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Two Commuting Involutions Fixing

Suqian ZHAO! Yanying WANG? Jingyan LI3

Abstract Let Z, denote a cyclic group of 2 order and Z7 = Z» x Z» the direct product of
groups. Suppose that (M, ®) is a closed and smooth manifold M with a smooth Z2-action
whose fixed point set is the disjoint union of two real projective spaces with the same
dimension. In this paper, the authors give a sufficient condition on the fixed data of the
action for (M, ®) bounding equivariantly.
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Stiefel-Whitney class
2000 MR Subject Classification 57R85, 57517, 55N22

1 Introduction

Let M be a smooth, closed manifold and T : M — M a smooth involution defined on
M (i.e., Zs-action, where Z denotes a cyclic group of 2 order). It is well known that the
fixed point set F' = {x € M | T(z) = z} of the involution T is a finite and disjoint union of
closed submanifolds of M. In this setting, for a given F', one naturally considers to classify
the pairs (M, T) for which the fixed point set of T is F' up to equivariant bordism. Let v
denote the normal bundle of F' in M. It is known that the equivariant bordism class of (M, T)
is determined by the bordism class of the bundle (F,v), and the bordism class of the bundle
(F,v) is determined by its characteristic numbers (see [2]). For the vector bundle v — F, there
are the associated sphere bundle S(v) — F and a fibre preserving fixed point free involution
(S(v),T) which on each fibre agree with the antipodal map of sphere. The bundle S(v)/T — F
is denoted by RP(v) — F; that is the real projective space bundle associated to vector bundle
v. Further, the real projective space bundle RP(v) bounds in the bordism of the classifying
space RP(c0) for Z,, where the map into RP(co) classifies the double cover of RP(v) by
the sphere bundle S(v) (see [2, p.88]). Conversely, being given a vector bundle £ over F for
which RP(§) bounds in the sense just described, there is an involution fixing F' with normal

bundle v = £. Using the above results, in [4], Kosniowski and Stong gave a formula to express
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relationship between Stiefel-Whitney numbers of M and that of the bundle (F,v), and proved
the following result: If M™ is a closed and smooth m-dimensional manifold with a smooth
involution 7" : M™ — M™ such that the fixed point set F' of T has constant dimension n
with m > 2n, then (M™,T) bounds equivariantly. For the fixed point set F being the disjoint
union of some spaces and product spaces such as the disjoint union of projective spaces and
the product spaces of projective spaces, by computing characteristic numbers and using the
formula in [4], one has given equivariant bordism classification of (M, T) with a given F (see
[3, 6-10, 17-18, 20-21]).

For k > 1, let Z% denote the direct product of k groups Zs. Z§ is often considered as the
group generated by k£ smooth commuting involutions 73,75, -+ ,Tx on M™. The k commuting
involutions determine a smooth Z§-action ® : Z¥ x M™ — M™. The fixed data of Z§-action ®

consists of n = @ e, = Fp, where Fo = {x € M™ | Tj(z) =z,i =1,2,--- , k} is the fixed point
P
set of Z§-action and 7 = @ ¢, is the normal bundle of Fp in M decomposed into eigenbundles
P
£, with p running through the 2% — 1 nontrivial irreducible representations of Z§ (see [16]). An

equivariant bordism classification of M™ with Z5-actions is closely related to the fixed data of
Zk-action (see [19]). In a series of papers, the equivariant bordism classification of (M™, ®)
with a given condition on the fixed data of ® has been studied (see [5, 11-16, 19]). For k > 1
and Fp = RP(I) U RP(n), where RP(-) denotes a real projective space, the classifications in
cases (I,n) = (0,0dd), (0, even) were completely solved in [11-13]. In [15], Pergher, Ramos and
Oliveira solved the case (I,n) = (2,n) (n is even), where n > 4. Later, in [16], Pergher and
Ramos solved the case (I,n) = (2%,n) (n is even), where s > 1 and n > 2°*! which extended
the previous case (s = 1).

The purpose of this paper is to extend above results for Z2-actions. Let ® : Z2 x M — M
be a smooth action of the group Z3 = {T1,Ts | T? = 1,i = 1,2, T1Ty» = T>T1} on a smooth
closed manifold M. Let T5 = T1T». The fixed data of ® is (Fgp;e1,62,63), where Fgp = {x €
M | Ty(z) = z,i=1,2,3} is the fixed point set of Z3-action on M, &; (i = 1,2, 3) is the normal
bundle of Fg in Fp, = {x € M | T;(z) = x}. We have the following result.

