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On a Lotka-Volterra Competition Diffusion
Model with Advection
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Abstract In this paper, the author focuses on the joint effects of diffusion and advection
on the dynamics of a classical two species Lotka-Volterra competition-diffusion-advection
system, where the ratio of diffusion and advection rates are supposed to be a positive con-
stant. For comparison purposes, the two species are assumed to have identical competition
abilities throughout this paper. The results explore the condition on the diffusion and
advection rates for the stability of former species. Meanwhile, an asymptotic behavior of
the stable coexistence steady states is obtained.
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1 Introduction and Statement of Main Results
The Lotka-Volterra competition-diffusion system

ug = diAu + u(m(z) — u — bo) in Q x (0, 400),
vy = doAv + v(m(z) — cu — v) in  x (0, 4+00),

ou Ov

R 1.1
o =5 =0 on 9 x (0, +00), (1.1)
u(z,0) =up(z) 20 in ,

v(x,0) =vo(z) 20 in Q

models two competing species. Here u(x,t) and v(z,t) denote respectively the population
densities of two competing species at location z € Q and time ¢ > 0, and d;,ds > 0 are random
diffusion rates of species u and v respectively. The habitat Q is a bounded region in RY, with
smooth boundary 92, n denotes the unit outer normal vector on 92, and the no flux boundary
condition means that no individuals cross the boundary. The function m(z) represents their
common intrinsic growth rate or local carrying capacity, which is non-constant. 1 > b > 0 and
1 > ¢ > 0 are interspecific competition coefficients. Then the maximum principle yields that
u(x,t) > 0, v(z,t) > 0 for every x € Q and every t > 0 (see [27]). By both mathematicians and
ecologists, particular interests in two-species Lotka-Volterra competition models with spatially
homogeneous or heterogeneous interactions are the dynamics of (1.1) (see [2-3, 8-10, 12, 14-16,
18-22, 26] and the references therein). We say that a steady state (U, V') of (1.1) is a coexistence
state if both components are positive, and it is a semi-trivial state if one component is positive
and the other is identically zero.
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If m(z) € C*(Q) (o € (0,1)) with [, m(z)dz > 0 and m # 0, then we denote by ©4 the
unique positive solution of

dAO® +0(m(z) —0)=0 in Q,

(1.2)
8—6 =0 on 0f).
on

One can refer to [2, 25] for the proof of existence and uniqueness results of (1.2). (1.2) indicates
that (1.1) has two semi-trivial steady states, denoted by (©4,,0) and (0, 04, ), for every d; > 0
and do > 0.

Under above conditions, He and Ni [14] provided a complete classification on the global
dynamics of system (1.1), which says that either one of the two semi-trivial steady states is
globally asymptotically stable, or there is a unique coexistence steady state which is globally
asymptotically stable, or the system is degenerate in the sense that there is a compact global
attractor consisting of a continuum of steady states which connect the two semi-trivial steady
states (see [14, Theorems 1.3 and 3.4]). We refer the interested readers to [14-16] for more
investigations on system (1.1).

Besides random dispersal, it seems reasonable to argue that it is also plausible that species
could move upward along the resource gradient (see e.g. [2, 7] and the references therein). A
more general problem as follows was considered in [31],

ur = d1Au — a1V - (uVP(z)) + u(my(x) — u— bv) in Q x (0, 400),
v = do Av — @V - (bVVP(z)) + v(ma(z) — cu — v) in Q x (0, 400),
ou oP v oP
dl% - U = dg% — v = 0 on 90 x (0, 4+00), (1.3)
u(z,0) =up(xz) 20 in Q,
v(z,0) =vo(z) 20 in ,

where the non-constant function P(z) € C?(Q) is used to specify the advective direction, and
the advection rates of two species are denoted by a1, as > 0, respectively. Here the movement
strategies, growth rates and competition abilities of two species are taken into account and
allowed to be different. Throughout this paper, we make the following basic hypotheses.

