fzh(g ;3;3 et Ser B Chinese Annals of
DOT: 10.1007/s11401-021-0276-3 Mathematics, Series B
© The Editorial Office of CAM and
Springer-Verlag Berlin Heidelberg 2021

Some Gradient Estimates and Liouville Properties of the
Fast Diffusion Equation on Riemannian Manifolds*
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Abstract In the paper, the authors provide a new proof and derive some new elliptic type
(Hamilton type) gradient estimates for fast diffusion equations on a complete noncompact
Riemannian manifold with a fixed metric and along the Ricci flow by constructing a new
auxiliary function. These results generalize earlier results in the literature. And some
parabolic type Liouville theorems for ancient solutions are obtained.
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1 Introduction and Main Results

In this paper, we continue to consider the fast diffusion equation (FDE for short)
up = Agpu®, 0<a<l, (1.1)

on a family of Riemannian manifolds (M, g(t)) for two cases: The one is that g(t) is some fixed
metric, and the other one is ¢(t) deformed by the Ricci flow:
8%_(;) = —2Ric(g(t)).

Li and Yau [16] established a famous space-time gradient estimate for positive solutions to
the heat equation. In 1993, Hamilton [9] proved the space-only gradient estimate for closed
manifolds, which was extended by Souplet and Zhang in [21] to the complete noncompact
manifolds. Bailesteanu, Cao and Pulemotov [1] generalized the Hamilton’s gradient estimates
to the Ricci flow. For the developments, see [4, 10, 12, 17-18, 20, 22-24, 27]. In 2009, Lu,
Ni, Vézquez and Villani [19] studied the FDE (1.1) on Riemannian manifolds, and derived
a local space-time gradient estimates. Later in [28], Zhu studied the FDE (1.1) on complete
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noncompact Riemannian manifolds, and derived the following space-only gradient estimate
(Hamilton type gradient estimate) and Liouville type theorem.

Theorem A (see [28]) Let (M™,g) be a Riemannian manifold with n > 2 and Ric(M™) >
—k for some k > 0. Suppose that u is an arbitrary posz’tive solution to the FDE (1.1) in
Qrr = B(xo,R) X [to — T, tg] C M"™ x (—00,00). Let v = t2u*"" and v < M. Then for
1-2<ac<l,

[V

1
V2

gcwﬁ(%4~§?+w@) (1.2)

Recently, Xu [26], Huang and Ma [11] improved the result of Zhu [28]. Huang and Ma [10]
proved a gradient estimate and Liouville theorem for FDE (1.1) with 1 — ﬁ\m—% <a<l-
ni—Q—S’ n # 6. Xu [26] derived the gradient estimate for the FDE (1.1) with 1 — ni—% <a<1. Cao
and Zhu [3] proved Li-Yau-Hamilton type differential Harnack estimates for positive solutions
of the FDE (1.1). Li, Bai and Zhang [13] proved Hamilton type gradient estimates for the fast
diffusion equations under the Ricci flow.

Our results of this paper are encouraged by the work in [1, 3, 8, 10-11, 13, 21-22, 25, 28—
29]. We consider the FDE (1.1), and derive some elliptic type (Hamilton-Souplet-Zhang type)
gradient estimates.

To prove the propertity of the positive solution of the FDE (1.1), we will use the following

transformation: Let v = 2-u®~'. Then

vy = (1 — a)vAv — |Vv|?. (1.3)

Our paper is organized as follows: We show our main results in Section 1. We will give
some lemmas and the proof of the main results on Riemannian manifolds with a fixed metric
in Section 2. The proof of the main results on Riemannian manifolds along the Ricci flow will
be given in Section 3.

Theorem 1.1 Let (M",g) be an n-dimensional complete Riemannian manifold with
Ric(M") > —K for some K > 0 in By, r, which is a geodesic ball centered at some fized
point xo in M™ with radius R. Assume that v is any positive solution to (1.3) in Qrr =
Byo.r X [to — T, to] C M™ X (—00,00) with 0 < § <v < A for some constants 6 and A.

(1) If 1 — 30120 < 1, then

7+2n
|Vv| 5 \/1 ¥ 528 )

< T .

= o) ( —r 6T) in Qz z (1.4)
(2) If 1 - 725 <a <1, then
|Vv|2 1 _

< — T. .

V2 O(Kq_R2+5T) Qg (15)

Here 8 = —1—(1) and C = C(n,«) is a positive constant.

By applying Theorem 1.1, we deduce the following Liouville type theorem.
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Theorem 1.2 Let (M",g) be an n-dimensional complete, noncompact manifold with non-
negative Ricci curvature. Let u be a positive solution to (1.1) and d(x) be the geodesic distance

of g.

(1) If 1 — Syt V_‘_lg:;z" < a <1 and ﬁ = o([d(z) + |t|]ﬁ) near infinity, then u is a
constant.
(2) If 1 — niH <a<land ﬁ = o([d(z) + |t|]ﬁ) near infinity, then u is a constant.

Remark 1.1 (1) When n > 2, we have

3—|—\/16—|—2n_ 1
7+ 2n —3+2vn+3
_ 6n— 12+ (4n +3)V/16 4 2n — (4n + 14)vn + 3 =0
B (74 2n)(4n + 3) ’
that is
g 3EviI6Em o 1
7+2n -3+2V/n+3
(2) When n > 4, we have
3+\/16+2n_2_ nyv16 +2n—n — 14 >0
7+ 2n no n(7+ 2n) ’
that is
3+ V164 2n 2
l—-— <1 ——.
7+ 2n n
(3) When n > 7, we have
3+VIGT2n 4 (n43)VIEin-sn-19

7+2n n+3 (n + 3)(7 + 2n)

that is
3+vV16+2n 4
— <1- .
74+ 2n n+3

Hence, Theorems 1.1-1.2 generalize some known results in [11, 26, 28].

