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Equivariant Cobordism of Torus Orbifolds*
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Abstract Torus orbifolds are topological generalizations of symplectic toric orbifolds.
The authours give a construction of smooth orbifolds with torus actions whose boundary
is a disjoint union of torus orbifolds using a toric topological method. As a result, they
show that any orientable locally standard torus orbifold is equivariantly cobordant to some
copies of orbifold complex projective spaces. They also discuss some further equivariant
cobordism results including the cases when torus orbifolds are actually torus manifolds.
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1 Introduction

Cobordism, a fundamental concept in topology, was first introduced by Pontryagin in his
pioneering work on a classifiction of manifolds (see [23]). There are two known definitions of
bordism; one is geometric and another is homotopy theoretic. Thom constructions were used
in [31] to show that cobordism groups could be computed through homotopy theory in the
early 1950’s. Now the oriented, non-oriented and complex cobordism rings of manifolds are
completely known in their respective category. Conner and Floyed generalized this definition
to the equivariant category to study transformation groups in the beginning of sixties. After a
few years, tom Dieck introduced homotopy theoretic cobordism in equivariant category. But,
in the equivariant category, these two cobordism theories are not equivalent, see [28]. Even
though there have been many developments such as [14, 17-18, 29-30, 32], the equivariant
cobordism rings are not determined for any nontrivial groups. The main reason is that the
Thom transversality theorem may not hold in equivariant category, and hence the equivariant
cobordism cannot be reduced to (equivariant) homotopy theory. Here, we consider the geometric
definition of equivariant cobordism.

Orbifold, which is a natural generalization of manifold, was introduced by Satake in [27],
where it was called V-manifold. The study of oriented cobordism of orbifold first appeared
in [5] where the author introduced a complete set of invariants which determined the oriented
cobordism classes up to torsion. Torus orbifold is a generalization of symplectic toric orbifold
(see [15]) and it was introduced in [10], where some topological invariants of these spaces were
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studied. Some examples of torus orbifolds are the class of quasitoric orbifolds whose topological
invariants are studied in [21]. Briefly, a torus orbifold is a closed orientable 2n-dimensional
orbifold having an effective action of a real n-dimensional compact torus with nonempty fixed
point set. In addition, if the torus action is locally standard and the orbit space is a simple
polytope, then it is called a quasitoric orbifold. When the orbifold singularities of torus orbifolds
are trivial, they are called torus manifolds, see [10] for topological properties and connections
between torus manifolds and multifans.

In this paper we modify the basic construction of [4, 1.5] to produce effective orbifolds with
torus actions whose boundaries consist of disjoint copies of locally standard torus orbifolds.
Using this construction, we can show in Theorem 5.1 that any locally standard torus orbifold is
equivariantly cobordant to a disjoint union of some orbifold complex projective spaces. We also
have some more equivariant cobordism results on locally standard torus orbifolds and manifolds,
see Theorems 5.2-5.3.

The article is organized as follows. Following [1], we recall the definitions and some facts
concerning effective orbifolds in Section 2. In Section 3, we define locally standard torus orb-
ifold X over a nice manifold with corners ), and from X we extract two data, one is a rational
characteristic function A, and the other is a smooth principal 7"-bundle 7 over @), which we call
combinatorial and topological data of X. We also show that from a combinatorial and topolog-
ical data A and T over ), we can actually construct a locally standard torus orbifold X (@, A, 7).
We then show that X and X(Q,\,7) are equivariantly homeomorphic in Theorem 3.1. All
these arguments are appropriate modifications of the basic construction in [4]. We discuss the
generalization of weighted projective spaces in Subsection 3.5. These spaces are called orbifold
complex projective spaces. We also define orbifold Hirzebruch surface in Subsection 3.6, which
is an orbifold modification of Hirzebruch surface. In Section 4, we give explicit construction of
(2n + 1)-dimensional smooth orbifolds with 7T"-action whose boundaries are disjoint union of
locally standard torus orbifolds. In Section 5, we show that any torus orbifold with a locally
standard torus action is equivariantly cobordant to some copies of orbifold complex projective
spaces in Theorem 5.1. We also give several further equivariant cobordism results of torus
manifolds and orbifolds including orbifold Hirzebruch surfaces.

2 Classical Effective Orbifolds

An orbifold is a singular space that locally looks like the quotient of an open subset of a
Euclidean space by an action of a finite group. We recall the definitions and some facts con-
cerning effective orbifolds from [1]. The reader may also consult [19] for an excellent exposition
of the foundations of the theory of differentiable orbifolds.

Definition 2.1 Let X be a Hausdorff topological space. An n-dimensional effective orbifold
chart on an open subset U C X 1is given by a triple (17, G, p) where

1. U is a connected open subset of R"™,

2. G is a finite subgroup of the self-diffeomorphisms of 17, and has an effective G-action on
U,

3. @ is a map from U to X such that w is a G-invariant map inducing a homeomorphism
from U/G onto U.
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Definition 2.2 An embedding &: (‘N/,H, ¢) = ((7,6', ©) between two orbifold charts is a
smooth embedding £: V — U of manifolds such that p o & = (.

We remark that the above embedding induces an injective homomorphism H — G, see the
important points (3) and (4) after [1, Definition 1.2].

Definition 2.3 Two orbifold charts (V,H,() on' V = (V) C X and (U,G,¢) on U =
e(U) C X with VNU # (0 are locally compatible if for any x € V N U, there exists an open
neighborhood W C VN U of x and an orbifold chart (W, K, ) on W such that there exist

smooth embeddings (W,K, 1) — (V,H,¢) and (W,K, 1) — (U, G, p).

Definition 2.4 An effective orbifold atlas on X is a family U = {(U,G,¢)} of locally
compatible effective orbifold charts such that {o(U) | U € U} is an open cover of X.

An atlas V is a refinement of an atlas U if for any chart (‘7,H ,€) € V, there exists an
embedding £: (V,H, () — (U, G, ) into some chart (U, G, @) € U.

Two orbifold atlases are said to be equivalent if they have a common refinement. We denote
the equivalence class of an atlas U by [U].

Definition 2.5 Let X be a para-compact Hausdorff space equipped with an equivalence
class U] of n-dimensional effective orbifold atlases. The pair (X,U), denoted by X, is called
an effective orbifold of dimension n. The space |X| := X is called the underlying space of X.

For simplicity of notation, we may not distinguish X and X when the orbifold atlas on X
is clear. Throughout this paper, we assume that all orbifolds are effective.

Definition 2.6 Let X = (X,U) be an orbifold and z € X. Let (U,G, ) be an orbifold

chart so that © = o(T) € (U) C X. The local group at x is defined to be the group G, = {g €
Glg-z=71}.

The group G, is uniquely determined up to an isomorphism. We use the notion of local group
to define the singular set of the orbifold X as follows. A point z € X is called a nonsingular
point (or smooth point) if the group G, is trivial, and otherwise = is called a singular point.
The set of singular points of an orbifold X = (X, i) is called the (orbifold) singular set, denoted
by X X. That is,

YX={reX|G, #1)}. (2.1)

Example 2.1 Let G be a finite subgroup of GL,(C) and let X = C™/G. This is an orbifold
complex manifold called a quotient singularity. Orbifold X has the structure of an algebraic
variety, arising from the algebra of G-invariant polynomials on C".

Example 2.2 Consider S?"1 = {(zp,-++ ,2,) € (C"“‘Z |zi|> = 1}, and the action of the
i=0
circle group S* is defined by
O[(ZO,"' 7271) = (aa0207"' 7aan2n) (22)

for o € S*, where integers a;’s are relatively prime. The quotient space

WP(ag, - ,a,) = S*/s! (2.3)



864 S. Sarkar and D. Y. Suh

has an orbifold structure, denoted by WP(ag, - - - , a,). This orbifold is called a weighted projec-
tive space with weights {ag, - ,an}. In particular, the orbifold WIP(1,a) is called a teardrop.

Similarly to the definition of a manifold with boundary, we can talk about an orbifold with
boundary. We write R>g = {z € R : = > 0}.

Definition 2.7 Orbifold charts of an orbifold with boundary W are given by the compatible
triples {(U,G, )} where U C R"~! x R>q for some n, G is a finite group acting effectively on

U, and {o(U)} is an open cover of W.

The orbifold boundary of W, denoted by OW, is the set of points w € W such that w €
{©(dU)} for some chart (U, G, ) of W. We remark that the boundary of an orbifold depends
on the orbifold charts on it. For example, [0,1) with the trivial chart {0} is the boundary, but
with the chart ((—1,1),Zs, ¢) where Zs-acts by reflection [0, 1) has empty boundary.

Definition 2.8 Let X = (X,U) and Y = (Y, V) be two orbifolds. A map f: X — Y is
called an orbifold map (respectively orbifold smooth map) if for any point x € X there are charts
(U,G, ) containing ¢~ (z) and (V,H,() containing ¢~ (f(x)), such that f maps U = o(U)
mto V. = C(‘~/) and f can be lifted to a continuous (resp. smooth) map ]7: U — V with
Cof=foep.

Using this, we can define the notion of homeomorphism (resp. diffeomorphism) of orbifolds.
We note that homeomorphism as topological spaces may not induce a homeomorphism as
orbifolds. For example, a triangle is homeomorphic to a square as a topological space but not
as an orbifold.

Definition 2.9 Two orbifolds X and Y are homeomorphic (resp. diffeomorphic) if there
are orbifold maps (resp. orbifold smooth maps) f: X =Y and g: Y — X such that go f = 1x
and fog=1ly.

Definition 2.10 An orbifold X = (X,U) is orientable if for each chart (U, G, @) € U the
open subset U C R™ can be given with an orientation which is invariant under the action of G,
and each embedding §&: (W, K, u) — (U, G, ) of charts in U is orientation-preserving.