Assumption 1.1

a1 9
_= — = O. 1.4
o, (1.4)

Assumption 1.2
m(x) is Holder continuous, m(z)e”"®) is non-constant, and m > 0, m # 0. (1.5)

This paper is devoted to some dynamics of the following problem for all (dy, d2,n) in the special
case b=c=1,

u = d1Au— a1V - (uVP(x)) + u(m(z) —u—v) in  x (0, 4+00),

v = doAv — @V - (WVP(z)) + v(m(x) —u—v) in Q x (0, 400),

ou oP ov oP
dl% — alu% = dg% — 042’1}% =0 on 09 x (0,4+00), (1.6)
u(z,0) =up(z) 20 in ,
v(z,0) =vo(z) 2 0 in Q,
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where

op Jome"dz

. 1.
JoePdx (L.7)

m(z)

Here all intra- and inter-specific competition coefficients are normalized to 1, which means that

the two species have identical competition abilities.

1.1 Motivation and related work

System (1.3) has important applications in biological scenarios. For example, by letting

m1(z) = me(x) = m(z) = P(z), b= c =1, one obtains the following model

=diAu— o1V - (uVm(z)) + ulm(z) —u—v) in Q x (0,400),
vy = daAv — aaV - (VVm(x)) + v(im(z) —u —v) in  x (0, 4+00),
ou om ov om
dl% — alu% = dQ% — QQU% =0 on 0f) x (0,"‘00), (18)
u(z,0) =wup(x) = 0 in Q,
v(x,0) =vo(z) 20 in Q.

Recently (1.8) has been frequently used as a standard model to study the evolution of conditional
dispersal (see, e.g., [1, 6, 13] for ay,as > 0, [4-5, 23-24] for a3 > 0 = ag, and the textbook
[11]). Basically speaking, system (1.8) models the competition between two species with the
same population dynamics but different movement strategies as reflected by their diffusion
and/or advection rates.

For system (1.3), it is known that Xiao and Zhou gave a complete classification on the

global dynamics (see [31, Theorems 1.1-1.3]). We also know that when a; = as = 0, system
1
(1.3) with my = @/ mq(x)dx was considered in [15], where the effect of homogeneous
Q

versus heterogeneous distribution of resource was compared. Motivated by the above works,
we hope to extend some arguments above to system (1.3). That is, we also look forward to
comparing the effect of homogeneous versus heterogeneous distribution of resource. Moreover,
compared with [15] and [31], we will show the influence of advection and do some further

. . . . me dx .
studies. For technical reasons, in this paper, we assume that mo = " Jgmen”dw Since
s 5 j e2nPdg *

nP 1
enP% = @ /Q mq (z)dx, for sufficiently small 7, it would be interesting to extend

lim
n—0
some of the results in this paper to the case where my = ﬁ /Q mi(x)da further in another
paper.

The purpose of this paper is to consider some more dynamics of (1.6) by regarding the
movement rates di, ds, a1, ap as variable parameters with others fixed.

The rest of this paper is organized as follows. In Subsection 1.2, we present some preliminary
results, which may be helpful to verify our results. In Subsection 1.3, we establish our main

results (Theorems 1.1-1.4). The proofs will be given in Section 2.
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1.2 Preliminaries

Before describing our results, we first introduce some notations and do some preparations.
Under (1.5), (1.6) has two semi-trivial steady states for all di,ds > 0 and a1, as > 0 (see [2]),
denoted by (64,,0), (0,64,) respectively, where 4, € C?(2) is the unique positive solution of

d,V - (V9d1 — 779d1 VP) + 9d1 (m(x) — 9d1) =0 in €,

904, oP (1.9)
o 104, o = 0 on 0f2,

and 04, € C%(Q) is the unique positive solution of

doV - (V9d2 —nba, VP) + 04, (fﬁ(l‘) — 9d2) =0 in €,

904, P (1.10)
o —n dQ%_o on 0f).