1

Remark 1.2 Our proof is a little different from the proofs of Zhu [28], Huang, Ma [11]
and Xu [26]. We derive the evolution equation of quantity log 2 with v < A.

Remark 1.3 When n > 4, we have

4 2
1-— <1-=
n+4 n
When 3 < n <29, we have
4 1 _13n—2(n—|—4)\/n—|—3>0
n+4 —3+4+2V/n+3  (n+4)(4n+3) ’

that is
1

4
S .
n+4 —-3+2vn—+3
So, (1.5) and Theorem 1.2 generalize the results of Zhu [28], Huang and Ma [11].

1
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Remark 1.4 The upper bound of the gradient estimate (1.5) does not contain the upper
bound of v.

Theorem 1.3 Let (M",g) be an n-dimensional complete Riemannian manifold with
Ric(M") > —K for some K > 0 in By, r, which is a geodesic ball centered at some fized
point xo in M™ with radius R. Assume that v is any positive solution to (1.3) in Qrr =
Byo.r X [to — T, tg] C M™ X (—o0,00) with v < A. Let 1 — %4_4 < a < 1. Then there exist a
constant C' = C(n,a) such that

[Vol?
v

gCA(K—i—%) +% (1.6)

m Qg)% .
Moreover, if (M™,g) has nonnegative Ricci curvature and w is any positive solution to (1.1)

on M™ x (0,00), then there exists a constant C = C(n,«) such that

2
Wk C
v =T
By applying Theorem 1.3, we deduce the following Liouville type theorem.

(1.7)

Theorem 1.4 Let (M",g) be an n-dimensional complete, noncompact manifold with non-
negative Ricci curvature. Let u be a positive solution to (1.1) with 1 — nL+4 < a <1 such that
ﬁ = o([d(z) + |t|]ﬁ) near infinity, where d(x) is the geodesic distance of g. Then u is a

constant.

When u(z,t) is independent on ¢, by (1.6), we can derive the following Liouville type theo-
rem.

Theorem 1.5 Let (M",g) be an n-dimensional complete, noncompact manifold with non-
negative Ricci curvature. Let u be a positive solution to the equation

2
Ay =0, 1-——<a<l (1.8)
n+4
Assume that v = ﬁuo‘_l with 0 < v < A for some constant A. Then u is a constant.

Daskalopoulos et al. [6-7] observed that the metric g = = dy? satisfies the Yamabe flow
(see [2])

g
o=
on R", n >3, for 0 <t < T, where R is the scalar curvature of the metric g, if and only if u
satisfies
U = (n=1)n+2) 1)(n+2)AuZ_1§.
n—2
When n>17, we have 1 — 3*'77% < Z—Ig < 1. Therefore, we obtain the following theorem.

Theorem 1.6 Let (M",g) be an n-dimensional complete Riemannian manifold with
Ric(M™) > —K for some K > 0 in By, g, which is a geodesic ball centered at some fized
point xg in M™ with radius R. Assume that u is any positive solution to the equation

n—2

up = Aunrtz, n>17 (1.9)
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in Qrr = Buyy.r X [to — T,to] C M™ X (—00,00). Assume also that v = ”T_Qu_n%? with

0 <6 <wv <A for some constants § and A. Then there ezists a constant C = C(n,«a) such
that

|Vol|? 5 V1+4§28 O
< B T )
e (5 + -t 5T) (1.10)
m Q%%, where = —ﬁ.

By using Theorem 1.6, we deduce the following Liouville type theorem.

Theorem 1.7 Let (M",g) be an n-dimensional complete, noncompact manifold with non-
negative Ricci curvature. Let u be a positive solution to (1.9) such that ﬁ = o([d(z)+]t|] RTH)
near infinity, where d(x) is the geodesic distance of g. If n > 17, then u is a constant.

Next, we state our estimates for the FDE coupled with the Ricci flow (see [5, 9]), which are
similar to the fixed metric case.
Let (M™, g(t))¢cjo,7] be a complete solution to the Ricci flow
Og(t
99lt) _ —2Ric(g(t)). (1.11)
ot
Theorem 1.8 Let (M",g(x,t))icio,r] be a complete solution to (1.11). Suppose that
[Ric(z,t)] < K for some K > 0 and all (z,t) € Brr = B(zo,R) x (0,T] for some fized
xo € M™. Assume that v is any positive solution to the equation

vp = (1 — a)vAgypyv — |V )2,

Assume also that v = %uo‘_l with 0 < § < v < A.

«

(1)If1—ni_|r4<a<1,then

[Voty[? K 1 1y .

M. gC([(l—a)A—I—l]?—i-ﬁ—i-g) in By 1. (1.12)
(2) Ifl—?”F?ivig;r%<oz<1, then

V9|2 K 1 1y

| v2—/3| < s’ ([(1 — A+ 1T+ o+ &) in By r. (1.13)

Here = —ﬁ and C = C(n,a) is a positive constant.

Remark 1.5 Since A

<1-— .
n+4 n+8

1—

So, Theorem 1.8 generalizes the one of Li, Bai and Zhang [13].

Theorem 1.9 Let (M", g(x,t))¢cjo,r] be a complete solution to (1.11). Suppose that
[Ric(z,t)] < K for some K > 0 and all (z,t) € Brr = B(xo,R) x (0,T] for some fized
xo € M™. Assume that v is any positive solution to the equation

vp = (1 — a)vAgv — |V9B 2,
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Assume also that v = ﬁuo‘_l with v < A. Let 1 — =2 < o < 1. Then there exist a constant

n+4
C = C(n,«a) such that
|V g)2

. SCA([(1_O<)A+1]K+i + ¢ (1.14)

R2) t

m Bg T-

When n > 17, we have 1 — “77 V_:S;:Q" < Z—jrg < 1. Therefore, we obtain the following theorem.