Note that the underlying space X of an orbifold X = (X,U) can be obtained by gluing local
charts using transition functions in the following way. For two charts (U, G, ¢), (V,H,() € U
with 2 € U NV there is a chart (W, K, ) with smooth embeddings

A: (W, K, 1) — (U,G,¢) and Ao: (W,K,pu) — (V,H,()

such that z € W Cc UNV. Then /\2/\1_1: Al(W) — /\Q(W) is a K-equivariant diffeomorphism.
Thus we can glue U/G and V/H by identifying (@) ~ ¢(7) if AoAT (%) = 0. Then we have a
homeomorphism
o | |(U/G)) ~— X
Ueu

induced from the collection {p: U — X}.

We now define the tangent bundle and the frame bundle of an effective orbifold by glu-
ing local charts using appropriate transition function. We remark that tangent bundles and
frame bundles are two of many notions originally defined for manifolds which can be extended
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analogously to orbifolds. For an orbifold chart ((7 ,G, ), we consider the tangent bundle TU.
Then it has the induced smooth action of G, and the natural projection p: TU /G = U is
induced from . It is known that for each x = ¢(¥) € U, the fiber p~!(z) is diffeomorphic to
50 /Gz. Thus p is a bundle-like map whose fiber is of the form R" /G for some finite subgroup
Go C GL,(R). We thus have 2n-dimensional orbifold chart (TU, G, ) for each (U, G, ¢) € U,
where 7: TU — TU /G is the orbit map. Let

TU = {(TU,G,x) | (U,G,¢) € U}.

For two charts (U, G, ) and (V, H,() € U with 2 € U NV there is a chart (W,K, i) with
smooth embeddings A\1: (W, K,u) — (U,G,¢) and Xo: (W, K, u) — (V, H,() such that z €
W cUNV. We glue TU/G and TV /H using the transition function

Dy(DaATh): Ty (W) — Toho(W) (2.4)
for y € /\1(ﬁ7) and 7 = A A1 (%) to produce the identification space

TX = | |(1U/G)/ ~.
Ueu
Definition 2.11 The tangent bundle of an n-dimensional orbifold X = (X,U) is the 2n-

dimensional orbifold TX = (TX,TU) with the natural projection map p: TX — X, which is a
smooth map of orbifolds, with fiber p~*(x) = T5U /G, for each x € X.

For a given local chart (U, G, ¢) we choose a G-invariant inner product on T'U, and consider
the corresponding frame manifold

Fr(U) :={(Z,B) | B € O(T;U)}

with the G-action defined by
9(%,B) = (92, DgzB).

Since G-action on U is effective, the G-action on Fr([j') is free, and the orbit space Fr((?)/G is a
smooth manifold. On the other hand, there is a right O(n)-action on Fr(U)/G which is induced
from the group multiplication of O(n), and it can be seen that for each point [(Z, A)] € Fr(U)/G
its isotropy group is isomorphic to G. Moreover by taking the quotient by the O(n)-action we
have the induced natural projection Fr(U)/G — U.

Definition 2.12 The frame bundle of an orbifold X = (X,U) is the space obtained by gluing
the local charts Fr(U)/G — U using the O(n)-transition functions obtained from the tangent
bundle of X.

One of the important properties of the frame bundle is the following theorem.

Theorem 2.1 (see [1, Theorem 1.23]) For a given effective n-dimensional orbifold X, its
frame bundle Fr(X) is a smooth manifold with a smooth effective almost-free O(n)-action. The
original orbifold X is naturally diffeomorphic to the resulting quotient orbifold Fr(X)/O(n).
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3 Torus Orbifolds

The definition and basic properties of torus orbifolds are extensively discussed in [10]. In
this section, we give the definition and the basic construction of locally standard torus orbifold.
All these are appropriate modifications of the quasitoric theory developed in [4], which also
generalize the arguments of quasitoric orbifolds in [21].

We begin by recalling the definition of manifold with corners from [3, Section 6]. Various
properties of manifold with corners and maps between them are studied in [12].

Let X CR™ and Y C R™ such that a: X — Y is continuous. Suppose that there exists an
extension @: U — V of « for some open neighborhood U of X and V of Y. If @ is smooth then
« is called smooth.

Definition 3.1 (a) A Hausdorff topological space Q C R™ is called an n-dimensional man-
ifold with corners for n < m, if any point ¢ € Q has a neighborhood U and a homeomorphism ¢
from U to an open subset of the positive cone RZy = {(x1,- - ,z,) ER" |21 >0,--- , 2, > 0}.
The pair (U, ¢) is called a local chart on Q. -

Moreover, @ is called smooth manifold with corners if all the transition maps are smooth
and preserve the face structure.

(b) Let P and Q be m and n-dimensional smooth manifold with corners respectively. A map
f: P — Q is called smooth if the map

bofod i g(U) = (V)

is smooth for any two charts (U, $) and (V,1) on P and Q respectively.

(¢) The map f: P — Q is called diffeomorphism if it is smooth and it has smooth inverse.
Two manifolds with corners are called diffeomorphic if there is a diffeomorphism between them.

(d) A k-dimensional face of Q is defined in the natural way. Codimension-1 faces of Q are
called facets, and faces of dimension 0 are called vertices. We write F(Q) (resp. V(Q)) for the
set of facets (resp. vertices) of Q.

(e) A manifold with corners is said to be nice if every codimension-2 face is a connected
component of the intersection of a unique collection of two facets.

From the above definitions, it is easy to see that any codimension-k face of an n-dimensional
nice manifold with corners @) is a connected component of the intersection of a unique set of k
many facets of @ for any 0 < k£ < n. An n-dimensional simple polytope is a convex polytope,
each of whose vertices is the intersection of exactly n facets. So simple polytopes are nice
manifold with corners. In this article, we assume that every manifold with corners @ is nice,
orientable and smooth unless specifically mentioned otherwise.

For a G space X and an H space Y, a map is said to be f-equivariant for a homomorphism
0: G — Hif f(gx) =0(g)f(z) for any g € G and = € X. When we do not need to specify the
homomorphism 6, f is said to be weakly equivariant or weak-equivariant.

3.1 Notations
Let M be a free Z-module of rank n, i.e., M = Z". Let
Mg := M @z R =2 R",
Trr = Mp/M = (S =1T™.
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For a submodule K of M of rank k, let
K:=KgNM==7F.

Then K is submodule of K with finite index, and K is a rank k submodule of M. Moreover,

the inclusion 15 : K < K induces a surjective (covering) homomorphism
CK T — Tf(

with finite abelian kernel ker((x) = I?/K, where T = Kg/K = T* and Tz = I?R/I? =~ Tk,
On the other hand, the inclusion ¢ : K < M induces an injective homomorphism

Cf(: Tf( —)TM.

If K is of rank n, in particular, then (g : Tx — Tx = Ty is surjective with the finite abelian
kernel.

3.2 Definition of locally standard torus orbifold and its properties

Let M be a free Z-module of rank n, i.e., M = Z™ as above, or one may assume M = Z".
Recall that the standard 7T"-action on C™ is defined to be

(t].?"' 7t’ﬂ) : (217"' ,Zn) = (tlZl,"' 7tnzn)

for (t1,--- ,t,) € T™ and (21, -, 2,) € C™.

Definition 3.2 A 2n-dimensional connected and closed effective orbifold X is called a locally
standard torus orbifold, if the underlying topological space X of X has an effective Tyr-action
such that for every point x € X there exist

(P1) a Tar-invariant neighborhood V- C X,

(P2) a submodule N of M of rank n with the inclusion c: N — M and the induced surjective
(covering) homomorphism (n: T — T, and

(P3) an orbifold chart (V,G, ) over V with G = ker (x, where V is d-equivariantly dif-
feomorphic to an open set in C" for some isomorphism 6: Ty — T™, and p: V > Visa
(N -equivariant map which induces a T™-equivariant homeomorphism between 17/ G and V.

If the group G in Definition 3.2 is trivial for each x € X, then the orbifold X is called a
locally standard torus manifold.

Remark 3.1 (1) From (P3), each group G = ker (xy C T, hence the singular set XX of
the orbifold is contained in the singular part Sing(X,T™) of the action where Sing(X,T™) is
the union all singular T"-orbits in X.

(2) Also from (P3), the orbit space @ = X/T™ is an n-dimensional nice smooth manifold with
corners, and X is called a locally standard torus orbifold over Q.

We also remark that even though the definition of torus manifolds in [10] assumes X to
have fixed points, we do not assume this here. In the case when @ is a simple polytope and
each group G is trivial, X is called a quasitoric manifold, which was introduced by Davis and
Januszkiewicz [4] by the name of toric manifold. Also if @ is a simple polytope but G’s are
not necessarily trivial, then X is defined to be a quasitoric orbifold in [21], and there the first
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author and Poddar studied several geometric and topological properties of them. An orbifold
is called a T"™-orbifold if there is an effective T"-action on the underlying space.

Example 3.1 Consider the unit sphere
S = {(z1, 20, 2) ECT" X R 212+ + |2n]? + 2% =1}
with the following T™-action on S2™:
(t1, - stn, @) (21, , 2n,x) = (8121, tn2n, T).

The points (0,---,0,—1),(0,---,0,1) € S?" are the fixed points of this action. Let U; =
S2n —1(0,-+-,0,—1)} and Uy = S?* —{(0,---,0,1)}. One can show that U; is §;-equivariantly
diffeomorphic to C" with the standard action of T™ for some §; € Aut(T™) for i = 1,2. So S?"
is a torus manifold. In particular, S?" is a locally standard torus orbifold with the orbit map

me: S% — QT = ST,
where the orbit space is given by
Q" ={(x1,  ,xp,x) ER™  g? 4 422 42 =1 and 2; >0 for i=1,---,n}.

From the defining equations, we get that Q)7 is a nice manifold with corners.