Defining gdl = 04,67 and 5,12 = 04,6 """, we then have the equivalent equations

dlAgdl + a1 VP - ngl + gdl (m(x) - 9d1) =0 in Q,

~ (1.11)
% =0 on 02,

on
dgAgdz + asVP - ngz + gdg (ﬁz(x) - 9d2) =0 in Q,

~ (1.12)
%, _, on 99,

on

~ npP
which immediately implies that 64, = %.
Q

Following the approach in [14], we now define

Y, ={(d1,d2,n) €T :(04,,0) is linearly stable};
Yy :={(d1,d2,m) € T : (0,04,) is linearly stable}; (1.13)
Y_ :={(d1,d2,n) €T : both (04,,0) and (0, 84,) are linearly unstable},

where
I:=R" xRt xRT. (1.14)

Thus to study the dynamics of system (1.6), we should study the stability of semi-trivial steady
states (04,,0), (0,604,). Mathematically, the stability of (f4,,0) is determined by the following

linear eigenvalue problem

d2V - (Vi =V P(x)) + (m(x) = 04,) = 0 in L,
N oP (1.15)
== =0 0.
an " on on
Similarly, the stability of (0,64,) is determined by the linear eigenvalue problem as follows:

iV - (Vo —neVP(x)) + (m(z) —b0a,)p =0p  inQ,

Oy oP (1.16)
o g, = 0 on 0f).
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The Krein-Rutman theorem (see [17, p20, Theorems 7.1-7.2]) reads that problem (1.15) and
(1.16) admit a principal eigenvalue, denoted by o1 (da,n,m — 04,), o1(d1,m,m — 04,), and their
corresponding eigenfunction can be chosen to be strictly positive in 2. The following lemma

characterizes the linear stability of the two semitrivial steady states of (1.6).

Lemma 1.1 (see [2]) (04,,0) is linearly stable if o1(d2,n,m — 04,) < 0 and is linearly
unstable if o1(d2,n,m — 04,) > 0. Similarly, (0,04,) is linearly stable if o1(d1,n,m — 04,) < 0
and is linearly unstable if o1(dy,n,m —04,) > 0.

Hence, we obtain the following equivalent descriptions:
Z'u, = {(d17d2777) cl: Ul(d27777m - 9(11) < 0}7
¥, :={(d1,d2,n) €T :01(d1,n,m — 04,) < 0}; (1.17)
_ = {(dl,dg,n) el: Ul(dg,n,ﬁ’b — 9,11) > 0 and Ul(dl,n,m — 9d2) > 0}

To understand the dynamics of system (1.6), we also need to consider the neutrally stable case,

which leads us to further define
Y00 :={(d1,d2,n) €T : 01(d2,n,m — 0q,) = 01(d1,n,m — b4,) = 0};
Yu,0 = {(d1,d2,m) €T : 01(d2,n,m — 0a,) = 0}; (1.18)
Y0 :={(d1,da,n) €T : o1(d1,n,m — 04,) = 0}.
By definition, it is easy to see Xg,0 = 2y, 0 ) Zo,0-
Let A\ (n, h) denote the unique nonzero principal eigenvalue of
V- (Vo —npVP(x)) + A(x)p =0  inQ,

¢ OP(z) (1.19)
n o =0 on JN).

In fact, A1(n, h) is also the nonzero principal eigenvalue of

AC+nVP(z) - VC+A(z)( =0  inQ,

(1.20)
% =0 on 0f).
on

We now collect some properties about A1(n, k), which can be derived in [2].

—ng

Lemma 1.2 The problem (1.19) has a nonzero principal eigenvalue A\ = A\ (n, h) if and
only if h changes sign and fQ h(z)e"dx # 0. More precisely, if h changes sign, then
i) fQ he"dxz = 0 < 0 is the only principal eigenvalue.

Johe™dz <0< Ay(n, h) > 0.