Theorem 1.1 Let (M, ®) be a closed and smooth manifold M with a smooth Z3-action
whose fized point set is the disjoint union of two real projective spaces with dimension 2m + 1,
that is, Fo = RPy(2m + 1) U RP2(2m + 1), where RP;(2m + 1) denotes the i-th copy. Let

(RPy(2m + 1); pa, p2, p3) U (RP2(2m + 1);v1, 19, v3)

be the fized data of ®, where p; and v; denote the normal bundle of components of Fg respec-
tively. If at least two pis have dimension greater than 2m+1, and at least one v; has dimension

greater than 2m + 1, then (M, ®) bounds equivariantly.

Example 1.1 Let M = RP(4m + 3) x RP(4m + 3). Considering the involution 7j :
RP(4m + 3) — RP(4m + 3) on the (4m + 3)-dimensional real projective space RP(4m + 3)
given by

Tl[ZE(), Ty, ,$4m+3] = [—ZE(), L1, TI2mA41, L2m42, 7$4m+3]'
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Ty fixes the disjoint union RP;(2m + 1) U RP2(2m + 1).

A Z3-action @ is defined by (T} x T3, S), where S(x,y) = (y,z). The fixed data of ® is
(RPy(2m+1); ™2 12 F2 7(RP(2m+1)))U(RP(2m +1); 2™ +2 12m+2 r(RPy(2m+1))),
where 7(RP; (2m+ 1) means the tangent bundle. (M, ®) satisfies the hypothesis of the theorem
and (M, ®) bounds equivariantly.

2 Preliminaries

Let ® be a smooth Z%-action on M with fixed data (Fg;e1,£2,63). Each s-dimensional
component of (Fy;e1,€2,€3) can be considered as an element of 45 (BO(s1) x BO(s2) x BO(s3)),
the bordism of s-dimensional manifolds with a map into BO(s1) x BO(s2) x BO(s3), where s; is
the dimension of €; over the component and BO(s;) is the classifying space for s;-dimensional
vector bundles (this is the simultaneous bordism between lists of vector bundles: Two lists
of vector bundles over closed n-dimensional manifolds, (F";e1,e9,e3) and (V™; 1, 2, u3), are
simultaneously bordant if there exists an (n + 1)-dimensional manifold W™t with boundary
O(Wntl) = FruV™ (disjoint union) and a list of vector bundles over WL (Wn+Ln; ny. n3),
so that n, (p = 1,2, 3) restricted to F U V™ is equivalent to £, U u1,,) (see [14]).

According to [19], the equivariant bordism class of (M, ®) is determined by the simultaneous
bordism class of (F;e1,e9,€3). Also, if (M, ®) has the fixed data (Fp;e1,€2,€3), which is simul-
taneously bordant to (V; g, o, p13), then there exists (N, ¥) with fixed data (V; 1, pa, 13),
hence (N, V) is equivariantly bordant to (M, ®). On the other hand, as in the case k = 1,
the simultaneous bordism class of (F;eq,e2,e3) is determined by its characteristic numbers:
write W(F) = 14 w1 +ws + -+ for the Stiefel-Whitney classes of the tangent bundle of F,
and W(e,) =1+ 0] +v§ + - for the Stiefel-Whitney classes of the bundles £, (p = 1,2, 3).
Then a characteristic number of (F;e1,£2,¢3) is an evaluation of the form K[F], where K is
a product of w;'s and v¥’s, p € {1,2,3}, and [F] is the fundamental Z»-homology class of F;
again, as in the case k = 1, K[F] must be understood as a sum XK [F*], where F* is the
union of the s-dimensional components of F', and K is the part of SK with degree s. If every
characteristic number of (F';e1,e9,¢3) is zero, then (F; 1,2, e3) bounds simultaneously, hence
(M, ®) bounds equivariantly.