Let X be a 2n-dimensional locally standard torus orbifold over @ = X/T™ with the orbit
map 7: X — Q. Let F(Q) = {F1, -, F,} denote the set of facets of @, and let 13“1- denote
the relative interior of F; . By the local characterization of orbifold charts, the isotropy group
of any point = € w‘l(}oﬁ-) C X is a locally constant circle subgroup of Ty;. It is the image of
a circle subgroup of Ty under (5. Thus it determines a locally constant vector \; € M up to
sign, which is not necessarily a primitive vector of M. Since w‘l(lc:“ ;) is connected, this vector
A; is uniquely determined up to sign for each facet F; of (). This vector \; is called the rational
characteristic vector of F;. Thus we have the following function:

A F(Q) = M 27", Firs A (3.1)
We recall that an element (a1,---,a,) in the rank n free Z-module M is called primitive if
ged{ay, - ,a,} = 1. In general, for an n-dimensional nice manifold with corners P, we define

the following.

Definition 3.3 A rational characteristic function (or simply an r-characteristic function)
on an n-dimensional manifold with corners P is a map &: F(P) — Z™ such that whenever
F, N---NFE;, #0, the vectors E(F;,),- -+ ,&(F;,,) are linearly independent.

By (P3) of Definition 3.2, the function A\: F(Q) — Z™ in (3.1) is a rational characteristic
function on Q.

On the other hand, since every locally standard torus orbifold X is compact, its orbit space
@ is a compact nice manifold with corners. So every facet of @ has a collar neighborhood in @,
and hence the boundary 9@Q has a collar neighborhood in ). That is, the complement Q.. of the
union of suitable collar neighborhoods of all facets of @ is diffeomorphic to @ preserving the



Equivariant Cobordism of Torus Orbifolds 869

face structures. Note that X. = 7~1(Q.) is the total space of a principal 7"-bundle, denoted
by 7.: Ex, = Q.. Since Q. is diffeomorphic to @) as a manifold with corners, we may pull back
T. to @ to get a topological principal 7™ bundle

T: Ex = Q

over (), where Ex is a nice manifold with corners and 7 preserves the face structure. Thus,
from a 2n-dimensional locally standard torus orbifold X with the orbit map n: X — Q, we
have obtained two data, a rational characteristic function A: F(Q) — Z", and a principal T"
bundle 7: Ex — Q. We write these data by {(Q, ), (Fx,Q,7)} and call it the combinatorial
and topological data of a locally standard torus orbifold X.

We remark that the definition of rational characteristic function is a slight generalization of
the following well-known notion of characteristic function.

Definition 3.4 The function £ in Definition 3.3 is called a characteristic function if the
vectors £(Fy,), -+ ,&(F;,.) are a part of a basis of Z"™ whenever F;, N---NF;, # (.

If X is a locally standard torus manifold (instead of orbifold) over @), then the r-characteristic
function A in (3.1) is indeed a characteristic function. We finish this subsection with some

examples of rational characteristic functions.

Example 3.2 The manifold with corners in Figure 1(a) is obtained from the rectangle
VoVi Vo Vs by deleting the interiors of the circle C' and the triangle V;V5Vi. The manifold with
corners in Figure 1(b) is obtained from the disk bounded by the circle C' by deleting the interior
of the pentagon VyV1V2V3V,. Some r-characteristic functions of these 2-dimensional manifolds
with corners are defined in the corresponding figure.

VS (9: - 6) Vz VI
(¢, d
C
FE
@D .2) 1 .
29
(2,0

Vo -1LD 4 Vo

(@) (b (©

Figure 1 Some r-characteristic functions.

Example 3.3 Figure 1(c) is an eye-shape P? with vertices {Vp, Vi} and edges {Eo, F1}.
So an eye-shape is a nice manifold with corners. Define &: {Ey, E1} — Z? by

é(Eo) = (a‘vb)a g(El) = (C, d)'

Then ¢ is an r-characteristic function if and only if {(a,b), (¢,d)} is a linearly independent set
in Z2.
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3.3 The basic construction of locally standard torus orbifold

Let P be an n-dimensional nice manifold with corners equipped with a rational characteristic
function £: F(P) — Z™. Moreover, let a smooth principal 7"-bundle u: E — P over P be given
where F is a nice manifold with corners and p preserves the face structure. Let {(P,¢), (E, P, 1)}
denote these data, which we call a combinatorial and topological data over P. In this subsection,
we construct a 2n-dimensional locally standard torus orbifold X with the orbit space P such that
the corresponding combinatorial and topological data of X is the given data {(P, &), (E, P, u)}.
Each point x € P lies in the relative interior I(:" of a unique codimension-k face F' of P. If k =0,
then ' = P, and otherwise F' is a connected component of the intersection Fj, N---N Fj, of
a unique collection {F;,, -+, F;, } C F(P) because P is nice. Let K(P) = 0, and let K(F)
be the rank k& submodule of M = Z" generated by the vectors {(Fy, ), ,&(F;, ). Then as we
have seen in Subsection 3.1, there is a surjective homomorphism (g (r): Tk (r) — Tf((F) and an
injective homomorphism ¢ R(F) Tf(( F) Thr. Let

Gr = K(F)/K(F), (3.2)

Tr :=1Im(Cz gy © Cr(F))- (3-3)
Then GF is a finite abelian group isomorphic to ker(Cx (ry), and Tr is a rank k torus subgroup
of Thy = T™. We will adopt the convention that Tp = 1.

From the data {(P,€),(E, P,u)}, we construct the space X (P, &, u) as follow. Define an
equivalence relation ~ on the total space E of the smooth principal bundle p by

x ~ gy if and only if u(x) = p(y) and x =ty for some t € Tp, (3.4)
where F' is the face containing p(z) = u(y) in its relative interior. The quotient space
X(P,&p) = B/ ~ (3.5)

has a natural T"-action induced by the natural T"-action on E. The orbit space of the T"-
actionon X (P, ¢, ) is diffeomorphic to P as manifold with corners, and the map

m: X(P, & ) — P, given by [z]™ — pu(x) (3.6)

can be regarded as the orbit map, where [z]™~ denotes the equivalence class of z. In the case
when g is a trivial bundle, we denote X (P, &, u) by X (P,€).

Lemma 3.1 The space X (P, &, 1) is a locally standard torus orbifold over P with the orbit
map 7 in (3.6).

Proof Let [z]~ € X(P,&, ). Hence u(x) € P. We show that [z]™ has a neighborhood
which is T™-equivariantly homeomorphic to V,./G,, where V,, is a T"-invariant open subset of
C™ with the standard T™ action, and G, is a finite subgroup of Diff (V).

First we assume that u(z) belongs to the interior P. Then there is a neighborhood U, of
p(z) in P which is diffeomorphic to an n-dimensional open ball in RZ . Clearly,

7N U,) =T" x U,/ ~2T" x U,
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is a T"-invariant neighborhood of [z]~. Let V,, = T" x U,, G, = {1} and p,: V; = X(P,&, u)
be the inclusion. Then (V, Gy, p,) is an orbifold chart which satisfies the condition (P3) of
Definition 3.2. 5

Let p(z) belong to the relative interior F' of a codimension-k face F' of P with k& > 0.
Then there is a neighborhood U, of pu(z) in P such that U, is diffeomorphic to RE, x RZ" as
manifold with corners and p=1(U,) is T"-equivariantly homeomorphic to T x U, as manifold
with corners. Let

X, o= p N U)) ~= 71 (U,).

Let F' be a component of the intersection F;, N---NF;, of a unique collection of & many facets
of P. By Definition 3.3, the set {£(F3,), - ,&(F;,)} is a linearly independent set of vectors of
Z". Let K(F) be the submodule generated by {&(F;, ), -+ ,&(F;,)}-

Let K(F)* := 2" /K (F) where K(F) = (K (F)®zR)NZ". Thus K(F)* is a free Z-module
of rank n — k. Then Z" is isomorphic to K(F) & K(F)*. Fixing an isomorphism of these
Z-modules, we get T" = Tf{( F) X Tr(ryr- On the other hand, we also have an isomorphism
T" = Trr) X Tr(ryr as T (r) and T (pyr are k and n — k dimensional torus respectively.

For a face F containing F', let K (F"’) be the submodule of K(F') generated by the rational
characteristic vectors corresponding to the face I, and let Tk (p/) be the corresponding torus
group defined as before. We now define an equivalence relation ~p on Tk (py X T (pyr X Uy by

(t1,s1,q1) ~F (t2,82,42) if q1 = g2, 51 = s2 and t3 't; € T (pn, (3.7)

where F’ is the unique face whose relative interior contains q; = go.
Let
Ve, = (TK(F) X TK(F)J_ X Uw)/ ~F .

Using the aforementioned homeomorphism U, — R’go X R’;g’“, we can get that V, is equivari-
antly homeomorphic to C¥ x (C*)"~*. Thus we have a commutative diagram of T"-equivariant
maps:

CK(F)XIdXId

Tf((F) X TK(F)L X U= T X Um%,u_l(Ur)

l l , (3.8)

Vr L X:Ea

TK(F) X TK(F)L X Uy

where the vertical arrows are the quotient maps. Note that the map (, is the orbit map of
G p-action on V., where G is as defined in (3.2). Now the triple (V,,, G4, (;) with G, = Gp is
an orbifold chart on X, which satisfies the condition (P3) of Definition 3.2.

