fzh(g ;3;3 et Ser B Chinese Annals of
DOT: 10.1007/s11401-021-0268-3 Mathematics, Series B
© The Editorial Office of CAM and
Springer-Verlag Berlin Heidelberg 2021

Weighted Estimates of Variable Kernel Fractional Integral
and Its Commutators on Vanishing Generalized Morrey
Spaces with Variable Exponent*

Xukui SHAO! Shuangping TAO?

Abstract In this paper, the authors obtain the boundedness of the fractional integral
operators with variable kernels on the variable exponent generalized weighted Morrey s-
paces and the variable exponent vanishing generalized weighted Morrey spaces. And the
corresponding commutators generated by BMO function are also considered.

Keywords Fractional integral, Commutator, Variable kernel, Vanishing generalized

weighted Morrey space with variable exponent, BMO space
2000 MR Subject Classification 42B20, 42B25, 42B35

1 Introduction and Main Results

Let Q(z,2') € L®(R") x LY(S" 1) (1 < d < o) satisfying

1
||Q||Loo(Rn)><Ld(Sn—l) = Ssup (/ | Q(IE,ZI) |d dZI) ! < 00; (11)
zeRn N\ Jgn-1
Qz,12) = Qz, 2), / Qz,2)dz’ =0 for any z,2 € R™, 1 >0, (1.2)
Sn—1

where S"~! = {z € R" : |z| = 1} equipped with Lebesgue measure dz’. For 0 < o < n and
d > 1, the fractional integral operator with variable kernel is defined by
Tool)@) = [ HEEZW s (1)
R |7 — ]

In 1955, Calderén and Zygmund [1] investigated the L? boundedness of the singular integral
operator with variable kernels. They found that these operators Tq, are closely related to the
problem about the second order linear elliptic equations with variable coefficients. They proved

the following result.

Theorem A (see [1]) Suppose that Q(z,2") € L>(R") x L(S"71) (d > @) satisfies
(1.1)=(1.2). Then there exists a constant C > 0 independent of f such that

[Taflle < Cllfl e
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In 1971, Muckenhoupt and Wheeden [2] gave the (LP, L?) boundedness of Tq 4.

Theorem B (see [2]) Let0 <a<n, 1 <p<2Zand % = % &, Suppose that Q(x, z) €
L>(R™) x LY(S"~1) with s > p'. Then there exists a constant C' > 0 independent of f such
that

I To.afllLe < C|lfllze-

Suppose that b € Ljo.(R™), the corresponding m-order commutator generated by b and Tq o
is defined by

1) = | UL =9 42y b)) f )y (1.4)

n—o
re |z — Y

As it is known, in the last two decades there has been an increasing interest to the study
of singular integral operators with variable kernels. For instance, Ding et al. [3] obtained
the L? boundedness of Marcinkiewicz integral operators ug with variable kernels; Chen and
Ding [4] proved the LP boundedness of Littlewood-Paley operator with variable kernel; Tao and
Shao [5] proved the boundedness of Marcinkiewicz integral operator with variable kernel on the
homogeneous Morrey-Herz spaces and the weak homogeneous Morrey-Herz spaces. Wang [6]
proved the boundedness properties of singular integral operators Tq, fractional integral T o
and parametric Marcinkiewicz integral pf, with variable kernels on the Hardy spaces H?(R™)
and weak Hardy spaces W HP?(R™). Recently, Shao and Tao [7] obtained the boundedness of the
fractional integral operators with variable kernels and its commutators on the variable exponent
weak Morrey spaces as the infmum of exponent function p(-) equals 1. For further details on
recent developments on this field, we refer the readers to [8-11].

After Kovacik and Rékosnik [12] introduced the spaces LP(*) and W#P(#) in high dimensional
Euclidean spaces, many mathematicians have been involved in this field. The theory of function
spaces with variable exponent has made great progress during the past 20 years. Due to their
applications to PDE with nonstandard growth conditions and so on, we may refer to [13-16].

On the other hand, variable exponent Morrey spaces were introduced and studied in [17-18]
in the Euclidean setting. Morrey type spaces have attracted considerable attention in recent
years because the interesting norm includes explicitly both local and global information of the
function. The authors of [19] established the boundedness of fractional integrals and oscillatory
fractional integrals and their commutators on some generalized weighted Morrey spaces. Ho [20]
gave some sufficient conditions for the boundedness of fractional integral operators and singular
integral operators in Morrey space with variable exponent M,,.) ., and he also obtained the
weak type estimates of fractional integral operators on Morrey space with variable exponent (see
[21]). In [22], Tao and Li proved the boundedness of Marcinkiewicz integral and its commutators
on Morrey space with variable exponent. Guliyev [23] et al. obtained the boundedness of Riesz
potential in the vanishing generalized weighted Morrey spaces with variable exponent. Long and
Han [24] considered the boundedness of maximal operators, potential operators and singular
integral operators on the vanishing generalized Morrey space with variable exponent.
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Inspired by the statements above, in this paper, we continue to develop the results from
[23-24]. The boundedness of the fractional integral operators with variable kernels and their
commutators on the variable exponent generalized weighted Morrey spaces and the vanishing
generalized weighted Morrey spaces with variable exponent were considered, where the smooth-
ness condition on §2 has been removed.