Theorem 1.10 Let (M", g(x,t))icio,r] be a complete solution to (1.11). Suppose that
[Ric(z,t)] < K for some K > 0 and all (x,t) € Brr = B(xo,R) x (0,T] for some fized
xo € M". Assume that u is any positive solution to the equation

Uy = Ag(t)uz_lg, n>17

in Brr. Assume also that v = "T_Qu_n%2 with 0 < § < v < A for some constants 6 and A.

Then there exists a constant C' = C(n, «) such that

|V9(t)v|2 8 V14628 C
— < 4+ 4 — .
2P Co (K e (5t) (1.15)

; —__a
mn B%T, where 3 = Si—a)-

2 FED Under the Fixed Metric
2.1 Basic lemmas
Before proving the main theorems, we need some lemmas. Consider the equation
v = (1 — @)vAv — |[Vo]? (2.1)

on a complete Riemannian manifold (M", g). Let v(x,t) be a solution of (2.1) and 0 < v < A
for some constant A in the cylinder

QR,T = B(.TQ,R) X [to T, to] Cc M"™ x (—OO, OO),
here tg € R and T > 0. We first introduce a new smooth function
A
g =log —
v
in Qrr. Thenv=A-¢79,

v = —Ae gy = —vgy,

Vv =—-Ae 9Vg = —uvVy,

Av = —Ae IAg + Ae 9|Vg|* = —vAg + v|Vg|>. (2.2)
From (2.1), we have
- u=—1n Av — [Vo?
gt——mvt——;[( — a)vAv — [Vu[7]
= —(1 - a)[~vAg +v|Vg[’] +v|Vg[
= (1 — a)vAg + av|Vg[|*. (2.3)

By utilizing the above equation (2.3), we can derive the following lemma.
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Lemma 2.1 Let w = |Vg|?>. Then for any (z,t) € Qr.,
(1 — a)wAw — w; = bvw? — 2K (1 — a)vw — 2av(Vw, Vg), (2.4)

where a > 1 — = andb:2a_w>0'

Proof By using the Bochner-Weitzenbock formula
A|Vg|* = 2|V?g|* + 2Ric(Vyg, Vg) + 2(VAg, Vg), (2.5)
we have
(1 — a)vAw —w; = 2(1 — @)v|V3g|* +2(1 — a)vRic(Vg, Vg)
+2(1 — a)v(VAg,Vg) — w;.
By (2.3), we obtain
(1 —a)vAw —w;
_ 2 12 : gt 2
=2(1 — a)v|V3g|* + 2(1 — a)vRic(Vg, Vg) + 2U<V(Z — alVy| ),Vg> — wy
=2(1 — a)v|V3g)? + 2(1 — a)vRic(Vyg, Vg) + 2(Vg:, Vg)
2
- %(Vu, Vg) — 200(Vw,Vg) — w;

=2(1 — a)v|V3g|* + 2(1 — a)vRic(Vg, Vg)
_ 20
v

(Vu,Vg) — 200(Vw, Vg). (2.6)
By applying (2.2)—(2.3) and the Cauchy inequality, we have

2
2(1 - a)o|V?g* ~ Z(Vv, V)
=2(1 - a)v|V%g]* + 2¢:|Vg|?
A 2

>2(1— a)v% +2|Vg?[(1 — a)vAg + aw|Vg|*]

- ~n(l—-a)

- 2
Substituting (2.7) into (2.6) and noting that Ric > — K, we have

v|Vg|* + 2a0|Vg|*. (2.7)

(1 —a)vAw —w;

1_
> 2(1 — a)vRic(Vg, Vyg) — MMVQVL + 200|Vg[* — 2av(Vw, Vg)

= [204 - n(lT—a) vw? — 2K (1 — a)vw — 20v(Vw, Vg)
= bvw? — 2K (1 — a)vw — 2av(Vw, Vg),
4

where o > 1 — ——— and b = 2a — M > 0. The proof is completed.

Lemma 2.2 Let w = v?|Vg|? with 3 = —5iay- Then
(1 —a)vAw —wy > —2K(1 — a)vw 4+ ' Pw? — av(Vw, Vg), (2.8)

where'yzél(f“—_zw+2a—w>0andl—“77¢g:%<a<1.
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Proof Applying (2.5), we have

(1 - a)pAw — @ = (1 - a)o vA|Vg* + (1 — )| Vg|* Ao
+2(1 — a)vV|Vg[*Vv? — wy
=2(1 — a)o”*[V?g|* +2(1 — a)v”*'Ric(Vyg, Vg)
+2(1 — a)o™H(VAg, Vg) + (1 - a)v|Vg|*Av”
+2(1 — a)v(V|Vg|?, VvP) — w;.

By utilizing (2.1) and (2.3), we have

(1 - a)vAw — wy
=2(1 — a)v? V2% + 2(1 — @)v” T Ric(Vg, Vg)
+ 205+1<V(% - O<|Vg|2),Vg> — (1 — )P (V|Vg|2, V)
+ (1= a)B(B = 1) Vo[ Vg + B(1 — )0’ |Vg[? Av — @,
=2(1 — a)v? V2% + 2(1 — a)v’ 1 Ric(Vyg, Vg)
+20%(Vgy, Vg) — 20771 g,(Vo, Vg) — 200771 (V|Vg[*, Vg)
—2(1 = )BT H(V|Vg[*, Vg) + (1 — ) B(8 — 1o |Vg|*
+ B0 Vg (v + [Vol?) — @
=2(1 — a)v? T V2g|? + 2(1 — a)v’ 1 Ric(Vyg, Vg)
= 2077194V, Vg) — 200"+ (V|Vg[*, V)
—2(1— a)p" H(V|Vg|*, Vg) + (1 — ) B(8 — v |Vg[*
+ BuPtL|vglt. (2.9)

By the Cauchy inequality, we have
2(1 — a)v? 1 V2g|2 — 20°71g,(Vv, Vg)
=2(1 — a)vPTH Vg% + 207 | Vg |?
2
> (1 — )0 H(Ag)? +2(1 — a)v? T Vg2 Ag + 2a0° T Vg[*
n

