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Kind of First Order Hyperbolic System
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Abstract In this paper the authors first present the definition and some properties of
weak solutions to 1-D first order linear hyperbolic systems. Then they show that the
constructive method with modular structure originally given in the framework of classical
solutions is still very powerful and effective in the framework of weak solutions to prove the
exact boundary (null) controllability and the exact boundary observability for first order
hyperbolic systems.
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1 Introduction

1.1 Review on the exact boundary controllability

There are many publications concerning the exact boundary controllability for linear hy-
perbolic systems. For a kind of 1-D first order linear hyperbolic system, the exact boundary
controllability was established by means of the characteristic method by Russell ([17]). Later,
the Hilbert Uniqueness Method (HUM for short), a more general and systematic framework
was introduced by J.-L. Lions for the study of linear hyperbolic systems, especially, of wave
equations ([14-15]), which builds up the relationship between the exact boundary controllabil-
ity for the system and the exact boundary observability for the adjoint system. Based on the
HUM method and Schauder’s fixed point theorem, some results were obtained on the exact
boundary controllability for semilinear wave equations by Zuazua ([19-20]). An abstract result
on the exact boundary controllability for semilinear equations was established by Lasiecka and
Triggiani in [7]. Recently, Coron and Nguyen studied the (null) controllability of a general 1-D
linear hyperbolic system using boundary controls on one side in optimal time based on the
backstepping method (see [5-6]).
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In quasi-linear case there were only few results (see [2-3]) before. Until 2002, Li and Rao
proposed a constructive method with modular structure (see [10-11]) and established a com-
plete theory on the exact boundary controllability for the general 1-D first order quasi-linear
hyperbolic system without zero eigenvalues

ou ou
o AW =F(u) (1.1)

with general non-linear boundary conditions based on the semi-global C! solution theory (see
[8-9]). Under this framework, the local exact boundary controllability was realized by two-sided
controls, one-sided controls and two-sided controls with fewer boundary controls, respectively
(in the linear case, it gives actually the global controllability). In the case of two-sided controls,
the number of boundary controls is equal to the number of unknown variables, namely, the
number of all the eigenvalues. In the case of one-sided controls, all the boundary controls act
only on the side with more boundary controls, the number of which is reduced to the maximum
value of the number of positive eigenvalues and that of negative ones, but the control time must
be suitably enlarged. In particular, when the number of positive eigenvalues is equal to that of
negative ones, boundary controls can act on either side. In the case of two-sided controls with
fewer boundary controls, both the total number of boundary controls and the control time are
the same as in the case of one-sided controls, however, the side with fewer boundary controls
should be fully controlled, while the rest of boundary controls acts on the other side (see [8]).
However, in the last two cases, more strict conditions should be satisfied. For example, for
the case of one-sided controls, it requires that the boundary conditions on the side without
boundary controls should be reversible. To be explicit, these boundary conditions should be
able to be suitably rewritten so that, after adding suitable artificial boundary conditions, the
backward problem of this system is well-posed.

The requirement mentioned before doesn’t occur for the system of wave equations, since the
system of wave equations with usual boundary conditions is always time reversible, thus the
exact boundary controllability is always equivalent to the exact boundary null controllability,
namely, the system can drive any given initial data Uy at ¢t = 0 exactly to the final data U =0
at t =T by means of boundary controls. Apparently, this equivalence is not true for the first
order hyperbolic system in general, therefore the exact boundary controllability is named as the
strong exact boundary controllability, and the exact boundary null controllability is named as
the weak exact boundary controllability in [12], respectively. The exact boundary controllability
implies the exact boundary null controllability, however, the exact boundary null controllability
implies the exact boundary controllability only if the system is time reversible (see [12], also
see Remark 4.1). On the other hand, in order to realize the one-sided exact boundary null
controllability, controls can act on any given side of the boundary, while on the other side the
boundary condition should be homogeneous, thus the number of the boundary controls can be
further reduced (see [12]).

As a tool, the duality can be used to study the controllability in the linear case, then the
study of observability is also of great importance from this point of view. Russell [17] introduced
a kind of observability in the 1-D case that for the backward problem of the first order linear
hyperbolic system, the boundary observations can uniquely determine the initial data at ¢ = 0.
It is called as the weak exact boundary observability in [12]. Another kind of observability,



Ezact Controllability First Order Hyperbolic System Weak Solutions 645

which requires that the boundary observations can uniquely determine the final data at t =T
for the backward problem, is called as the strong exact boundary observability in [12]. Both
of them can be established by a constructive method for 1-D quasi-linear hyperbolic systems
in the framework of classical solutions (see [12]), and the strong exact boundary observability
implies naturally the weak exact boundary observability, however, in general, one can not
obtain the strong exact boundary observability from the weak exact boundary observability
unless the system is time reversible (see [12], also see Remark 5.4). Moreover, in the framework
of classical solutions, for some special cases in the linear situation, the relationship between
the exact boundary (null) controllability for the original system and the strong (weak) exact
boundary observability for the adjoint system in the case of one-sided control was discussed in
[12]. We will generalize the corresponding conclusions in the framework of weak solutions.

1.2 Purpose of this paper

In this paper, we will consider the exact boundary controllability for the first order linear
hyperbolic system in the framework of weak solutions.

First, to study the controllability from coupled systems of wave equations to first order
hyperbolic systems is of great significance, since the latter has much wider connotation than
the former. For instance, in 1-D case, a wave equation can be always transformed into a first
order hyperbolic system, but the number of positive eigenvalues is always equal to that of neg-
ative ones (see [8]). If the wave equation explicitly contains the state variable U, there will
be also the zero eigenvalue in the corresponding first order hyperbolic system. But for any
given first order hyperbolic system, generally speaking, the number of positive eigenvalues is
not necessarily equal to that of negative ones, which often makes trouble in the treatment. In
this paper we only consider first order hyperbolic systems without zero eigenvalues. Besides,
for wave equations with the usual boundary conditions (Dirichlet, Neumann, Robin, even dis-
sipative boundary conditions), the whole system is always time reversible. However, first order
hyperbolic systems are not time reversible in general. In fact, when the number of positive
eigenvalues is not equal to that of negative ones, or even when they are equal to each oth-
er, but the boundary conditions don’t satisfy certain reversibility, the corresponding backward
problem will not be well-posed. Hence, first order hyperbolic systems have not only much more
abundant connotations and practical applications than wave equations, but also they have their
own difficulties: the methods to treat wave equations may not remain effective for first order
hyperbolic systems. Thus it is necessary to carry out a special research on them.

Second, we will study the controllability for first order hyperbolic systems in the framework
of weak solutions. In the present paper, we will show that the constructive method with modular
structure is very powerful and effective not only in the framework of classical solutions, but
also in the framework of weak solutions.

In what follows, we will first discuss the well-posedness for the following 1-D first order linear
hyperbolic system in the framework of weak solutions and establish some related estimates, then
we study the corresponding exact boundary controllability and exact boundary observability
by the constructive method.

The system under consideration is given by

Ui+ AU, + AU =0, te (0,400), € (0,L) (1.2)
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with the boundary conditions

Ut (t,0) = GoU™ (t,0) + DoH*(t), t € (0,400), (1.3)
U (t,L) =G U*(t, L)+ D1H (t), te€(0,+00) (1.4)

and the initial data
U(0,2) =Uy(z), z€(0,L), (1.5)

where U = (uy, -+ ,u,)T : (0,400) x (0, L) — R™ denotes the state variable, A = diag{A~, AT}
is a diagonal matrix of order n,

A~ :=diag{\, -, Am}, AT = diag{A\m+1, "+ s \n}

with A, <0 (r=1,---,m) and Ay > 0 (s =m+1,---,n), the coupling matrix A = (a;;) is
of order n. Let m = n — m. The boundary coupling matrices Gy and G, are of order m x m
and m X T, respectively, the boundary control matrices Dy and D; are of order @ x My and
m x My (My < m,M; < m), respectively, both of them are full column-rank matrices. All
the matrices mentioned above are with constant elements. Moreover, U = (U~,U™)T with
U™ = (u1,  yum)’ and Ut = (upmi1, - s un)’, H=(H-,HNT with H= = (hq,--- ,har,) T
and H+ = (hM1+1, s ,hM)T (M = Mo + Ml S n)

All the characteristics 42 = XA, (s = m + 1,---,n) (resp. 9 = X, (r = 1,---,m))
corresponding to the positive (resp. negative) eigenvalues are called to be the coming (resp.
departing) characteristics on « = 0, since they reach (resp. leave) the boundary x = 0 from
(resp. to) the interior of the domain {(¢,x) | ¢ > 0,0 <z < L}. Similarly, all the characteristics
=\ (r=1,---,m) (resp. ¥ =\, (s =m+1,---,n)) corresponding to the negative (resp.
positive) eigenvalues are called to be the coming (resp. departing) characteristics on z = L.

In order to guarantee the well-posedness of the mixed problem of system (1.2), the boundary
conditions should satisfy the following requirements:

1. the number of boundary conditions on each boundary is equal to the number of the
coming characteristics on this boundary;

2. the boundary conditions on each boundary can be equivalently rewritten in the form that
the state variables corresponding to the coming characteristics are explicitly expressed by the
state variables corresponding to the departing characteristics.

Boundary conditions (1.3)—(1.4) are just given according to above requirements.