Before stating the main results of this article, we first recall some necessary definitions and
notations.

For any x € R™ and r > 0, let B(x,r) ={z € R": |z — x| < r}. |E| denotes the Lebesgue
measure of £ C R” and y g denotes its characteristic function.

Define P(R™) to be the set of p(-) : R — (1, 00) such that

1<p_:=ess inf p(x), py:=esssup p(r)< oco.
zER™ zERP
Let p(-) € P(R"). The Lebesgue space with variable exponent LP()(R™) consists of all
Lebesgue measurable functions f satisfying

. z)|[\ (=)
£l oo ey = 1nf{77 >0: / (@) de < 1} < . (1.5)
It is easy to know that LP()(R™) becomes a Banach function space when equipped with the
Luxemburg-Nakano norm above.

Let f € L (R™). The Hardy-Littlewood maximal operator is defined by

loc

1
MI@) =S BT Ly @1

Given a measurable function b, the maximal commutator is defined by

1
A@ﬂwzamﬁajﬂé@ﬂww—mmwwmm

r>0

For 0 < « < n, fractional maximal operator with variable kernel is defined as

1
Mg f(z) =sup ———=
Q, f( ) T>18 |B(x,7‘)|1_7

[ o=l
B(z,r)

It is easy to see when Q(z,y) = 1, Mg o is just the fractional maximal operator

1
M, f(x) = sup B /B(M) |f(y)|dy.

The sharp maximal function is defined by

1
M f(z zsupi/ — fB(z.m|dy,
f( ) e |B(£L’,T‘)| B(z,r)|f(y) fB( , )| Y

where fB(m,r) = m fB(m,r) f(y)dy
Let B(R™) denote the set of p(-) € P(R™) which satisfies the following conditions

Ip(z) —p(y)| < <

= “Toglle — o)’ o)

N =

lz —y|l <
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and
C

[ R™. 1.7
R CET 7

Ip(z) — p(o0)
It is proved that the Hardy-Littlewood maximal operater M is bounded on Lp(')(R”) as
p(-) € B(R™) in [25].

Remark 1.1 For any p(-) € B(R™) and A > 1, by Jensen’s inequality, we have Ap(-) €
B(R™). See [26, Remark 2.13].

We say an order pair of variable exponents function (p(-),q(-)) € B*(R"™), if p(-) € P(R™),
O<a< ﬁ and

1 1 «Q
JT-)_WZE (1.8)

with 40(0=e) ¢ g(Rn),
Definition 1.1 The space BMO(R") consists of all functions f € Li _(R™) such that

loc

1
fllBMo = sup 7/ f(@) = fBemlde < oo,
H H z€R™, >0 |B($3T)| B(m,r)| ( ) B )|

where fpzr) = Wlw)\ fB(I,T) f(y)dy.

Definition 1.2 Define the BMO,.y ,(R™) space as the set of all functions f € L (R™)
such that

H(f - fB(z.,r))XB(r,r)HLZ(J(Rn)

[fllBmO, ()., = sup
z€R™,r>0 HXB(z,r)HLﬂ(-)(Rn)

Remark 1.2 Let p(-) € B(R") and w be a Lebesgue measurable function. If w € A,)(R"),

then the norms || - ||Bmo and || - [[pmo are mutually equivalent (see [27]).

p(-),w

Definition 1.3 (see [28]) Let w be a positive, locally integrable function. We say that a
weight function w belongs to the class Ap.)(R™) if

1 _
sup _”XB(gc,r)wHLp(-) ||XB(m,r)w 1HLZD/(') < 00 (19)
5 |B|
A weight function w belongs to the class A,y o) (R™) if
RTINS _
Sl;plBIP(’) T X B @yl o) | XB@ryw ™ | o) < o0 (1.10)

Remark 1.3 Let w € Ap() () (R™). Then w™ € Ay .y gy (R™) (see [23]).

Definition 1.4 (see [23]) Let A(-) : R™ — (0,n) be a measurable function, p(-) € P(R™).
The Morrey space with variable exponents LPO)AC)(R™) and weighted Morrey space with variable
exponents EZ(')’A(')(R”) are defined by

PO (R = { £ - -8
L R™) = f M fllererner sup 7 @ || X gz fllLee) <00,

z€R™ r>0

YAC) (o _@
LEOA(R?) = {fﬁ [fllgzeraer = sup ¥ |Ixpam fll oo gny < OO}-
w zER™,r>0 w
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Throughout this paper, u(z, ), ui(x,r) and us(x,r) are non-negative measurable functions
on R™ x (0, 00).