(i)
(i) [, he™dz > 0 Ai(n,h) <O0.

(iv) A1(n,h1) > M (n, he) if ha < ha, hi # ha, and both hy, ha change sign.

(v) A1(n, h) is continuous in h.

In order to analyze the principal eigenvalue of problems (1.15) and (1.16), it is more conve-

nient to consider the following more general form of eigenvalue problem:
A1V - (Vo —noVP) + h(x)p =oc¢ in Q,

e oP (1.21)
"o, =0 on 0,
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which is equivalent to

A1V - (e"PVY) + e h(z)h = o™y in Q,

(1.22)
6—1/] =0 on 0f2.
on

The principal eigenvalue of problem (1.21), denoted by o1(dy, 7, k), is expressed by the following

variational formula (see, e.g. [2])

—d IV Ade + [, e h(x)y?d
or(di,mh) = max Lo " IVYPdz + o T h(@)yde (1.23)
YEWL2(Q),$#£0 Joerty2da
The following lemma collects a useful property of o1(dy1,n, h) (see e.g. [2]).

Lemma 1.3 The first eigenvalue o1(d1,n,h) of (1.21) has the following property: If A1 (n, h)
> 0, then o1(dy,m,h) <0< dy >

)\1 (777 h) .

1.3 Main results

Based on the above preparations, we are now ready to state our main results concerning
the steady states of (1.6). Before giving the first theorem, motivated by [14], we simply need
to define

Jo e da m
L,:=inf 22— _—— >0, S,:= supsup-— < +o0, 1.24
dr>0 [ Oy ePdz ~ PRSI (124)
me"’dx
Ly := inf Jo 0, S,:= sup sup -~ < +oo, (1.25)

d2>0 fQ Oa,e""dx —

I = {(dl,n) eR* XR+:/

Q
IO = (dlan)eR—‘rXRJ’_:m_elh S?_é 0}7 (126)

ds>0 @ Od,
(7 — 04, )" da < o} =1°Ur,

{
I' = {(dl,r]) el: s%p(ﬁz— Oa,) > O}.

Since by (1.11)—(1.12), it is easy to verify that

/ me™ dx < / Oa,e""dz, / e dr < / Oa,e™ dz, (1.27)
Q Q Q Q
and
~ ~ e dx
li —me i _ Jgmerde 1.2
d11210 odl me o —lg-loo 9d1 fQ e2nPdy ( 8)

Indeed, (1.11) is equivalent to

A1V - (€"PV0,) + 2P0y, (m(z) —604,) =0  in Q,
904,
on

(1.29)
=0 on 0f).
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After dividing by e"” gdl on both side in the first equation above and integrating over €2, we
obtain the first inequality in (1.27). The second inequality holds similarly. Meanwhile (1.28)
can be deduced in [30]. Then we get that

O<L,<1,L,=1,
L,S,>1,if L, >0 and S, < +oo, (1.30)
L,S,>1,if L, >0 and S, < +oc.

Theorem 1.1 Assume that (1.4)—(1.5) hold. Let L., Sy, L, and S, be defined as in (1.24)
and (1.25). Then the following statements hold for (1.6):

(i) For X, we have that £, = {(d1,d2,n) : d1 € I,d2 > d5(d1,n)}, where I is defined as in
(1.26) and di(dy,n) is defined as in (2.4).

(ii) For %,, we have that X, = ().

Combined with [31, Theorems 1.1-1.3]) and Theorem 1.1, we can characterize the sets ¥_

and X o directly, i.e., Theorem 1.2. Thus the proof is omitted here.

Theorem 1.2 Assume that (1.4)—(1.5) hold. Let L., Sy, L, and S, be defined as in (1.24)
and (1.25). Then the following statements hold for (1.6):

(i) For ¥_, we have that X_ =T\(Z,0UJZv0UZ0w).

