q(t) — H [2m+n+21/)(t)j’ 2m+n+2(1/)(t)j + 1)]7
j=1
where 1(t); is the jth coordinate of 1 (t).

Let Q=1{Q(t) |t € {1,2,---,p™*"3}}, then [0,6B]™+" 3 = |J Q.
QeQ
Let Lo = [0,6B]™t"*3. By Lemma 3.2, since Nomin+2 (W) is (a+m+2m+"+3)-disjoint and

(2m+7+3 1 B)-bounded, there exists a (a +m + 2™F"+3)-partition L; of [0,6B8]"+ "3 between
Fit and F| such that

L c (UN2m+n+2 (Wl)) N[0, 6B]m+"+3,
d(Ly, Fy/7) > (a+m + 2m+n+3),

Let M1 ={Q € Q| QNLy # (0} and My = |JM;. Since Ly is a (a+m+2™"3)_partition
of [0,6B]™*"+3 between F;™ and F;, M, is a partition of [0, 6B]™"*3 between F;" and F; .
ie., [0,6B]™T" 3 = M; U A; U By such that A;, By are open in [0,6B]™+"3 and Ay, B;
contain two opposite facets F~, F;" respectively. Let

Lll - m+n+2M1 = U{am+n+2Q | Q S M1}7

where 9y, 4542Q is the set of (m+mn+2)-skeleton of Q. Then [0,6B]™+ "3\ (L] LU A; LUBy) is the
union of some disjoint open (m + n + 3)-dimensional cubes with length of edge being 2m+n+2,
So LY is a partition of [0,6B]™+"+3 between Fj" and Fy, and L] ¢ (UWi) N[0, 6B]m "+,

Similarly, by Lemma 3.2, there exists a (a+m+2m"+3)-partition Ly of L} between Lj N F,
and L] N F5 such that

Ly C (UN2m+n+2 (W2))c NnL.

Let My = {Q € M1 | QNLy # 0} and My = |J M. Since Ly is a (a+m~+2"+"3) partition of
L’ between L) NFy" and LiNF, , MaN LY is a partition of L} between LiNF," and LiNF; | i.e.,
L} = (MyNL})UAs By such that As, By are open in L} and As, By contain two opposite facets
LiNFy, Ly NFy respectively. Let Ly = L) N (i1 Ma) = LY N (U{Om4n1Q | Q € M2}),
then L \ (L4 U Ao U Bs) is the union of some disjoint open (m +n + 2)-dimensional cubes with
length of edge = 2™+ +2. So L}, is also a partition of L} between L} N F;f and L} N F; and
Ly < (Ui UW,)) N[0, 6B]m+n+3,

After n + 1 steps above, we obtain a partition L/, of L/, between L/, N F,f,; and L], N
F, ;such that

n

Ly C (U(Wl u---u VVn+1))C n[0,6B]m*"+

and L/, is m + 2-skeleton. Note that L/, C {(z;)/5"" € [0,6B]™"+3 | |{j | 2; ¢
gmn 274 | < 4 2}

By Lemma 3.2 and since Nom+1(Vy) is (a + 2™72)-disjoint and (22 + B)-bounded, there
exists a (a + 2™*2)-partition L, 1o of L/, between L], ., NF,/,, and L/, ., N F,,, such that
Ln+2 C (UN2771+1 (Vl)) ﬂL;H_l
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Similarly to Lo, L, ; can be represented as the union of (m + 2)-dimensional cubes with
length of edges being 2+, Let Q' be a family of (m + 2)-dimensional cubes above with length
of edges being 2™+, Let

Mo ={Q € Q | Q' NLyt2 #0} and Mo = UMn+2'

Since Ly42 is a (a + 2™72)-partition of L], ; between L), N F.,", and L, . N F, o, Myi2 N
L! ., is a partition of L) | between L/, N F ., and L, ;N F, 5, ie, L, 1 = (Mp42 N
L;, 1)U A, U B, o such that A, 4o, By are open in L), and A, 42, B, 42 contain two
opposite facets LI, .1 NF,",, L!, .1 NF, ,, respectively. Let L], 5 = L! 1 N (Om+1Mp42). Then

na1 \ (L7, o U Apio U Byyo) is the union of some disjoint open (m + 2)-dimensional cubes
Wlth length of edge being 2!, So L! ., is a partition of L], ,, between L/, N F,", and
L, NF,  yand L, C(V1)°N L.

After m + 1 steps above, we have L] . ., to be a partition of L] ., | between L] .1 N

+ / -
Fm+n+2 and Lm+n+1 N Fm+n+2
Since

Lopsn © {(@)im+3 € ROEm4H3 | (] 2y ¢ 27+22)| < m+ 2 and |{j | ; ¢ 27112} < 1),
we have
m+1 ¢ n+1 .
L;l+m+2 C (U U Vz) N (U U W])
i=1 j=1
X((0,m+1,m+n+2)(1,m+1,n+1))N[0,6B" "3,

By Lemma 3.2 and U is a-disjoint and B-bounded, there exists a partition L,4,+3 of
L\ o such that Ly iz C (UU) N L, 40 Then

c m—+1 ¢ n+1 c
Ln+m+3§(UZ/{) ﬂ(UUVZ) Q(UUWJ)
=1 j=1
NX((0,m+1,m+n+2),(1,m+1n+1)N[0,6B"+*+ =,

which is a contradiction to Lemma 3.3.

Proposition 3.4 Let

= as |j (as |j X((0,k,n), (1, k,n — k:))).
k=1 n==k

Then coasdim(X) < 2w is not true.
Proof By Lemma 2.5 and Proposition 3.3, coasdim(X) < 2w is not true.
Proposition 3.5 Let

X = as |j (as |j X((0,k,n), (1, k,n — k:))).

k=1 n==k

Then coasdim(X) = trasdim(X) = 2w + 1.

Proof By Proposition 3.1 and Proposition 3.4, coasdim(X) = 2w + 1. Moreover, by
Proposition 3.2 and Proposition 3.3, trasdim(X) = 2w + 1.
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