2 L? Estimates of C' Solutions

In the framework of classical solutions, by the theory of C' solutions for the first order
hyperbolic system, we have

Lemma 2.1 (see [13]) For any given T > 0, for any given initial data Uy € (C*[0, L]))™ and
any given boundary function H € (C1[0,T])M, suppose that the conditions of C* compatibility
are satisfied at the points (t,z) = (0,0) and (0, L), respectively:

Uy (0) = GoUy (0) + DoH™(0), Uy (L) = G U (L) + D1H ™ (0) (2.1)
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and

AUy (0)) + ATU(0) + Do(HT(0))" = Go[A™(Uy (0)) + A~ Up(0)],

A™(Uy (L)) + A7Uo(L) + D1(H (L)) = G1[AT(Ug (L)) + AT Uo(L)], (2.2)
where A~ and AT are the first m rows and the last i rows of A, respectively, then the mized
problem (1.2)~(1.5) admits a unique C* solution U = U(t,z) on R(T) = {(t,x) |0 <t <T,0 <
x < L}.

In order to define a L? weak solution and to give its properties, in this section, we first

establish some L? estimates on the C* solution to problem (1.2)—(1.5).
We start with an L? estimate of C! solutions by the characteristic method.

Theorem 2.1 For any given T > 0, the C* solution U = U(t,x) to the mized problem
(1.2)~(1.5) satisfies

IU(T, )l 20,0y < C(@T) 0ol (£2(0,))» + 1 HIl(z2(0,7))4) (2.3)
here and hereafter, C(T) > 0 denotes a different positive constant, depending only on T .

Proof For simplicity, we denote

H  =DH™, H"=DyH™", (2.4)
which are vectors of order m and 7, respectively, and consider the following system:
U+ AU, + AU =0, te[0,7], z €0, L],

U*(t,0) = GoU™ (t,0) + H*(t), te0,T], (2.5)
U—(t,L) = GyU*(t, L)+ H(t), te[0,T],

where H= = (h1, -+, ha)T, HY = (hong1, -+, hn)T.

Let
Ty =L min {1 i}>o (2.6)
P IAr]” s ' '
m+1<s<n
Let ¢ = 200" (t) be the s characteristic line passing through the point (t,2) = (0,0) (s =
(0,0)

m—+1,---,n). For any given ¢ € [0,7T1], denoting x5’ (f) = 3, the line t = ¥ can be separated
into two parts:

a. When 8 < 7T < L, draw the s (s = m + 1,--- ,n) characteristic line x = z,(t) passing
through the point (Z,), it interacts the x-axis at the point (0, a;), namely, we have

dzs
a :/\87

dt (2.7)
z5(0) = g, z5(t) =7.

Since A4 is a constant, x = x4(t) as a straight line can be rewritten as x = A4(t — ) + T, then
as = a,(t,T) =T — A\st. Along this characteristic line, the s component u, of U satisfies

dug — AU
dgt (2.8)

t=0: us = (Up)s(as),
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where d%t = —|— )\S 5, is the directional derivative with respect to ¢ along x = xs(t), Ag is the

st row of A, and (Up)s is the st component of Uy. Integrating (2.8) with respect to t along
x = x4(t) from 0 to ¢, we have

us (B 7) = (Up)s(cvs) — /OtASU(T, 2 (r)dr, B<T<L, (2.9)
then
(us(0,7))? < 2[((U0)s(o<5(f, 7)))2 + (/Ot AU(r, xS(T))dr)Q}, B<z<IL, (2.10)
hence
s Wy <2 | (U077 + / ([ aveeman) e e

Noting as(t,Z) = T — Ast, for any given ¢, when Z runs from 3 to L, ag runs from 0 to
L — )¢t (< L), then the first integration on the right-hand side of (2.11) equals to

/ (U@ = M)z TN / N (Uo)o(a) s < T2 (2.12)
5 0)s s o 0)s ~ 0 (L2(O,L))”' .

On the other hand, let = =2 L)( t) be the s'* characteristic line passing through the point

(t,L). For the second integration on the right-hand side of (2.11), noting zs(7) = A\s(7 — 1) + T,
and changing the order of integration, we have

/ﬁ ' ( /O " AU xS(T))dT)2dT
< /BL /Ot|ASU(T,xS(T))|2def

t L
:/ dT/ |AU(T, \s(T — 1) +T)|?dT

. 20 (
& Hz/ / |AUTJ:)| dz
(0, 0)
<c / |\U<T,->||%L2<0,L))ndr, (2.13)

here and hereafter, C' stands for a different positive constant. By (2.12)—(2.13), it follows from
(2.11) that

t
s Mo, < C (IR0, + | IV Eza02yd7): (2.14)
b. When 0 < T < 3, drawing the 5" (s = m+1,--- ,n) characteristic line x = x,(t) pa: ssmg
through the point (,7), it intersects the t-axis at the point (¢,,0), where ty = t4(£,T) = — &

That is to say, we have

dx, — A
dt (2.15)
xs(ts) =0, wz:(t) =7.



Ezact Controllability First Order Hyperbolic System Weak Solutions 649

Along this characteristic line, noting the boundary condition in (1.3), the s component of U
satisfies

dug — A
d.t (2.16)

t=1ts: us(ts,0) = (Go)sU (ts,0) + hs(ts),

where (Go)s is the s row of G. Integrating (2.16) with respect to t along x = x4(t) from t,
to £, we have
" t
us(t,T) = (Go)sU ™ (ts,0) + hs(ts) — | AU(r,zs(7))dr, 0<7T <. (2.17)
ts
For any given r (r = 1,--- ,m), the 7" characteristic line = x,(t) passing through the point
(ts,0) intersects the z-axis at the point (0, a;.) = (0, a-(¢,T)), namely, we have

dr,
e " (2.18)
2:(0) =, .(ts) =0.

Along x = z,.(t), the 7" component u, of U satisfies

dur _ a0,
drt (2.19)
t=0: u. = (Up)r(cv), '
t=ts: ur = up(ts,0).
Integrating (2.19) with respect to ¢ along = = x,.(t) from 0 to ts, we have
ts
un(t,0) = (Vo) (o) — / AU (r, 2, (r))dr.
0
Substituting it into (2.17), we get
— m ts ~
w(®.5) = Y (Go)r o)) = [ AU (1] 4Tt
r=1 0
AU(7,25(7))dr, 0 <T < B, (2.20)
ts

where (Gg)s, is the component of Gy on the s row and 7" column. Similarly, we have

||us<f,->||%z<o7msc(i /ﬁ«Uo)r(aT(%,f)» a7 + / ax / AU(ra(r)dr)
+Z/ da: / AU(T, 20 (T dT /h2 dx (2.21)

in which, noting t; =t — -Z, we have

B B =
72 =— [ 22(7_ gz’
/Ohs(ts)dx—/o hs(t /\S)dx

t
/\S/O h(1)AT = Aslhsll2 0 7)- (2.22)

S

;’|m
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Thus, in a similar way we get

3
a0 < (00 e + sl + [ UG Ragapndr). (223
The combination of (2.14) and (2.23) yields
Jeus s Mo,y < C (100 z(0, 9y + sl 2207
+ /0 |U (7, ')”%L2(O,L))"d7—>’ s=m+1,---,n. (2.24)
Similarly, we have

lur @ M2(0.) < € (WWollEgz(0,yym + orllZagosy

+ [0 M yede). 7=t m (2.35)

Thus, we have

10 ez, < € (100120000 + 1122005, / IU(r MEzao.cppndr) . (2:26)
Then, by Gronwall’s inequality, we get
I0E M0y < COUTl @0y + 1Tl gsomy)s e 0T 227)
For any given € [T}, 2T}], take U(Ty, ) as the initial data, similarly we have
IUE 2 0.n» < COUU T w20,y + I L2z, 7))
C(%)(HUOH(Lz(O,L))" + HHH(Lz(OE))n)v Vi e [Tlv 2T1]' (2'28)
Repeat the procedure above for at most N < [ ] + 1 times, we get
IU(T, )l z20,0) < C@) 100l z20,2yy» + 1 Hllz20.7)7), YT > 0. (2.29)

Noting that Dy and Dy are full column-rank, (2.29) leads to (2.3).
Next, we estimate the L? norm of the trace of the solution on the boundary.

Theorem 2.2 For any given T > 0, the C solution U = U(t,x) to the mized problem
(1.2)~(1.5) satisfies

NU(0) 2200, < C(T)(|Uoll 20,2y + I1H l(£2(0,7)) ) (2.30)
and

N1UC, D)l 220,y < C(T)1Uoll(z200,2))n + 1HIl(z2(0,7))M)- (2.31)

Proof We still consider system (2.5), and prove (2.31) only. Let

L
T = m+nlnirsl<n/\— > 0. (2.32)
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For any given t € [0,T1], for each s = m + 1,--- ,n, noting (2.32), the s'* characteristic line
x = w4(t) passing through the point (Z, L) must intersect the z-axis at a point (0, as), namely,
we have
d
= = Asv
a (2.33)

zs(t) =L, x5(0) = s,

thus, z4(t) = A\s(t —7) + L and a, = as(f) = L — \,;t. Along this characteristic line, the s
component of U satisfies

dug — AU,
d.t (2.34)

t=0: us = (Up)s(as).