Next we show that the orbifold charts (V,., G, (,)’s are compatible (see Definition 2.3). The
arguments are essentially similar to [7, Subsection 2.3], but few modifications are needed. First
we give coordinate structure on each V,, in the following. Let

fo: Up = REG x R*F
be the diffiomorphism as manifold with corners. If we write

fe(u) = (fea(u), -, for(u), fopri(w), 5 fen(u)),
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then f, j(u) >0, fp ;j(u) = 0 if and only if u € U, N F;, for j = 1,--- ,k, and f; j(u) > 0 for
j=k+1,-,n(k>0). Let {{, 1, - ,&,} be a Z-basis for K(F)* C Z". When F = Q, we
may consider K (F') =0 € Z". Then the kernel of the map determined by the matrix

t t £t Yol
Ay = [ TR 7€ik7§k+17"' ,fn]

is Gp. Let a = (a1, -+ ,qy) be the standard angular coordinates, and a, = (a1, , Qg.n) be
the angular coordinates of 7™ with respect to the basis {&! ,--- ,&! ZZH, B Y of ZP @y R

117 i)
Then we get the following transformation between these angular coordinates

a=A,a,.
Let ug; = faz,;(u)cos(2ma, ;) and wy; == fz,(uw)sin(2ra, ;) for j = 1,--- ,n. We define
¢zt Vi — R27 by
¢I([ar7u]NF) = (uz,la We 1, auz,nawz,n)-

From the identification ~p and condition on f, and using a property of quotient map, we get
that ¢, is homeomorphic onto its image which is an open subset of R?”. Then the coordinate
structure on V, can be given by (ug,, Wy 1, Uz n, Wa.n)-

The group action of Gr on V. can be given by similar relation as in [7, (2.10)]. Compatibility
of charts can be explained following the arguments in [7, Subsection 2.3]. Therefore X (P, ¢, i)
is a locally standard torus orbifold.

Remark 3.2 (1) If P and the smooth principal 7" bundle p in Lemma 3.1 are orientable,
then so is X (P, &, u).

(2) Observe that if ¢ satisfies the condition in Definition 3.4, then all local groups in the
above orbifold charts are trivial. So in this case, X (P, ¢, ) is a locally standard torus manifold.

Proposition 3.1 Let X andY be locally standard torus orbifolds over P and @ respectively

such that the following diagram commutes

x 1 vy

ﬂxl lw

P —250

where f is equuariantly homeomorphic, wx,my are orbit maps, and g is a diffiemorphic as
manifold with corners. Then f is equvariantly diffeomorphic.

Proof Using the coordinate description on each orbifold chart (V,,G,, () in the proof of
Lemma 3.1 and modifying the arguments of the proof of [7, Lemma 2.3], one can complete the
proof.

Example 3.4 Let P? be an eye-shape and ¢ be an r-characteristic function on P? as in
Example 3.3, and let p be the trivial 7%-bundle over P2. So X (P?,¢) is a 4-dimensional
orientable locally standard torus orbifold. Now we show that X (P2 &) is the orbit space of
a finite group action on S%. Let Q2 be the manifold with corners as in Example 3.1. Let
F, = {(v1,72,7) € Q% | #; = 0} for i = 1,2. Note that 7;1(Q?) = S* C C%2 x R and the
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. . . ° .
isotropy group of the points in 771 (F;) is

ISO 1 { tl,tQ (S T | (tlzl,t2$2,$) = (2’1,2’2,$)}
=1

:{ ><S1 i=2.

Therefore the corresponding r-characteristic function is given by

3

A(F1) = (1,0) and A (F) = (0,1)

up to choices of sign. Then one can show that (7% x Q?)/ ~=2 §* = 7;1(Q?), where ~ is the
equivalence relation defined in (3.4). Let f: Q2 — P? be a diffeomorphism as manifold with
corners such that f(F;) = E; for i = 1,2. Consider the map Z? — Z? determined by

(1,0) = (a,b) and (0,1) — (c,d).

This induces a surjective Lie group homomorphism ¢: T? — T2, that is, ¢ is a finite covering
homomorphism. From the definition of the equivalence relation ~, it is clear that the map

¢ xid: T* x Q* — T? x P?

induces a surjective map
fo: ST X(P?,¢)

defined by fy([t,z]™) = [¢(t), f(x)]™ on the equivalence classes. The finite group ker ¢ acts
naturally on S*. Since ¢ is a covering homomorphism with the finite covering group ker ¢, the
space X (P?,¢) is diffeomorphic to the quotient space S*/ker ¢. In particular, if ¢ is a charac-

teristic function (see Definition 3.4), then X (P2, ¢) is T?-weakly equivariantly diffeomorphic to
S4.

Example 3.5 Consider S% = {(21,22) € C? : |z1|*> + |22]?> = 1} with an S'-action on S*
defined by

- (21,22) = (21, @z2). (3.9)

Then the orbit space P is a closed 2-disc. Let &: {0P} — Z? be the map defined by £(OP) =
(a,b), where (a,b) is a primitive vector in Z2. Then £ is a characteristic map on P. So by
Lemma 3.1 and Remark 3.2, X(P,§) is an orientable locally standard torus manifold. Since
(a,b) is a primitive vector, there is (c,d) € Z? such that ad—bc = 1. Applying an automorphism
of T?, we may assume (c,d) = (1,0) and (a,b) = (0,1). Therefore we have the following

X(P¢) = (T? x P)/ ~=2 S' x (S' x P)/ ~= S' x §3,

here T? acts on S' x S? as follows: The first S* factor of T2 acts on S! by left multiplication, and
the second S factor acts on S? as in (3.9). Thus X (P, &) is weakly equivariantly diffeomorphic
to St x S3.

The following theorem shows that any locally standard torus orbifolds can be constructed
from the basic construction explained at the beginning of this subsection.
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Figure 2 A characteristic function on a closed disc.

Theorem 3.1 Let X be a 2n-dimensional locally standard torus orbifold over Q) with the
associated combinatorial and topological data {(Q,)\), (Ex,Q,T)} as in Subsection 3.2. Let
X(Q, A, 1) be the locally standard torus orbifold obtained by the basic construction from the data
as in Subsection 3.3. Then there is a T™-equivariant orbifold diffeomorphism from X (Q,\, T)
to X covering the identity on Q.

Proof The proof is similar to the quasitoric orbifold case in [21]. The basic idea of the
proof is similar to that of [4, Proposition 1.8], however there are two complications which require
further arguments. The first one is that the orbit space @ is not necessarily contractible, and the
second one is that we are dealing with orbifolds instead of manifolds. The former complication
can be fixed by considering principal T"-bundle 7: Ex — @ instead of the trivial 7"-bundle
T" x @ — Q. So we need to take care of the latter complication. The main point is how to
extend [4, Lemma 1.4] to the locally standard torus orbifold case, i.e., we need to construct a
continuous map

fIEx—>X,

which maps 771(q) surjectively onto 7=1(q) for each ¢ € Q, where 7: X — @ is the orbit map.

Let Fr(X) be the frame bundle of the effective orbifold X. Then by Theorem 2.1 the frame
bundle Fr(X) is a smooth manifold with smooth effective almost-free O(2n)-action, and the
quotient orbifold Fr(X)/O(2n) is diffeomorphic to X. On the other hand, since X is a locally
standard torus orbifold, X has an effective T"-action which induces an effective T™-action on
Fr(X) commuting with the above mentioned O(2n)-action.

We now apply the procedure for “blowing up the singular strata” of the T"-action on Fr(X)
as explained in [4, Lemma 1.4], to obtain an effective T"-manifold Fr(X) with corners with
only principal orbits. Indeed, Fr(X) is obtained from Fr(X) by replacing each singular stratum
by its normal sphere bundle in the order from the minimal stratum to the higher ones. Then
there is a natural map

f:Fr(X) — Fr(X),

which collapses each sphere bundle to the base points. The O(2n)-action on Fr(X) also induces
a free O(2n)-action on Fr(X) because by Remark 3.1 the singular set ©X of the orbifold X is
contained in the singular part Sing(X,T") of the T™-action on X. Furthermore, T" acts freely
on Fr(X) and commutes with the action of O(2n). Let X := Fr(X)/O(2n). Then X is a free
T™-space with the orbit space equal to Q. Indeed, X is Tm™-equivariantly homeomorphic to the
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total space Ex of a principal bundle 7: Ex — Q. The natural surjective map f induces a
continuous T"-equivariant map

f: X = Ex — Fr(X)/O(2n) = X.

Since O(2n)-action commutes with T™-action on Fr(X) and Fr(X), if y € f~(z) C Ex for
some x € X, then isotropy of y is the same as Tr, where F' is the smallest face containing 7(y).
Therefore the map f factor through the continuous map Ex/ ~— X. This is a T™-equivariant
homeomorphism X (@, \,7) — X covering the identity on (). Then Proposition 3.1 completes
the proof.

We remark that blowing up of singular stratum may not be unique, but the above procedure
suffices our requirement.

Definition 3.5 Let {(P,§),(E, P,u)} and {(P',&),(E',P',i/)} be two combinatorial and
topological data. They are called equivalent if there is a diffeomorphism v: P — P’ (as manifold
with corners) and a 6 € Aut(Z™) such that &'(Y(F)) = £6(§(F)) for each F € F(P) and p is
isomorphic to the pull back bundle * ().

Theorem 3.2 Two locally standard torus orbifolds X (P&, pu) and X(P', &' ') are T™-
weakly equivariantly diffeomorphic if and only if the corresponding characteristic and topological
data {(P,§),(E,P,u)} and {(P', &), (E',P', 1)} are equivalent.

Proof Let U: X (P, & u) — X(P', €&, 1) be a T"-weakly equivariant diffeomorphism. Then
it induces a diffeomorphism ¢: P — P’ (as manifold with corners). This follows from the facts
that T"-action on each is locally standard and the orbit map is smooth. Thus we have the
following commutative diagrams,

X(P&p) —2 X(P¢, ) E —— B
lﬂ l”/ and lT lﬂ/ (3.10)
P BN P’ P, LN P!

where 7, 7" are orbit maps, P, (resp. P.) is the complement of a suitable collor neighborhood
of OP (resp. OP') in P (resp. P'), E =1~ !(P.) and E' = (7/)~!(P!). Note that P. (resp. P’)
is diffeomorphic to P (resp. P’) as manifold with corners. Therefore &' ((F)) = £§(&(F)) for
a fixed § € Aut(Z™) and for all F € F(P), and p = * ().