Definition 1.5 (see [23]) Let p(:) € P(R™) and u(z,r) : R™ x (0,00) — (0,00). The vari-
able exponent generalized Morrey space MPC)(R™) and variable exponent generalized weighted
Morrey space Mfy(')M(R”) are defined by

1

MPO = { : yu = Su S y < oo},

f ||f||MP( ) rGR",I3“>O U(ZIJ, T)THP(LT) HXB(w,r)f”LP( )

1
MBI = {f: fllpperw = sup XB(z,r) [l o) < OO},
w || ”Mi 2ERP 150 u(xvr)”XB(wﬂ‘)Hqu(') H (x,r) ”Lﬁ
PR -
where O,(z, 1) =
p(’;o), r > 1.
A(x)
~0»(=.1)+255 | then the variable expo-

Remark 1.4 According to Definition 1.4, if u(z,r) = r
nent generalized Morrey space MP():%(R™) is exactly the Morrey space with variable exponent
LPOAC)(R™),

Definition 1.6 (see [23]) Let uy(z,7) : R™ x (0,00) — (0,00). The vanishing generalized
weighted Morrey space with variable exponent VMZ(')’U(R”) is defined as the space of functions
fe ./\/lfu(')M(R") such that

1

b o =0.
r0weRrn ul(x’T)HXB(f,r)wHLp(-) HXB(LT)f”Lﬂ

In this paper we assume that

1
lim sup — =0
70 yeRn wlélﬂ{ﬂ w(@, ) XB @l o

and

1
sup — >0,
0<r<oo wlenﬂgn ’U,(CL', T)”XB(r,r) ”Lﬂ(')

which make the spaces VME ™ (R™) non-trivial,
The main results of this paper are stated as follows.

Theorem 1.1 Suppose that Q(z,z) satisfies (1.1)—(1.2). Let 0 < a < n, p(-) € B(R"),

Py <%, ﬁ) - ﬁ =2 Ifw e Apyq)(R"), ur(x,t) and uz(z,t) satisfy the condition

o ess inf ul(xvr)”XB(wﬂ‘)”LP(') d
/ s<reoe Y2 < Cugla,t). (1.11)
t ||XB(r,S)HLZ}(-) S

Then there exists a constant C > 0 such that for any f € MEL) (R™),

HTQ7af||M;1U(')v“2 (R™) < CHfHMﬁ}(')*ul(Rn)'
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Theorem 1.2 Suppose that Q(x, z) satisfies (1.1)—(1.2). Let b € BMOR"), 0 < a < m,

p(:) € BR"), py < Z, ﬁ) - ﬁ =2 Ifwe Apy o (R"), ui(z,t) and uz(x,t) satisfy the

condition

oo ess inf m(xﬂ’)HXB(z-,r)HLp(')
/ (14m2)—=r== 05 Cug(at). (1.12)
. t HXB(z.,s)HLgUU §

Then there exists a constant C > 0 such that for any f € MBS (R™),
HTEZY,IOL,bf”MZ}(')v“2 (Rn) < CHfHMﬁ}(')vul (Rn)*

Theorem 1.3 Suppose that Q(z,z) satisfies (1.1)=(1.2). Let 0 < a < n, p(-) € B(R"™),

Py <%, ﬁ) - ﬁ =2 Ifw e Apyq)(R™), ur(x,t) and uz(z,t) satisfy the condition

o ess inf ul(x,r)||xB(w7r)||Lp(,) q
/ ssree S (1.13)
0 HXB(m,s)”L?u(') §

for any 19 > 0, and

oo ess inf ui(z,r)IXBG,nll 0 g
/ ssrecc v 2 < Cugla,t). (1.14)
t ||XB(r,S)HLZ}(-) S

Then there exists a constant C > 0 such that for any f € VMED (R™),

||TQ-,06f||VM‘lIU(')’“2 (R™) < OHfHVMfU('Jv“I (Rm)"

Theorem 1.4 Suppose that Q(x, z) satisfies (1.1)—(1.2). Let b € BMOR"), 0 < a < m,
p(-) € BR"), py < 2, Wl.) - ﬁ =& Ifwe Ay (R"), ui(z,t) and uz(x,t) satisfy the

n
condition

(oo} 3 3 f .
/ (14 ess_inf w (@ n)lxp@nlligo as

= <o (1.15)
3 ||XB(w7s)HL‘11U('> §
for any K > 0, and
oo ess inf Ul(xaT)HXB(z.,r)HLPH d
/ (1 + 1nf) sSSrece R Cug(z,t). (1.16)
t 13 HXB(z.,s)HLZ}(-) S

Then there exists a constant C > 0 such that for any f € V./\/lﬁ,(')’ul(R"),

HTEZY,IOL,beVMZ}(')’“2 (R™) < CHfHVMﬁ/('%“l (R™)”
Throughout this paper, the letter C' stands for a positive constant that is independent of
the essential variables and not necessarily the same one in each occurrence.
2 Preliminaries Lemmas

In this section we shall give some lemmas which will be used in the proofs of our main
theorems.
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Lemma 2.1 (see [12]) (Generalized Holder Inequality) Let g(-) : R® — [1,00). If [ €
LIO(R™) and g € LY O(R™), then f,g are integrable on R™ and

/ [f(@)g(y)ldz < rollfllLacr @) ll9ll Lo gn)s

— 1 1
where rg =1+ 7= — ==
Lemma 2.2 Suppose that p(-) € B(R"), 0 < o < n, ﬁ - ﬁ = 2 and py < Z,

w € Ap(),q()(R™). Then there exists a constant C > 0 such that for any f € Lﬁ(')(R"),

”MafHL?U(‘)(R") < CHfHLﬁ}()(Rn)

By applying the similar method with the proof of [29], we can obtain the above result, the
details are omitted here.

