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1 Introduction

As a generalization of Calderén-Zygmund singular integral operators, the theory of mul-
tilinear Calderéon-Zygmund singular integral operators began with the work of Coifman and
Meyer [3] in 1975. After that, the multilinear Calderén-Zygmund singular integral operators
have attracted more and more attention from many authors, see [2, 9-12, 15, 24, 31-32]. In
recent years, Hu and Meng [13] established the boundedness of multilinear Calderén-Zygmund
operators on products of Hardy spaces HP. Lu and Zhu [21] obtained the boundedness of
multilinear Calderén-Zygmund operators on Herz-Morrey space M K;g()_’;‘ (R™) with variable
exponents. Shen and the second author of this paper [27] obtained a vector valued inequality
of multilinear Calderén-Zygmund operators on products of Herz-Morrey spaces M K;";()))‘ (R™)
with variable exponents. Wang and Liu [28] studied the boundedness of multilinear singular
integral operators on the product of generalized Morrey spaces (L?(w), L?)*. Wang and the
second author of this paper obtained Multilinear Calderon-Zygmund operators and their com-
mutators with BMO functions in variable exponent Morrey spaces in [30]. Hu and the second
author of this paper obtained the boundedness of Multilinear Calderén-Zygmund operators

and their commutators with BMO functions in Herz-Morrey spaces with variable exponents
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M K;(..));\(.)(Rn) in [14]. In [29], we obtained a weighted norm inequality of bilinear Calderén-

Zygmund operators in weighted Herz-Morrey spaces with variable exponents and weight in the
variable Muckenhoupt class.

In this paper, as a continuation of [29], we will consider the boundedness of vector valued
bilinear Calderén-Zygmund operators on products of weighted Herz-Morrey spaces with variable
exponents. The plan of the paper is as follows. In Section 2, we collect some notations and

state the main result. The proof of the main result will be given in Section 3.

2 Notations and Main Result

In this section, we firstly recall some definitions and notations, then we state our result. Let
Q be a positive measurable subset of R™, p(-) be a measurable function on Q taking values in

[1,00), then the Lebesgue space with variable exopnent LP()(Q) is defined by

(@)
LrO(Q) = {f is measurable : / (@)p dz < oo for some A\ > 0}.

Q

The Lebesgue space L”(')(Q) becomes a Banach function space equipped with the norm

| fllzsc) := inf {)\ >0: /Q (L;\m)p(w)dx < 1}.

The space Lfo(g (R™) is defined by Lfo(g (R™) := {f : fxx € LPO)(R") for all compact subsets
K C R"}, where and what follows, xs denotes the characteristic function of a measurable set
S C R"™. Let p(-) : R™ — (0, 00). We denote p_ := ewses]il@lfp(x), Dy = eii?Rlipp(x). The set P(R™)
consists of all measurable functions p(-) satisfying p— > 1 and p; < o00; Po(R™) consists of
all measurable functions p(-) satisfying p_ > 0 and p; < oo. LP0) can be similarly defined as
above for p(-) € Py(R™). p/(+) is the conjugate exponent of p(-), which means ﬁ + 1%(_) =1.
Let p(-) € P(R™) and w be a nonnegative measurable function on R™. Then the weighted
variable exponent Lebesgue space LP(") (w) is the set of all complex-valued measurable functions

f such that fw € LP(). The space LP()(w) is a Banach space equipped with the norm

1 £l ro ) = lfwll Loc -

Let f € L] .(R™). Then the standard Hardy-Littlewood maximal function of f is defined
by

1
Mf(z):= sup—/ |f(y)|dy, VzeR",
B>z |B| B

where the supremum is taken over all balls containing x in R™. In general, the Hardy-Littlewood
maximal operator is not bounded on weighted variable Lebesgue spaces. But if p(-) € P(R")

and satisfies the following global log-Holder continuous and w € Ay, then M is bounded on
LPO) (w).

Definition 2.1 Let a(-) be a real-valued measurable function on R™.
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(i) The function «(-) is locally log-Hdlder continuous if there exists a constant Cq such that

Cq

< eR", | | < =
—_— 77 x?y b) x _y a
10g(e—|— —Iwiyl) 2

() — a(y)]
(ii) The function a(-) is log-Hélder continuous at the origin if there exists a constant Cs

such that
Cy

afe) — () < Ty

, Vax eR".
Denote by P(l)og(R”) the set of all log-Holder continuous functions at the origin.

(iii) The function «(-) is log-Hélder continuous at the infinity if there exists as € R and a
constant Cs such that

|a(x) — oo < Cs Vo € R™.

~ log(e +|z[)’
Denote by P8(R™) the set of all log-Hélder continuous functions at infinity.

(iv) The function «(-) is global log-Holder continuous if «(-) are both locally log-Hdolder
continuous and log-Hélder continuous at infinity. Denote by P°8(R™) the set of all global log-

Hélder continuous functions.

Definition 2.2 Fiz p € (1,00). A positive measurable function w is said to be in the

Muckenhoupt class Ap, if there exists a positive constant C for all balls B in R™ such that

(%/Bw(x)dx) (%/Bw(x)l_p/dx)p_l <C.

We say w € A, if Mw(z) < Cw(x) for ae. z. If 1 < p < g < oo, then 4, C 4,. We

denote Ao = |J Ap. The Muckenhoupt A, class with constant exponent p € (1, 00) was firstly
p>1
proposed by Muckenhoupt in [22]. In [5], Cruz-Uribe, Fiorenza and Neugebauer introduced the

variable Muckenhoupt A,.y. For more details, see [4-5, 8, 16-17].

Definition 2.3 Let p(-) € P(R"). A positive measurable function w is said to be in Ay,

if there exists a positive constant C' for all balls B in R™ such that
1 -1
EH"UXB”LP(‘)HU) xsll Lo < C.

Remark 2.1 It is easy to see that if p(-) € P(R") and w € Ay, then w™" € A, ().