Conversely, assume two data {(P,§), (E, P,u)} and {(P’, &), (E', P’, 1)} are equivalent. So
E'W(F)) = £0(&(F)) for a fixed 6 € Aut(Z") and for all F € F(P), and p = ¢*(u) for
some diffeomorphism v : P — P’ as manifold with corners. So there is a bundle isomorphism

{/;: E — FE’ such that

E Y, F

lT lf, (3.11)

p -t p

Since 1 is T"-equivariant and & (¢(F)) = £8(£(F)) for all F € F(P), the map 1 descends to a
T"-weakly equivariant map U: X (P, &, u) — X (P&, 1'). Using the construction of X (P, €, i)
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and X (P, ¢, 1), one can show that ¥ is a homeomorphism. So by Proposition 3.1, ¥ is a
diffeomorphism.

We remark that the above two theorems are proved for the category of quasitoric manifolds
in [4] and for the category of quasitoric orbifolds in [21]. Also similar result are discussed for
the category of 2-torus manifolds in [16]. One can replace diffeomorphism/diffeomorphic by
homeomorphism/homeomorphic in Definition 3.5 and Theorem 3.2 and retain the conclusion
of Theorem 3.2 in homeomorphic category.

3.4 Equivariant connected sum

Here, we discuss connected sum of orientable locally standard torus manifolds along an orbit
as in [8]. Let A (resp. B) be an orbit of a 2n-dimensional locally standard torus manifold M
(resp. N). Assume that the isotropy group of A is isomorphic to that of B. So A (resp. B)
is a subset of a connected component of M;, N---N M;, (resp. N;; N---NN,,) for a unique
collection of characteristic submanifolds {M;,,---,M;,} of M (resp. {N;,---,N;,} of N),
where a characteristic submanifold of a locally standard torus manifold is the inverse image of a
facet by the orbit map. Since T"-action is locally standard, there are T"-invariant small enough
neighborhoods Uy (resp. Up) of A (resp. B) such that Uy and Up are weak-equivariantly
diffeomorphic to C* x (C*)"~¢. By changing the action of 7" on N by an automorphism of
T™ if necessary, we may assume that T™-actions on U4 and Up are equivalent. That is, we

may assume that the isotropy group of ]\041-]. is the same as that of Jiflj for j=1,---,¢. By
identifying the boundary of M — U4 and N — Up via an orientation reversing equivariant
diffeomorphism, we get a manifold, denoted by M# 4 N, with a natural locally standard 7"
action. So M# 4, pN is an oriented locally standard torus manifolds. For simplicitys we denote
the equivariant connected sum by M#N when the orbits A and B are clear. If A, B are orbits
of dimension n, then we say that they are principal orbits and the space M#N is a connected
sum along principal orbits.

Note that we can perform the equivariant connected sum construction for locally standard
torus orbifolds along the orbits which belong to the smooth part of the orbifolds.

Let @ be a nice 2-dimensional manifold with corners. So every component of 9Q is either
boundary of a polygon, a circle or an eye-shape in Figure 1(c). Note that @ can be obtained
from a closed surface Sg, by removing the interior of finitely many non-intersecting polygons,
eye-shapes or discs. See Figure 1(a) for an example.

In the following lemma, let S* be the T?-sphere in Example 3.1, and S* x S3 be the T2-
manifold in Example 3.5.

Lemma 3.2 Let M be an orientable locally standard torus manifold (resp. orbifold) over a
2-dimensional nice manifold with corners Q such that 0Q # 0. Then M is T?-weakly equivari-

antly diffeomorphic to a connected sum of several copies of 4-dimensional quasitoric manifolds
(resp. orbifolds), T? x Sq, S* (resp. S*/G as in Example 3.4), and S* x S3.

Proof We only prove the orbifold case. The manifold case is similar with that G’s are
trivial groups. Let A be the r-characteristic function associated to M. Since () is 2-dimensional
manifold with corners with 9Q # ), we have H%(Q) = 0. Hence the principal T?-bundle
7: Epp — @ associated to M is trivial.
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Suppose () is obtained from Sg by removing the interiors of copies of non-intersecting

polygons Q1,,---,Q1,, eye-shapes Qa,, -+ ,Q2, and discs Qs,,---,Qs,. For simplicity, we
assume that there is only one copy of Q; = @, for each i = 1,2,3. Note that the facets of @

3
is F(Q) = U F(Qi). Now define r-characteristic functions \;: F(Q;) — Z* on Q; to be the
i=1

restriction A\|z(q,) for each i = 1,2, 3.
Let

M' = X (Q1, \)#X (Qa, o) # X (Q3, X3)#(T° x Sq)

be the connected sum of the following 4-dimensional locally standard torus orbifolds

X(Q1, M), X(Q2,X2), X(Q3,A3) and (1% x Sg),

where all connected sums are performed along some principal orbits. So M’ is a locally standard
torus manifold. Observe that the orbit space Q' of M’ is the connected sum of Q1, Q2, Q3 and
Sg at their respective interior points. So @’ is diffeomorphic as manifold with corners to Q. The
r-characteristic function X associated to M’ is induced by A1, Ay and \3. The r-characteristic
functions on @ and @’, and the trivial principal bundles on them satisfy the conditions of Def-
inition 3.5. Therefore by Theorem 3.2, M =2 X (Q, &) is T?-weakly equivariantly diffeomorphic
to X(Q',\) = M’'. By Examples 3.4-3.5, the manifolds X (Q2, X2) (resp. X (Q3,\3)) are T>-
weakly equivariantly diffeomorphic to S*/G (resp. S* x S2). Also the manifold X (Q1, A1) is a
4-dimensional quasitoric orbifold by [21]. This proves the lemma.

3.5 Orbifold complex projective space

A toric variety Xy associated to a simplicial fan ¥ is called a toric orbifold. The space
Xy is a compact 2n-dimensional toric variety if and only if ¥ is a complete fan in R™. It is
well-known that if one considers real torus T™ C (C*)™ action then it is a torus orbifold. More
studies on toric varieties can be found in [2, 6].

Definition 3.6 Let X be a complete simplicial fan in R™ with n + 1 many 1-dimensional
cones. The associated toric orbifold Xx is called an orbifold complex projective space of real
dimension 2n.

Lemma 3.3 (see [25, Lemma 3.9]) Let X be a quasitoric orbifold over an n-dimensional
simplex. Then X is equivariantly diffeomorphic to an orbifold complex projective space of real
dimension 2n.

We remark that a fake weighted projective space is a holomorphic generalization of weighted
projective space, see [13]. A fake weighted projective space of real dimension 2n is determined
by a complete simplicial fan generated by (n + 1) many primitive vectors in Z"™. So a fake
weighted projective space is an orbifold complex projective space. Since the primitive vectors
in Z are —1 and 1, the teardrop WP(1,a) is not a fake weighted projective space if a > 1 but
an orbifold complex projective space.

3.6 Orbifold Hirzebruch surface

A Hirzebruch surface is a nonsingular toric variety corresponding to a complete fan given
by Figure 3(A) where b € Z. Note that a Hirzebruch surface is a manifold. For more details on
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Hirzebruch surface, see [11, 20]. An orbifold Hirzebruch surface X is defined to be a toric variety
corresponding to a complete simplicial fan given by Figure 3(B), where {(a;,b;), (ait1,bit+1)}
are linearly independent vectors in Z? for i = 1,---,4 and (a1,b1) = (as,bs). One can show
that X with the restricted action of the compact torus 7% C (C*)? satisfies the condition of
Definition 3.2. Therefore orbifold Hirzebruch surfaces are quasitoric orbifolds.

Vs
V. O Vs (a3, bs)
(Lb) (a4,b4)
- Va
(—1,0) Vo

L (R R (a1,bn Gt

1%

(A) (B)

Figure 3 Fans for Hirzebruch surface and Hirzebruch orbifold.

Consider a rectangle P? with vertices Vp, - - - , V3 and edges Vo Vi, ViVa, VoVs, Vo Va. Define a
map
& {VoVi, ViVa, VoVis, Vs Vo) — Z°

by £(ViVii1) = ei(air1,bi41) where ¢ = 0,---,3, V4 =V and ¢; = £1. Then by [21, Lemma
2.2] and Theorem 3.1, the orbifold Hirzebruch surface X is T2-equivariantly diffeomorphic to
X(P2¢).

4 Construction of Orbifolds with Boundary

From now on, we assume that all locally standard torus orbifolds and manifolds are ori-
entable. In this section, we construct (2n + 1)-dimensional orientable effective orbifolds with
T™-actions whose boundaries are locally standard torus orbifolds. To do this, we need the
notions of face-simple manifold with marked facets and rational super characteristic function
defined on facets of it.

Definition 4.1 A face-simple manifold with marked facets is an (n+1)-dimensional oriented
compact manifold with corners Y together with a subset {Py,--- , Py} C F(Y) of disjoint facets
of Y, called the marked facets, such that

1. Y is nice, i.e., any codimension-k face of Y is a connected component of the intersection
of a unique set of k many facets of Y for any 1 <k <n+1, and

m

2. the vertex set V(Y) is equal to | | V(P;).
i=1
Face-simple manifold Y with marked facets Py,--- , Py, is denoted by Y[Py,--- , Pp]. The facets

FY NP1, -, Py} is called the remaining facets of Y|Py, - Pp].

Recall that the vertex-cut VC(P) of a polytope P is the polytope obtained from P by cutting
off disjoint cone-shape neighborhoods U, of all vertices v of P. For each vertex v of P, let F,,
denote the facet of VC(P) corresponding to the intersection U, N VC(P).
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An (n + 1)-dimensional polytope P is said to be edge-simple if each one dimensional face
of P is the intersection of exactly n facets of P, see [24]. Clearly, the vertex cut VC(P) of an
edge-simple polytope P is a face-simple manifold with marked facets {F, | v € V(P)}.