Lemma 2.3 (see [7]) Suppose that 0 < 6 < min{o,n — a}, x € R". Then
To0f(@)] < Cn. 0, 6)Ma,a—o f ()] Ma,arof (2]

Lemma 2.4 Let p(-) € B(R"), 0 < a < n, p(m) (11) =S andpy < %, w € Ay q)(R™).

If Q(x,z) satisfies (1.1)=(1.2), then there exists a constant C' > 0 such that for any f €
L ®™),
IMa,afll a0 @ny < CNFNl o0 gnys (2.1)
||TQ,afHLZ}(')(Rn) S CHfHLﬁ,()(R") (22)

Proof We first prove (2.1). Let f € qu(')(R”). Using Holder’s inequality, we obtain

Mo (@) = sp = [ 100 — )1y
N
< — )| ) dy)”
< C]s;;[; |B|1 = / |Q(x, 2 dy) (/ y)| dy)
< C”Q”Loo(Rn)XLd(Sn 1) SBI; |B|1 ad/ / |d dy

= O||2| Lo my Lasn 1) Maa |7 (@) 7,

where % + % =1.
According to above inequality, we have

[ () e [ () % a

1
p(z

Noting that
1

~—
E
—
&
~

SO
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Then we have

{n >0:C - (%md/))q‘(; dx < 1} {n >0: /n (MQ—"‘JC)Q(w)dx < 1}.

Ui

Therefore

. Maa (|f|%)\ “# . Mo f 9@

: < > . — < .

1nf{7]>0 C’Rn( ) ) dx 1}_1nf{77>0 n( ) ) dx_l}

By Lemma 2.2, we have
N
IMe,af (@)l oo @y < ClMaa (117)) 7 wll Lt o)

< C|‘Mad/(|f|d )wd || /q -

1
7

< C|lIfI1* |17,

d
L% ®m
< Ol o gy

Now we pay attention to the proof of (2.2).
It is enough to prove that the inequality

e ()]

holds for every function f such that ||| rc)gn)y < C.

LaC) (Rm) OHfHLP(~)(Rn)

Fix a 6 with 0 < 6 < min{a,n — «} satisfying 1 + %q+ < 2. Define r(x) = ﬁ Thus,
we have ’
1 1 a—10 1 1 a+0
- - - - __ - . 2.3
p() T()Q‘Z() n ’ p() T/(';‘Z(') n ( )
By Lemmas 2.1 and 2.3, it has
f(@)y 1) Fl@)\ Fl@\
AT < SN SN
ey A CEC | e L

<o Maa-s (K] 7
o T R R

Without loss of generality, we may assume that the infimum is taken over values of 7 greater
than 1. Since n > 1 and x € R", nqm > 17‘1+ we have

= L @ T z)r(x
/ (2 Blaoa B2 )= | (oo (BN =552,
n T] n 2

nq(z)
M o f(z) q(x)r(x)
S/ (—w[ & 20( = )]) * da.

N+



Weighted Estimates of Variable Kernel Fractional Integral 459

Therefore, by (2.1) and (2.3), we can obtain

qu(;) [MQ’O‘_G (%x))} L@ (R7) = Hw|:MQ7a—9 (%x))} ‘ L

Similarly, we have

a(x)
2

wep e b < O fll o (my-

(z) x (z) ’ x o)r! (x
/ w*E [Mo,apo (£2)] 5 \ (@) WMo, qp0(LE))] | 42572
( ) dx = (—2 dx
n n N e
M osp (L] 22’ )
S/ (w[ 2, +29( m )]) =
n ng
So it follows from (2.1) and (2.3) that
atz) f@)\1 f(x)
o' Moaso (K)o, < Moo (K] . < O larionany

Thus

x q(x)
'LUTQQ(%)‘ dz < C| | Lre (mny-

/.

Lemma 2.5 (see [30]) Let vi,v2 and w be weights on (0,00) and v1(t) be bounded outside

a neighborhood of the origin. The inequality

sup v2(t) Hwg(t) < supwi(t)g(t)
t>0 t>0

holds for some C' > 0 and all non-negative and non-decreasing g if and only if

supvg(t)/ _ @ls)ds < 00,
t

>0 sup v1(o)
s<o<oo

where Hog(t) = [ g(s)w(s)ds.
Lemma 2.6 (see [31]) Let p(-) € B(R") and w € Ay)(R™). Then there exists a constant
C > 0 independent of f such that

11l 0> < CIMFFI| o

Lemma 2.7 Suppose that Q(x,z) satisfies (1.1)—(1.2). If 1 < s1,82 < 00, b € BMO(R"),
then there exists a constant C' > 0 independent of [ such that, for any f € LP(R™),

M [T, 00 f ()] < Cllbllaao (M T, f(@)[*) 7 + (Mayalf()]*2)%].

With the similar argument in the proof of [32, Lemmas 2.4.1 and 3.5.1], it is easy to draw
the above conclusion.