Now let Fy C M be any component of Fr,. Write | = dim(Fp), and denote by F¢ C Fp,
0 < i < I, the union of the i-dimensional components of Fp that are contained in Fy. Then,
for each 0 < i < [, one has that dim(es) + dim(e3) is equal to dim(M) — I over Fji. Let
r = dim(M) — I. Consider RP(g1) — F¢, which is the real projective space bundle associated
to g1 — F{, and denote by £ — RP(e1) line bundle of the double cover S(e1) — RP(g1), where
S(e1) is the sphere bundle of 1. Then, for each 0 < ¢ < [, one has the object

(RP(€1)7§7 €9 D (63 & 5))7

where €1, 5 and 3 are considered as bundles over Fg or the pull back over RP(e1). This object
represents an element in the bordism group 4;_1(BO(1) x BO(r)). For our purpose, let us
recall the following lemmas.
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-1
Lemma 2.1 (see [14]) The object |J (RP(e1);&,62 @ (g3 ®&)) bounds as an element of
=0
Ni_1(BO(1) x BO(r)).

Remark 2.1 If (Fp;e1,62,3) is the fixed data of a Z3-action, then the same is true

for (Fo;e4,¢5,€ex), where (4,4, k) is any permutation of (1,2,3). Then, in the above lemma,

-1
U (RP(£1);€, 2@ (e3®&)) can be replaced by |J (RP(g;); &, e, ® (e, ®E)) for any permutation
i=0 i=0
(i,4, k) of (1,2,3).

Lemma 2.2 (see [14]) Let (M, ®) be a Z3-action with fized data (Fg;e1,€2,€3). Suppose
that V-C M is an h-dimensional component of Fy. Let P be the component of Fr, that contains
V. Suppose that P satisfies the following conditions:

(1) dim(P) > 2h;
(2) V is the unique component of Fg contained in P.

Then (V;e1,e2,e3) bounds simultaneously.

3 Proof of Theorem

We review some general background information.
Let
W(RPi(2m +1)) = 14wy +wg + - + wopmy1 = (1 4+ )2

be the Stiefel-Whitney class of RP;(2m + 1) and Ay — RP;(2m + 1) the canonical real line
bundle over RP;(2m+1). From the structure of Grothendieck ring KO(RP;(2m+1)), one has
that any bundle u; — RP1(2m+1) (i = 1,2, 3) is stably equivalent to ;A\ — RP;(2m + 1) for
some [; > 0, which implies that

W) = 1 py o+ piy 4o+ iy, = (14 )"

Ui Li\ o l; ms
1+ (ot () a4+ o™
1 2 m;

is the Stiefel-Whitney class of u; — RP;(2m + 1), ¢ = 1,2,3, where « is the generator of
HY(RPy(2m +1); Z3), m; = dim(p;). If 2% is the greatest power of 2 of the 2-adic expansion of
2m 4+ 1, and I; = p (mod 2°1), then (1 + )’ = (1 4+ a)?. So we could assume [; < 20! — 1,
Throughout the paper, we use the fact that a binomial coefficient () is nonzero modulo 2 if
and only if the 2-adic expansion of b is a subset of the 2-adic expansion of a.

Let ¢ € HY(RPi(p1); Z2) be the first Stiefel-Whitney class of the line bundle & — RP;(u1)
for the double cover S(u1) — RP(p1). From [2, p.75] , one knows that the Stiefel-Whitney
class of RPy(u1) is

W(RP (1)) = (1 4+ w1 + -+ 4+ wams) {1+ )™ + p1(14+0)™ 4+ b }

_ +a)2m+2{(1 +e)™ 4 <111> a(l+e)™™ . g (nl;l) O‘ml}

with a relation
™+ u}cml_l + ,u%cml_Q 4+ ,u,lnl =0.
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The Stiefel-Whitney class of £ is
W) =1+c,

and the Stiefel-Whitney class of the bundle s @ (us ® &) is

W @ (n3®&) = (14 p3 4+ pp {0+ )™ +pf(1+ o)™ ool )
= (1+0<)l2{(1+c)m3 + (113) a(l+¢)™ - <Til3 >am3}.

3

On the component RP,(2m + 1), we write

W(RPy(2m +1)) =1+ v1 + v 4 - - 4 vopmpr = (14 B)>™+2,
W(Vi):1+y{—|-yé+..._|_y7i” :(1+6)t¢

= (3) e (3) e () o

where 3 € HY(RPy(2m+1); Z) is the generator, n; = dim(v;) fori = 1,2, 3. If 2% is the greatest
power of 2 of the 2-adic expansion of 2m + 1, and t; = ¢ (mod 2**1), then (1+ )% = (1+ B).
We can assume t; < 201 — 1,
Also, we denote by A — RP>(1) the line bundle for the double cover S(v1) — RP(v1), and
by
W) =1+d

its Stiefel-Whitney class. One has
W(RP (1)) = (1+v1+v2+ -+ vome) {1+ )™ + i (1+d)™ 440}
=(1+ ﬁ)2m+2{(1 +d)™ + (21) Bl+d)™ ™ 4.+ (fi) 5"1}
and
W ®vs@N)=0+vi+v3 4+ ){A+d)™ +15Q+d)™ "+ + 13,

= (1+ﬁ)t2{(1+d)”3 + (t13> Bl +d)™= 4. 4 (f;) 5n3}.