Lemma 2.1 (see [5, Theorem 1.5]) If p(-) € P'°5(R™) N P(R™) and w € Ay, then there
is a positive constant C' such that for each f € LPC)(w),

(M fwll ooy < C|l fwllpec)-

To give the definitions of the weighted Herz space and Herz-Morrey space with variable
exponents, we use the following notations. For each k € Z, we define By, := {z € R" : |z| < 2F},
Dy = Bip\Bk—1, Xk := XDps Xm = Xm, M > 1, Xo = xB,- We also need the notation of the

variable mixed sequence space £4)(LP()), which was firstly defined by Almeida and Histd in
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[1]. Let w be a nonnegative measurable function. Given a sequence of functions {f;};cz, we

define the modular

Pea (Lo (w)) (f5)5) me{ / (M)P(r)dx < 1}7

jez /\Jq( )

where A>= = 1. If ¢* < 00 or ¢(-) < p(-), the above can be written as

Peat) (LpC) (w)) ((f3);) Z |||fgw|q <7

JEZL

The norm is
Y. i . fi
1(f3)slleac) (L) wyy :=E 410> 0 ' pracy (L0 () ) <1y

Definition 2.4 Let p(-) € P(R"), q(-) € Po(R™). Let a(-) be a bounded real-valued measur-

able function on R™. The homogeneous weighted Herz space K (()))\( )(w) and non-homogeneous

weighted Herz space K (()))\( )(w) are defined respectively by

B Ow) := {f € L @\ {0},w) ¢ 1l a0 < 20},

and
Kot " (w) = {f € LRI R™,w) < | o000y < 00},
where
HfHKa(,m(,)(w) = H(zja(')fXj)jHéq(‘)(LP(‘)(w))
p()
and

Kol " (w) = {1 € IR2@) 1l a0y = @O Fxg)s lests oy < 003

For any quantities A and B, if there exists a constant C' > 0 such that A < CB, we write
ASB. If AS Band B < A, we write A~ B.

The following lemma is a corollary of [20, Theorem 3].

Lemma 2.2 Let a(-) € L=(R"), p(+), q(:) € Po(R™) and w be a weight. If a(-) and q(-)

are log-Holder continuous at infinity, then

K™ ) = K= ()

Additionally, if () and q(+) are log-Holder continuous at the origin, then

o (0 (o)
”f”Kﬂ()q()(w) (Z”Qk (0) Fxe ”%p()) )q

_1
(25 el i) ™ -

k>0
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Definition 2.5 Let p(-), q(-) € Po(R"), X € [0,00). Let a(-) be a bounded real-valued
measurable function on R™. The homogeneous weighted Herz-Morrey space MK;‘((_'))’S(')(M) and
non-homogeneous weighted Herz-Morrey space M K;‘((_'))’/\q(')(w) are defined respectively by

MEGE (w) 1= {f € L) @\ {0} w0) + 1]y gm0 ) < 00}

and
MKp(())f (w) = {f € Lloc ( ) : ||f||MK§((..)),Yg(.)(w) = 00}7
where
o —LX\||(oa()k
1 W ar i ta0 (y = T 12 OF i)k lleao (2o ()
and

Hf”MK"‘”"”( )T Su}g 275 (22 OF FRi) ol eac (LPO) (w))-
9]

Proposition 2.1 Let p(-), q(-) € Po(R™), w be a weight, X € [0,00) and a(-) € L>®(R™).
(i) If a(-), q(-) € PLER™) N PL8(R™), then for any f € LlOC (R™\{0}, w),

||f||MK§(<4~)>:Aq<~>(w)

~max{  sup 27BN f)cs o o )
L<0,LEZ

sup 275125 fxr) keollno (2o ) + 27EM(2F Fxr)fzol ase (LP(')(w))]}a
L>0,LEZ

where and hereafter, qo := q(0).
(ii) If a(), () € PRE(R™), then

a().a(-) oo sdos
MKp()A (w) = MKP()‘)I\ (w).

Proof Obviously,

— L k
1 g0y = maX{KSSlEGZ? 125 Fxr k< lleas (200 )

sup 27 LM(2590) fyi )<l ot Lp()(w))}
L>0,LeZ

When L <0, from Lemma 2.2 we know that

25O fxi)k<Lllea) (2o () = 12F O Fxr) k<Ll pa0 (200 ()
When L > 0, from Lemma 2.2 again we also obtain

25 fxi)k<ollpa0 (200 ()

+ 1125 Fxr) kol eae (£ (1)) -

125 i) ke lleaes (2o () = I

Thus we obtain (i). Similarly, we can obtain (ii).

The following Lemma 2.3 has been proved by Izuki and Noi in [18-19].
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Lemma 2.3 If p(-) € P8(R") N P(R") and w € Ay, then there exist constants 61,
d2 € (0,1) and C > 0 such that for all balls B in R™ and all measurable subsets S C B,

) §
xsllzeory (B, (2.1)
IXBIl Lro) (w) |B|

(. — 6
Wesllzrow (B, (2.2)
IXBllLr e (w-1) B

We denote by S(R™) the space of all Schwartz functions on R™ and §’(R™) the space of all
tempered distributions on R™. Denote by L (R™) the space of compactly supported bounded
functions, and supp(f) the support set of function f. Let T be a bilinear operator, which
is originally defined on the 2-fold of Schwartz function space S(R™), and its value belongs to
S'(R™):

T:S[R") x S(R") — S'(R™).
T is called a bilinear Calderén-Zygmund operator, if it extends to a bounded bilinear operator
from LPt x LP2 to LP for some p1, p2 € (1,00) and p such that p% + p% = %, and for fi,
fa € LER™), x ¢ supp(f1) Nsupp(f2),

T(f1, f2)(x / K(x,y1,v2) f1(y1) f2(y2)dy1dys2,

where the kernel K is a function in R3" off from the diagonal x = 71 = y, and there exist
positive constants ¢, A such that

A
(Jo = y1| + 2 — ya| + [y1 — y2[)?"

(K (2, y1,2)] <
and
Alx —2'|°
|z — 1] + |z — y2| + [y1 — yal)2nFe’
whenever |z — 2’| <  max{|z — y1], |z — y2|}, and the two analogous difference estimates with

|K(£L’,y1,y2) _K(x/7y17y2)| < (

respect to the variables y; and yo hold.

Our main result is as follows.

Theorem 2.1 Assume that T is a bilinear Calderdn-Zygmund operator, p1(-) and p2(-) €
Plog(R™)NP(R™) satisfying p(w) pliw) —|—pz— and p(-) € Py such that there exists s < p_ such
that w® € A,y and M is bounded on LY (w™*), where w = wiws and w; € Ay (y, i =1,2.
Suppose thatsoz( ) e L¥(R™)N Plog(R”) N PLg(R™), a(0) = oq(O) + a2(0), oo = Q100 + 200,

g() € PER") NPRER"), s = 5 + o - = s + e A= A+ A2, 0< A < o0,
0i1, 02 € (0,1) are the constants in Lemma 2.3 for exponents pl() and weights w;, i = 1,2.
Let r; € (1,00) fori=1,2 and % = % + % If N\i = ndi1 < Qoo, @i (0) < e fori=1,2, then

there exists a positive constant C' such that

H(ilﬂf{’,f@r) 100 S CHH(ZUM)W

i=1
for all ff € MK;‘(())f()(wl), jeN,i=1,2.