Lemma 2.8 (see [33]) Let p(-) € B(R™). Then M : Lﬁ(')(R”) — Lﬁ(')(R") if and only if
w < Ap()(Rn)
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Lemma 2.9 Let b € BMO(R"), 0 < a < n, p(-) € B(R") with 0 < & < L. If Q(z,2)

satisfies (1.1)~(1.2), q(-) as defined in (1.8), w € Ap) 4.y, then there exists ;cggstant C>0
such that for any f € qu(')(R"),
1760 b1l Lo < CIFIl e
Proof Let f € qu(')(R"). Lemma 2.6 implies that
1T a0 < INF TR )]0

By Lemma 2.7, we have

4 sy L
IMH(T o ) aer < ClbIBao (M| T, f 1) + (Mag,| £]72)

| Lo

1 S0y =
< OblBMo (IMMI T f 1) 7 | fac) + [[(Mas, [ £1°2) 2

)

It follows from Lemmas 2.2 and 2.4 that

1
o = 1Tl < Cll Lo,

S1
L3,

L s
|(MIToaf )7 | g0 < ClliTaa fI™

1
[(Mas, | f]%2) =2 HL?j') = C”f”qu(‘)'

Thus

1780 s a0 < CIB RO z00-

Lemma 2.10 (see [23]) Let b € BMO(R™), p(-) € B(R") and w € Ay (R™). Then My is
bounded on Lﬂ(')(R"),

Lemma 2.11 (see [34]) Let v1,v2 and w be weights on (0,00) and vy be bounded outside
a neighborhood of the origin. The inequality

sup () Hg g(t) < sup i (t)g(t)
t>0 >0

holds for some C' > 0 for all non-negative and non-decreasing g if and only if

o d

supvg(t)/ (1 + 1nf) _@ls)ds < 00,

t>0 ¢ t/ sup wvi(o)
s<o<oo

where Hg(t) = [ (14 In2)g(s)w(s)ds, 0 <t < .
3 Proofs of Theorems 1.1-1.4
Proof of Theorem 1.1 Let f € Mﬂ(')’ul(R”). For any t > 0, write
f(@) = fi(x) + fa(2),
where f1 = fXB(«,2t)s f2 = [XB(x,2t), and

||XB(w7t)TQ,af(')HLZ)('> = ”XB(Lt)TQ,Otfl(')HLZ)(') + HXB(m,t)TQ,OCfQ(')”LZ}(')
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=1 + L.
For I}, Lemma 2.4 immediately implies that

||XB(w7t)TQ,afl||Lgu(') < ||TQ,af1||Lgu(') < OHXB(w,Qt)fHLfU(')a (31)

where the constant C' > 0 is independent of f.
On the other hand, by (1.9)—(1.10) we have

> ds

Sn—a+1

xpanflge = 1B xaan g0 |
2t

—a4q o dS
<|[B|™» , ||XB(z,s)f||Lﬁj('>Sn_T+1
t

o ||XB(w7s)f||qu(')
Sn—a—i—l

< Cllxsesywl o xsesw | o / ds

t

o _ ds
< Clxaeollgo [ X oo lxne o e
t

& ”XB(r,s)fHLﬁ}(') ds

”XB(LS)HL;ZU(‘) s

< Clixsiolgo [
t

Taking into account that

o ||XB(1 s)f”LF’(') ds
Ixezn /20 < Clxseol o / IXple I g0 ds. (3.2)
(w,26) ] I n (z 1)1l g ] ||XB(9U>5)||LZJ(') s
we have
o ||XB(1 s)f”LP(‘) ds
IseoTaaltl oo < Clixsenll o / DXB@ ) Toi0 ds. (3.3)
(x,t) LY (z,t) Il pal . ||XB(115)||LZ,(') s

Now turn to estimate I. Note that |z —z| < ¢, |z —y| > 2¢, and |z —y| < 2|z —y| < 3|z —y|.
By Holder’s inequality, we have

Qz,z—y
1Tq,af2| < / %Iﬂy)ldy
B(z,2t)¢ |z -yl
>~ a—n—1
<c 2=l [ s lds)ay
B(z,2t)° |z—y|

<o gomnm / 192, 2 — y)|| £ ()| dyds
2t<|z—y|<s

2t
o :

<c [ e 19z.2 — )l ol ds.
2t 2t<|z—y|<s

Defined p;(-) with o+ p,ll(v) =1, and 1(_) - qll(.) = 42 (1.10) implies that

1_da

IXB@.sw™ | o IXB@swlipao < ClB(z,s)' =5 (3-4)
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It follows from (3.4) and Lemma 2.1 that

o] 1

a—n— d
Taakl<C [ sm( ] 196z, 2 = )Idy) " Ixpe, /1 rds
2t<|2—y|<s

2t

< Ol Loo mryx La(sn-1)

o _ n_ ’ ;L o 1
></ s X B A1 w1 IXB@,sw ™ 17 ds
t

< Ol Lo mryx La(sn-1)

L)
_n — 1l _a
X/ SO 1||XB(m,s)f||Lﬁ}/p1(')||XB(115)w||L;’q1(')|B(x’S)ld/ nds
t

e _ ds
< C”QHL"O(R")de(S"*l) / ||XB($,S)f||L4/P1(‘) ”XB(E,S)w”Ldl’ql(» ?
t w

° _ ds
< C”Q”Lm(R")XLd(S"*l) / ||XB(1,S)f||L4’P1(‘) ||XB(m,s)||L;/q1(,) s .
t w w