For any integer r, we introduce the following characteristic classes which were initially

introduced in [17],
(A4 mr

and
Wp @ (p3 ©§))
(14 c¢)ms—r
The classes W{r]y and Ul[r|; are polynomials in W;(RPy(11)), ¢, Wj(p2 @ (ps ® §)), hence

they can be used to give characteristic numbers. Also, these classes satisfy the following special

Ulr] =

properties:

W{rlar—1 = wyr—1¢" 4 terms with smaller ¢ powers,
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Wr]er = wyc” + terms with smaller ¢ powers,

Wrlar+1 = (wrg1 + pipyq)c” + terms with smaller ¢ powers,

cr+1

Wirlario = /‘i+1 + terms with smaller ¢ powers,

and in the same way,

Ulrlar—1 = p?_,c" + terms with smaller ¢ powers,

Ulr]a, = p2c” + terms with smaller ¢ powers,

Ulrlars1 = (u41 + plo )" + terms with smaller ¢ powers,
Ulr]ari2 = u§+1cr+1 + terms with smaller ¢ powers.

Now we consider a Z3-action (M, ®) with fixed data
(RP1(2m + 1)? M1, ,U*27:u3) U (RP2(2m + 1)? Vi, V2, V3)7

where at least two p}s have dimension greater than 2m + 1, and at least one v; has dimension
greater than 2m+-1. In order to obtain our result, we only need to prove (RP; (2m+1); p1, fi2, p3)
U(RP2(2m+1); 11, v, v3) bounds, that is, to show that every number of (RPy (2m+1); 11, pi2, i)
is equal to every characteristic number of (RP>(2m + 1); 11,12, v3). For our purpose, we need
the following notations: For a sequence w = (j1,j2, - ,Jjs) of natural numbers, one lets |w| =
J1+Jo+ -+ js,and for =1+ py + -+ + pp, let p, = pj @y, - - - 115, be the product of the
classes fi;.

Taking sequences w = (j1,7j2, - ,js) and w; = (ji,5%,---,4%) for i = 1,2,3, with |w| +

3
> |wi| = 2m 4 1, we consider the characteristic numbers
i=1

3
W (RPy(2m + 1)) [ [ W (i), [RPL (2 + 1))

i=1

3
W (RPy(2m + 1)), [ [ W (vi)w, [RP2(2m + 1)].
=1
We will prove

.

Il
-

K2

= W(RPy(2m + 1))o [T W (wi)w. [RP2(2m + 1)].

.

Il
-

K2

For i = 1,2,3, denote by P; the component of Fr, containing RP;(2m + 1) and Q; the
component of Frp, containing RP»(2m + 1). Then either P, = Q; or P, N Q; = 2.

Suppose that P, NQ; = & holds for some i € {1,2,3}. Let us suppose first that this number
is 2 or 3. Because of the hypothesis concerning the number of bundles with dimension greater
than 2m + 1, there exists ¢ € {1,2,3} such that P, N Q; = & and dim(u;) > 2m + 1. By
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applying Lemma 2.2 on the component RP;(2m + 1) C P;, one concludes that (RP;(2m +
1); p1, pi2, u3) bounds simultaneously, thus it can be equivariantly removed to give a Z3-action
(N, U), equivariantly bordant to (M, ®), and with fixed data (RP>(2m + 1);v1,va,v3). Since
at least one v; has dim(v;) > 2m + 1, using Lemma 2.2 on the component RP>(2m + 1) C Q;,
one concludes that (RPy(2m + 1); 11, v2, v3) bounds simultaneously. It follows that (N, ¥) (and
thus (M, ®)) bounds equivariantly, and the theorem is proved.