Integrating (2.34) with respect to ¢ along this characteristic line from 0 to 7 leads to

us(t, L) = (Up)s(cs) — /0 AU (7, 24(7))dr, (2.35)

then

Wﬁ¢WS2MwM%@W+([Aww%vmﬂT, (2.36)

hence

||us(.,L)||iz(0)Tl) < 2{/0T1((U0)8(as(%)))2df+/OT1 (/OtAsU(T’ xs(T))dT)Z)dz] (2.37)

Noting that as(f) = L — Ast, when ¢ runs from 0 to T}, as runs from L to L — ATy (< L), then
the first integration on the right-hand side of (2.37) equals to

T a . L
[ @oe - anpa™ = L (0@ < Uy (239
0 s JL—AT1

As to the second integration on the right-hand side of (2.37), let = :z:(Tl’L)( t) be the st
characteristic line passing through the point (7%, L). Noting z5(7) = As(7—%)+ L, and changing
the order of integration, we have

/Tl /AUT:L‘S( ))dT) a7
/TI/ |A U (7, 25(7))|drdE

T1 T1
:/ dT/ |AU(T, A\s (T — 1) + L)|?dt
0 T

2 s(T—1t 1 Ty L
Mo _/ dT/ |AU (7, 7)2dz
As 0 2T

T
scA|wmwmm@wh (2.39)



652 X. Luand T. T. Li

Therefore, it follows from (2.37) that

1

T 1
2
Joas (- L)l e20.70) < € (100220, + ( / U MEindr) ), (2:40)

then by (2.3) we get

Jus(-, D)l L20,m1) < C(T1)10oll (20,7 + [[1H | (z2(0,70))7)- (2.41)
Taking U(Ty, x) as the initial data, repeating the procedure above on the interval [T}, 2T}],
we get
s, D)l 27y 20y < CRTDIU T, 220,y + 1H w20 270))7)
< C2T1)(|Uoll(z2(0,y)m + 1 H Nl (£2(0,27))7)- (2.42)
Repeating the above procedure for at most N < [Tll] +1 times, for s=m+1,--- ,n, we get
s, L)l 20,1y < C@) 1ol (20, + 1 H lz20my)n), VT >0, (2.43)
namely,
UG D)2,y < CT) (100l 220,00y + |1 Hllz20/m9y7), VT > 0. (2.44)

Then, by the boundary condition at 2z = L in (1.4), we have
10~ Dllezzo.yym < C(T)([0oll 220,y + 1Hl(L20,1))n), VT = 0. (2.45)

Noting that Dy and D are full column-rank, the combination of (2.44) and (2.45) gives
(2.31).
In fact, the result above is true for the trace of the solution at any given x € [0, L].

Theorem 2.3 Let T > 0. Under the hypotheses of Theorem 2.1, for any given x € [0, L],
the O solution U = U(t,x) to the mized problem (1.2)—~(1.5) satisfies

N1UC @)l 20,y < C(T)(1Uollz20,2)» + I1H | (£2(0,7))M)- (2.46)

Proof Let U = U(t, ) be the C! solution to the mixed problem (1.2)—(1.5) on [0, T] x [0, L].
Changing the role of t and z, U(t,z) is still the unique C! solution to the following rightward

problem:
U+ AU+ ATAU =0, z€][0,L], t€][0,T],
t=T: U =U(T,x), x € [0, L], (2.47)
t=0: Ut =Uj (o), r €[0,L]
and
x=0: U=U(0), tel0,T]. (2.48)

For any given x € [0, L], using Theorem 2.1 for problem (2.47)-(2.48), we have

1UC, )l 20, < CUUE O L2, + UG Izz2,0yym + 10U (T )l 20,0))m)- (2.49)
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Noting (2.30) and (2.3) for the mixed problem (1.2)—(1.5), we have
IUC0)llz20,1))» < CUIUoll (220, + 1H [l (12(0,7))2) (2.50)
and
NIU™(T, )l z20,0yy» < CU[Uoll(z20,Ly) + [1H|l(L2(0,7))M ) (2.51)

then we get (2.46).
Besides, for any given C initial data Up(x) (0 < 2 < L), the Cauchy problem

Up + AU, + AU =0 (2.52)

with the initial condition (1.5) admits a unique C! solution on the corresponding maximum
determinate domain R¢, surrounded by ¢ =0 (0 < 2 < L) and two characteristic lines given by

dz™
= max g,
dt m+1<s<n (2.53)
2M(0) =0
and
dz®
= min A\,
dt 1<r<m (2.54)
2 (0) =L,

where 2 = 2(V)(t) is the rightmost characteristic line passing through the point (¢,z) = (0,0),
and = = x(®(t) is the leftmost characteristic line passing through the point (¢,2) = (0, L).
Since the solution depends only on the initial data, as a corollary of Theorem 2.1, we have

Corollary 2.1 Let (t*,x*) be the intersection point of x = 2V (t) and x = x®)(t). For any
given t € [0,t*], the C solution U = U(t,z) to Cauchy problem (2.52) and (1.5) satisfies

1T ) L2 @),e @) < Cll0oll(2(0,2yyns 0 <t < T (2.55)
Similarly, by Theorem 2.3 we have

Corollary 2.2 Let (t*,x*) be the intersection point of x = 2V (t) and x = x®)(t). For any
given z € [0, L], the Ct solution U = U(t,x) to Cauchy problem (2.52) and (1.5) satisfies

NUC, o)l 20,10+ @) < CllUoll(z20,)y»s 0<x <L, (2.56)

where T* = T*(x) is determined by

{x = x(l)(T*), when 0 < z < %,

T = x(2)(T*), when x* < x < L. (2.57)

Furthermore, let R” be the domain surrounded by t-axis, x-axis and characteristic line
z = 2 (t), and let R be the domain surrounded by x-axis, = L and characteristic line
x = 2 (t), where z = (1 (t) and = = 2(?)(t) are given by (2.53) and (2.54), respectively. By
the theory of one-sided mixed initial-boundary value problem of first order hyperbolic systems
([8]), the unique C* solution U = U (t,z) to problem (1.2)—(1.5) on R is uniquely determined
by the initial data Uy and the boundary function H*(¢) on x = 0; while, U = U(t,z) on R
is uniquely determined by the initial data Uy and the boundary function H ™ (t) on = L. Let
t =t;(x) (i = 1,2) be the inverse function of z = () (¢) (i = 1,2) for € [0, L]. We have
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Theorem 2.4 Assume that U = U(t,x) is the unique C solution to problem (1.2)—(1.5).
(1) For any given t € [0,t9] with t§ = t5(0), U = U(t,z) satisfies

1U (M p200,2@ @y < CUUoll 20,00 + IHH 1 (£20,7))M0)- (2.58)
Moreover, for any given x € [0, L], U =U(t,x) satisfies
D UII(L2(0,t2 (2))) = 0ll(L2(0,L))" (L2(0,1)Mo ) :
U @)l < C(1oll +HT ) (2.59)
(2) For any given t € [0,tF], in which t¥ =t,(L), U = U(t, ) satisfies
NUE O z2o@),ny» < CU0oll 20,2y + I1H ™ |20, 1)) )- (2.60)
Moreover, for any given x € [0, L], U =U(t,x) satisfies

N0 2) (220,602 < CUUoll(z20,2))7 + I1H ™ lz200,1))21)- (2.61)

3 Definition and Properties of Weak Solution

3.1 Definition of weak solution
In order to give the definition of weak solution, we first prove

Proposition 3.1 For any given T > 0, U = U(t,z) € (C*([0,T] x [0, L]))™ is a C* solution
to problem (1.2)—(1.5) if and only if U = U(t,x) satisfies

L L
/ 7 (T, 2)U(T, z)dx — / BT (0, 2)Up (z)dx
0 0

T L
= / / (@] + ®LA — dT A)Udadt
’ TO T
+/ (@) (¢,0)AT Do H " (t)dt —/ (@) (t, )N D1 H™ (t)dt (3.1)
0 0
for any given ® € (C1([0,T] x [0, L]))™ satisfying

{fb‘(t,O) = —(A")TIGTAT D (,0) (3.2)

O (L, L) = —(AH)"LGTA-0~(t, 1), te [0.T).

Proof Assume that problem (1.2)—(1.5) admits a C* solution U (¢, z) on the domain [0, T] x
[0, L] for any given T > 0. Let ® € (C1([0,T] x [0, L]))" satisfy (3.2). Multiplying ®7 on both
sides of (2.52) and integrating by parts, we get

L L
= T — T,z x)dx
o_/0 T (T, 2)U(T, z)dx /0 ®7(0,2)Up(x)d

T T
T T
+ /O &7 (t, L)AU (£, L)dt — /O 7 (£, 0)AU (£, 0)dt

T L
— / / (®F + oTA — T A)Udadt. (3.3)
0 0



Ezact Controllability First Order Hyperbolic System Weak Solutions 655

Noting that ® satisfies (3.2), using the boundary conditions in (1.3)—(1.4), we immediately get
(3.1).