Definition 4.2 Let Y|Py, -+, Py] be an (n + 1)-dimensional face-simple manifold with
marked facets, and let {Fy,--- , Fy} be the remaining facets. A function

n: {Fl,-'- ,Fm/} — 7"

is called a rational super characteristic function (simply an rs-characteristic function) on Y [Py,
-, Py if the set of vectors n(Fy,), -+, n(F;,) are linearly independent in Z™ whenever F;, N
-N F;, # 0. The vector n(F;) is called an rs-characteristic vector assigned to the facet F;
for i =1,---,m/. When the vectors n(F;,), -+, n(F;,) are part of a basis of Z" whenever
F;,n---NFE;, #0, then n is called a super characteristic function (simply an s-characteristic
function).

Note that for r-characteristic function in Definition 3.3, the dimension of manifold with
corners and the rank of the target module are same, while for rs-characteristic function the
dimension of manifold with corners is larger than the rank of the target module by 1. Definition
4.2 is a generalization of the isotropy function of an edge-simple polytope given in [24]. In [26],
the authors considered hyper-characteristic functions, and in this case the dimension of the
manifold is less than the rank of the target module by 1.

Let n: {Fy, -+, Fp } — Z™ be an rs-characteristic function on an (n + 1)-dimensional face-
simple manifold with marked facets Y[Py,---, P,,]|. For each marked facet P;, let F(P;) :=
{Gji,-+ . Gj,, } be its facets. Then for each facet G, of P;, there exists a unique facet Fj,
among the remaining facets of Y[Pi, - - - , P,,,] such that G;, = P;NFj,. We now define functions

&G, Gy } = 2" by &(Gy) = n(F,) (4.1)

for j =1,---,m. Then the following lemma is obvious from the definition of rs-characteristic
function.

Lemma 4.1 The function & defined in (4.1) is an r-characteristic function on P; for
j=1,-,m.

Let pu: E — Y be an orientable smooth principal T"-bundle over Y, and let i be an rs-
characteristic function on Y[Py,- -, P,]. Then the collection {(Y[P1,---, Pn],n), (E,Y, )} is
called a combinatorial and topological data on Y[Py,---, P,]. From this data, we construct
a (2n + 1)-dimensional T™-orbifold with boundary being a disjoint union of some locally stan-
dard 2n-dimensional orbifolds. The construction is quite similar to the basic construction in
Subsection 3.3.

Let F be a codimension-k face of Y[Py,--- , Pp] for 0 < k < n+1. If F is a face of one of the
marked facets P; for some i € {1,---,m}, then there is a unique collection of remaining facets

F; .-+, F;, , such that F'is a component of the intersection F;, N---NF;, |, N FP;. Otherwise,
there is a unique collection of remaining facets Fj,,--- , Fj, such that F'is a component of the

intersection F;, N---N Fj, . Let

K(F)Z{ <77(Fij)|j:17.-.7€_1> lngFhm"'ﬂFieqﬂPiv

_ i 4.2
W(F,)[=1-0)  HFCRN-NE,_ 0F, )

£—1
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where (a; : i = 1,---,s) denotes the submodule of Z" generated by the vectors «; for i =
1,---,s. We define an equivalence relation ~; on the total space E of the smooth principal
T™-bundle p: E — Y as follows: For z,y € E,

x ~yp y if and only if u(x) = p(y) and x = uy for some u € T, (4.3)

where F' is the unique face of Y containing p(z) = wp(y) in its relative interior and T is the
subgroup of T as defined in (3.3). Let

W(K 7, /1‘) = E/ ~b

be the equivalence classes. Then W (Y, 7, u) has a T™-action induced from the action of 7" on
E. Let [2]™* denote the equivalence class of z in W (Y, n, 1), and let 7: W(Y,n, u) — Y be the
projection map defined by 7 ([z]™*) = u(x).

Theorem 4.1 Let Y[Py,---,Py,] be an (n + 1)-dimensional face-simple manifold with
marked facets, let n be an rs-characteristic function on Y [Py, -+ | Py, and let u be an orientable
smooth principal T™-bundle over Y. Then W(Y,n, ) is a (2n + 1)-dimensional orientable ef-
fective T™-orbifold with the boundary consisting of m many disjoint orientable locally standard
torus orbifolds.

Proof For any [z]~* € W(Y,n, i), we show that there exists a neighborhood of [z]™* which
is T™-equivariantly homeomorphic to V/G, where V' is a T™-invariant open subset of C™ x R>¢
on which T"-action on C" is standard and on R is trivial, and G is a finite subgroup of
Diff (V). There are three cases:

1. When pu(z) € SO/,

2. when pu(x) € F , where F' is a face of Y which is not contained in any of the marked facets
P;, and

3. when p(x) € P; for some j € {1,--- ,m}.

The proofs of the first two cases are almost identical to that of Lemma 3.1. The only
difference is that in Lemma 3.1 we found a 7"-invariant open subset V' in C" instead of C" xR>,
but this difference does not cause any difficulty here.

So we prove the third case. Now assume p(z) € P; for some j = 1,---,m. Since YV
is a compact manifold with corners, there exists a collar neighborhood U, of P; in Y. So
there is a diffeomorphism g, : U, — P; x [0,1) as manifold with corners and a T™-equivariant
homeomorphism g, : p~ ' (U,) = u~1(P;) x [0,1) such that the following diagram commutes:

p M U) —Z p () < [0,1)

l l . (4.4)

Uv. —E—  Pjx[0,1)
Observe that the equivalence relation ~; in (4.3) does not affect the second component of
! (P;) % [0,1) and ~y, is the same as the relation ~ in (3.4) on u~"'(F;). Let {Gj,,--, Gy, }
be the facets of P;. Then G, = P; N Fj, for a unique remaining facet Fj, of Y[Pi,---, Ppy,].
Define

§i(Gy) =n(Fy,), i=1,--- hj.
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Then &; is an r-characteristic function on P; by Lemma 4.1. Let E; = p~t(P;) and pi: By — P;
be the restriction of u. Then u;: E; — P; is a smooth principal 7"-bundle. So we have the
following T"™-equivariant homeomorphisms

N_l(Uw)/ ~p= (N_l(Pj)/ Nb) X [07 1) = (M_l(Pj)/ N) X [07 1) = X(Pjvgjvuj) X [07 1)7 (4'5)

where X (Pj,&;, ;) is the orientable locally standard torus orbifold associated to the char-
acteristic and topological data {(P;,&;), (E;, Pj,1n;)}. Let v € X(P;,&;, 1) x [0,1) be the
image of [z]™ under the homeomorphism in (4.5). Since u(x) € P;, we have ¢y = (y,0) for
some y € X(P;,&,pj). So there is an orbifold chart (V,G,v) on a neighborhood of y in
X(Pj, &, p1y). Thus (V x [0,1),G, v x id) is an orbifold chart on a neighborhood of [z]™* in
W(Y,n,p). One can check the compatibility of these charts using similar arguments as in the
proof of Lemma 3.1.

Hence the space W (Y, ), i) is an orientable compact effective orbifold whose boundary is the
disjoint union of orientable locally standard torus orbifolds {X (P}, §;, ;) for j = 1,--- ,m}.
Recall that by our assumption Y is orientable. So choosing an orientation of Y and 1", we get
an orientation on W (Y, n, 1) and the boundary orbifolds.

When the principal T™-bundle p is trivial, we write W (Y, n) instead of W (Y, n, u).

Example 4.1 Two rs-characteristic functions 1’ of the face-simple manifolds with marked
facets Y; for i = 1,2 are given in Figure 4. This figure is the same as [24, Figure 4], but
the functions on them are different. Here principal T2-bundles p? on Y; are trivial, since Y; is
contractible for i = 1,2. In (a) all marked facets P;, P, P, P; are triangles, and hence W (Y7, 7')
is an orientable orbifold whose boundary consists of locally standard orbifolds X (P}, ;) which
are orbifold complex projective spaces defined in Subsection 3.5 for j € {1,2,3,4}.

In (b), the marked facets Pi, P, P3, Py are triangles and Ps is a rectangle. Thus W (Y, 7?)
has the boundary consisting of orbifold complex projective spaces for j € {1,2,3,4} and an
orbifold Hirzebruch surface X (Ps,&2) defined in Subsection 3.6.

(a) (b)

Figure 4 Some rs-characteristic functions on face-simple manifolds Y7 and Y2 with marked facets.
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If 7 satisfies that the set of vectors {n(F;,), -+, n(F;, )} is a part of a basis of Z" whenever
the intersection of the facets {F;,, -+, F;, } is nonempty, then all the local groups in the proof
of Lemma 4.1 are trivial. So, in this case, we have the following corollary.

Corollary 4.1 Under the same assumption as in the last paragraph, the space W(Y,n, i)
is a (2n 4 1)-dimensional smooth orientable bounded T™-manifold whose boundary is a disjoint
union of orientable locally standard torus manifolds.

We remark that the above corollary is a generalization of [25, Lemma 4.4].

5 Equivariant Cobordism of Torus Orbifolds

In this section, we exhibit several explicit cobordisms among orientable locally standard
torus orbifolds. First, we recall the definition of equivariant cobordism of orientable locally
standard torus orbifolds.

Definition 5.1 Two 2n-dimensional orientable locally standard torus orbifolds X1 and Xs
are said to be equivariantly cobordant (or torus cobordant) if there exists a (2n+ 1)-dimensional
orientable effective T™-orbifold W with boundary OW such that OW is T™-equivariantly diffeo-
morphic to X7 U (—X2) under an orientation preserving diffeomorphism. Here —X5 denotes
Xo with the opposite orientation.