1—
> —MUIHHVgﬁ + 20071 |Vg|*. (2.10)

Combining (2.9) and (2.10), we have

(1 - a)vAw — wy
> 2K (1 — a1 |Vvgl?
+ [(1_a)5(5—1)+5+2a_w
— 20+ 26(1 — a)]v(Vw, Vyg), (2.11)

— 208 —28%(1 — a) [vP T Vg[*

where we use the fact that

(Vw, Vg) =07 (V|Vg|?, Vg) — Bv°|Vg|".
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In order to obtain the gradient estimates, we need to require the coefficient f(3) of [Vg|* to be
positive. In fact,

fB)=Q0—-a)B(B—-1)+ B+ 20— —2af - 26°(1 - a)

n(l — «)
2
! 2 a? n(l — «)
—a)}+4(1—a)+2°“_ 2

= _O‘)[ﬁ+ 2(1

then f(8) > 0 when 1 — 3t¥I6%2n o < 1 Therefore, (2.11) can be

we choose 8 = Yo

2(1 )’
written as

(1—a)vAw —w; > —2K(1 — a)vw + ' P w? — av(Vw, Vg),

—n(12—a) > 0. The proof is completed.

where v = 4(f‘—_2a)+204—
Taking 8 =1 in (2.11), the following lemma is derived.

Lemma 2.3 Let @ = v|Vg|?>. Then
(1 — WAL — 0w > ew* — 2K (1 — a)vw — 2v(V®, Vyg), (2.12)

wheree:2a—1—w>0withl—%+4<a<1,

We next introduce a smooth cut-off function (see [10, 17, 24]), which will be used in the
proof of our main theorems.

Lemma 2.4 (see [16, 21, 28]) We use the geodesic polar coordinate here. Assume that a
function ¢ = @(x,t) is a smooth cut-off function supported in Qrr, satisfying the following
properties:

(1) ¢ = pld(z,20), 1) = @(r,1); o(r,t) =1in Qe z, 0 < <1

2) ¢ is decreasmg as a radial function in the spatwl variables.

(2)
(3) ‘Z;flg% ‘i“"'g% when 0 < a < 1.
(4) 2l < 2.

2

2.2 The proof of theorems

In this section, we will prove our main theorems by Lemma 2.4.

Proof of Theorem 1.1 Part 1: Assume that the maximum of ¢w is arrived at a point
(x1,%1). By [16], we can suppose, without loss of generality, that z1 is not on the cut-locus of
M". Therefore, at (z1,t1), it yields A(pw) <0, (pw), > 0 and V(pw) = 0. By

0=V(pw)=wVp+ pVw,

then

Hence, by (2.8) and a straightforward calculation, it yields that

0> (1 - a)vAlpw) - (¢w):
=¢[(1 — a)vAw — @] + (1 — @)vwAp + 2(1 — @)vVpVw — wp;
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> o' Pow? — 2K (1 — a)vpw — avp(Vw, Vg)
+ (1 — a)vwAp +2(1 — a)vVpVw — wpy

=30 Ppw? — 2K (1 — a)vpw + avw(Ve, Vg)
[Vel?

+ (1 — a)vwAp —2(1 — a)vw — WPy (2.13)

This implies

4 2
2pw? < ;K(l —a)vPpw — %(ch, Vg)vPw
2(1 — 4(1 — Vol? 2
_ MU’BWAQD 4 Mﬂvﬁw + —Uﬁ_lwcpt. (2.14)
Y Y ¥ Y

We next estimate upper bounds for each term of the right hand side of (2.14). Applying the

Young inequality, we have

4 1
—K(1—ap’ew < gcpw2 + CpK?6% < égowZ + CK?5%7, (2.15)
~y
20 201 3 1 |V<p| 1 Co4P
B 48 2
—7<th,Vg> w§7|V<p|-w2v Sggo — 5 < PR +F’ (2.16)
2(1 — 2(1 — 3T
_Qvﬁw&a _ _M (32 F(n—1) r‘p + 8,0 - 8, (log \/g))
Orp
( Yol + ( )|T—|+\/E|8r<pl)
< CsPwpt | | + -2l el
Koz p2
1 (1 K
< cpw?+C8 (ﬁ + ﬁ) (2.17)
4(1 — 2 2 253
(70‘)% P < Clv@l P < 1<pw + co (2.18)
v ¥ <p2 5 R4
and
C 15 1 C28-2
“oPlwyp, < > |:;2|<p2vﬂ lw < ggowz + Tz (2.19)
We substitute (2.15)—(2.19) into (2.14), and have
1 K 1
<0528 (K2 4+ — L
p? < C6% (K2 + =+ 7 52T2) (2.20)
at (x1,t1). Therefore, for all (z,t) € Qr,r, we obtain
(pw)?(2,t) < (pw)* (w1, t1) < (21, 1)
1+6% K 1
< 0528 ( 2 "
< O (K + ——+ 5 + 5575 ) (2.21)

2
Notice that ¢(z,t) = 1 in Qr = and @ = v°|Vg|? = UB@, we get that
. 2572 v &

V14§28 1
+ 5—T).

[Vol?
v2—h

< 8P (K
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This proves part 1 of the theorem.