On the contrary, let ® € (C1([0,7T] x [0, L]))™ vanish at 2 = 0, L and at t = 0, 7. By (3.1),
we get

T /L
/ / (@ + ®LA — T A)Udzdt = 0. (3.4)
o Jo

Since U(t,x) € (C*([0,T] x [0, L]))", integrating by parts in (3.4), we get

T L
/ / o7 (U; + AU, + AU)dxdt = 0. (3.5)
0 0

Since the set of functions ® € (C([0,T] x [0, L]))™ mentioned above is dense in (L((0,T) x
(0,L)))™, (3.5) implies that

T L
/ / T(U, + AU, + AU)dzdt =0, Y € (L'((0,7) x (0,L)))", (3.6)
0 0
then
U +AU,+ AU =0, te€]0,T], z€][0,L] (3.7)

Now, let ® € (C1([0,7] x [0, L]))" satisfy (3.2). Integrating by parts and noting (3.7), it
follows from (3.1) that

/OL ®7(0,2)[U(0,z) — Up(z)]dz
_ /O @) (. 0)A [Gol (£.0) — U (£,0) + DoH* (1)]dt
- /0 T(qr)T(t, LYAT[U™(t,L) — GyU ™ (t, L) — Dy H~(t)]dt. (3.8)
Let ® € (C'([0,T] x [0, L]))" vanish at z = 0, L, we get
/OL BT (0, 2)[U(0, ) — Uo(x)|dz = 0. (3.9)

Let B : (CY([0,T] x [0, L]))™ — (L'(0, L))" be defined by

Since B({® € (C*([0,T] x [0, L]))", vanishing at = 0, L}) is dense in (L*(0, L))", (3.9) implies
/L W (2)[U(0,2) — Uo(a)|dz = 0, YW € (L'(0, L))", (3.10)
0

then we have

U(0,2) = Up(x). (3.11)
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Similarly, we can prove
Ut (t,0) = GoU™ (t,0) + DoH ™ (t) (3.12)
and
U (t,L) =G U (t,L) + D1H (t). (3.13)

Then, U = U(t, ) is a C! solution to the mixed problem (1.2)—(1.5).
Thus, (3.1) is an equivalent definition of the C! solution to problem (1.2)—(1.5), which is
still valid when U = U(t,x) € (L?(0,T; L?(0,L)))". Therefore, we can give the following

Definition 3.1 For any given T > 0, U = U(t,z) € (L*(0,T; L*(0, L))" is a weak solution
to the forward mized problem (1.2)~(1.5), if (3.1) holds for any given ® € (C*([0,T] x [0, L]))"
satisfying (3.2).

3.2 Existence and uniqueness of weak solution

In this section, we construct a sequence of classical solutions to approximate the weak
solution, then we prove the existence and uniqueness of weak solution and establish some
related estimates.

For any given initial data Uy € (L*(0, L))", by a mollifier procedure, there exist U§(z) in
(C§°[0, L])™ with £ > 0 so small that

105 lz2c0,2)» < 0ol (20, L)) (3.14)
and
Us(-) = Up(-) in (L*(0,L)" ase— 0. (3.15)

Similarly, for any given T' > 0, for any given boundary function H € (L?(0,T))™, we can find
He(t) € (C§°[0, T))M such that

IH | (L2 0, < 1 HIl(z20,1y)M (3.16)
and
He(-) = H(-) in (L*0,7)M ase — 0. (3.17)

Thus, for the mixed problem (1.2)—(1.5) (in which Uy(z) = U§(z) and H(t) = H=(t)), the
conditions of C' compatibility are always satisfied at the points (t,#) = (0,0) and (0, L),
respectively. By Lemma 2.1, the corresponding mixed problem (1.2)—(1.5) admits a unique C*
solution U¢(¢, x). By Theorem 2.1, noting (3.14) and (3.16), we have

N1U=(t, )z 0,y < C(T)([Uoll 20,2y + 1 H l(z20,y)m ), V€ [0,T7, (3.18)
then, we have

1U 20,5200,y < C(T)(|1Uoll(z2(0,2))» + 1H l(£2(0,7))M)- (3.19)
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By the linearity, for €1 # 9 > 0, we have

IO = U) | (z20,rsz20.0)»
< CT) (U5 = Ug* lwaqo,epye + I1HT = HE g2 myy0). (3.20)

Noting (3.15) and (3.17), it follows from (3.20) that {U¢} is a Cauchy sequence in (L2?(0,T};
L?(0, L))", hence there exists U(t,r) € (L?(0,T; L?(0,L)))", such that

Us(t,x) — U(t,x) in (L?(0,T;L*0,L)))" as e — 0. (3.21)

Noting (3.18), U(t, x) also satisfies (2.3).
Moreover, we have

NU( D)l z2o,myy» < C(T)1Uoll(z20,2)) + 1HIl(z2(0,7))M )5 (3.22)

then U(t, z) satisfies (2.31). Similarly, U(t, x) satisfies (2.30).

Furthermore, by Theorem 2.3, Corollary 2.1 and Corollary 2.2, U(t, z) satisfies (2.46), (2.55)
and (2.56). By Theorem 2.4, U(t, z) satisfies (2.58)—(2.61).

Next, we prove that U(t,z) is a weak solution to problem (1.2)—(1.5). Since U¢(t,z) € C!
is a O solution to the corresponding problem (1.2)-(1.5), by (3.1) we have

L L
/ ®7 (T, 2)U (T, z)da — / 7 (0, 2)UE (2)dx
0 0

T L
= / / (@ + oTA — T A)Usdadt
’ T0 T
+/ (<I>+)T(t,O)A+DO(H5)+(t)dt—/ (®@)T(t, L)YA™ Dy (H®)™ (t)dt (3.23)
0 0

for any given ® € (C1([0,T] x [0, L]))™ satisfying (3.2). Noting (3.15), (3.17) and (3.21), and
taking e — 0, we immediately get the existence of weak solution.

Now we prove the uniqueness of weak solution. The idea of the proof was first proposed in
[4, pp. 27] for the transport equation, it was also mentioned in [1, pp.231] for first order homoge-
neous linear hyperbolic systems. Assume that U; and U, are two weak solutions corresponding
to the same initial data Uy € (L?(0, L))" and the same boundary function H € (L*(0,7))M.
Let U = U; — Us. By (3.1), for any given ® € (C1([0,T] x [0, L]))" satisfying (3.2), we have

L T L
/ (T, 2)U(T, x)dx = / / (@] + LA — T A)Udazdt. (3.24)
0 0 0

Let {F, € (C}[0,L])"} be a sequence of functions such that
F,() = U(T,-) in (L*(0,L))" as n — +oo. (3.25)

Consider the following problem

U + AV, + ATU, =0, tel0,T], z €|0,L],
U (t,0) = —(A) I GTA UL (1), te [0, T), (5.26)
U (t, L) = (A7) 'GEATEL(t, L), te0,T], '

t=0: U,(0,z) = F,(L — ), z €0, L].
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Let U,, be the C! solution to problem (3.26) and let
D, (t,x) ==V, (T —t,L—x), V(t,z)el0,T]xI[0,L]. (3.27)
We have
U, (t,0)=®,(I'—t,L) and U,(¢t,L)=,(T —1t,0). (3.28)
Moreover, noting (3.25), we have
®,(T,z) =0, (0,L — ) = Fp(x) = U(T,z) in (L*(0,L))", as n — +ooc. (3.29)
Substituting (3.27) into (3.26), we have

O, + AP, — ATD, =0, tel0,T], x €[0,L],
@y (1,0) = —(A™)LGTAY®E(1,0), € [0,T), (3.30)

Of(t, L) = —(AY)'GTA~®, (¢, L), te[0,T].

n

Thus, @, (t, z) satisfies (3.2), then, by (3.24) and noting (3.29), we have

L L
/ FI(2)U(T, z)dx :/ ®T(T, 2)U(T, x)dz = 0. (3.31)
0 0

Taking n — 400, we get
L
/ |U(T, z)|*dz = 0. (3.32)
0

Since T > 0 is arbitrarily given, we have U(t,-) = 0 for any given ¢ € [0,7]. The proof is
complete.

Therefore, we have

Theorem 3.1 For any given T > 0, for any given initial data Uy € (L*(0, L))" and any
given boundary function H € (L*(0,T))™, the mized problem (1.2)—(1.5) admits a unique weak
solution U = U(t,z) € (L?(0,T; L(0,L)))", satisfying estimates (2.3), (2.30)~(2.31), (2.46),
(2.55)~(2.56) and (2.58)(2.61).

Remark 3.1 Assume that the conditions (2.1) of CY compatibility at the points (¢, z) =
(0,0) and (0, L) are satisfied, respectively. Proceeding a similar procedure as above in the
function space (C°([0,T]; L?(0,L)))™, the regularity of the weak solution can be improved to
U=U(tx) € (C°0,T); L?(0, L)))".

Remark 3.2 In Definition 3.1, the trace of the weak solution is not defined on any given
x € [0,L], however, in Theorem 3.1, (2.46) indicates that the weak solution on any given
x € [0, L] is in fact an L? function and its L? norm can be controlled by the L? norm of initial
data and boundary function.

Moreover, (2.55) and (2.56) imply that for the corresponding Cauchy problem, the weak
solution on the maximum determinate domain R¢ depends only on the initial data Uy.

Estimates (2.58)—(2.61) in Theorem 3.1 imply the following theorem.



Ezact Controllability First Order Hyperbolic System Weak Solutions 659

Theorem 3.2 The weak solution U = U (t,x) € (L*(0,T; L*(0, L)))™ to problem (1.2)—(1.5)
on the domain R° (resp. RY), defined in Theorem 2.4, is uniquely determined by the initial
data Uy and the boundary condition H*(t) on x =0 (resp. H~(t) on x = L).

For any given 7' > 0 and any given f(¢t,z) € (L*(0,T;L?(0,L)))", one can consider the
inhomogeneous system

U+ AU, + AU = f(t,z), te(0,T), x€(0,L) (3.33)

with the boundary conditions (1.3)—(1.4) and the initial data (1.5) by the method of operator
semigroups (see [16, 18]) to get

Theorem 3.3 For any given T > 0, for any given initial data Uy € (L*(0, L))", any given
boundary function H € (L*(0,T))™ and any given f(t,x) € (L*(0,T;L?(0,L)))", the mived
problem (3.33) and (1.3)—(1.5) admits a unique weak solution U = U (t,x) € (L?(0,T; L?(0,L)))",
satisfying

NU(T, )220,y < C(T)[Uollz2(0,2))n + 1H | z20,mym + 1 fllz20,75020,2)))m)-  (3-34)

3.3 Backward problem

In studying the controllability and the observability of weak solutions by the constructive
method, in order to construct the weak solution to the forward problem under consideration,
a backward problem should be solved beforehand. For this purpose, the weak solution to the
backward problem will be discussed in this subsection.