In this way, we could suppose that there exists a unique i € {1,2,3} such that P, N Q; = @
or Pl = Qi.
By making permutation on ¢ € {1,2, 3} if necessary, we can suppose with out loss that

P =Q, PQQQQZQ(OFPQZQQ), P3=Q3, mp>2m+1, mz>2m+1.
Since Py = @1 and P35 = @3, one has dim(v1) = my and dim(v3) = ms. Now
2m+ 1+ my 4+ mo+mg =2m—+1+my +dim(rz) + ms,

thus dim(vg) = mao.
-1
From Lemma 2.1 (with Fy = Py and |J Fj = RP1(2m + 1) U RP>(2m + 1)), one has that
i=0

(RP(p1); 6, 12 @ (u3 ®8))

is bordant to
(RP(v1); \v2 @ (13 @ N))

in the bordism group
Nopmtm, (BO(1) x BO(mg 4+ ms3)).

Then any class of dimension 2m + m; given by a product of the class

Wi(RP (1)), ¢; Wii(pa ® (3 © )

evaluated on [RP(u1)], gives the same characteristic number as the one obtained by the corre-

sponding product of the classes
Wi(RP(v1)),d, Wj(v2 @ (v3 ® X))

evaluated on [RP(r1)]. To find the value of such numbers, we have a formula of Conner (see
[1, Lemma 3.1]),

ted Z-W‘_'ml RPy(2 1 ) Z _17
R e L o o

where i +j = 2m +my and W (u) = m is the dual Stiefel-Whitney class of p.

B [RP(1)] = {gin‘““(””RP sem D), gz -l

3
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where i + j = 2m +ny and W (vy) = m is the dual Stiefel-Whitney class of v1. We apply

the above equations to prove that
(RPy(2m + 1); i, pas p3) U (RP2(2m + 1) 01, 12, v3)

bounds.

We know W(p1) = (1 + o), W(ne) = (1 4+ )2, W(uz) = (1 +a), W) = (1 +
B, Wi(ve) = (1 + B)2,W(vs3) = (1 + B). If t1,t2 and t3 are even (or ly,ls and I3 are
even), one concludes that (RP»(2m + 1);uv1,v9,v3) (or (RP1(2m + 1); p1, p2, p3)) bounds si-
multaneously, thus it can be equivariantly removed to give a Z3-action (N, ¥), equivariantly
bordant to (M, ®), and with fixed data (RPy(2m + 1); p1, 2, p3) (or (RP2(2m+1); 11, v2,v3)).
Since at least two uls (or one v;) have dim(u;) > 2m + 1 (has dim(v;) > 2m + 1), using
Lemma 2.2 on the component RP;(2m + 1) C P; (or RP2(2m + 1) C @;), one concludes that
(RPL(2m + 1); 1, pia, 13) ((RP2(2m + 1);1v1,v2,v3)) bounds simultaneously. It follows that
(N, ¥) (and thus (M, ®)) bounds equivariantly, and the theorem is proved. So, we always sup-
pose that not all l1,ls and I3 are even (or ¢y, 2 and t3 are even). In this case, we only need to

prove l1 = t1,ly = ta,l3 = t3. The proof is divided into several cases.
Proposition 3.1 [ =t;.

Proof If [; # t1, we will prove that there does not exist Z3-action (M, ®). We divided the
arguments into the following cases.
(1) I; is odd and ¢; is even. Then on RP;(2m + 1),

On RP2(2m + 1),

We form the class (W[0];)?*™ 1™ =1 on RP;(2m+1), and the corresponding class on RPy(2m+
1) is (W[0])?™+1d™1~1 then

(W[0]1)*™ ™~ HRP ()] = o™ T RP ()] = 1,
(W10]1)*™ 1 d™ Y RP(1,)] = 0.

In the same way, we can prove the case that [; is even and ¢; is odd.
This is a contradiction.
(2) 1y is odd and t; is odd and I; # t;. Let

() ()}

We suppose (ll) =1, (;ls) = 0. Then on RP(2m + 1),

9% — min {29”

28

W0]: = a,

WI[2% = 1]325—1)42 = (;) o® ¢® + terms with smaller ¢ powers
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s s .
=a? ¢ + terms with smaller ¢ powers.

On RP;(2m + 1),

W[O]l = 67

WI[2% = 1]32s—1)42 = (;) %" d*" + terms with smaller d powers

= Oﬁzs d®" + terms with smaller d powers.