Part 2 Assume that the maximum of pw is arrived at a point (z1,¢;). By [16], we can
suppose, without loss of generality, that x; is not on the cut-locus of M™. Therefore, at (x1, 1),
it yields A(goo.)) < 0, (pw); > 0 and V(pw) = 0. By 0 = V(pw) = wVe + ¢Vw, then

Vw = _TW Hence, by (2.4) and a straightforward calculation, it yields that

0= (1 —a)vA(pw) — (pw):
= p[(1 — a)vAw — wy] + (1 — @)vwAp + 2(1 — a)vVeVw — wy,
> bupw? — 2K (1 — a)vpw — 20vp(Vw, Vg)
+ (1 — )vwAp 4+ 2(1 — a)vVeVw — wp
= bupw? — 2K (1 — a)vpw + 2avw(Vp, Vg)

\V4 2
+ (1 — a)vwAp —2(1 — oz)vw% — Wy (2.22)
This implies
4 4
200° < TK(1 - a)pw — -~ (Vip, Vghw
2(1 - o) 41— a) [Vl
- —— WA _ — . 2.2
g WA + 2 ” w+ b Wt (2.23)

We next estimate upper bounds for each term of the right hand side of (2.23). Applying the
Young inequality, we have

%K(l —a)pw < ég@oﬂ + CpK? < %cpuﬂ + CK?, (2.24)
dov
_T<VQP7 v9>w < _|v<¢0| wz
L, [Vel* _ c
< - C — 2.25
< sew’+ 5= 590 D (2.25)
2(1 — 2(1 — Oy
—MUJA@ = —Mw(ﬁfnp +(n—-1) LA, Orp - Or(log \/§))
b b r
Or
< (o2l + (n - )22 4 VR,
2
< ngp% 3Tf| +(n—-1) |8T<i| + \/?|8Tf|
P2 K(pz P2
1 1 K
< —puw? — 4 — ,
<z + O+ 73 (2.26)
4(1—a) |Vl |V30|2 L 2, C
Tw < = — 2.27
b "2} (pz prw = 580(*) + R4 ( )
and
2 Cled 1 Lo c
i < — 2 < — 2.2
b =S o PR S p + 5272 (2:28)
We substitute (2.24)—(2.28) into (2.23), and have
1 K C
2 —_
! S O(K+ o+ 0 ) + 55 (2.29)
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at (z1,t1). Therefore, for all (x,t) € Qg r, we obtain
(pw)? (@, 1) < (pw)? (21, t1) < (1, t1)
SC(K2+%+%)+%. (2.30)

Notice that ¢(z,t) =1 in Qrr andw = |Vg|* = Vel® e get that

o2

. SC(K+%+5LT).

The proof is completed.

Proof of Theorem 1.2 Part 1 From (1.4), we know that, when v is a positive ancient
solution to (2.1) such that v(z,t) = o([d(x,x0) + |t]]), then v is a constant. Notice that v =

T2-u®"!, so when u is a positive ancient solution to (1.1) such that ﬁ = o([d(z, a:o)+|t|]ﬁ),

then wu is a constant. This ends the part 1.

Part 2 From (1.5), we know that, when v is a positive ancient solution to (2.1) such that
v(z,t) = o([d(x,x0) + |t[]), then v is a constant. Notice that v = 2-u*"!, so when u is a
positive ancient solution to (1.1) such that u(;_t) = o([d(x,20) + |t]]T+), then u is a constant.

This ends the proof of Theorem 1.2.

Proof of Theorem 1.3 Assume that the maximum of pw is arrived at a point (z1,¢1). By
[16], we can suppose, without loss of generality, that x; is not on the cut-locus of M". Therefore,
at (z1,t1), it yields A(pw) < 0, (pw); > 0 and V(pw) = 0. By 0 = V(pw) = @V + oV,
then Vo = —%EJ. Hence, by (2.12) and a straightforward calculation, it yields that

0> (1 —a)vApw) — (pw):
= p[(1 — a)vAD — @) + (1 — a)vwAp + 2(1 — a)vVpVw — Dy
> ep? — 2K (1 — a)vpw — 2vp(Vw, Vg)
+ (1 — a)vwAp + 2(1 — a)vVeVw — Ly,
= ep? — 2K (1 — a)vpw + 200(Ve, Vg)

2
+ (1 — a)vwlAp — 2(1 — a)vw Vel
¥

— G (2.31)

This implies

_ 4 . 4 ~
200 < —K(1 — a)pvi — —(Vp, Vg)vw
€ €
2(1—a) - 41—a)|Ve]* _ 2
— Mvago + M%vw + —wpy. (2.32)
€ € €

We next estimate upper bounds for each term of the right hand side of (2.32). Applying the
Young inequality, we have

4 ~ 1 1
-K(1—a)pvw < ggooﬂ + CpA’K? < gcpw2 + CA’K?, (2.33)
€

4 . 4 -
——(Ve, Vo) < —|Vep| - 53 VA
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L o Vel* (o1, CA?
2(1 - ~
—Mvw&p:—
€

Mv@(@fg& +(n— 1)&7“’ + 0,0, (log ) )

- 9,
< c45 (|02l + (n— 1)@ + VK9]

2
Kz P2

1
2

1

< CABp®

o2 + 0A2(i n £), (2.35)

1
)
41-a) Vel Vel 1+ o 1, CA?
—— 2 < e o AB < St o 2.
c - vw_C(p%go w_5g0w+R4 (2.36)

and

w4 —. (2.37)

We substitute (2.33)—(2.37) into (2.32), and have

1 K c
~2 2 2
pw* < CA (K + i + ﬁ) + T2 (2.38)

at (z1,t1). Therefore, for all (x,t) € Qg r, we obtain

(p@)* (1) < () (21, 11) < % (w1, 1)
1 K C
2 ( 72
<o (K +ﬁ+ﬁ)+ﬁ. (2.39)
and @ = v|Vg|? = M, we get that

gCA(K—F%—i-g) ¢

Notice that ¢(z,t) =1 in Q

vl
vlN

s

[Vol?
v

?.
The proof is completed.

Proof of Theorem 1.4 From Theorem 1.3, we know that, when v is a positive ancient
solution to (2.1) such that v(z,t) = o([d(z,x0) + |¢]]), then v is a constant. Notice that v =
-u®"!, so when u is a positive ancient solution to (1.1) such that ﬁ = o([d(z, a:o)+|t|]ﬁ),
then w is a constant. This ends the proof of Theorem 1.4.