(i) For 2o, we have the following characterization:

20)0 = {(dl,dg,n) cel: 6‘d1 = 9d2 mn ﬁ} (1.31)

Hence, o0 # 0 if and only if there exists (d1,d2,n) € I’ such that 04, = 04, .

Based on Theorem 1.2, we will consider whether the set ¥_ is empty for large d;. Further-
more, if ¥_ is nonempty, we study what the asymptotic behavior of the unique coexistence
steady state of (1.6) is as dy — +oo when (dy,d2) € ¥_. To deal with these problems, we shall
analyze the asymptotic behavior of d5(dy,n) as d; — +oo more carefully.

For each D > 0, we set I'p := {(di1,d2,n) € T : di > D}. Denote by py, . p the unique
solution satisfying:

Apmp,p +0VP - Vpp,p+me ™ (m—m)=0 inQ,

8pm,n,P
on

2nP
/ Pm,n,P€ de = 0,
Q

=0 ondQ, (1.32)

and

_Jo P dx [o e[V, pPde
— . ,
(fQ me”de)

Theorem 1.3 Assume that (1.4)~(1.5) hold. Then there exists a Dy, 5 p > 0 depending
only on m,n, P such that the followings hold for (1.6):
(i) If igf pmn.p + C(m,n, P) > 0, then for all di > Dy, p, (04,,0) is linearly stable, i.e.,

Yy ﬂ FDm,n,P = FDm,n,P'

(1.33)

C(m,n, P)
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(ii) If igf Pmn,p +C(m,n, P) =0, then d5(d1,n) = O(d_lf) for all dv > Dy, . p-
(iii) If igf pmm,p + C(m,n, P) <0, then for all dy > Dy, . p, there exist two numbers

1
A, = 1.34
! Al (777 (_pM,n,P - C(ma 7, P))e”P) ( )
and 11, ,, p € R depending only on m,n, P(x) such that
Amagp | Umapp 1
d3(di,n) = =+ i O(—), 1.35
2(d1,m) PR 7 + 7 (1.35)

which implies that Tp,, , ,\US- =Tp,  ,\ZSu is nonempty.

Finally, we state a result which characterizes the asymptotical behavior of the coexistence
steady state in details for the case igf pmn,p +C(m,n, P) <0 as d — 400 and da — 0.

Theorem 1.4 Assume that (1.4)—(1.5) hold andigf Pm.n,p+C(m,n, P) <0. Let (dy,d2,n) €
Y_ and (U, V) be the corresponding unique coexistence steady state of (1.6). Then there exists
a constant Dy, , p > 0 depending only on m,n, P such that the following holds:

ﬁ_fgmenpdx O(i)
o erQHde dl ’

Vil =0();

uniformly in da, for all di > Dy, p. (1.36)

If we assume further that igf Pmn,p +C(m,n, P) <0, then

0 < Cy = liminf dy||V s < limsupds|[V]e = Co, (1.37)
di—+o0 d1—+o0
didz—p did2—p

where p € [0, A,y p), and C1 and Co are two positive constants depending only on n, P and m.

In fact, in [31], the existence and the globally asymptotic stability of co-existence steady
state of (1.3) has been considered. Hence, combined with the results in this paper, some

properties of steady states of (1.6) are clear.

2 Proofs of the Main Results

Proof of Theorem 1.1 The proof is divided into three steps.
Step 1 (d1,d2,n) € ¥, indicates that (dy,n) € I.
Suppose that (d1,n) € I, where I is defined as in (1.26). Then
/ (71— 04 )e"Pdz > 0, (2.1)
Q

which implies that oy (da,n,m — 604,) > 0, i.e., (d1,d2,n) &€ 3,. Hence (dy,d2,n) € X, implies
that (dq1,7n) € 1.
We next characterize the set I in detail.