We form the class (W[0]1)?™ 12" W[2% — 1]g(0:_1)12¢™ ~272" on RP(2m + 1), and the corre-
sponding class on RP5(2m + 1) is (W[0]1)?™F1=2"W[2° — 1]g(9:_1)42d™ ~12". Then

(W[0]1)* ™12 W[2° = 1o —1)42¢™ 7 [RP (1))
_ 02m+1_280é286280m1_1_28 [RP(,Ul)]
= a2 R P ()]

)

(W[0]1)*™ 12 W[2° — 1agae _1)12d™ "2 [RP(11)] = 0.

This is a contradiction.
(3) I; and t; are even and [y # t;. Let

ZS:min{2r| (é;) ”] (;;)}

We suppose (éﬁ) =1, (;) =0.
Since not all I1,l3 and I3 are even, one of ls and [3 must be odd. If [5 is odd, then on
RP1(2m + 1),

WI[2% = 1]a2—1)42 = (;) o® ¢® + terms with smaller ¢ powers

s s .
= a? ¢ + terms with smaller ¢ powers,

U[1]2 = ac + terms with smaller ¢ powers.

On RP2(2m + 1),

= OBZSdZS + terms with smaller d powers,

Ull]s = <t12) Bd + terms with smaller d powers.

We form the class (U[1]2)?™ 12 W [2° — 1]p(2s_1)42¢™ 2™ =2 on RP;(2m + 1), and the corre-
sponding class on RP(2m + 1) is (U[1]2)?™ =2 W[2° — 1]p(0: _1)12d™ 2™ =2 Then

(UL)2)*" 72 W2° — s —1y42¢™ 2" 2 [RP ()]
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_ a2m+1—2s02m+1—23a230230m1—2m—2[RP(MI)]

= ®" ™ RP (1))
p— 17
(U[L]2)*™ =2 W28 — 1g(as_1y12d™ 2™ 2[RP(11)] = 0.

This is a contradiction.
If I3 is odd, on RP;(2m + 1),
WI[2% = 1]a2e—1)42 = (;) o® ¢®" + terms with smaller ¢ powers
= a® ¢* + terms with smaller ¢ powers,

U[0]2 = ac + terms with smaller ¢ powers.
On RP>(2m + 1),
WI2% = 1]y2s—1)42 = (;) B2 d®" + terms with smaller d powers
= OBZSdZS + terms with smaller d powers,

Ul0]2 = <t13 ) Bd + terms with smaller d powers.

We form the class (U[0]2)?™ 12" W[2° — 1]p(20 _1)42¢™ 2™ =2 on RP;(2m + 1), and the corre-
sponding class on RP5(2m + 1) is (U[0]2)*" 12 W25 — 1]3(2:_1)12d™ ~2™~2. Then
(U0]2)*™ 12 W [2° = Ua(oe-1y 0™ 2" 2 [RP (1))

_ a2m+1—2502m+1—23a230230m1—2m—2[RP(MI)]

= a?™ ™M RP ()]
(U[0]2)>" 72 W2* — a(ee—1)42d™ 2" 2 [RP(11)] = 0.

This is a contradiction.

Proposition 3.1 holds.
Proposition 3.2 [y =t,.
Proof If Iy # to, we will prove that there does not exist Z2-action (M, ®). We divided the

arguments into the following cases.
(1) I3 is odd and t5 is even. Then on RP;(2m + 1),

U[1]2 = ac + terms with smaller ¢ powers.

On RP,(2m + 1),
U[1]2 = 08d + terms with smaller d powers.
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We form the class (U[1]2)?" 1™ =2m=2 on RP;(2m + 1), and the corresponding class on
RP(2m + 1) is (U[1]2)?m+1dm™=2m=2, Then

(U[1]g)?" ™ =22 [RP ()] = ™1™ THRP ()] = 1,
(U[1]9)?m g™ =2m=2[RP(1,)] = 0.

In the same way, we can prove the case that l5 is even and t5 is odd.
This is a contradiction.
(2) I3 is odd and t5 is odd and s # t5. Let

9% — min {21
ta) _
1, (2) —0.

Ull]2 = ae + terms with smaller ¢ powers,

()7 ()}

We suppose (
2

1
2
On RP(2m

)
+

1)

U[2°%]9s+1 = <525) o ¢* 4+ terms with smaller ¢ powers

= a? ¢? + terms with smaller ¢ powers.
On RP>(2m + 1),
Ul[1]z = fd + terms with smaller d powers,

U[2%]gst1 = <;2 ) B% d?" + terms with smaller d powers

= 08% d* + terms with smaller d powers.