Write p(-) = d'p1(-) and ¢(-) = d’q:1(+), we have ﬁ - ﬁ = &, Therefore

> ||XB(m,s)f||LP('> ds
IXB (.o To.afoll oy < C”XB(Lt)”L‘I(')/ _—
v w t ||XB(1’5)||LZ,(') S

From (3.3) and (3.5), we can obtain

* [XB ()l 2o ds

XB@.nloafll; ) < ClxB, <4>/— .
IxseoToafllig < Clxseolue | o o

Let

1 _
UQ(T) = U2($,T)7 Ul(r) = U 1(xvr)||XB(w7r)||

and
9(r) = Ixs@n fll g0 @) =1 xs@nl 0
Lemma 2.5 and (1.11) yield that

1

To Oy <C sup /
[Ta,afll ygacrue W @D ),

© ||XB(w7s)f||Lﬁ}(') ds

”XB(m,s) ||LZ}(-) S

IXB@0fll e

<C sup
werm,t>0 U1(Z, )X B | oo

= If1l ygprvn -

This completes the proof of Theorem 1.1.

Proof of Theorem 1.2 Let b € BMO(R"), f € MEL) (R™). As in the proof of Theorem

1.1, for any ¢t > 0, write

f(x) = fXB@2t) + [XB@2t)e = f1(x) + fa(z).
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Let us prove the following inequality:

> S ||XB(m,s)f||LP('> ds
XB , T f () S C|lb s XB , (,)/ (1—|—1D—)—w— 3.7
|| (z,t)LQ,a,b ||qu || ||BMO|| (z t)HLZ, ] t ||XB(z,s)||L;1U(-) 5 ( )
First we have that
IXB@tToa bl a0 < IXB@H TG abl1llLa0 + IXB@H TG b 2]l pao-
By Lemma 2.9, we can obtain
IXB@n T pf1ll s < ClblBmoll fill oor < CloIBMolIXB.26) fll Lo (3.8)
where C' is a constant independent of f.
From (3.5), we get
o ||XB(z,s)f||LP(') ds
xn@anfllg < Clixnaall g [ oot 2,
v v t ||XB(w7s)||L?u(') S
Then
s Tasfill g0 < CloBuolswolzo [ ool ds (3.9)
1 pae) < ©) TP T—— .
XB(z.t)La,ap 1l Lo BMO IXB ()l 4 . ||XB(I,S)||L?U(.) s

Noting that |x — z| <t, |z — z| > 2¢, we have |z — y| < 2|z — y| < 3|z — y, therefore

5 100 2=yl oy ey
T b f2] </B(m,2t)c |z — y[r—e Ib(y) — b(2)|™|f (y)|dy
Q - b —-b m - a—n—ld d
< 1 19652 =l bW [ s as)ay

<c [ (] 9z 2 — )b(y) — o "1 F(W)]dy ) ds
2t 2t<|z—y|<s

oo

L COPb(z) — by ™ /

2t

oo / 1902, 2 = )| F(»)]dy ) ds
2t<|z—y|<s
=:Ji + Js.

To estimate J;, we have

n=c[Temn(f 192z 2~ )l [bu) — bisge |17 (0)]dy ) ds
2t 2t<|z—y|<s
<[ e )~ bogew 196, 2~ )l f )]y ) ds
t B(z,s)

[ g~ baol ([ 100z = )l Fw)ldy) s
¢ B(

z,8)

=Ju +Jio.

For J;1, we can obtain by using Holder’s inequality and Lemma 2.1 that

[e%s) 1
Jir < O/ Sa_n_l(/ |Q(za2—y)|ddy)d
t 2t<|z—y|<s
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1
7

<(f b(y) — bisce, 0| 0)] ) 7 ds
2t<|z—y[<s

< OHQHLOO(RH)XLd(Snfl)

(o] _ n_ ’ ' L ! 7
X / st 1||XB(1,S)(b(') - bB(w,s))d T~ Hzlp'l(-) ||XB($73)|f|dwd | Z;’l('>ds
t

< Ol poomrmyx La(sn—1)
o0
X /t s“_"+3_1||XB(m,s)(b(') - bB(w,S))m”Ld’ﬁ’ll(') ||XB(m,s)f||Lﬁ}’P1(‘)dS
< OlblBmoll 2l Lo mryx Lacsn-1)
o0 n
o A O R Y et
t w—1 w

Noting that p(-) = d'p1(-), q(-) = d’'q1(-) and ﬁ - ﬁ = 2 we have

1
—d’”?

||XB(z,s)||Ld’p’1(z) = ||XB(m,s)w_1||Ld’P’1(~) = HXB(z,s)w L)
w

= 1 41y
< CHXB(z,s)wd ||qul/(.)|B(CL',S)|(1 Pl(')+Q1('))d’

—1 1/ 7 * %)
= C||XB(1,S)w||Ld’q1(~) |B(CL‘7 s)| d d'p1(-)  d’q1()
= Osﬁ_%HXB(IyS)H;;/lH()
It follows from the above inequality that
Ji1 < ClblIEmo I Lo (rny x La(sn—1)
o
x / s* T X B(ass) I awiolIxB@.s fIl o ds
t w—1 v
< C1blIEMmo I Loe (rryx La(sn—1)
o0 n n
X / Sa_n—i_z_ls?_aHXB(z,s)”;dl/ql(.) ||XB(m,s)f||Lfi'P1(-)dS
t w v

ds

o0
< C1blIEMmo I Loe (rryxc La(sn—1) / IXB(z,s) ||;ql<-> IXB(,9) f Il Lpe) 5
. g

For Ji2, the Holder’s inequality assures that

Jio = C/ s s - bB@’S)'m(/
f B

< Cb|Buo / /B 190G =917y

12z, 2 = )| ()l dy ) ds

(z,s)