Step 2 I' # () if and only if L, < 1 < S,.
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Indeed, it suffices to show that L, < 1 < S, can lead to I' # (). Since by (1.30), L, <1 < S,
always holds, and by which, there exists some d} > 0, yo € Q, such that

/(m —04)e"dz <0 and (i — 04 )(yo) > 0. (2.2)
Q

That is, (d},n) € I' # (), which finishes the proof of Step 2.

Step 3 Since L, < 1 < S,, it immediately follows that I = I°(JI' ¢ R x R*. If
(dy,m) € IV, then o1 (da,n,m — 04,) < 0 by (1.23). If (dy,n) € I', then
1
d m — 0 0edy> ————>0 2.3
Ul( 2,1, M d1)< 2>)\1(7]7m_9d1) > ( )
by Lemmas 1.2-1.3. Hence after defining
0 (dla T]) € IO?

d;(dlan): 1 1
—_——— di,n) €I,
NGy

we obtain that (dy,ds,n) € X, if and only if (dy,n) € I and dy > d5. This finishes the proof of
Theorem 1.1(i). The proof of Theorem 1.1(ii) is in fact the same as (i) and is thus omitted.

(2.4)

Next in order to establish Theorem 1.3, motivated by [15], we need to verify the following

asymptotic expansion of 85 as d — 400, which will be used later.

Proposition 2.1 Assume that (1.4)—(1.5) hold. Let 04 be the unique solution of
dV - (Vg — n0gV P) + Og(m(x) —04) =0 in €,

(2.5)
% - or _ 0 on 0.

on  Ton
Then there exists a constant Dy, , p > 0 depending only on m,n, P such that

— nP Pm,n,P + C(ma 0, P) Ym,n,P + K(m7 1, P) i
Og=m+e ( 7 + 2 )+O(d3) (2.6)
for all d > Dy, p, where pmyp, C(m,n, P) are defined as in (1.32)-(1.33), and ~Ym.n P,
K(m,n, P) are defined below:

AV p + VP Ny p 4+ (m — 26" (ppm . p + C(m,n, P)) =0 in L,

O, P
on

2nP
/ Ym,n,P€ dr = 0,
Q

=0 on 09, (2.7)

/ eQ"de/ p?n)n)PeQ"P(m — 3me ") dx
Q Q

( /Q me'”dz) ’

Proof Multiplying the equation of pp,; p by Ym., pe"" and the equation of v, , p by

K(m,n, P) = (2.8)

pm.n,pe"’, and then we see by (1.33), from integrating by parts that

=P / o (me — 2677 )
Q
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= /Qe”Pme,n,p - Vmm,pda
= / Pry (1" = 267 (py . p -+ C(m, m, P))dz
= /prn)n)P(me”P - Ze”Pﬁz)dx+2C’2(m,77,P)/Qme’7Pd:z:. (2.9)
This, together with (2.8), implies that

/(me”P —2e"™°7) (Y, p + K (m,n, P))da = / " (p.m.p + C(m,n, P))*dz.  (2.10)
Q Q

Hence there exists a unique 3 satisfying

Abs +nVP - Vs + (m — 2e""M) (Y . p + K(m,n, P))

—e" (prm.p + C(m,n, P))> =0 in Q,

00,
on

/ 05> Az = 0.
Q

Let now 04 be the unique solution to

=0 on 09, (2.11)

A0y +nV P -V, + (m — 2e"m) (05 + C)
—2¢"" (., p + C(m, 1, P))(Ymn,p + K(m,n, P)) =0 inQ,

994 =0 on 09, (2.12)
on

/ 04> dz = 0,
Q

where C is the unique number such that (2.12) has a solution. Define

(pm,n,P + C(m7 1, p))enP 4 (Wm;”];P + K(ma 1, P))enP
d d?
(65 + C + 1)e? N 0, pmgpe [ e da

+
a3 dt d* [, men?dx

0F = +

(2.13)