3 FDE along the Ricci Flow

The Ricci flow (1.11) was first introduced by Hamilton [9], and was an important tool of
analyzing the structure of manifolds. In 2010, Bailesteanu, Cao and Pulemotov [1] generalized
the Hamiltons gradient estimates for the heat equation on Riemannian manifolds with a fixed
metric to the Ricci flow, and proved the theorem below.

Theorem B (sce [1]) Let (M", g(x,t))ic(o,r) be a complete solution along the Ricci flow.
Let |Ric(x,t)| < K for some K > 0 and all (z,t) € Brr := B(zo, R) x [0,T]. Suppose that u
is a smooth positive solution to the heat equation

Ut = Agtu.
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Ifu < A for some A >0 and all (x,t) € Br 1, then there exists a constant C' = C(n) such that

|vq t)u| (
u R i

-l-\/—) (1+10g§). (3.1)

In this section, we will derive some Hamilton type gradient estimates for fast diffusion
equations (1.1) on a Riemannian manifold evolved by the Ricci flow.

3.1 Basic lemmas

Before the proof of the main theorems, we need some lemmas. Consider the equation
vp = (1 — a)vAgypv — |V9(0) 2 (3.2)

on a complete Riemannian manifold (M", g) along the Ricci flow. Let v(z,t) be a solution of
(3.2) and 0 < v < A for some constant A in the cylinder

Bprr = B(xg,R) x (0,T] C M" x (—00,0),

here T' > 0.
Now, in order to simplify writing, we all set A = A9®) and V = V9,
We first introduce a new smooth function

A
g =log —
v
in Br,r. From (3.2), we have
gt = (1 — @)vAg + aw|Vg|* (3.3)
By utilizing the above equation (3.3), we can derive the following lemma.
Lemma 3.1 Let w = |Vg|*>. Then for any (z,t) € Brr,

(1 — a)wAw — w; > bvw? — 2[(1 — a)A + 1]Kw — 2av(Vw, Vg), (3.4)

where o > 1 — M>O.

%4_4 and b = 20 —

Proof The Ricci flow equation (3.1) implies
8|V gl? = 2(Vg, Vi) + 2Ric(Vg, Vo). (3.5)
By further using the Bochner-Weitzenbock formula (2.5), we have

(1 — @)vAw — w; = 2(1 — a)v|V3g|* + [2(1 — a)v — 2]Ric(Vg, Vg)
+2(1 — a)v(VAg,Vg) —2(Vg,Va).

By (3.3), we obtain
(1 — a)vAw — wy = 2(1 — a)v|V3g|* + [2(1 — a)v — 2]Ric(Vg, Vg)
gt _ 2 _
+20(V(% ~ alVgl?), Vg) - 2(Vg. Vgy)
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=2(1 — a)v|V%g|* + [2(1 — a)v — 2]Ric(Vg, Vg) + 2(Vg:, Vg)

2
— %<V’U, Vg) — 2av(Vw,Vg) —2(Vg, Vg;)
=2(1 - a)v|V%g]* + [2(1 — a)v — 2]Ric(Vg, Vg)

2
- %(Vu, Vg) — 20v{Vw, Vg).
Substituting (2.7) into (3.6) and noting that |Ric| < K, we have

(1—)vAw — w;

n(l — «)
2

200 — M}Uoﬂ —2[(1 - o)A+ 1]Kw — 2av(Vw, Vg)

Y

+[2(1 — a)v — 2]Ric(Vg,Vg) —

= bvw? — 2[(1 — @)A + 1]Kw — 2av(Vw, Vg),

where o > 1 — %4_4 and b = 2a — M > 0. The proof is completed.

Lemma 3.2 Let @ = v?|Vg|? with 3 = —50ay- Lhen
(1—awAw —w; > -2[(1 —a)A+ 1|Kw + ' Pw? — av(Vw, Vg),

where'yzzl(f“—_zoé)+2a—w>0andl—3"’77[:g:2"<a<1.

Proof Applying (2.5), we have

(1~ a)vAw — @ = (1 - a)o’vA[Vgl + (1 — a)o|Vg|* A’
+2(1 — a)vV|Vg[*Vvf — wy
=21 — a)o? V292 + 2(1 — a)v?*1Ric(Vyg, Vg)
+2(1 — a)o™H(VAg, Vg) + (1 - a)v|Vg|*Av”
+2(1 — a)v(V|Vg|?, VuP) — w;.

By utilizing (2.1), (2.3) and (3.5), we have

(1 - a)vAw — wy
=2(1 — a)v? V2% + 2(1 — @)v” T Ric(Vg, Vg)
+ 207V (£ — a|vgl?), Vg) - 2(1 - )81 (VIVg[2, V)
+ (1= a)B(B = 1PV |Vg? + B(1 — )’ |Vg|*Av — @,
=2(1 — a)v? V2% + 2(1 — a)v” T Ric(Vg, Vg)
+207(Vgy, Vg) — 207191V, Vg) — 200”1 (V|Vg[*, Vg)
—2(1 = a)B" VIV, Vg) + (1 — a) (8 — 1)o" | Vg[*
+ B Vg (v + |Vof?) —
=2(1 — a) Vg2 + [2(1 — a)v — 2]vﬂRic(Vg, Vyg)
= 20771g,(Vv, Vg) — 200”71 (V|Vg?, Vg)
—2(1 = a)B"H(V|Vg[?, Vg) + (1 — @) B(8 — 1)o" ! |Vg|*

v|Vg|* + 200|Vg|* — 200(Vw, Vg)

543

(3.6)

(3.7)
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+ BT Vgl (3.8)
Therefore, by (2.10) we have
(1 —awAw — @ > —2[(1 — a)A + 107 |Vg* K

+ - a)BB-1)+5+20-

- [20& + 2ﬁ(1 - oz)]v(Vw, v.g>7
where we use the fact that

n(l — «)
2

— 208 —28%(1 — a) [v" T Vg[*

(3.9)
(Vw, Vg) = v’ (V|Vg[*,Vg) — v’ |Vg[".
positive. In fact,

In order to obtain the gradient estimates, we need to require the coefficient f(f3) of [Vg|* to be
n
fB)=Q0-a)B(B-1)+ B+ 20—

GT—a) —2af — 23%(1 — a)
« 2 a?
=-a _O‘)[ﬁ+ 2(1 —oz)} T
We choose = —ﬁ,
written as

- 49— n(l — «)
then f(5)

2
3++/1642n
>0 when 1 — T ion

< « < 1. Therefore, (3.9) can be
(1 - )vAw —w; > —2[(1 — a)A +1]Kw + ' P w? — av(Vw, Vg),
where v = él(f“—jod + 2a — @ > 0. The proof is completed.
Taking 8 =1 in (3.9),the following lemma is derived.