We form the class U[2%]9a41 (U[1])?" 12 ¢™1=2m=2 on RP;(2m 4+ 1), and the corresponding
class on RPy(2m + 1) is U[2%]s 41 (U[1]2)?"H1=2" ™1 =2m=2 Then
U[2°]pe0 (U[1]2) 2" H17% ™M =22 [RP ()]
_ 0[25 025 a2m+1—25 02m+1—25 Cm1_2m_2[RP(/L1)]

= QP U RP ()

3

U[2%]ges1 (U[1]p) 2 H1=2"gma=2m=2[RP(1)] = 0.

This is a contradiction.
(3) Iz and ty are even and Iy # to. Let

2° — min {29”

()7 ()}

We suppose (;ﬁ) =1, (;25) =0.
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Since not all I1,ls and I3 are even, one of [; and I3 must be odd. If [; is odd, then on
RPl (2m + 1),
W10]2 = ac + terms with smaller ¢ powers,
U[2°%]gs+1 = <é25) o ¢®" 4 terms with smaller ¢ powers

s s .
= a? ¢ + terms with smaller ¢ powers.

On RPy(2m + 1), since I3 = t1, so
W10]2 = Bd + terms with smaller d powers,

28

= 08% d* + terms with smaller d powers.

U[25%]gs41 = <t2 ) B2 d* + terms with smaller d powers

We form the class (W[0]2)2" =2 U[2%]5:41¢™ =22 on RP;(2m + 1), and the corresponding
class on RPy(2m + 1) is (W[0]5)?™ 12" U[2%]3e41d™ ~2™ =2, Then

(W[0]2)*™ =2 U2 ger2¢™ 2 [RP (1))
_ a2m+1—25 02m+1—23 0423 023 le_zm_Z[RP(ul)]
=a*™Hem T RP(2m + 1))
=1,

(W[0]2) 212 U[2%]5e11d™ ~2™2[RP(11)] = 0.

This is a contradiction.
If I3 is odd, on RP;(2m + 1),

U[0]2 = ac + terms with smaller ¢ powers,
U[2°%]gs+1 = o ¢® 4 terms with smaller ¢ powers.
On RP2(2TTL + 1),
Ul0]s = ( tlg ) Bd + terms with smaller d powers,

U[2%]5541 = 08% d?" + terms with smaller d powers.

We form the class (U[0]2)?" 1 =2 U[2%]9: 4 1¢™ ~2™=2 on RP;(2m + 1), and the corresponding
class on RPy(2m + 1) is (U[0]2)?™ =2 U[2%]2s 4 1d™ ~2™~2. Then

(U[0)2)>™ =2 U [2%] 30 41¢™ > 2[RP(111))]

_ a2m+1—25 C2m+1_2sOC2SC28Cm1_2m_2[RP(‘LL1)]

= ¥R P ()
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(U[0]2)?™ =2 U[2%]35 41d™ ~*™2[RP(11)] = 0.

This is a contradiction.

Proposition 3.2 holds.
Proposition 3.3 I3 = t3.

Proof If I3 # t3, we will prove there does not exist Z3-action (M, ®). We divided the
arguments into the following cases.
(1) I3 is odd and t3 is even. Then on RP;(2m + 1),

U[0]2 = ac + terms with smaller ¢ powers.

On RP2(2TI’L + 1),
U[0]2 = 08d + terms with smaller d powers.
We form the class (U[0]2)?"+1c™1=2m=2 on RP;(2m + 1), and the corresponding class on
RP(2m + 1) is (U[0]2)?™+1d™ =2m=2, Then
(U[0]2)* "1™ M2 [RP (1)) = o™ ™ THRP ()] = 1,
(U[0]2)*™ g™ =2m=2[RP(1y)] = 0.

In the same way, we can prove the case that [3 is even and t3 is odd.
This is a contradiction.
(2) I3 is odd and t3 is odd and I3 # t3. Let

(£)2())

We suppose (13) =1, (;i) = 0. Then on RP,(2m + 1),

2% — min {296

23
U[0]2 = ac + terms with smaller ¢ powers,
Ul2° = 1]p2:—1)42 = (;i) a® ¢*" + terms with smaller ¢ powers

2

s
=« C2

" + terms with smaller ¢ powers.
On RP,(2m + 1),
Ul0]2 = fd + terms with smaller d powers,

U[2° — 1]a@e—1)42 = (;i) B2 d®" + terms with smaller d powers
= 08% d* + terms with smaller d powers.