MRG0 (w0
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3 Proof of Theorem 2.1

To prove Theorem 2.1, we need a series of lemmas.
For § > 0, we denote M (|f]%)5 by Mj. Let f € L{ (R™). Then the sharp maximal function
is defined by

YIRS _
MFf(x) - sup |Q|/Q|f(y) foldy,

where the supremum is taken over all the cubes ) containing the point z, and where as usual
fo denotes the average of f on ). We denote M(|f]%)5 by Mg.

Lemma 3.1 (see [25, Theorem 2.1]) Let 0 < p,d < 0o and w € As. There exists a positive
constant C' such that

M f(x)Pw(x)de < C Mgf(x)pw(a:)dx
R Rr

for every function f such that the left hand side is finite.

Lemma 3.2 (see [23, Theorem 2.1]) Let T' be a bilinear Calderdén-Zygmund operator and
let 0 < < % Then, there exists a constant C' > 0 such that

MET(f1, fo)(2) < C T Mf;(2)

j=1
for any functions f1, fo € LF(R™).

Lemma 3.3 (see [15, Theorem 2.3]) Let p(-), pi(-), p2(:) € Po(R™) such that ﬁ =
1

@ T pz;(w) for x € R™. Then there exists a constant C,, p,, independent of functions f and g

such that
1£9llzec) < Cppillfllorr [l9l Lraco
holds for every f € LP*C)(R™) and g € LP*)(R™). Ifp € P(R™), w is a weight with w = wi X ws,
then
1£9ll L (w) < Coppn 1 | 216 (won) 191 10209 (109)
Lemma 3.4 (see [26, Proposition 1.2]) Let 0 < p < oo, § > 0. Then there is a positive

constant C such that

oo

(> (X 2 ka)) <o 3 @) o)

j=—00 k=—o j=—00

for non-negative sequence {a;} Here, when p = oo, (3.1) stands for

o0
j=—o0"

o0
sup( Z 2_‘k_j‘5ak) < Csupa;.
JEL N T JEZ

Lemma 3.5 (see [7, Proposition 3.20]) The following are equivalent:
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(a) For every p € (0,00) and every w € A,
g f@)w(z)de < C g g(@)Pw(x)dz, (f.9) € F.
(b) There exists py > 0 such that for every p, 0 < p < pg, and every w € Ay,
g f(@)Pw(z)dz < C A g(x)Pw(z)dz, (f,g) € F.
Let L?(w) be the weighted Lebesgue space with respect to the measure w(z)dz.

Lemma 3.6 (see [6, Theorem 2.1)) Assume that for some po € (0,00) and every wo € An,

let F be a family of pairs of non-negative functions such that

. f(@)Powg(x)de < C . g(@)Pwy(z)dz, (f,g) € F. (3.2)

Then for all 0 < p < o0 and wy € Ax,
f(z)Pwo(z)dz < C g(x)Pwo(z)dz, (f,g) € F. (3.3)
Rn Rn

Furthermore, for every p, q € (0,00), wo € Ass, and sequence {(fj,g;)}; C F,
[e%e] 1 0 1
AUAR < CH AUAR

H(;(fj) ) Lo(wo) — (;(QJ) )

Lemma 3.7 (see [8, Theorem 2]) Assume that for some py € (0,00), every wy € A1, and

: 3.4
. (3.4)

let F be a family of pairs of non-negative functions,

[ tayrwo)ar<C [ glaprunaar, (f.9)€ F

Let p(-) € Po(R™). If there ewists pg < p— such that wP° € A, and M is bounded on

L(%)),(w_po). Then for all (f,g) € F with f € LPC)(w),

11l e wy < N9l e w)-

Lemma 3.8 Assume that for some pg, every wy € A, and let F be a family of pairs of

non-negative functions such that (3.2) holds. Let p(-) € Po(R™). If there exists s < p_ such

that w® € Apy and M is bounded on L(pg>)/(w_s), Then for every q € (1,00) and sequence

{(f5,9;)}jen C F,

0o 00 1
q

H(Z(fj)q) ) = CH(Z(QJ‘)Q)

Jj=1 j=1

LrO) (w)

Proof Fix g € (1,00), we define the new family F, to consist of the pair (F,, G,), where

1

Fio) = (S H@1)) Gl = (S h@7)' ((halcr ()
Jj=1 j=1
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Since (3.2) holds we have (3.4). Thus, by (3.4) and (3.5), we obtain
[ E@re@ic < [ G @pu@ds, (#,6,) e 7,

By Lemmas 3.5 and 3.7, we have

()’

This completes the proof.

LrC) (w) = CH (;(gj)q) '

Lr) (w)

Lemma 3.9 (see [8, Corollary 3.2]) Let p(-) € P(R™) and w be a weight. If the mazimal
operator M is bounded both on LPO)(w) and LP ) (w=1), ¢ € (1,00), then

H( 05 ., OH(Zlfa)

Lemma 3.10 Let T be a bilinear Calderdn-Zygmund operator and p(-) € Py such that there

Lo ) )

exists s < p_ such that w® € Apy and M is bounded on L(¥)/(w_s). Suppose that w = wiws
and w; € Ay, (), 1 =1,2. If pi(-) € PS(R") NP(R™) for i = 1,2 satisfying ﬁ = pl;(w) + pz#(w)
for x € R™, i = 1,2, then there exists a constant C independent of the compactly supported

bounded functions f{, fg € LP(R™), j € N such that

(S i), =TT (Siee)

where q; € (1,00) fori=1,2 and%zqil—l—ql—z.