The above cobordism relation has transitive property. It follows from the fact that torus orb-
ifolds considered here are compact, so one can construct a tubular neighborhood of a boundary
component. Let OC,, be the group of equivariant cobordism classes of 2n-dimensional orientable
locally standard torus orbifolds, where the group structure is given by the disjoint union.

Example 5.1 Any torus orbifold over an eye-shape in Example 3.3 is T?-equivariantly
cobordant to zero, i.e., T?-equivariantly a boundary. Indeed, let p: ker¢ x S* — S* be the
action discussed in Example 3.4. Then we have the following commutative diagram

ker ¢ x S x I pxid S x T

l l . (5.1)
kerd x (5% x T)/(54 x {0}) —— (S* x I)/(S* x {0})
Since (S* x I)/(S* x {0}) = D®, the space D?/ker¢ is an orientable orbifold with bound-
ary S*/ker¢. That is, the torus orbifold X (P2, &) = S/ ker¢ over an eye-shape P? is T2
equivariantly a boundary. So the cobordism class [X (P?,£)] = 0 in the group OCs.

Before we give equivariant cobordism results on orientable locally standard torus orbifolds,
let us give a simple result on locally standard torus manifolds over polytopes with simple holes.
Polytopes with simple holes are defined in [22] as follows. Let @y be an n-dimensional simple
polytope in R™. Let Q1,Q2,---,Qy be a collection of disjoint n-dimensional simple polytopes

in the interior of Qy. Let Q = Qo — U Qk This @ is called an n-dimensional polytope with

simple holes Q1,---,Qy. Since the polytopes Qo, -, Q are simple of same dimension in R”,
Qo induces an orientation on ). Note that @ is a nice manifold with corners.
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Let M be an orientable locally standard torus manifold over the polytope @ with ¢ simple
holes Q1,---,Q¢. Let X\ be the characteristic function associated to M, and let A’ be the
restriction of A to @Q; for i =0,1,--- /.

Lemma 5.1 Let M be as above. If H*(Q) = 0, then M is equivariantly cobordant to the
disjoint union M(Q, \°) U --- U M(Qg, \) by a (2n + 1)-dimensional T™-manifold.

Proof Since H?(Q) = 0, any principal T"-bundle over @Q is trivial. Hence by Theorem
3.1, M is equivariantly diffeomorphic to M(Q, ). Following the proof of [22, Lemma 2.1],
one can show that M (Q, £) is T"-equivariantly diffeomorphic to the connected sum M (Qg, A\°)
M(Q1, A4 EM(Qe, \Y), where the connected sum occurs along a principal orbit of quasitoric
manifolds M (Q;, ) for i =0,--- , /.

On the other hand, it is well-known that equivariant connected sum of two manifolds are
equivariantly cobordant to the disjoint union of them. Therefore we have the lemma.

For a positive integer k, let [k] denote the set {1,--- ,k}. For an integer 1 < j <k, let P;[k]
denote the collection of subsets of [k] with j elements.

Lemma 5.2 Let j and k be positive integers such that j < k. Let a subset A C P;[k]
and a set {&1,-++ &} of vectors in Z7 be given such that for any {i1,--- ,i;} € A the vectors
iy o5 &, are linearly independent. Then there erists a primitive vector &y € 77 such that the
set {&o, &y, ,{ibl,é\l,fuﬂ, -, &, ) is a linearly independent set of vectors in 77 for any
{ir,---,i;} € Aand =1,---,j. Here = represents the omission of the corresponding entry.

Proof The j =1 case follows because |Z| = co. Let j > 1. For each I = {i1,--- ,i;} € A
and for each iy € I, let Ky ;, be the rank (j — 1) submodule of Z’ generated by {&;,, -+ ,&,_,,

E;,fiul,-n , &, ). Then |J Kj,, is a finite union of rank (j — 1) submodules of Z7.
Lel, IeA
Therefore there exists a nonzero vector

o € z — U KI-,iZ'
lel, IecA

If we choose &y to be a primitive vector, then it clearly satisfies the conditions in the lemma.
Now we prove one of the main theorems of this article.

Theorem 5.1 Let X be an orientable 2n-dimensional locally standard torus orbifold with k
fized points. Then X is equivariantly cobordant to a disjoint union of k many orbifold complex
projective spaces.

Proof Let X be a 2n-dimensional orientable locally standard torus orbifold with & fixed
points. So the orbit space @) := X/T" is an orientable smooth compact manifold with corners
with & vertices. Let {(Q,)\),(Ex,Q,7')} be the combinatorial and topological data of X as
obtained in Subsection 3.2, where )\’ is an r-characteristic function on Q and 7/': Ex — @ is an
orientable smooth principal T"-bundle. Then by Theorem 3.1, X is equivariantly diffeomorphic
to X(Q, N, 7'). Suppose Q is a subset of R*~! for some ¢ > n + 1. Let F(Q) := {Fy, - ,F,}
be the facets of @, and let V(Q) := {Vi,---, Vi} be the vertices of Q. Let Y := Q x A C R,
where Al = [0,1] is the 1-simplex. Then Y is an (n+1)-dimensional nice manifold with corners,
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whose facets are
]:(QXAl)Z{Fl XAl,"' ,Fm XAvaX {O}vQX {1}}7

where {0} and {1} are the vertices of Al. Let V.0 = V; x {0} for i = 1,--- | k. We perform
vertex-cut of Y around the vertices V,? for i = 1,--- | k as follows. Consider an open ball Bf in
R* around each vertex V;? of Y C R such that the followings are satisfied.

1. B_fﬂ Y is diffeomorphic as manifold with corners to the (n + 1)-simplex in R"*! for each
i=1,---,k, where B_f denotes the closure of B in R

2. ?fﬂgfﬂYzﬂ when 4 # j.

3. BINQx {1} =0foralli=1,--- k.

k

Then Yy := Y — |J Bf is the desired vertex-cut, which is an orientable smooth nice (n + 1)-

i=1
dimensional manifold with corners. Let S{ = 9(BY) for i = 1,--- ,k. Then Q; := Sf NY is the
facet of Yg corresponding to the vertex V¥ for each i = 1,--- , k. Since each vertex of Q; is an

interior point of an edge of Y, and Y is an (n + 1)-dimensional nice manifold with corners, Q;
is diffeomorphic as manifold with corners to the n-simplex for each i = 1,2,--- k. Let

k
F) =F;x A= JB] forj=1,---,m,
1=1

k
Fr?1+1 =Q x{0} - Uva

i=1
Qr+1=Q x {1}.

So the facets and the vertices of Y are as follows:

FYQ) ={F, -+ Fp} U{Qu Qi
k+1

V(Yo) = | V(@)
i=1

where @Q; N Q; NYy is empty when ¢ # j. Then Yy[Q1, - ,Qr41] is a face-simple (n + 1)-
dimensional orientable manifold with marked facets Q1, -+, Qk+t1-
We now define an rs-characteristic function A on Yg[Q1, -, Qk+1]. Define

)\(FO)— A/(‘FJ) fOI']: 17 ) 1,
ERPY for j =m+1,

where Ao is the vector obtained from Lemma 5.2 in the following way. For each vertex V &€
V(Qi) C V(Yg), there exists a unique collection of facets Fy .-, F_ € F(Yq) such that
V=Fn---NF) NQ;. Let Iy := {i1, -+ ,in} € Py[m] and let A:={Iy |V € V(Yq)}. Then
from Lemma 5.2 there exists a primitive vector \g € Z" such that the set of n vectors

Sz’,V = {)\07)\(F£)7"' 7/\(F'0 )7)‘(Fi(;)7)‘(FO )7 7)‘(F0 )}

ij-1 ij41 in

is linearly independent for all j =1,--- ,n and V € V(Yg). One can check that X is indeed an
rs-characteristic function on Yg[Q1, - -, Qr+1]-
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On the other hand, 7/ induces an orientable smooth principal T™-bundle
7 x1d: Ex x [0,1] = Q x [0, 1].

So we have the pullback bundle 7: Ey, = (7' x Id)~'(Yy) — Yg via the inclusion Yy < Y.
Note that 7: Ey, — Yq is an orientable smooth principal 7"-bundle. So is the pullback bundle

7': BE; — Q; of 7 via the inclusion Q; < Y fori =1,--- ,k+1. So by Theorem 4.1, W (Yg, A, 7)
k+1

is an orientable effective T"-orbifold whose boundary is the disjoint union |J (E;/ ~), where
i=1

~yp is as defined in (4.3). The space Ejy1/ ~yp is equivariantly diffeomorphic to X (Q, N, '),

where 7'/ = Tk+1 : EX = Ek+1 — Qk+1 = Q
Let F(Q:) = {Hi,,---,Hi,,, }. Then H;; = F}) N Q; for a unique remaining facet F;) of
Yo[Q1, -, Qr1] for each j =1, ,n+ 1. Define a function \': F(Q;) — Z" by
N(Hi)) = ANF)) forj=1,--- ,n+1

i

Then \® is an r-characteristic function on @; for all i = 1,--- , k. So {(Q;, \*)(E;, Q;, 7))} is a
characteristic and topological data for ¢ = 1,--- , k. Note that the boundary component F;/ ~
is the same as X (Q;, \*, 7%), which is a quasitoric orbifold over an n-simplex Q; fori = 1,--- , k.
Therefore by Lemma 3.3, each E;/ ~,= X (Q;, A\',7) is an orbifold complex projective space,
which proves the theorem:.

We remark that in Theorem 5.1, if X is a locally standard torus manifold, then it is equiv-
ariantly cobordant to a disjoint union of some orbifold projective spaces. Still this theorem may
be useful as there are examples of locally standard torus manifolds where it is quite complicated
to compute cobordism invariants, whereas there are several studies on topological invariants of
orbifold projective spaces.