Lemma 3.3 Let wy = v|Vg|%. Then

(1 — a)wAw; — dwy > ew? —2[(1 — a)A + 1]Kw; — 2v(Vwy, Vg),
whereezQa—l—@>0with1—%<o¢<1.
of our main theorems.

(3.10)
We next introduce a smooth cut-off function (see [1, 16]), which will be used in the proof
Lemma 3.4 (see [1, 16])

3. The estimate

We use the geodesic polar coordinate here. Given T € (0,T],
there exists a smooth function U : [0,00) x [0, T] — R satisfying the following requirements:
2. The equalities ¥(r,t) = 1 and %(T, t) = 0 hold in [0, %] x [r,T] and [0, %] x [0,T7,
respectively.
e
for all r € [0, 00).

1. The support of W(r,t) is a subset of [0, R] x [0,T], and 0 < U(r,t) <1 in [0, R] x [0,T]

— 1 J— J—

| < €22 s satisfied on [0,00) x [0,T] for some C > 0, and ¥(r,0) =0
4. The inequalities = I‘%@a < % <0 and |682g| < Ca

a € (0,1) with some constant C,, dependent on a.

" hold on [0,00) X [0,T] for every
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3.2 The proof of theorems
In this section, we will prove our main theorems by Lemma 3.4. Let dist(z,zq,t) be the

distance between x € M™ and zy with respect to the metric g(z,t).

Proof of Theorem 1.8 Part 1: In order to derive the result, we also need a cut-
off function ¢ by Li-Yau [16] on Bg . Define a smooth function ¢ : M* x [0,7] — R by
o(x,t) = V(dist(x, 29, t),t) supported in Br 1, where U satisfies Lemma 3.4.

Let w = |Vg|?. Assume that the function pw arrives its maximum at a point (z1,#;) and x;
is not in the cut-locus of M™ by [15]. Therefore, at (x1,t1), it yields A(pw) <0, (pw): > 0 and
V(pw) = 0.

By 0 = V(pw) = wVe + ¢pVw, then we have Vw = —%w. Hence, by (3.4) and a straight-
forward calculation, it yields that

0> (1— a)uh(gw) — (),
= [(1 — )vAw — wi] + (1 — @)vwAp + 2(1 — a)v(Ve, Vw) — we;
> bopw? — 2[(1 — a)A + 1]Kpw — 20vp(Vw, Vg)
+ (1 — a)vwAp + 2(1 — a)v(Ve, Vw) — wpy
= bvpw? — 2[(1 — a)A + 1] K pw + 2avw(Ve, Vg)

2
+ (1 — a)vwAp —2(1 — a)vw% — wep;. (3.11)

This implies

4 4
200 < -[(1 = ) A + 1K pw — 2 (Vo, Vgl
2(1 - 4(1 — ) |[Ve|?

@) 2
S S —A AN - — ) 12
5 wAp + 5 » w+ bthpt (3.12)

We next estimate upper bounds for each term of the right hand side of (3.12). Applying the
Young inequality, we have

A1 = A+ 1K pw < 2?4 €[ - a)A+ 11207
b = 590 i &2
1 5 L K2
< st + Ol - ) A+ 1P (3:13)
Aoy 4o 3
—5 (V¢ Vo)w < == [V - w?
L v wl“ ¢
_1 1% :
< g w? + C—5- = f5s0 +R4’ (3.14)
2(1 — 2(1 - Or
_%wwz _%w(aﬁw(n— D=E 40,00, (108 1/5) )

Or
_Cw(|8f |+(n—1)¥—|—\/§|8ﬂp|)
0; |+(n—1)M+\/EM
oh Ke2 @2

éw + C(— + %) (3.15)

1

2

| /\
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and
_ 2 2
41 -0 [VeI® | IWI oA < EWQJFQ'
b "2} (pz 5 R4
For the last term, by [1], we have
2 C Ay C
= d t‘ <
bo™ Qt‘ S 5W el

We substitute (3.13)—(3.17) into (3.12), and have

K? 1 K 1
2 2

at (z1,t1). Therefore, for all (x,t) € B p, we obtain

(pw)?(x,1) < (w)*(21,t1) < pw(a1,t1)
K2 1 K 1
gOOu—®A+H62+R4jp+ﬁ§)

V'u\

Notice that ¢(z,t) = 1in Bg 5 and w = [Vg[* = , we get that
|Vv|2 ( K 1 1

co(f-mar K Lo Ly
w2 SO0 -adr Tt o+ g

Part 2: Define a smooth function

w:M" x[0,T] - R

by ¢(z,t) = U(dist(z, zo,t),t) supported in Br r, where ¥ satisfies Lemma 3.4.

(3.16)

(3.17)

(3.18)

(3.19)

Let @ = v#|Vg|%. Assume that the function @ arrives its maximum at a point (z1,t;) and
x1 is not in the cut-locus of M™ by [16]. Therefore, at (x1,t1), it yields A(pw) < 0, (¢w): > 0

and V(gw) = 0.