Lm() )

Proof Since ff , fg are bounded functions with compact support, T'( ff , fg ) € LP(R™) for
every 0 < p < oo. With Lemmas 3.1-3.2, Pérez and Torres [23] showed that for all w € A,

n

[t @l < [ QEA@M APl
Therefore, by Lemmas 3.6 and 3.8, we have

|(S 1zt £re)
j=1

Since % = qil + q%, o = #@ + p%(z) and w = wywy, by Holder’s inequality and Lemma 3.9,

o S H(ZIMf1 @)

LrO) (w)

we have
1 o0 1
(IS (0%
(S mstomszon)?],,. ., sTIE w0,
2 oo 1
S H( fl] qi)qi .
zl;[l ;l LPil) (w;)

This completes the proof.
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Proof of Theorem 2.1 Since the set of all bounded compactly supported functions is
dense in weighted variable Lebesgue spaces (see [8, Lemma 3.1]), we only consider bounded
compact supported functions. Let f{ and f3 be bounded functions with compact support for
v € N and write

o0 o0
= > fixi= > fi i=12veN
l=—0c0 l=—o00

By Proposition 2.1, we have
>0 1
H(;|T(fl7f2)| ) MKQ((:)’q(')(’w)

zmax{ sup 2_L)\H(2ka0)(Z|Tfl’f2|)% )kSL

L<0,L€cZ

190 (LP() (w))

1
r

L>S(},IE€Z [2 L/\H(zka 0)(Z|T i f2)F ) )k<0 190 (L2() (w))
1
2 (S ) ) e o))
:= max{E, F},

where

1
Iz

E:= sup 2_L)‘H(2k°‘(0 (Z|T I I )

L<0,LEZ

)kgL

190 (LP() (w)) |

F:= sup {G+H},
L>0,L€Z

Gi=27 LAH(ZM(O (Z|T RSN ) )k<0
o (S ) )
v=1

Since to estimate G is essentially similar to estimate E, it is suffice to obtain that E and H

1
T

190 (LP() (w)) |

ldoco (LP(‘)(w)).

are bounded in Herz-Morrey space with variable exponents. It is easy to see that

9 9
E<C)Y E, H<CY H,
where

L (o) k—2 k— r l q(O) ﬁ
Ey = sup 2—“( 2’m<0>q<°>( : ) ) ;

' L<0,LEZ k;w ; z:X—:OOJ_Z—:oo (Fit: J3;) Xk L) (w)
oo k—2 k+1 L q(O) ;0)
Ey:= sup 27 L)‘( gka(0)a( ( T(f1) 13 )T k )q )

v s z SY 3 ruwm)|)

00 v= 00 J=

E 91 Z 9ka(0)g(0) i Z i T(fy, )| 1@ e
= sup ( * ( ) ) Xk ) )

’ L<0,LEZ N e s b 725 LrO) (w)
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2 ka0 || (=] = §~ NS
Byi= sup 2703 (37 oke@a0)||( (s 5[ ) )™,
4 o IL)GZ kz Z; = Z (11 f3) Xk L0 (w)
=—00 v= =k—1j=—00
L o k+1 k41 ol 2(0) .
FEy = sup 2_L)‘( 2]‘30‘(0)‘1(0) ( T(fv,fv-) )TXIC )q 7
L<0,LEZ k_z_oo ; l_klz—l_]—k—l 102725 L0 (w)
Eg := sup 2_“( XL: 2e(0)a(0) (i > i T(fir 135) T)%Xk " )%0)
L<0,LEZ N o P w8 e LrO) (w) ’
E;:= sup 2_”‘( XL: 9ka(0)q(0) (i i kif T, f2) T)%Xk 4(0) )ﬁ
L<0,L€Z oo o P 10> J2j LrO) (w) )
Eg = sup 2—L)\( i 2ka(0)q(0) (i ]CZ T fll f2 T)%Xk q(0) )ﬁ
= 13 o ’
L<0.Lez k=—oc v=1 1=k +2 j=k—1 L0 (w)
N Fo a0 | W o o |\TL (9@ ro)
Ey:= sup 2 ( Z 2 (Z Z Z T(fllanj) ) Xk Lo ) ,
L<0,LEZ P o e (w)
L 0o k—2 k-2 ol 1
= —LA kotoc goo v v T doo
Hl ! 2 (22 (Z . T(fll7f2_]) ) Xk LrO) w)) B
k=0 v=1 |=—o00 j=—0
L © ki1 PN _1
Hy := 2—Lx(z2mmqm (Z Z Z T £2) ) Wl )qoo’
k=0 v=1 l=—o0 j=k—1 (w)
L S k—2 ) oL 1
ty =2 (Yoo | (S0 S mam)|) e )
k=0 =1 l=—oo jmkt2 ) (w)
L o k+1 k-2 ol o
Hy = 2—Lx(22kamqm (Z Z Z (F £3) ) - o )qm’
k=0 v=1 l=k—1j=—00 (w)
L oo k+1 k41 o 1 o
Hs .= 2_L>\(Z2kaooqoo (Z Z Z T(f1, fé’j) ) Xk o )qoo ’
k=0 v=1 l=k—1j=k—1
L oo k+l oo 1 L
Hg = 2_LA(22kaooqoo (Z Z Z (Fn £2) ) wl’ )qoo7
k=0 v=1 I—k—1j—kt+2 (w)
L 00 00 k—2 ol e
ty =2 (Yoot [(] S0 ST T ) )
k=0 v=1 |=k+2 j=—o00 (w)
L oo oo k+1 ol N
Hyg zz—m(ZQmmqm (Z Z Z (Fi 1) ) i )) =
k=0 v=1 I=k+2 j=k—1 v
L oo o0 o0 r 1 oo 1
Hy =27 (3ot (S S0 3 )| ) el )T
k=0 v=1 I=k+2 j=k+2 (w)

We shall use the following estimates. If [ < k — 1, then by Hélder’s inequality, Lemma 2.3

and Definition 2.3, we have

—kn = v
e [ (Sin

1
”) ' dink‘

LPiC) (w;)
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)‘(ilﬁ”

< 027" xB, | L

O (w;

1
)|, e
X[ o XAl et

0 1
kn vrg | T
<C2” |Bk|||XBk||Lp () 71)||XBI||LP§(‘)(w;1) ’(Z—:l |f1 ) Xl‘ LPi() (w;)
0 1
< O2(—kmd ( v ﬂ)” ‘ : 3.6
> 1;1 |f1 X1 LPiC) (wy) ( )
If | = k, then
0o 1
2"’“”/ ( iv”)” dink}
oo 1
< C2 oo || (2 1217) T I Ml e
v=1
o0 1
—kn vrg | "
<C2 ||XBk||LPi(‘)(w,i)||XBl||LP;(‘)(w;1) (Zl | f; ) Xl‘ Lo ()
0 1
< G . 3.7
S il o
If i > k+1, then
00 1
2"’“”/ ( iv”)ridink‘
oo 1
< 2, oot | (DS 1217) T I M e
v=1
< C27MIxB, |l i) (i) XBLHLPi(')(wi) XBL”Z;i(')(wi)
< lxmll o) (Z 721) .
< Co—k)n(1-61;) ’(Z |fY ri) = Xl‘ O’ (3.8)
v=1 ) wi

By the interchange of f; and fo, we see that the estimates of Ey, E3 and Fg are similar to those
of F4, F7 and Ejg, respectively. Thus we are only necessary to estimate Ey, Fs, F3, E5, Fg and
Ey.