Since the coming characteristics and the departing characteristics change their roles for
backward problem, for any given T' > 0, we consider the following backward system:

U, + AU, + AU =0, te(0,T), =€ (0,L),

U= (t,0) = GoUt(t,0)+ H-(t), te(0,T), (3.35)
Ut(t,L) =G U (t,L) + H*(t), te(0,T)

with the final data
t=T: UT,z)=Up(z), =€(0,L), (3.36)

where the boundary coupling matrices @0 and G with constant elements are any given matrices
of order m x m and m x m, respectively, H = (H—,H")T with H~ = (hy,--- ,h,,)T and
HY = (hims1,- - 5 hn)T.

Let ¥ be any given function in (C*([0,T] x [0, L]))", satisfying

{\I/+(t,0) = —(AT)TIGIATU(1,0), teo,T], (3.37)

U (t,L) = —(A")"*GTATUT(t,L), te[0,T).
We have
Definition 3.2 For any given T > 0, U = U(t,x) € (L?(0,T; L?(0,L)))" is a weak solution
to the backward mized problem (3.35)—(3.36), if we have

L L
/ T (T, 2)Ur (z)de — / WT(0,2)0(0, 2)da
0 0
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T L
= / / (OF + 9TA — 0T A)Udzdt
0 0
T T
+/ (UL (¢, 0)A~ H™ (t)dt —/ (U, L)ATH T (t)dt (3.38)
0 0

for any given W € (C*([0,T] x [0, L]))"™ satisfying (3.37).

Theorem 3.4 For any given T > 0, for any given final data Ur € (L?(0,L))" and any
given boundary function H € (L?(0,T))", the backward problem (3.35)—(3.36) admits a unique
weak solution U = U(t,x) € (L*(0,T; L?(0, L))", satisfying

NUE )220, < CO)NUT | (2200, + 1 H | (z2(0,7))»), ¥t €[0,T]. (3.39)

If we take t =T — ¢, x = L — T in (3.35)(3.36) and W ({,7) = U(T —t,L — T), then, the
backward problem (3.35)—(3.36) can be formally transformed into a forward problem previously

considered:
Wi + AWz — AW =0, te (0,7), £ (0,L),
WH(t,0) =G W~ (t,0)+ HY (T —1), te(0,7T), (3.40)
W=, L)=GWT{, L)+ H- (T —%), te(0,T)
with the initial data
t=0: W(0,z)=Ur(L-7), Te(0,L). (3.41)

We now verify the validity of this consideration. In fact, by Theorem 3.1, problem (3.40)—(3.41)
admits a unique weak solution W = W (¢,7) € (L?(0,T; L*(0,L)))", satisfying

W (&, L2002 < C@)UUrlL20,)) + 1 Hl(L20,7)),  VE € [0,T], (3.42)

such that
L L
/ ®7 (T, 7)W (T, 7)d7 — / BT (0,7 Uy (I — T)d7
0 0
T L
= / / (@] + LA + " A)Wdzdt
’ TO T
- / (@, 0ATHY (T —1)di — / (@) (&, LA H (T —1)dt (3.43)
0 0

holds for any given ® € (C([0, 7] x [0, L]))™ satisfying

= (1,0) = —(A")"'GTAT®T(1,0), Te0,T], (3.44)
O+t L) = —(AT)"IGTA-®~(£,L), t€[0,T). '
Lett =T —tand T= L — z in (3.43)-(3.44), and let
Ut,2)=W(T —-t,L—2) and Y(t,z)=d(T —t,L—x). (3.45)

It easily follows from (3.43)—(3.44) that U = U (¢, z) satisfies (3.38), and ¥ € (C*([0, T]x[0, L]))"
satisfies (3.37). Therefore, by Definition 3.2, U = U(t, z) is the weak solution to the backward
problem (3.35)—(3.36). Noting (3.42) and (3.45), U = U (¢, x) satisfies (3.39).
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Remark 3.3 By the same manner as estimating the solution to the forward problem, under
the assumptions of Theorem 3.4, similar estimates as (2.30)—(2.31), (2.46), (2.55)—(2.56) and
(2.58)—(2.61) are valid for the backward problem (3.35)—(3.36), for example, we have

N1UC0) 20, < CT)(NUr|l(z200,2))» + 1 HIl(z2(0,7))") (3.46)

and

NUC Dllzzo,y» < CO)NUT 220,29y + 1H [l (22(0,))7)- (3.47)

Remark 3.4 Assume that the backward problem of system (1.2)—(1.4) is solvable, namely,
assume that the number of positive eigenvalues is equal to that of negative ones, and G; (i = 0,1)
are reversible, namely,

m=m and rank(Go) =rank(G;) = m. (3.48)
Then system (1.2)—(1.4) can be equivalently rewritten as

Ui + AU, + AU =0, te(0,T), z € (0,L),
U~ (t,0) = G 'U*(t,0) — Gy ' DoH* (t), t€ (0,T), (3.49)
Ut(t,L) =G{*U(t,L) — GT'DiH=(t), te(0,T).

By Theorem 3.4, the backward problem (3.49) and (3.36) is well-posed. Moreover, by the
approximation of classical solutions and the uniqueness of weak solution, it is easy to prove
that if U = ﬁ(t, x) is the weak solution to problem (1.2)—(1.5), then it is also the weak solution
to backward problem (3.49) with the final condition

t=T: U(T,z)=U(T,z), =€ (0,L),

and vice versa. Hence, system (1.2)—(1.4) is time reversible.

We point out that, making an equivalent algebraic transformation by multiplying a full rank
matrix from the left on the boundary condition of the system doesn’t influence the definition
and the properties of the weak solution. In the following discussion, this property was used and
will be used from time to time.

3.4 Some related results

In order to prove the controllability for system (1.2)—(1.4) and the observability for the
adjoint system (4.1) by the constructive method, we prepare some useful lemmas in this section.

First of all, for any given T > 0, assume that ® = ®(t,z) € (L2(0,T; L*(0, L))" is a weak
solution to the following homogeneous backward system

O, +AD, — AT® =0, te(0,T), x € (0,L),
c=0: & (t,0) = God+(1,0), te(0,7T), (3.50)
x=L: ®T(t,L) =GP (t,L), t€(0,T)

with

t=T: ®T,z)=0r(z), z€(0,L), (3.51)
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where the boundary coupling matrices CAv'O and él with constant elements are any given matrices
of order m x T and T X m, respectively. Assume furthermore that

m<m (e, n<2m) and rank(Go)=m, (3.52)
(Gorymxrm

(Go2) (m —m) xm
matrix of order m. Thus the boundary condition on « = 0 in (3.50) implies

without loss of generality, we assume that @0 = ( ), where @01 is an reversible

z=0: ®F(t,0) = Go® (£,0), Vie (0,7T), (3.53)
where G = (@gll 0) . Then we can consider the following forward mixed problem:

o, + AP, — ATD =0, te(0,7)
r=0: ®F(¢,0) = Go® (t,0), te€(0,7),
T)

o~

x=L: O (t,L)=d(t,L), te(0,

o~

t=0: & =0(0,x), z € (0,L).

(3.54)

We have

Theorem 3.5 Under the assumptions mentioned above, assume furthermore that (3.52)
holds, then the weak solution ® = ®(t,x) € (L?(0,T;L?(0,L)))"™ to the backward problem
(3.50)—(3.51) is the weak solution to the forward problem (3.54).

Proof By Definition 3.1, ® = ®(t,z) € (L%(0,T; L*(0, L)))" is a weak solution to problem
(3.54), if

L L
/xI/T(T,x)@(T,x)dx—/ U7(0,2)0(0, z)dx
0 0

T L T
:/ / (T + OTA + O AT)Bdadt —/ ()T (t, L)A= O (t, L)dt (3.55)
o Jo 0
holds for any given ¥ € (C*([0,7] x [0, L]))" satisfying

{\If—(t,O) = —(A")TIGTATUT(1,0), te0,T], (3.56)

UH(t,L) =0, tel0,T).

Let @ = <T>(t, x) € (L*(0,T; L?(0,L)))™ be the weak solution to the backward problem (3.50)—
(3.51). By the uniqueness of weak solution, it suffices to prove that ® = <T>(t, x) satisfies (3.55)
for any given ¥ € (C1([0,T] x [0, L]))" satisfying (3.56). By the procedure of approximation
mentioned in Section 3.2, we can find a sequence of C' solutions ®*(t,x) of problem (3.50)-
(3.51) that converges to ®(t,z) in (L2(0,T; L%(0,L)))" as k — oo, such that

(@)~ (t,L) — & (t,L) in (L*(0,T))™ as k — oo (3.57)
and
*(0,2) = ®(0,2), *(T,z) — ®&(T,z) in (L*(0,L))" as k — oo. (3.58)
It is easy to check that ® = ®*(¢,z) satisfies

Oy + AP, — AT® =0, te(0,T), <€ (0,L). (3.59)
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Moreover, noting the boundary condition on z = 0 in (3.50), by (3.52), ® = ®* (¢, x) satisfies
(3.53). Thus, ® = ®*(¢,z) is the C* solution to system (3.59) and

z=0: ®*(t,0) = Go®(£,0), te(0,T), (3.60)
x=L: & (t,L)=(®")~(t,L), t€(0,T) '
with the initial data
t=0: ®=0"0,z), xc(0,L). (3.61)
By Proposition 3.1, ®*(¢, z) satisfies
L L
/ UT(T, 2)®"(T, z)dx — / U1 (0,2)0%(0, z)dz (3.62)
0 0

T L T
:/ / (O + OTA + U7 AT)®*dadt —/ (U)T(t, L)A=(®*)~ (¢, L)dt
0 0 0

for any given ¥ € (C*([0,T] x [0, L]))" satisfying (3.56). Taking k¥ — oo in (3.62) and noting
(3.57) and (3.58), we get (3.55), then ® = ®(¢,z) is the weak solution to problem (3.54).