Example 5.2 Let A? = V1415 be a triangle in R?, and let C be a circle in the interior
of A%, Delete the open disk bounded by C from A?, and let Q be the remaining subspace
of A2, A rational characteristic function A on Q is given as on the left of Figure 5. Let
Y := @ x [0,1]. Then the rs-characteristic function A on the face-simple manifold with marked
facets Yg[Q1,- -+ , Q4] is given on the right of Figure 5, where )1, Q2 and Q3 are the facets of
Yo corresponding to the vertices V3 x {0}, Vo x {0} and V5 x {0}, respectively, and Q4 = @ x {1}.
Since H%(Ygy) = 0, any principal 7%-bundle 7 over Y is trivial. By Theorem 4.1, the space
W (Yg,A) is an orientable effective T2-orbifold with boundary. Let F(Q;) = {H;,, Hi,, Hi, }
for i =1,2,3. Then H;, = Fi(; N Q; for a unique remaining facet Ffj of Yg[Q1,- -+ ,Q4] for
i=1,2,3. Define a function \': F(Q;) — Z* by

N (Hi;) = MFy) forj=1,2,3.
Then )\ is an r-characteristic function on Q; for ¢ = 1,2, 3. The r-characteristic function on Q4
is the same as on Q. Therefore, the boundary of W (Yg, ) is

3

L] X (@, X)] ] X(@,9),

i=1

where X (Q;, \?) is an orbifold complex projective space of real dimension 4 for i = 1,2, 3.
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4,2
V3 ,(/ ) V3
(47 2) (_27 6) N ///
/ Nl o
v e P A i :
1 ( ) Vi \\\

(0,1)

((\), 1) (3,-2)

Figure 5 An r- and rs-characteristic function on a 2- and 3-dimensional nice manifold with corners
respectively.

The following corollary is a special case of Theorem 5.1 when k& = 0.

Corollary 5.1 Let X be an orientable 2n-dimensional locally standard torus orbifold with-
out a fized point. Then X is the boundary of a (2n+1)-dimensional orientable effective orbifold
with T™-action.

Corollary 5.2 Let X be a 4-dimensional orientable locally standard torus manifold without
a fized point. Then X is the boundary of an orientable 5-dimensional manifold with T?-action.

Proof We are using the same notation as in the proof of Theorem 5.1. Let Q = X/T? be
the orbit space and {(Q, '), (Ex,7')} be the combinatorial and topological data of X. Then
X is T?%-equivariantly diffeomorphic to X (Q, ), 7’) by Theorem 3.1. Since X is 4-dimensional,
the orbit space @ is a 2-dimensional nice manifold with corners, and since X has no fixed point,
@ has no vertices. Therefore @Q is a bounded surface, and Yo =Y = @ x Al. Let Cy,---,Cy,
be the boundary components of Q. By Corollary 5.1, W (Y, \,7) is an orientable effective T2-
orbifold with the boundary X (Q,\,7") = X. Let w: W (Y, \,7) — Y be the orbit map. Notice

k
that the orbifold singularity of W (Y, \,7) may occur only in | | #=(C; x {0}). Let U; be a
i=1
neighborhood of C; x {0} in Y for i = 1,--- | k such that:

1. U; is diffeomorphic as manifold with corners to C; X R%O,
2. U; C Y is diffeomorphic as manifold with corners to C; x A2,
3.UNU;j=0and U; N (Q x {1}) =0 fori,j=1,--- ,k and i # j.

. k
Then U; N (Y - U Ui) is diffeomorphic to C; x A! as manifold with corners. Let W =
i=1

k
W(Y,\,7) — U 7 1(U;), which is an orientable T%-manifold with boundary. Then
1=1
k
oW) = | |(1? x C; x A1)/ ~p)| | X
i=1

Note that ((T? x C; x At)/ ~y) is T?-equivariantly diffeomorphic to C; x ((T?% x A')/ ~3). The
facets of C; x A are (C; x AY)NF;, for unique facets F;, and Fj, of Y. The restriction of A on
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the facets of Al = ¢; x Al C C; x Al is given by Figure 6(a). Note that vectors defined by A
are all primitive. So we may assume (a,b) = (1,0) and (¢, d) = (—¢;, p;) after an automorphism
of T?. Then we have the hyper characteristic function (see [26, Definition 2.1]) on A! given by
Figure 6(b). So following [26, Section 2], one can get that (T2 x Al)/ ~y, is weak-equivariantly

diffeomorphic to the lens space L(p;, ;) with the usual 72 action for i = 1,--- k.
(1,0) (_Qupi)
A(E,) = (a,b) A(Fiy) = (c.d)
(a) (b)
Figure 6

It is shown in [9] and [26] that any lens space L(p;, ¢;) is T?-equivariantly a boundary. Thus
C; x L(pi, q;) is a T?-equivariantly boundary for each i € {1,--- , k}, which proves the corollary.

We now give a couple of equivariant cobordism results on orientable 4-dimensional locally
standard torus orbifolds.

Theorem 5.2 Let M be a locally standard torus manifold over 2-dimensional nice manifold
with corners Q with 9Q # 0. Then M is equivariantly cobordant (by a 5-dimensional T>-
manifold) to some copies of CP?.

Proof We stick to the notations of Lemma 3.2. Since S%, S* x §3 and T? x Sq are T°-
equivariantly boundaries, by Lemma 3.2, M is T?-equivariantly cobordant to the connected
sum Ml --- M} of some 4-dimensional quasitoric manifolds M, --- , My by a 5-dimensional
T2-manifold. Since equivariant connected sum of two manifolds are equivariantly cobordant
to the disjoint union of them, Mjf--- M) is equivariantly cobordant to the disjoint union
M U---U Mjy. By [24, Theorem 6.6], we see that each M; is equivariantly cobordant to some
copies of CP? by a 5-dimensional T?-manifold. This proves the theorem.

In the following theorem we stick to the notations in Subsection 3.6.

Theorem 5.3 Let X be an orbifold Hirzebruch surface whose fan is given in Figure 3(B).
If either (a1,b1) = £(as,bs) or (az,bs) = *+(aq,bs), then X is equivariantly a boundary, i.e.,
X is the boundary of a 5-dimensional orientable T?-orbifold.

Proof Suppose (a1,b1) = £(as,bs). Let P be the face-simple manifold with marked facets
@1,Q2 and Q3 as in Figure 7(B). Note that Q2 and Q3 are eye-shapes, and P is orientable,
smooth and contractible. Then we can define an rs-characteristic function n on P[Q1, Q2, Qs],
as in Figure 7(B). This induces an r-characteristic function ° on Q; for i = 1,2, 3.

By Theorem 4.1, the T2-space W (P,n) is a compact orientable effective orbifold with bound-
ary given by

(W (P,n)) = X(Qu,n") U X(Qa,1%) U X(Q3,7°),
where X (Q1,n') is T?-equivariantly diffeomorphic to the orbifold Hirzebruch surface X and
X (Q4,n") is a torus orbifold over an eye-shape for i = 2,3. From Example 5.1, we can see
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Figure 7 An rs-characteristic functions on a face-simple 3-dimensional manifold.

that X (Q;,n") is T?-equivariantly the boundary of a 5-dimensional orientable orbifold with
T? action for i = 2,3. This proves the theorem when (ai,b;) = 4(as,bs3). The case when
(ag2,bs) = *(aq, by) is similar.

Corollary 5.3 If X is a Hirzebruch surface, then X bounds a 5-dimensional orientable
T?-manifold.

Proof Without loss of generality, we may assume that the complete rational fan of X is
as in Figure 3 (A). Then the corresponding super characteristic function 7 is given as in Figure
7(A). This induces characteristic functions n° on @; for i = 1,2,3. Then by Corollary 4.1, we
get an orientable 5-dimensional T?-manifold W (P, 7) with boundary given by

oW (P,n)) = X(Q1,n") UX(Q2,7°) U X(Qs,n°),

where X (Q1,n') is T?-equivariantly diffeomorphic to the Hirzebruch surface X and X (Q;,n")
is a locally standard torus manifold over an eye-shape for i = 2, 3. So by Example 3.4, X (Q;, &)
is T?-weakly equivariantly diffeomorphic to S$* for i = 2,3. Therefore any Hirzebruch surface
bounds a 5-dimensional orientable T?-manifold.

Remark 5.1 Corollary 5.3 is proved in [24, Lemma 6.1], but we give a much shorter proof
here.

We conclude this section by presenting some explicit cobordism relations among orbifold
complex projective spaces. By definition, an orbifold complex projective space is a quasitoric
orbifold over a simplex. Let Y be an (n + 1)-dimensional orientable smooth manifold with
corners in some Euclidean space. Let {Fi,---,F,,} be the facets and {Vi,---,Vi} be the
vertices of Y. Let VC(Y) be the vertex cutting of YV, Fj = F; N Yy and @; be the facet
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of VC(Y) corresponding to the vertex V; for ¢ = 1,--- k. Then Q; is diffecomorphic to an
n-simplex. Applying Lemma 5.2, we can define an rs-characteristic function

on VC(Y)[Q1, -+ ,Qk)- Let u: E — VC(Y) be orientable principal T™-bundle. Note that
p~H(Q;) is equivariantly diffeomorphic to T™ x Q; for i = 1,---,k. Then by Lemma 4.1,
W(VC(Y),n, ) is an orientable effective T"-orbifold with boundary being is the disjoint union
k

L] (T™ x Q;)/ ~p. Since restriction of the rs-characteristic function A to the facets of @Q; is
i=1

an r-characteristic function, (T™ x Q;)/ ~y is an orbifold complex projective space OP; for
i=1,---,k So,

[OPy] + -+ + [OP] = 0 (5.2)

in the group OC,,. At the end, it is natural to ask the following.

Problem 5.1 (see [25, Question 5.9]) What are the other torus cobordism relations among
the orbifold complex projective spaces?
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