We form the class (U[0]2)>" 12 U[2° — 1]g(9:—1)42¢™ ™72 on RPy(2m + 1), and the corre-
sponding class on RP;(2m + 1) is (U[0]2)>™ 12 U[2° — 1]g(9:—1)42d™ ~2™~2. Then

(U[0]2)*" 72 U[2° — Ua(es—1y42¢™ 2" 2 [RP(11)]
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_ a2m+1—2s02m+1—23a230230m1—2m—2[RP(Ml)]

= ¥ AR P )

)

(U[0]2)*™ =2 U[2% — 1g(2s_1)12d™ > 2[RP(11)] = 0.

This is a contradiction.
(3) I3 and t3 are even and I3 # t3. Let

2% — min {296

(#)#(2))
We suppose (é?;) =1, (;?;) =0.

Since not all I1,ls and I3 are even, one of [; and lo must be odd. If [; is odd, then on
RP1(2m + 1),

W[0]2 = ac + terms with smaller ¢ powers,
Ul2* = 1]p2s—1)42 = (;‘1) o® ¢* + terms with smaller ¢ powers

2

s
=« C2

" + terms with smaller ¢ powers.
On RP>(2m + 1),
W[0]2 = Bd + terms with smaller ¢ powers,
U[2° = 1]a2s—1)42 = (;i) B2 d®" + terms with smaller d powers
= OBZSdZS + terms with smaller d powers.

We form the class (W[0]2)2™ =2 U[2% — 1]p(90 1) 42¢™ 2™ ~2 on RPy(2m + 1), and the corre-
sponding class on RPy(2m + 1) is (W[0]2)>™ 172" U[2° — 1]g(p: _1)42¢™ ~>™~2. Then
(W[0]2)*" 172U [2° = aae 1) 42¢™ " 2[RP ()]

— Oé2m+1_2862m+1_28(128628le_Qm_Q[RP(,LLl)]

= Q¥ R P ()

=1

)

(W[0]2)>" 172 U[2° = a(ee—1y2d™ " *[RP(11)] = 0.

This is a contradiction.
If Iy is odd, on RP;(2m + 1),

U[1]2 = ac + terms with smaller ¢ powers,

Ul2° = 1]p2s—1)42 = (;‘1) o® ¢* + terms with smaller ¢ powers

s s .
=a? ¢ + terms with smaller ¢ powers.
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On RPy(2m + 1), since ly = ta, so
Ull]z = fd + terms with smaller d powers,
Ul2% = 1]a2s—1)42 = (;‘2) B2 d®" + terms with smaller d powers
= 08%d* + terms with smaller d powers.

We form the class (U[1]2)*" 172 U[2° — 1]p(9:_1)12¢™ 22 on RP;(2m + 1), and the corre-
sponding class on RPy(2m + 1) is (U[1]2)?™ =2 U[2% — 1]p(2s—1)42d™ ~2™ 2. Then

(UL)2)*" 72 012° — s —1y42¢™ 2" 2 [RP(11)]

= 2MFL=2 2mAL=2T ()27 2 =M= R P ()]
= "™ T RP ()]

p— 17
(U[L]2)*™ 12 U2% — 1ggs_1)12d™ 2™ 2[RP(11)] = 0.

This is a contradiction.
Proposition 3.3 holds.

From above discussions, we know that [; = t1,ly = t2 and [3 = t3. If we take any sequences
3

,js) and w; = (41,43, -+, j¢) for i = 1,2,3 with |w| + 3 |w;| = 2m + 1, we have

=1

w = (jlaj?a"'

3
W (RPy(2m + 1)w [ [ W (ui)eo,[RP1 (2 4 1))

3
= W(RPy(2m + 1))w [ [ W (1)w, [RP2(2m + 1))].
i=1
That is,

3

W (RPy(2m + 1)w [T W (ui)eo [RP1 (2 4 1))
=1 ,

+ W(RPy(2m + 1)w [ [ W (1t )us, [RP2(2m + 1)] = 0.
i=1

We conclude that every characteristic number of (RP;(2m + 1); pu1, po, 3) is equal to the

characteristic number of (RP2(2m-+1),v1,v2,v3). By [19] (RPy(2m+1), p1, pe, ps) U(RP(2m+
1), 1, va,v3) bounds simultaneously, (M, ®) bounds equivariantly, and the theorem is proved.
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