Now we assume that U = U(t,z) € (L*(0,T;L3(0,L)))" is a weak solution to problem
(1.2)—(1.5). Noticing \; # 0 (i = 1,---,n), and changing the role of ¢ and = in (1.2), we
consider the following rightward problem:

U+ AU+ A PAU =0, € (0,L), te(0,T) (3.63)

with the boundary condition

t=0: Ut =0U"0,2), z€(0,L), (3.64)
t=T: U =U(T,z), z€(0,L) '
and with the initial data
v=0: U=U(t0), te(0,7). (3.65)

We have

Theorem 3.6 Under the assumptions mentioned above, the weak solution U = ﬁ(t,x) €
(L2(0,T; L*(0,L)))™ to the forward problem (1.2)—(1.5) is also the weak solution to the rightward
problem (3.63)—(3.65).

Proof Multiplying ®7 on both sides of (3.63), and using the boundary conditions (3.64),
it is easy to check that U = U(t,x) € (L*(0,T;L?*(0,L)))" is a weak solution to problem
(3.63)(3.65) if

T T ~
o:/ @T(t,L)U(t,L)dt—/ o7 (t,0)U (t,0)dt
0 0
L N L R
+/ (@‘)T(T,x)A_lU_(T,a:)dx—/ (@70, 2) AU (0, x)da
0 0

T L
— / / (@ + o7 A7 — T AT A Udadt (3.66)
0 0
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holds for any given ® € (C'([0,T] x [0, L]))™ satisfying

= (0,2) =0, z€l0,L],
{‘1)+(T, z)=0, x€l0,L] (3.67)

Let U = ﬁ(t,x) € (L?(0,T; L*(0,L)))"™ be the weak solution to problem (1.2)-(1.5). By the
uniqueness of weak solution, it suffices to prove that U = U (¢, z) satisfies (3.66) for any given
® € (CL([0,T] x [0, L]))™ satisfying (3.67). By the procedure of approximation mentioned in
Section 3.2, we can find a sequence of C! solutions U* (¢, 2) of problem (1.2)(1.5) that converges
to U(t,z) in (L2(0,T; L2(0, L))" as k — oo, such that

(UMY (t,0) = U (t,0) in (L2(0,T))™; (U*)"(t,L) = U~ (t,L) in (L*(0,T))™ (3.68)
and
U*(0,2) — U(0,2) in (L*(0,L))*; U"(T,z)— U(T,z) in (L*(0,L))" (3.69)

as k — o0o. It is easy to check that U = U¥(t, ) solves the rightward problem of system (3.63)
with the boundary condition

t=0: Ut =(U"*0,z), =e(0,L), (3.70)
t=T: U = U*(T,z), =€ (0,L) '
and the initial data
r=0: U=U"{t0), te(0,7T). (3.71)

By Proposition 3.1, U*(t, x) satisfies
T T
0= / ®7 (¢, LU (¢, L)dt — / 7 (£, 0)U* (£, 0)dt
0 0
L L
[ @) @A 0N (@ode - [ @000 0 0,00
0 0
T L
—/ / (@ + o7 A~ — T AT A UFdadt (3.72)
0 0

for any given ® € (C1([0,T] x [0, L]))" satisfying (3.67). Taking k& — oo in (3.72) and noting
(3.68)—(3.69), we have

T T
oz/ @T(t,L)U(t,L)dt—/ ®T(¢,0)U(t,0)dt
0 0
L . L N
+/ (@—)T(T,x)A—lU-(T,x)dx—/ (@N)T(0,2)A'UT(0,2)dx
0 0
T (L N
—/ / (@ + dTA — dTATLA)Udadt (3.73)
0 0
for any given ® € (C1([0,T] x [0, L]))" satisfying (3.67), then U(t,z) is the weak solution to

problem (3.63)—(3.65).
Similarly to the proof of Theorem 3.6, we have
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Theorem 3.7 Assume that U = U(t,z) € (L2(0,T; L*(0, L))" is a weak solution to the
backward problem (3.35)—(3.36), then it is also the weak solution to the rightward problem
(3.63)—(3.65).

Similarly, for the leftward problem of system (3.63) with the boundary conditions

t=0: U-=U(0,2), x€(0,L), (3.74)
t=T: U =U"(T,z), z€(0,L) '
and the initial data
c=L: U=U(L), te(0,7), (3.75)

we have

Theorem 3.8 Under the assumptions mentioned above, the weak solution U = ﬁ(t,x) €
(L2(0,T; L*(0,L)))™ to problem (1.2)—(1.5) is also the weak solution to the leftward problem
(3.63) and (3.74)—(3.75).

Theorem 3.9 Assume that U = U(t,z) € (L2(0,T; L*(0, L))" is a weak solution to the
backward problem (3.35)—(3.36), then it is also the weak solution to the leftward problem (3.63)
and (3.74)—(3.75).

4 Exact Boundary (Null) Controllability of Weak Solutions by the
Constructive Method

In this paper, we will discuss the exact boundary (resp. null) controllability for system
(1.2)-(1.4) and the strong (resp. weak) exact boundary observability for the corresponding
adjoint system

O, +AD, — AT® =0, te(0,T), x € (0,L),
O~ (t,0) = —(A7)'GgAT R (t,0), e (0,7), (4.1)
Ot (t,L) = —(AT)TGTA=®(t,L), t€(0,T)
with the final data
t=T: ®(T,z) =Dp(x), z€(0,L). (4.2)

As mentioned in Introduction, first order hyperbolic systems are not always time reversible,
then the exact boundary controllability and the exact boundary null controllability for system
(1.2)—(1.4) are not equivalent to each other in general (see [12]), hence they should be discussed
separately. Correspondingly, for the adjoint system (4.1), the strong exact boundary observabil-
ity and the weak exact boundary observability should be taken into consideration respectively,
too.

Based on Theorem 3.2 and Theorems 3.5-3.9, the constructive method in the framework of
classical solutions (see [8, 12]) can also be used in the framework of weak solutions to prove the
exact boundary (null) controllability and the strong (weak) exact boundary observability for
1-D first order hyperbolic systems.

In this section and in the next section, we will first list some results on controllability and
observability obtained by the constructive method in the framework of weak solutions. The
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procedure of proofs is similar to that in the framework of classical solutions by the constructive
method (see [8, 12]). In what follows, we only prove the one-sided exact boundary controllability
of weak solutions for system (1.2)—(1.4) and the one-sided strong exact boundary observability
of weak solutions for the adjoint system (4.1) to show how the constructive method works.

Lemma 4.1 (Two-sided exact boundary controllability) Let T' > Ty, where

1 1
m+1<s<n

If M = n, namely, My = rank(Dy) = m and My = rank(D1) = m, then for any given initial
data Uy(x) € (L2(0, L))" and final data Ur(x) € (L*(0,L))", there exists a boundary control
H € (L?(0,T))", satisfying

I H (2200, < CU|Uoll(z2(0,Ly)» + 1UT |l (£2(0,2)) ) (4.4)

here and hereafter, C > 0 denotes a constant depending only on T, such that the mixzed problem
(1.2)~(1.5) admits a unique weak solution U = U(t,x), satisfying exactly the final state at the
timet="1T:

U(T,z)=Ur(z), 0<z<L. (4.5)

Lemma 4.2 (One-sided exact boundary controllability) Assume that the number of positive
eigenvalues is not larger than that of negative ones:

m<m (i.e., n<2m). (4.6)
Assume furthermore that
rank(Go) = m. (4.7)
Let T > To, where
_ 1
Ty = L(lgaéxmlArl + mﬁ%?ﬁn)\_s) > 0. (4.8)

If M = M, = rank(D1) = m, then for any given initial data Uy(z) € (L?(0,L))" and final
data Ur(z) € (L*(0, L))", for any given boundary function H*(t) € (L%(0,T))™, there exists a
boundary control H=(t) € (L?(0,T))™, satisfying

1H ™ |l(20,m)= < C(N0oll 220,00y + Uzl 2200,y + IH Y || (22(0,7))7) (4.9)

such that system (1.2)~(1.4) is exactly controllable at the time t = T.