L
7

<Cllblio [ 5[ 19— wla) ([ 1rwifa) s
t B(z,s) B(z,s)

< Ol Baoll 2l Loo (ryx La(sm-1)

oN] 1
x/ sa—n+%—1(/ F )l whw™? dy)d ds
t B(x,s)
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< OlIblIEmolIU Lo (mryx La(sn-1)

o a—n+2-—1 ds
X s K ||XB($ s) ”LT"I )”XB(Ls)fHLﬁ}’m(')?
t

ds

m > S —
< C”b”BMO”Q”L‘”(R")XLd(S"*l) / hl;”XB(m)HL;(-) ||XB(w,s)f||Li(*)?
+ w

By the estimates of J1; and Ji2, we can get

||XB » s)f”LP() ds

Ty < ClbIZ o 12 1 oo (e nf/(1+1n)—
1 161 E80 12 oo (rry x La(sm—1) ) ||XB$S)||L‘1() 5

<C’/ |Xst)f||Lp<>ds'
||Xst)||Lq<) s

Now turn to estimate Jo. By Holder’s inequality,

ngcw(z)—bB(z,t)w( / / - 190z, 2 — )17 () Iy ) ds
2t 2t<|z—y|<s

d
x / s 1( / 9z -utty) ([ 1w ay)” as
2t B(z,s) B(z,s)

<Ol oo mryxLa(sn-1y My X B(a,) (2)

1
a7

></ s“‘"*ﬁ‘l(/ F@)I” v w " dy) " ds
t B(z,s)

< Ol poorryx La(sn-1)My' X B(e,1) (2)

o ds
x / @y w7
t

PO ||XB (z s)f” d’m( )

m > S — ds
< OV xneo ) | ln;an(Ls)nL:(,)||xB<w7s>f||Liu;
t w

e ||XB(ws f”LP() ds
< CMZ“XB(z,t)(Z)/ ( +In— )W ;
t XB(z,s) LLI( ) S

where C' > 0 is the constant independent of x and t.
Combining estimates of J; and Js yields that

IXB@nToapf2ll Lo < IXB@oI1ll e + [IXB@HI2ll Lao

> |
< O||b||gMo||XB(z7t)||Lgu<-)/ (1+ln )
t

+ CIMP X0l a0 / (1+m5)
t
By Lemma 2.10, we have

IME*XB(2.6) | 2> < ClIblIEMOlIX Bl Lo

|XB(r s) f”LP() dS

”XB(ms ||Lq<> S

||XB (z s)f”LP() dS

||XB (@ s)||Lq<) 5

465



466 X. K. Shao and S. P. Tao
Hence

I m S HXB(m,s)f” LP0) ds
XB(x. 77La f2 a() S Cllb XB(x, o / (1 +1 _) [ A AT N —
H B(z,t)+ Q,a,b ||Lw ” ||BMO|| B( t)H[w \ “t ”X ( 7S)H s

This finishes the proof of (3.7).
Note that w € Ay q)- Let

1

-1 -1
’UQ(T) = u2($,7")7 ’Ul(r) =1U (va)HXB(r,r)”Lgub)

and

g(T) = HXB(ac,r)fHqu(')v w(T) = T_1||XB($7T)”£§J(-)'

Then by Lemma 2.11 and (1.12), we can obtain

1 e s ||XB(w7s)fHLP(') ds
T bl yacrme < CB]IE; sup 7/ (1+1n_)—w_
TG | pgacr [ HBMOIGRTL,»O ug(z,t) J, t/ IXBsllgao s

1 Ixeanfleo

< C|b||E; sup
P02 i ®) Temenll g

= ClblEmoll fll ygper -
The proof of Theorem 1.2 is completed.

Proof of Theorem 1.3 We have proved the following inequality in Theorem 1.1,

1ol pggormz < CUFlLyggeoomn
so we only have to prove that

: 1 IxBenToafl o
lim sup w ' o_
=0 pcRn ’U/Q(il',t) ”XB(I’t)HLZ,(')

when

. 1 IxB@ofllo
lim sup w o —

=0 zern Ul (Jj, t) HXB(m,t) ||Lﬂ(l)
Next we prove, for any small r > 0, that

1 ||XB(w7t)TQ,af||Lgu(-)

sup
cekn U2(,t) HXB(z.,t)”L;JU(J

We split the right-hand side of (3.6) as

1 ||XB(w7t)TQ,af||Lgu<')<, 1 /TO IXB(@,s)fll o) ds
up(z,t)  IXBaallao T ua(w,t) Sy

1 /°° IXB(@.s)fllp0) ds
’U’Q(Jjat) 0 HXB(m,s)HLgU(-) S

”XB(r,s)”Lgu(-) s

+
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S C/(Kl + K2)7

where 0 < 79 < 1.
Since f € VME™ for all 0 < ¢ < 75, we can choose any fixed 7o > 0 such that