To estimate F1, since [, j < k — 2, we deduce that for i = 1,2,

|1’ — y1| 2 |1’| — |y1| > 2k—1 _ 2min{l,j} 2 2k—2, e Dk,, € Dl, ys € D]
Therefore, for x € Dy, we have
|K (z,y1,92)| < C(lz — 31| + |z — yo|) 72" < €272,

Thus, for any = € Dg and [, j < k — 2, we have

| )l f35(y2)]
T )@ 5 [ g,
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< 92 / / )12, ()l dyr g,

Therefore, by Holder’s inequality and Minkowski’s inequality, we obtain

[e'S) k—2 k-2 L
(Z‘ Z Z Tfi f25) )TX]“‘LP(-)(UJ)
v=1 l=—00 j=—00
e} k—2j k—2 L
SIS (E 2 [ miomn ¥ [ issein))
v=1 I[=—00 j=—o00
[e'S) k—2 e ) - %
S (;(1—2002 k ~/]R" |f1l(y1)|dyl) ) 1Xk‘Lm(')(uu)
|

(>( S o /| 3mlde) )
v=1 jo—oo
S H :5002_“ /Rn (§|fﬂ(y1)|”)%dy1><k‘

LP2C) (wq)

LPl('>(w1)

k—2 [ee) 1
x g—kn ( v Tz)”d ‘ . 3.9
X L (i) Famal,,., ., (39)
Since Tlo) = q1%0) + q;o) and A\ = \; + Ay, by Holder’s inequality, we have
L k—2 (o'} 1 4(0)
B< s 2—L,\( 2ka(0)q(o)H 2—Im/ ( £ ”)Tldylxk’
L<0,L€Z k:Z_OO l;w R™ ;' 11yl LP1O) (wy)
k—2 00 1 1
o Q(O) 2(0)
% 2—kn ( v 7‘2) 2d )
X L (i) S
< sup 27N
L<0,Le7
" ot @uO)]| §1 gk N Ty, |T© 0 YEO
(S s £ f (S L)
X sup 9~ LAz
L<0,Le7
S - B @ \am
X 20‘20q20H 2-"/ ( v 7’2)7'2(1 )72
(k_z_oo j;oo - ;|f2g(y2)| Y2 Xk 720 (19)
= FE11 X B9,
where
FEi;,:= sup 2 LA
L<0,LeZ

L k—2 00 1
< 3 o] 3 ook | (3 ™) s

. 1
4:(0) }‘qi ©
k=—

LPiC) (wy)
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Since nd;z — @;(0) > 0, by (3.6) and Lemma 3.4 we obtain

L

Ey ;< sup 2_“1’{ Z okai(0)qi (0)

L<0,LcZ [

x ( kiz o=k (ZUM

4i(0) ﬁ
Lpi(')(wq;)) }

= sup 2~ LA
L<0,LeZ

L k—2 0o L

X { Z ( Z 2la¢(0)H (Z |le) ri) i Xl‘ e
k=—oc0 I=— — i

S sup 2~ LA ( Z Qlevi (0)qi(0) H ( Z |fv|r7> i i

L<0,LeZ
oo .
(Siwr)’
v=1
where we write 27 1F=H(ndi2=i(0)) — 9=Ik=llei for ¢y = nd;y — a;(0) > 0. Thus, we obtain
El /S H(Z |ff|r1) ' MKQI(')v111(')( )H(Z |f2”|’f2) ’
v=1 p1 ()21 wy o—1

To estimate Fso, since | < k—2and k —1<j < k+ 1, then we have

2(l—k)(n5i2—ai(0))) 4:(0) }ﬁ

1(0)

1
)qi(o)
LPi0) (w;)

o (),a5 () N
MKpi(.))\i (wz)

~a2(:),q2(4) .
MKP2(~),>\2 (w2)

@ —yo| = |z — 1| 2 [a] = |1 > 2*72, 2 € Dy, y1 € Dy, y2 € D;.
Therefore, for x € Dy, we have
|K (z,y1,92)| < C(lz — 31| + |z — y2|) 72" < €277,

Thus, for any z € Dg, | <k —2,k—1<j<k+ 1, we have

L ()1 135 (y2)]
T )@ 5 [ oy ay,

S22 [ 1)l () e

Therefore, by Holder’s inequality and Minkowski’s inequality, we obtain

k=2 k1
(;‘l_z_:ooj; T 15) ) ‘m-)(w)
i k+1 1
S (; (ZZOO Q—kn/ |1 ( |dylj;12_kn/ 1£3;(y2) |dy2) ) Xk‘ )
> 1
SJ(E( X Z 2 [ sldn) )
o 1
) H(Z Zk: 2_kn/ |f2j vz |dy2) ) ‘Xk‘ Lr2(C) (wy)

v=1 J 1
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< 2 [ (S an

LP1(‘)(U;1)

1
—kn I
Z 2 / Z | f3;(y2) ) dyZXk‘ 1720 gy’ (3.10)
Jj=k—1
Since % = 10) + %L(o) and A = A1 + Ao, by Hélder’s inequality, we have
SRS N : )
sy (35 o] 8o [ (Siaon)'s
? LSO,EGZ kz_: l;oo R 1;1 |f1l(y1 YLXk LP10) (wy)

q(0) ) a0y
Lr2() (w2)

k+1 [e's) 1
N H Z 2_kn/ (Zlf;j(?h”r) dyZXk‘
j=k—1 R™ Yo=1

< sup 27tM
L<0,LEL

L k—2 oo 1
X( ) 2ka1(0)¢11(0)” 3 2—lm/ (Z|fﬁ(y1 )Tdylx;c
k=—o0 l=—00 R™ %=1

x sup 271

@1(0) ) q11(0)
LPI(‘)(wl)

L<0,L€7
x ( Z k200 % 2_lm/ (ilf”-(y )Ir)%dyx o )Tl(o)
k=—oo j=k—1 w N i L0

= FEs 1 X Ey .