Proof Let
— 1
and
_ 1
To=T—-L max — (4.11)

m+1<s<n )\s '
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First, for any given initial data Up(z) € (L?(0,L))" and boundary function HT(t) €
(L?(0,T))™ on # = 0, we consider the forward problem (1.2)—(1.3) and (1.5) with the fol-
lowing artificial boundary condition on x = L:

r=L: U (t,L)=F(t), 0<t<Ty, (4.12)
where F(t) € (L*(0,T1))™ is any given function of ¢, satisfying
IE N (220,70 )m < CUToll 220, + 10Tl (220,20 + IH | (£2(0,7)y7)- (4.13)

By Theorem 3.1, there exists a unique weak solution U = Uy (t,x) € (L?(0,T1; L*(0,L)))" on
Ry ={(t,2)|0 <t <T1,0 < x < L}, satisfying

1 z20072:2200,)m < CUI00ll 220,y + 10Uzl (z20,2))» + 1 H | (22(0,19)m): (4.14)
and we can determine the value of U = Uy(t,z) on z =0 as
z=0: Us(t,0)=a(t), 0<t<T (4.15)
with a(t) € (L%(0,T))" satisfying
lall 227 < CUTl 220,y + 107l (220, + 1H T (22(0,1))7)- (4.16)
Second, noting (4.7), without loss of generality, we may assume that
Go = ((Gor)mxm  (Go2)mix (m—m) ) »

where Gp; is reversible. Then the boundary condition (1.3) on & = 0 can be equivalently
rewritten as

Uq Urm+1
r=0: D 1,0) = GolUT(t,0) — Goi' Goo ; (t,0) — Go' DoH T (t).  (4.17)
Uy Um
For any given final data Ur(z) € (L?(0, L))", we consider the backward problem (2.52) with
final data (4.5), boundary condition (4.17) and the following artificial boundary conditions

Um+1
r=0: : (t,0)=P(t), To<t<T (4.18)
Um
and
r=L: UT(t,L)=Q(t), Ty<t<T, (4.19)

where P(t) € (L*(T2,T))™ ™ and Q(t) € (L?(T2,T))™ are any given function of ¢, satisfying
1Pl 2, 1yyom-—m < CUIUN (220,00 + 10Tl 220,20y + 1 F [l (22 (0,7)7) (4.20)
and

1QNl L2177 < CI0oll(z20,))n + Uzl (z20,3)m + 1 H [l (22(0,1))m)- (4.21)
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By Theorem 3.1, there exists a unique weak solution U = U, (t,z) € (L?(T2,T; L*(0,L)))"™ on
Ry ={(t,x) | To <t <T,0 <z < L}, satisfying

106l (12,1 2200,0))n < CUTol (220,07 + 10Tl (2200, + I T [l (£2(0,1)y7)- (4.22)
Then, we can determine the value of U = Up(t,2) on x =0 as
r=0: U(t,0)=0b(t), To<t<T (4.23)
with b(t) € (L?(To,T))" satisfying
161l L2751y < CUlUoll(z20,0)n + 1UT [l (£200,L0)7 + 1H T |l (£2(0,7))7)- (4.24)

It is easy to check that both a(t) and b(t) satisfy the boundary condition (1.3) on & = 0.
Noting (4.8) and (4.10)—(4.11), we may find c(t) € (L%(0,T))" satisfying the boundary condition
(1.3) on = 0 and

lell ez, < CU0O (220, + 11Ul 2200,y + IH T [l (22(0,17)5 (4.25)
such that
~Ja(t), 0<t<Ty;
() = {b(t), To<t<T. (4.26)

We now change the status of ¢ and = and consider a rightward problem for system (3.63)
with the initial data

x=0: U(0)=c(t), 0<t<T (4.27)
and the boundary conditions

t=0: Ut =U{(z), x€(0,L) (4.28)
and

t=T: U =U;(x), xe(0,L). (4.29)

Again, by Theorem 3.1, there exists a unique weak solution U = U (¢,x) € (L?(0,T; L?(0, L)))"
on R(T)={(t,z) |0 <t <T,0<ax < L}, satisfying

1Tl z2(0,m:22 0,2 < CI1Uoll(z20,2))» + Ul 20,2))» + 1 H ¥ l(£20,7))7)- (4.30)

We first prove that U = U(t, z) satisfies the initial condition (1.5) and the final condition
(4.5). In fact, by Theorem 3.6, U = Uy (t, x) is also the solution to the rightward problem (3.63)
with (4.28),

tZTl : U_ZUf_(Tl,ZZ?), QTE(O,L) (431)
and

r=0: Ut0)=c(t), 0<t<T (4.32)
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on the domain Ry. However, noting (4.10), by Theorem 3.2, the solution to the rightward
problem (3.63) with (4.28), (4.31) and (4.32) is uniquely determined on the domain

T
RO _ {(t,x)‘0§t< Tl(L—a:),()ngL}

by (4.28) and (4.32), which are just the initial data and the boundary condition on ¢ = 0 for
the rightward problem (3.63) and (4.27)—(4.29). Hence,

Ut,z) = Uys(t,x) (4.33)

on the domain R°. In particular, we have (1.5).
On the other hand, by Theorem 3.7, U = U,(t,x) is also the solution to the rightward
problem (3.63) with (4.29),

t=Ty: UT =U(Ty,z), z€(0,L) (4.34)
and
r=0: Ut,0)=c(t), To<t<T (4.35)

on the domain R,. However, noting (4.11), by Theorem 3.2, the solution to the rightward
problem (3.63) with (4.35)—(4.34) is uniquely determined on the domain

T—T,

RT:{(t,x)‘T— (L—x)<t§T,O§x§L}
by (4.29) and (4.35). Similarly, we have
U(t,x) = Up(t, z) (4.36)

on the domain R;. In particular, we have the final condition (4.5).
We now prove that U = U (¢, z) satisfies

L L
/ O (T, 2)Up(z)d — / BT (0, 2)Uo (z)dx
0 0
T L
= / / (®F + TA — T A)Udzdt
0 0

T T
+/ (<1>+)T(t,0)A+DOH+(t)dt—/ o1 (¢, L)AU(t, L)dt (4.37)
0 0

for any given ® € (C*([0,T] x [0, L]))" satisfying
O (t,0) = —(AT)'GEAT®T(t,0), te0,T], (4.38)

namely, U = U(t,x) satisfies (1.2)—(1.3) with (1.5) and (4.5) in the sense of weak solutions.
(The equivalent integral equation (4.37) is formed by a similar manner of (3.1) in Definition

3.1)
Regarding the following forward problem
Wy + AW, + AW =0, te (0,7), z € (0,L),
x=0: WH(,0)=U"(t,0), te(0,7T), (4.39)
x=L: W-(t,L)=U"(t,L), te(0,T), ’

t=0: W ="Uy(x)



670 X. Luand T. T. Li

as the ’leftward’ problem of the rightward problem (3.63) and (4.27)—(4.29), noting (1.5) and
by Theorem 3.8, U(t,z) is also the weak solution to the forward problem (4.39), we have
W (t,z) = U(t,x), then, by Definition 3.1, we get

L L
/(I)T(T,x)U(T,x)dx—/ &7 (0, 2)Up(2)dz
0 0

T L
= / / (®f + ®LA — dT A)Udzdt
0 0

T T
+ / T (t,0)AU(t,0)dt — / T (¢, L)AU (t, L)dt (4.40)
0 0
for any given ® € (C1([0,T] x [0,L]))". Let ® € (C'([0,7T] x [0,L]))" satisfy (4.38). Noting
U(t,0) = c(t), by its construction, ¢(t) satisfies the boundary condition (1.3) on z = 0, and
noticing (4.5), (4.37) follows from (4.40) immediately.
Finally, we determine the boundary control function by

H=(t) =Dy (U (t,L) — G,U*(t,L)), te(0,T), (4.41)
and, noting (4.25), it follows from Theorem 3.1 that

I1H ™l (z20,7))m < CNU(, L)l z20,1))m
< C([|Uollz20,yy + 1UTll(z2(0,2))» + llcllz20,1))m)
< C(IUoll 20,y + 1Urll(£200,Ly)» + 1 H N (£2(0,7))m)- (4.42)

As a conclusion, for any given initial data Ug(x) € (L2(0, L))", any given final data Ur(z) €
(L?(0, L))" and any given boundary function H*(t) € (L?(0,T))™, we can construct a function
U= U(t,z) € (L?(0,T;L*(0,L)))", which satisfies exactly (1.2)-(1.3), (1.5) and (4.5) in the
sense of weak solutions, and by restricting U = U(t,z) on the boundary x = L, we obtain
a boundary control function H~(t) € (L*(0,T))™ given by (4.41). Thus, with this boundary
control H~(t), U = U(t,x) is the weak solution to problem (1.2)—(1.5), which satisfies exactly
the final data (4.5) at the time ¢t = T. Hence, system (1.2)—(1.4) is exactly controllable at the
time t =T

Remark 4.1 Assumptions (4.6)—(4.7) guarantee that the constructive method with suit-
able artificial boundary conditions can be applied to system (1.2)—(1.4) for realizing the exact
boundary controllability for weak solutions.

Remark 4.2 The case of two-sided exact boundary controllability with fewer boundary
controls can be similarly discussed by the constructive method.

The constructive method can be also applied to prove the exact boundary null controllability
for system (1.2)—(1.4). Taking the one-sided controls case as an example, we have

Lemma 4.3 (One-sided exact boundary null controllability) Let T > T, where Tq is
given by (4.8). Assume that H=(t) =0 (resp. HT(t) =0), if M = My = rank(Dy) = m (resp.
M = My = rank(D;) = m), then for any given initial data Uy(z) € (L?(0, L))", there exists a
boundary control HT(t) € (L?(0,T))™ (resp. H~(t) € (L?(0,T))™), satisfying

IH* | (z20,myym < ClUoll(r20,yn  (resp. | H ™ [l(p20,mym < CllUoll(z2(0,)n),  (4.43)
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such that the corresponding mized problem (1.2)—(1.5) admits a unique weak solution U =
Ul(t,x), satisfying exactly the null final state at the time t =T ':

UT,z)=0, 0<z<L. (4.44)

Remark 4.3 Under the assumptions of Lemma 4.3, since the system has homogeneous
boundary conditions on the side without controls, we can set U = 0 in R}, instead of solving a
backward problem as in the proof of Lemma 4.2, hence assumptions (4.6)—(4.7) are not required.

Moreover, for system with homogenous boundary conditions on the side without controls,
boundary controls can be acted on either side of the boundary, so that the number of boundary
controls can be further reduced to m (< m).