By 0 = V(pw) = wVe + ¢Vw, then we have Vw = —%w. Hence, by (3.

straightforward calculation, it yields that

0> (1 - a)oA(pw) — (pw);

=p[(1 — a)vAw — w] + (1 — a)vwAe + 2(1 — a)v(Ve, Vw) — wep,

> o' Ppw? - 2[(1 — a)A + 1]Kpw — avp(Vw, Vg)
+ (1 — a)vwAp + 2(1 — a)vVeVw — wep,
Bow? —2[(1 — a)A + 1] K pw + avaw(Ve, Vg)

2
+ (1 - a)vwlAp —2(1 — a)vw@ — WPt

:’y’[}

This implies

20w? < é[(1 —a)A + 1K lpw — %(Vg@, Vo)l w

)

_ _ 2
B 2(1 — ) vﬁwAgo n 4(1 — ) |V P
Y

2
+ —Uﬂ_lwcpt.
v ¥ v

7) and a

(3.20)

(3.21)
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We next estimate upper bounds for each term of the right hand side of (3.21). Applying the
Young inequality, we have

Ad-a)d+1] 1]Kv'8_1<pw < ég@w2 + CpK?5?P72[(1 — a)A 4 1]?
gl
< ég@wQ + CK%6%72[(1 —a)A + 1), (3.22)
2 2 :
~Z2(Ve, Vgl m < |Vl whos
gl gl
1 |V<p| o 1 o C&%F
< - < 2
S g w? + C——§ i + i (3.23)
2(1 - «)

2(1 - «) Orp
_ B — B 2 —1)2zE .
5 vwwAp 5 v w(@rtp—k (n—1) . + 0rp - Or(log \/g))

O
'Bw(|8290| +(n - 1)M + VK0,
| |

< 058 1 (n )lar50| \/—|ar§0|
Ko
1 (1 K
< sy + 08 (ﬁ + ﬁ) (3.24)
41— 2 1 %P
A=) Vel s« oV 4o < Lome s _ (3.25)
Y ¥ p2 R
and
232
zvﬁ_lwgpt < ¢ |(pf|<p%vﬂ_lw < lgowz ¢ 5 (3.26)
Y ez 5 t
We substitute (3.22)—(3.26) into (3.21), and have
oK? 1 K 1
pw? < ca?ﬁ([u — A+ 4 ot W) (3.27)
at (z1,t1). Therefore, for all (x,t) € B p, we obtain
(p@)?(2,t) < (pw)*(21,11) < pw®(21,11)
K? 1 K 1
< e ([0 — A+ o 527) (3.28)
Notice th 1B 45— of 5 Vo2 L
otice that ¢(z,t) =1 in gpandW=v |Vg|* = =g Ve get that

IWI2
v2—B

K 1 1
B _ [ T T
<06 ([(1 WA+ 1S+ +5t)'

So, we prove Theorem 1.8.
Proof of Theorem 1.9 Define a smooth function ¢ : M" x [0,7] — R by ¢(x,t) =
W(dist(x, o,t),t) supported in Br r, where W satisfies Lemma 3.4.

Let wy = v|Vg|2. Assume that the function ¢w; arrives its maximum at a point (x1,;) and
x1 is not in the cut-locus of M™ by [16]. Therefore, at (x1,¢1), it yields A(pw1) <0, (¢w1): >0
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and V(pw1) = 0. By 0 = V(pw1) = w1V + pVwi, then we have Vw; = V“"wl Hence, by
(3.10) and a straightforward calculation, it yields that

0> (1= a)vA(pwr) = (pwi)e
= p[(1 — @)vAws — (w1)¢] + (1 — @)vwi Ap + 2(1 — @)v(Vp, Vwi) — w1
> epwi —2[(1 — @) A+ 1]Kpw; — 2vp(Vwy, Vg)
+ (1 — a)vwr Ap + 2(1 — a)vVeVws —wigpy

= epw? —2[(1 — a)A + 1] K pw; + 20w (Vg, Vg)
[Ve|?

+ (1 — a)vwiAp — 2(1 — a)vwy — w1t (3.29)

This implies

4 4
2pw? < Z[(l —a)A+ 1| Kpw; — z(th, Vg)vwy
2(1 — 4(1 — Vol|? 2
— MvwlAtp + %%vwl + Zwupt. (3.30)

We next estimate upper bounds for each term of the right hand side of (3.30). Applying the
Young inequality, we have

4 1
-1 - a)A+1]Kpw < —pwi + Cp[(1 — a)A+1°K?
€

5
1
< ggpw% +C[(1 — a)A+1)2K2, (3.31)
4 4 3
— -V, Vg)ow < -Vl ‘wiVA
1 Vo 1 CA?
§5 1—|—C'| ! A2<g<pw2—|—?, (3.32)
2(1 — 2(1 — O
— ( @) vwi Ap = —%vwl (83@ +(n—-1) :0 + O0rp - Or(log \/5))

O
< CAw (|02¢] + (n - 1)M + VK05

0?2 Or Or
< CAwpt| 128 L, )I wl rdidaal wl
P2 Ko
1 1 K
< Loow? 2 '
< ol +CA (R4+R2) (3.33)
41— a) [Vel? |V%0|2 1 o, CA
and
2 2 1 C
—wipr < —@ﬁw < —pwi + . (3.35)
€ © 5 t
We substitute (3.31)—(3.35) into (3.30), and have
1 K C
2 2 2
pw? < CA([(1- ) A+ 1]PK +E+RQ)+72 (3.36)
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at (z1,t1). Therefore, for all (x,t) € B p, we obtain

(pwr)? (2, 1) < (pwi)?(21,t1) < wi (21, t1)

1 K C
<cA? (ﬁ + ﬁ) +Cl(1-a)A+ 12K + . (3.37)
Notice that ¢(z,¢) =1 in Br pand wy = v|Vg|? = @, we get that

[Vol?
v

< C’A([(l—a)A+1]K+%+§) +§.
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