It is obvious that

= mas|(S)

v=

o (4),a1(0) :
MKPl(‘)v*l (wl)

Now we estimate Es 5. Taking (3.6)—(3. ) together, we have

Ero S sup 2_L)‘2( Z 9kaz(0)q2( O)H Z 91— k)n(2|fv|r2)7‘ Xi

L<0,LEZ

L+1 n
< sup 2—L)\2( Z 2ka2(0)q2(0)H(Z|f§,|r2)T2X
v=1

L<0,LET

o0 1

<||( i)™
v=1

where we use 27722 < 1 and 2U=F)n(1=012) < 9U=k)n < 920 c [k 1 k k+ 1} for (3.6) and
(3.8) respectively. Thus, we obtain

[e%s} 1 %) 1
B s (> 1mm)” [(11m)™
2 (+),q1 () 2
=1 MKsll('),fi (w1) v=1

To estimate Ej3, since [ < k —2 and j > k + 2, we have

1
) q2(0)
Lp2( )(w2)

22(0) q2(0)
o)
LP20) (ws)

. . . )
MRS (w2)

MR35 (w2)

[z — g1l > [ = [ya] = 2572, |o —yol = yol — || > 2772, @ € Dy, y1 € Dy, y2 € Dy
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Therefore, fir any © € Dg, | < k—2, 57 > k+ 2, we get

s [ [ BN,

(|7 —ya| + v — ya2|)*"

< gkngin / / )12 () | dyn .

Thus, by Holder’s inequality and Minkowski’s inequality, we have

o0 o0 1
(> Z > T ) ],
v=1 l-—oog k42
[e%s} 1
—kn n T
NS 2 [ X 2 [ i) ],
v=1 |=—o0 j=k+2
00 — oo L
(X 2 [ writnian)”)
~ ; 1:2—: - | f11(y1)|dya Xk Lr10) (1)
1
| )
2[63(G>x> AL R R
v=1 j=k+2
1
—kn 1
<le 2 [ zml ) v,
1
jn "2
A5 f (S o
j=k+2
Since ﬁ = 10) + q2}0) and A = \; + Ay, by Holder’s inequality, we have
I NS ka0 N2 ok .- T a(0)
By sup 27 ()7 k)] 2—"/ (Do) "a
3 LSO,LPGZ kz_: z:X_:OO o ;|f1z(y1)| Y1 Xk LP10O) (wy)

s ) s L (0) 1
—Jjn v ro | 72 q(0)
% H ; 2 /Rn (Z:|fzj(yz)| ) dy2xk LP2(')(w2))
j=k+2 v=1
< sup 27N
L<0,LEZ
X( i 2k0¢1(0)q1(0)H k§ 2—kn/ (i|fv( )|T )%d ‘Zl(o) )ﬁ
£ S R \ 11\Y1 Y1 Xk LP1O) (wy)
X sup 912
L<0,LEZ
— 0) 1
ka2 (0)g2(0) jn v ro | "2 a2( a2(0)
( Z 2rE H Z 2- / Z|f2j(y2)| 2) dyaxk L720) (w9)
j=k+2 =1
= Eg’l X E3,2.

It is obvious that

Es1=FE11 S H(Z|f”|”)

MKal( ) tn( )(w1)
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Since nda1 + a2(0) > 0, by (3.8), we obtain

L

E3, S sup 2_“2( Z okaz(0)g2(0)

L<0,LET et

0o ) 1

) (3 ot | (S p1) ]
j=k+2 v=1

< sup 270

~

L<0,L€EZ

L L e’} a1
(Y (X 2]‘“2(0)H(Z|fflrz)é><j‘
k=—oc0 j=k+2 v=1

+ sup 9~ LAz

q2(0) ﬁ
LP2(‘)('LU2)) )

2(k—j)(n521 +ag (0))) a2 (0)) ﬁ
LP2() (wq)

L<0,LeZ
S kaa (0) - - B (k—)ndar 2O\ @
(e%) vI|T2 R —J])no21
x( 3 (2 Z H(Zlle ) xj‘m(‘)(wzﬁ ) )
k=—o00 j=L+1 v=1
+ sup 9~ LA
L<0,L€EZ
. 2ko¢2(0) = - v|To % 2(7€—j)n621 92(0) ﬁ
(2 (O 1) 0], 2 ) )
k=—o00 Jj=1 v=1
=10 + 1, + Is.

First, we consider I;. By Lemma 3.4, we have

I < sup 271

L<0,LEZ

(X (X 20 (S
k j=k+2 v=1

=—00

2(k—j)(n621 +o¢2(0))> q2(0)> Tl(l))

Lr2() (w2)

1

L42 o
< sup 2—L>\2( Z 2ja2(0)q2(0)H(Z|f§,|r2)r2xj
Jj=—00 v=1

L<0,L€EZ
oo 1
<Xy
v=1

where we write 27 1F=71(n021+02(0)) — 9=Ik=iln2 for py = ndy; + a(0) > 0.

q2(0) )ﬁ
Lr2() (w2)

can()az (), 3
ME 25N (w2)
Next, we consider Is. Since nda; + a2(0) — A2 > 0, we obtain

L 0 o) 1
I S sup 2—LA2 ( (2k(n621+a2(0)) 2ja2(0) H ( fu r2) ) Y ‘

=—0C

Lr2() (w)
X 2_j("521+0t2 (0))) q2(0)) ﬁ
1

oo
S sup sup2_j)‘22ja2(0)H(Z|f2v|r2>T2Xj‘
L<0,L€Z j<0 ot

LP2(')(w2)
L 0 AONTO;
X2—L)\2( Z (2k(n521+o¢2(0)) Z 2—j(n521+a2(0)—)\2)) >q2<o>
k=—oc j=L+1
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> E

s
v=1

> E

s|(imr)
v=1

Then, we consider I5. Since nda; + a2(0) — A2 > 0, we obtain

L
< sup 2—L,\2( (2k(n521+a2(0))
L<0,LeZ Z

L 1
sup 2L(—"521—a2(0))( Z Qk(n521+a2(0))q2(0)) 42(0)
MEp2)2 0 (wa) [<0,Lez

k=—c0

o (4),q2(4) :
MKP2(')1>‘2 (w2)

k=—o0

DI [OMWIAD IS
Jj=1 v=1

2—j(n521+a2oo)) q2(0)> ﬁ

LP2('>(w2)

o 1
—JA Qoo v|r 2
< sup sup27/722 H(E |f2|2) Xj‘ _
L<0,LE€Z j>1 f— LP20) (wq)
L b ON=
X 2—L>\2( E (2/€(n521+o¢2(0)) E 2—j(n621+a2m—)\2)) >Q2(0)
k=—o0 j=1
o0 1
S (E Ifé’l”)” sup 2—“2( E 2k<nézl+az<o>>qz<o>)qz<°>
— ME220020 (wy) [<0,Lez e
o0 1
< vire \ "2 L(—)\2+n521+o¢2(0))
~ (Z|f2| ) MES2120 () sup 2
v=1 p2()A L=0,LeZ
> E
S
~ 2 as(-),a2()
1 ME 2320 (wn)