In general, the one-sided exact boundary controllability and the one-sided exact boundary
null controllability are not equivalent. If system (1.2)—(1.4) is exactly controllable, then it
must be exactly null controllable. However, in order to deduce the one-sided exact boundary
controllability from the one-sided exact boundary null controllability for system (1.2)—(1.4), the
number of positive eigenvalues of A should be equal to that of negative ones, and the boundary
coupling matrices Gy and GG should be reversible, namely, we have

Theorem 4.1 The one-sided exact boundary controllability and the one-sided exact bound-
ary null controllability are equivalent if the following hypotheses are satisfied:

1. m=m; 2. rank(Gp)=rank(Gy)=m. (4.45)

Remark 4.4 Under the assumptions of Theorem 4.1, controls can apply on either side of
the boundary, and the number of boundary controls is equal to M = m = m.

5 Strong (weak) Exact Boundary Observability for the Adjoint System
by the Constructive Method

For any given final data ®7 € (L?(0, L))", the well-posedness of the backward problem
(4.1)—(4.2) in the sense of weak solutions is guaranteed by Theorem 3.4. By the constructive
method, we have the following result on the strong observability of the adjoint system (4.1).

Lemma 5.1 (Two-sided strong exact boundary observability) Assume T > Tpy, where Ty
is given by (4.3). Assume that ® = ®(t,x) is the weak solution to the adjoint problem (4.1)-
(4.2). For any given final data ®r(x) € (L*(0, L))", the boundary observations ®~(t,L) and
®F(1,0) corresponding to the departing characteristics on x = L and on x = 0, respectively,
on the interval (0,T) can be used to uniquely determine the final data ®p(x), and we have the
following strong observability inequality:

[@7[l(z20,))n < CUPT (5 D)ll(z20,m)ym + 127 (-, 0)[l(£2(0.79)m)- (5.1)
In particular, if
M =n, namely, My=rank(Dy) =m and M; =rank(D;)=m, (5.2)
then (5.1) can be written as

@7l (r2(0,0)) < C(IDEATET(-,0) (120,17 + [DTA™® (-, L)l (z2(0,1)m )- (5.3)
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Lemma 5.2 (One-sided strong exact boundary observability) Let T > T, where Ty is
given by (4.8). Assume that ® = ®(t, x) is the weak solution to the adjoint problem (4.1)—(4.2).
Assume furthermore that (4.6)—(4.7) hold. For any given final data ®1(x) € (L*(0,L))", the
boundary observation ®~(t, L) corresponding to the departing characteristics on x = L (the side
with fewer coming characteristics) on the interval (0,T) can be used to uniquely determine the
final data @ (x), and we have the following strong observation inequality:

1270l (r2(0,L))» < CI®T( L)l (r2(0,7))m- (5.4)
In particular, if
M = M, =rank(D;) = m, (5.5)
then (5.4) can be written as
197l (z2(0,y)n < CIDTA™® (-, L)l (£2(0,7))m- (5.6)

Proof Assume that ® = ®(t,z) € (L2(0,T; L2(0,L)))" is a weak solution to the backward
problem (4.1)—(4.2) with the final data ®7 € (L?(0, L))",
Noting A\; #0 (i = 1,--- ,n), the following leftward problem

O, +A 1D, —A1AT® =0, 2€(0,L), te(0,7T),

t=0: & = o (0,2), z€(0,L), (5.7)
t=T: &+ = dF, z€(0,L)
and
v=L: ®=&(t L), te(0,T) (5.8)

admits a unique weak solution. By Theorem 3.9, the weak solution ¢ = &)(t, x) to the backward
problem (4.1)—(4.2) is also the weak solution to the leftward problem (5.7)—(5.8).
Without loss of generality, assume that
1 1 1 1

max — = —— max — = . 5.9
12 m ] Pl miSs<e Xy Amn (5:9)

Drawing the m' and the (m + 1) characteristic lines © = z,,(t) and x = x,,11(t) passing
through the point (0, L) and (7, L), respectively, we have

dep,(t) dam41(t)

dt "™  and dt
zm(0) =L Tmt1(T) = L.

= A7’n )
i (5.10)

Noting (4.8), the triangular domain R;, surrounded by & = 2, (t), * = Zym+1(t) and o = L,
intersects x = 0 (see Figure 1).

By (2.56) in Theorem 3.1 for the Cauchy problem, the solution ® = ®(t, z) on R is uniquely
determined by (5.8). Then, noting the boundary conditions in (4.1), there exists t = t* (0 <
t* < T) such that

12, )z2c0,0))» < CIPC, D)l 2200, < CI@™ (5 L)l (z2(0,1))m- (5.11)
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t

T

xm+1

X
0 L

Figure 1 Triangular domain R;

By (4.6)—(4.7), the boundary condition on z = 0 in (4.1) implies that there exists an m x m
matrix Go such that

d*(t,0) = Go® (t,0), Vte (0,T) (5.12)

(see (3.53)). Taking ® = ®(t*,z) (z € (0, L)) as the initial data, we solve the following forward
problem on Ry = {(t,z) [ t* <t <T, 0 <z < L}:

O, +AD, — ATP =0, te (t*,T), x €(0,L),
z=0: ®T =Goy® (t,0), te (t*,T),
c=L: & =3 (t,L), te(t*,T),
t=t": ®=d(t*,x), z € (0,L).

(5.13)

By Theorem 3.5, & = &\)(t, x)|Rr, is the solution to problem (5.13). By Theorem 3.1, we have
187l 220,22 = IB(T:Mlz2c0,.2+ < CURE 220,y + 187 Dllweo.rye),  (5.14)
then, noting (5.11), we get immediately
18720, < CIB( L) 220,77 (5.15)

In particular, under assumption (5.5), D; is reversible, and A~ is also reversible, hence it
follows from (5.15) that

@7l (L2(0,))» < CIDTA™® (-, L)l (£2(0,1y)m - (5.16)

The proof is complete.

Remark 5.1 In Lemma 5.2, assumptions (4.6) and (4.7) guarantee that we can apply the
constructive method with suitable boundary observations to get the observability for the adjoint
system.
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Remark 5.2 We can similarly discuss the two-sided strong exact boundary observability
with fewer boundary observations.

Remark 5.3 The weak exact boundary observability for the adjoint system (4.1) can be
similarly studied by means of the constructive method. In this case, the initial data of the
solution to the backward adjoint problem (4.1)—(4.2) can be uniquely determined by bound-
ary observations. In one-sided observation case, differently from Lemma 5.2, we don’t need
assumptions (4.6)—(4.7) for the weak exact boundary observability, boundary observations can
be on either side of the boundary, and the number of boundary observations is equal to m or
m, respectively.

Correspondingly, we have

Lemma 5.3 (One-sided weak exact boundary observability) Let T > Ty, where Ty is
given by (4.8). For any given initial data ®o(z) € (L*(0,L))",

(1) the boundary observation ®~(t, L) corresponding to all the departing characteristics on
x = L on the interval (0,T) can be used to uniquely determine the initial data ®o(x) at t =0,
and we have the following weak observability inequality:

[®oll(L2(0,L))n < ClIIR™ (5 L)l (z20,7))m- (5.17)
In particular, if M = My = rank(D1) = m, then (5.17) can be written as
120l (z2(0,2))» < CIIDTA™®™ (-, L) || (£2(0,7)m (5.18)

(2) the boundary observation ®(t,0) corresponding to all the departing characteristics on
x =0 on the interval (0,T) can be used to uniquely determine the initial data ®o(z) at t =0,
and we have the following weak observability inequality:

[1®oll(r2(0,2)) < ClIIPT (-, 0)ll(L2(0,1))m (5.19)
In particular, if M = My = rank(Dy) =, then (5.19) can be written as
1@oll(z2(0,0)yn < CIDGATET (-, 0) (z2(0,7))m (5.20)

Remark 5.4 Apparently, if system (4.1) possesses the strong exact boundary observability,
then it must possess the weak exact boundary observability. Conversely, in order to obtain
the one-sided strong exact boundary observability from the one-sided weak exact boundary
observability, system (4.1) should satisfy (4.45), namely, it is time reversible. In this case,
observations can be on either side of the boundary, and the number of boundary observations
M =m =m.

Lemma 5.4 If system (1.2)—(1.4) is ezactly null controllable under boundary controls H(t) €
(L2(0,T))M (M = My + My < n), then the adjoint system (4.1) satisfies the following weak
Dy /D1 -observability:

If DIAT®T(t,00=0 and DTA=® (t,L) =0, then ®(0,z)=0. (5.21)
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Proof By Definition 3.1, and noting the adjoint system (4.1), if system (1.2)—(1.4) is exactly
boundary null controllable, then for any given initial data Uy(z) € (L?(0, L))" and null final
data Ur(z) = 0, there exist boundary controls H(t) € (L*(0,7))*, such that

L
/ ®(0,2)T Up (x)dz
’ T T
:—/ (q>+)T(t,0)A+DOH+(t)dt+/ (@)T(t, L)A™ Dy H ™ (t)dt. (5.22)
0 0

If DIAT®*(,0) =0 and DI A=®(¢,L) = 0, then the left-hand side of (5.22) is equal to zero
for any given initial data Ug(z) in (L?(0, L))", thus ®(0,t) = 0. The proof is complete.
Combining Lemmas 5.3-5.4, we have

Corollary 5.1 If the number of boundary observations can not be reduced for the one-sided
weak exact boundary observability for the adjoint system (4.1), then the number of boundary
controls can not be reduced for the one-sided exact boundary null controllability for system
(1.2)~(1.4).
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