1 Ixeaofleo e
sup ,
vern U1(T, 1) IXBap 0 20C

the constants C' and € come from (1.14) and the inequality above, respectively.
Then for 0 < t < 79, by (1.14), we have

1 7o ||XB x,s fH o d
sup C'K; = C’ sup / (@) Iry 25
t

T€ER™ T€ER™ UQ(ZE,t) HXB(m,s)HLZ}('> s

1 lIxeeofleo

< CC’ sup <:
z€Rn U1 (Jj, t) ||XB(w7t) HLﬁj(') 2
To the estimation of Ko, from (1.13),
/OO €ss s<1$1<foo Ul(ZE, 7ﬁ)HU)XB(m,r) ||LP('> ds
— < .
0 ||wXB(m,s)HL‘1(') S
Now we can choose t small enough. It follows from (1.14) that
Ky < ! ”XB(r’t)fHLﬂ(J /Oo ua (z, T)HwXB(r,T)HLP(-) ds
2 < =
up(2,t) ur(z, 1) |wxpa,nllLee) Jr lwxB@s e s
1 ”XB(r,t)fHLﬂ(') /OO Ul(xaT)HwXB(m,r)HLp(-) %
= ug(x, ) v (@ )| wx sy leo Ji lwxB@,sllLa s

||XB(m,t)fHLg<~>

Ul(ZE, t)HwXB(Lt) ||LP(‘) .

Since f € V/\/lfu(')"ul, by (1.13) it suffices to choose r small enough such that

IXB@6 fll Lo &
uy(z, t) |wx gl ey 2CCT

Thus

1 N XB(z,s f p() d
sup 'Ky = C' sup / IxXB.s) ”Lw das

Tz€ER" zER" ’U“Q(x?t) 0 HXB(m,s)”L?U(') S

)
< o’ sup 1 ||XB(w7t)f||Lﬁ}
reR Ul(il',t) ||XB(r,t)HL€}(-)

<&
5"
The proof of Theorem 1.3 is completed.

Proof of Theorem 1.4 We have proved the following inequality in Theorem 1.2,

HTgfa,bf”Mfu(')vW (R™) < CHngLMOHf”Mi()“l (R™)’
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so we only have to prove that if

) 1 IxB@ofll e
lim sup w_ =),
r—=04crn UL (CE, t) HXB(Lt)”LfU(,)

then

. 1 HXB(m,t)Tg{)Labf”LQ(')
lim sup =
r_’OIGR" (%) (1’, t)

”XB(r,t)HLZ}(-)
Next, we show that

1 IxBen TG asf a0
sup
zern Uz (x, 1)

<e
||XB(w7t) HLZ,(')

for a sufficiently small . We may decompose the right-hand side of (3.7) as

1 HXB Tt Tnﬂ_ba f” () 1 e ||XB T,s fH o d
AL < bl [ (14 Ing) o
UQ(ZE,t) ||XB(w7t)HLZ)(') UQ(ZE,t) t l HXB(m,s)HLZ}('> s

1 & HXB T,s f” o d
O Plo—s [ (141m3) T

UQ(ZE,t) HXB(m,s)”Lgu(') S

< C"[bllBvo(Gr + Ga).-

We estimate G;. Since f € V./\/lﬁ(')’ul, for all 0 < t < K, we choose any fixed k > 0 such that

1 HXB(z.,t)f”Lﬁj(-) £
sup " m :
vern U1(7,1) IXBGpllro  20C7[blEyo

For 0 < t < &, it follows from (1.16) that

1 a s\ 1XB(@.s) fll 200 ds
sup C”||b||EvioGr = sup C”||b||%; 7/ (1+ln—)—“’—
TER™ ” ”BMO TER™ ” ”BMOuQ(zat) t t HXB(m,s)”L?U(') $

1 ||XB t fH )
< CC"[Jb]|Emo sup g
zeR™ U1 (xat) HXB(I"t)”Li(l)

<E
ok

To the estimation of Gg, we can choose ¢ small enough. It follows from (1.15)—(1.16) that

1 HXB(Lt)f”LT"(') > S ul(zaT)|‘wXB(w7r)|‘Lp(') ds
Gz < it (1+m2) ds
uz(x,t) ur (2, t) | wx Bl Lee) Ji t lwxB(z,s) |l L) s
! X500 /OO (1 +1 S) ur(z,7)|[wxp@,nllLeo ds
0 as
= ug(w,t) ur (2, )l wx B [ Lee) St t lwxB(z,s) |l L) s

HXB(z.,t)fHLﬁ)(-)

uy (z, t)||wXB(z.,t)HLP<~> '

Since f € V/\/lfu(')"ul, by (1.15) it suffices to choose r small enough such that

”XB(r,t)fHLﬁ}(') £
ur(z,t) | wx gyl 20C"
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Hence we can get

1 IxBenfleo e
sup C"[|b]|BvoGe < CC”|[b]|Byvo sup )
TER™ IBllEho | HBMOmeR" uy(z,t) “XB(%t)”Lﬂ(') 2

which completes the proof of Theorem 1.4.
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