Thus, we have

2 oM HON | 1sr)™
sa1(),a1 () 2
—1 ME I ) T

To estimate Ej5, using Holder’s inequality and Lemma 3.10, we have

1 _1_
E; < sup 2_LA( Z gha(@a() Z Z H(Zle”’fQJ )TX’“Hi(i) >QO)

L<0,LeZ l=k—1j=k—1  v=1

1
< swp 27 m( Z 9ha(0)a(0) (H(Z i)
L<0, EEZ o v—1 |f1l|
)q(0)>rlo)
LP2(')(w2)

1
« H(ijrz) 2
v=1
L 1
S swp 2-“1( 3 2nom H( |f“1)” ‘|

L<0,L€eZ

MR (we)

LPI(‘)(wl)

21(0) ) q11(0)
Lr1() (w1)

a(0) ) Q)

Lr2() (w2)

E
vire | "2
ro1().a1() H(Z|f2| )
MKP1(‘)V>\1 (w1) v=1

x 2~ L>\2( Z gkaz(0)gz( O)H( |fv|r2)T12 ‘

k=

S H(;Iffl“)”

o (4),q2(4) :
MKP2(')1>‘2 (w2)
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To estimate Ejg, since k — 1 <[ <k+ 1 and j > k + 2, we obtain
|z — 1| > 2572 Jz —ya| > 2772, €Dy, y1 €Dy, y2 € Dy

Thus, for any © € Dy, k—1<[<k+1and j > k + 2, we obtain

\T(fi: f35)(x |~/n /n Firtw)llf (o) dy1dy2

(|7 —ya| + v — ya2|)*"

< g-kngin / / ) 173 (92)]dyr dys.

Therefore, by Holder’s inequality and Minkowski’s inequality, we obtain

k+1 N
(Z‘ Z Z fllvf2g )T ‘ o
v=1 I=k—1 j=k+2 LrO) (w)
[e'S) k+1 s
s (Z( 2 Tkn/ iyl Z 2 Jn/ |f2) (2 |dy2) )Xk‘ o
emh ek j=h+2 Lr0) (w)
S —kn v TN 7y
. (;( Z 2 [Rn |f1l(y1)|dyl) ) lxk} Le10) (wy)
3 an 2\ 7z
H(Z; _%:22 /l|f2g Y2 |dy2) ) Xk‘ 1720 g}
1
5 H _Z 2_kn ~/]Rn (Z |f1vl(y1)|r1>” dlek‘ LP1C) (w)
1
H Z 2= J"/ Z|f23 y2)| )T‘dexk‘Lmb)(m)' (3.12)

j=k+2

Since Tlo) = q110) + qu(o) and A = \; + Ay, by Holder’s inequality, we have

q(0)

LPl('>(w1)

L k+1 oo 1
B sup 27 (30 200 ST o [ (37 ) g
k=—o00 I=k—1 R to=1

L<0,LEZ

o0 ) 0 L q(0) Ol
—jn v T2 ) "2 a0
X H Z 2 [R" (Z|f2j(y2)| ) dy2xk LP2(~)(w2))
j=k+2 v=1
< sup 27M
L<0,LeZ
I k41 0 L q1(0) ROl
% ( Z 2Im1(0)q1(0)H Z 2—kn/ (Z|flvl(yl)|rl) 1dy1Xk ) B
R Rl - ~ LPI(-)(uu)
X sup 9~ LAz
L<L0,LeZ
L L q2(0) 0]
% ( 2ka2(0 q2(0) H Z 29— Jn/ Z|f2g y2)| ) 2dy2Xk )‘12
k=—o0 j=k+2 L

= Eﬁ)l X E6,2.
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By the interchange of f; and f5, we see that the estimate of Eg ; is similar to that of E5 > and
Ego = E35.
To estimate FEy, since [, j > k + 2, we get

2k—2

|x_y1|> ) xEDka ylEDla y?ED]

Therefore, for any x € Dy, l, j > k + 2, we have

| i (v ||f2](y2)|
, < dy1d
| (fll f2j | /n /n |x—y1|+|x—y2|)2" Yy14ay2

< y-tng=in / / £l £ (v2) [dyadys.

Thus, by Holder’s inequality and Minkowski’s inequality, we have

(Z‘ Z Z (fi1: f2;) ) ‘
=1 1=k+2j=k+2 Lr0) (w)
[e%s} 0o N
s (Z( Z 2 ln/ 1yl Z 2 Jn/ /25 (v |dy2) ) Xk‘LP(.)
v=1 [I=k+2 j=k+2 (w)
< —ln d )H }
- (; (l;2 / |f” W) | v Xk LP10) (wy)
o0 o %
~ H(Z Z 2" Jn/ |f2; Y2 |dy2) ) 2Xk‘ o
v=1 j=k+2 LP20) (w2)
1
<1357 L (Smmr) o
1
Jjn v ro\ "2
21@—%—22 / 2;|f2j(y2)| ) dyQXk‘LPz(J(vm)' (3'13)
Since q(l) = (0) + ( ) and A = A1 + Ao, by Holder’s inequality, we have
L
By s | sup 2_“( Z gha(®e(©) H Z 2 ln/ Z|f1z y1)| ) dy1xk )
" LsoLez Lr10) (wy)

I=k+2

. H Z 2_jn/ (Z|f2vj(y2)|rz)r2dy2><k‘
Jj=k+2 " =1

< sup 27FM

~

q(0) )m
LP2(')(w2)

L<0,L€EZ
(0) _1
ka1 (0)q1(0) H —in n) a )cu(o)
( Z 2 Z 2 / Z|fu (y1) dy1xk L0 )
I=k+2
X sup 27 Lhe
L<0,L€EZ

( Z 2ka2<0)q2<0)H Z 92— an/ Z|f2J o) )%dyzm

42(0) ) o)
Lr2()
j=k+2 (w2)
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= Eg)l X Eg)g.

Obviously, the estimates of Fy ; are similar to those of E3 5 for i = 1,2, respectively.

Taking all estimates for E; together, i = 1,2,---,9, we obtain

Bs|(Sinr)” (Z|f2|”)7
v=1

Finally, we estimate H. By the interchange of f; and fs, we see that the estimates of Ho,

MK"‘l( ) tn( )(w1) MK:‘;((_‘))";Z;(‘)(wQ)

Hj3 and Hg are similar to those of Hy, H7 and Hg, respectively. Thus we are only necessary to
estimate Hl, HQ, Hg, H5, H6 and Hg.
To go on, we need further preparation.

If I < 0, by Proposition 2.1, we have
SoI)”
(1) |
v=1 LriC) (w;)
qi(0) )ﬁ
)

o0 1
— g~te(0) (2@(0)&(0) H (Z o ) "
— H LPi(‘)(wi
1
< 9~ Lo ( 0)( Z gt (0)qs ( O)H(Z |fl |Tz) 7‘7; ol )) 7;(0)
& 1
< 2l()\—ai(0))2—l)\( Z ‘ 2to¢i(0)(z |fzv Ti) T Ye
I(A—a;(0)) V|7 ’”'i
20O (1)

To estimate Hy, since [, j < k — 2, qi =

q:(0) ) ﬁ
LPi0) (w;)

(3.14)

1 + quoo and A = )\1 —|— AQ, by (39) and Héldel“’s

dlco
inequality, we have

1
1

L k—2 %)
g (oo 3 o (st o
k=0 l=—o0 R™ %=1
k—2 00 1 oo 1
IS e [ (o) andl, )
j:—OO n - w2

L k—2 o % dloe 1
S 2PN (Y herne | §7 gk /R (o) e )™
k=0 l=—0c0 v=1
L k—2 oo 1 4200
oSt | 37 2 [ (32 g0 T
k=0 j=—00 R M=t

)Q2oo
LP2(')(w2)
= Hy 1 x Hy s,

oo

LPl(')(wl)

1

where

k—2 1

L
. 9—LX\; ktioo Qioo —kn Qico Yoo
Hl;i =2 { kZ_O2 ? H Z 2 / (Z |f1l yz ) szk LPi(‘)(wi)} .

l=—00
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By (3.6), we obtain

k—2

Qico L
Hy, <o b { zkamqm( @kt |31 ) 2% )y
1 S l_;o Z 7] Ot
2 LA?{ 2ka7ooQLoo ( H ( v T?) Ti ‘ (l—]i})’l’b[sig
S (5 (S a0, 2

l=—00

‘ 2(l—k)n6i2)qi°° }i
Lri() (w;)

+§;H<m )

v=1

= —! . _1
—LX; ktioo Gico v|rg | T (l—k)mi,i dice \ oo
s Sameen (S .0, 20)")
- " Qico L
+ 2_L)\ { 2ka7°°qb°°( H( ! TL) i ‘ 2(l—k)n5¢2) }qioo
,;) Z Z|f| o I

If gino > 1, since ndja — @jno > 0 and nd;2 — @;(0) > 0, by the Minkowski’s inequality and
(3.14), we obtain

L -1 oo 1
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If gioo < 1, since ndja — ioo > 0 and nd;z — a;(0) > 0, by (3.14), we have
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We consider I5. Since nd;o — jso > 0, by Lemma 3.4, we have
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Thus, we get
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(3.10) and Hélder’s inequality, we have

L k—2 0 1
Hy S Q_U(Z?ka“’q‘”H Z 2_kn/R (Z|f1vl(yl)|r)rdy1><k‘
— = =1
. 1
Z 2"“"/ Zlfzj (2) ) dyzxk}m()(wz)) h
J=k=1

- s l q1co 1
< 2—LA1 ( 2ka1wq1m H 2—kn / ( v r) U d ) dlco
< Z Z . S Iw)l") " dyixs L)

k=0 l=—00 v=1
L k+1 [e's] 1
x 2~ LAz ( Z k200 G200 H Z g~ kn / (Z |f2vj(y2 ) dy2xk
k=0 j=k—1 R™ *p=1

= H271 X H272.

Goo

Lpl(')(wl)

1

q200 ) 200
LP2('>(w2)

It is obvious that
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Now we estimate Hs 2. Combining (3.6)—(3.8), we have
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where we use 277922 < 1 and 20—F)n(1=021) < 2G=k)n for (3.6) and (3.8), respectively. Thus,

we obtain
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To estimate H, since | <k —2,j > k+2, 2 = - 4 -Land A = A1 + X, by (3.11) and
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Holder’s inequality, we have
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Since nday + s > 0, by (3.8), we obtain
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For Ig, by Lemma 3.4, we obtain
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where we write 27 1F=il(nd21+0200) — 9=1k=il92 for ¥y = Ny + ase > 0.

. . . )
MR (we)

For I, since nds; + ase — A2 > 0, we have

I /S 2—L)\2 ( XL: (2k(n521+a2m) i 9Je200 H ( Z |f’u|r2) ‘

Lr2()
k=0 Jj=L+3 (w2)
i(nd 4200 @
X 2_J(" 21+0t230)) )
i a1
—JjA29ja200 vire \ "2 .
< sup2-9A29i2 H(§:|f2|2) Xg‘ )
g1 v=1 Lr20) (ws)
- > q2 1
X 2—L)\2( E (2k(n521+0tzao) E 2—j(n621+o¢2m_A2)) oo) FEy
k=0 j=L+3
i 1
N H ( E: |f§l|rz) ? 9= LAs+(nda1+azee) L—L(ndor+ase —A2)
~ az(+),q2(+)
v=1 MKp2() (w2)
i 1
(S
~ 2 az(+),q2(+)
v=1 MKp2( ) An (wa)’

Thus, we get

oo 1 0o 1
Hs ()™ (> 1m1)™
~ o (+),q1 () 2
=1 MK;?(-),Aqi (w1) v=1

To estimate Hp, using Holder’s inequality and Lemma 3.10, we have
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ToestimateHﬁ,sincek—lglgk—i—l,j2k+2,q%}o: L+ L and A=\ + )\, by
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(3.12) and Hélder’s inequality, we have
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By the interchange of f; and fs, we see that that of Hg ; is similar to the estimate of Hs > and
Hgo = Hs3o.

To estimate Hy, since [, j > k+ 2, q%}o = q%}o + qt and A = A\ + \g, by (3.13) and Hélder’s
inequality, we have
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Obviously, the estimates of Hyg ; are similar to those of Hs o for ¢ = 1,2, respectively.

Taking all estimates for H; together, i = 1,2,---,9, we obtain
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This completes the proof.
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