By some straightforward computations, we have

AV - (€""VOF) 4 6F (m — 6F)
=V - ("'Vpmnp)+d 'V ("Vym,p)
5 fQ 2P qx
Jomentdz
N et N en?’ N
+m(m —m) + T(m —2m)(pmy,p + C(m,n, P)) + ?((vm%p + K(m,n, P))(m — 2m)
npP -
= (P + Clm, 1, P))?) + = ((m — 2) (6 + C £ 1)

+d72V - (e"PV03) + d73V - (e"7V0,) £ d~ V- (™Y p)

1 1 1
= 2" (o, + O, P)) (g + K (i, P)) + 0(37) = Fzim+0( 7). (2.14)
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Thus 6% is a pair of upper and lower solutions to (2.5) for all d sufficiently large. Note that
for all d sufficiently large, 0 < ~ < 67, by the upper/lower solution method (see [29]) and the
uniqueness of 04, we have that 0~ < 0, < #T. This thus finishes the proof of (2.6).

Now we are going to prove Theorem 1.3.
Proof of Theorem 1.3 We divide this proof into several cases.

Case 1 igf Pmn,p +C(m,n, P) > 0.
It follows from (2.6) that there exists a constant D, , p > 0 such that 7 < 4, on Q for all
di > Dy, . p. Hence, o1(da,m — 64,) < 01(d2,0) = 0 by (1.23), which implies that (64,,0) is

linearly stable.

Case 2 igf Pmn.p +C(m,n, P)=0. Thus py,,p + C(m,n,P) > 0.

It is obvious that m — 04, <# 0 leads to o1(d2,m — 04,) < 01(d2,0) = 0, which implies
(04,,0) is linearly stable.

Now without loss of generality, we may assume that m — 64, changes sign in Q for all d;
large enough. By (1.27) and Lemma 1.2, Ay(n,m — 64,) > 0. Hence in order to prove (ii), it
suffices to show that there exist two constants C, , p > 0 and D,, , p > 0 depending only on
m, n, P such that

M (n, M —0a,) = A3\ (n,dim — d304,) > Cpp pdi  for all dy > Dy, p, (2.15)

e, M(n,dim — d30q,) > Cpypp for all di > Dy, p. By (2.6), there exists a constant
Dy p.p > 0 such that

d%fh - d%9d1 =—d (pmﬂhp + C(m7 n, p))enP - (’Ym,n,P + K(m7 7, P))enP

1
+ o(d—l) for all dy > Dy, p. (2.16)
For each L > 0,
d?m — d?0 if d?m —d?04, > —L,
@51 — 1 1Ydy 1 1Ydy (217)
—L if d3m — d204, < —L.

Hence dim —d7f4, < O, O} changes sign and furthermore X1 (1, ©} ) is defined and positive
for all d; and L sufficiently large. Moreover, by Lemma 1.2, A1 (n, d3m — d364,) > A1 (7, @51).
Since i?zf pmn,p +C(m,n, P) =0, (2.16) and (2.17) imply that there exist two constants C7 <
C}] < 0 such that

Cc3 < / Ofe™dr < Cp <0 foralldy > Dy p. (2.18)
Q

Moreover, choosing L and Dy, p even larger if necessary, one can see that [|©% e""||o = L for
all di > Dy, 5, p. Applying a similar approach in [28], one can see that there exists a constant

Con,n,p > 0 depending only on m, 7, P such that X\ (n, 0% ) > Cy . p for all di > Dy, . p.

Case 3 igf Pmn,p+ C(m,n, P) <0.
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This case yields that m > 64, for sufficiently large d; by (2.6). Combined with (1.27), we
see that there exists a Dy, , p > 0 such that m — 64, changes sign in Q for all di > D, 5 p. In
view of

[ P = Clmen P d = ~Clamn. P) [ Pz <0, (2.19)
Q Q

by (1.27) and Lemma 1.2, we then observe that both Ai(n,m — 64,) and A (n, (—pm,n.p —
C(m,n, P))e"") are defined and positive for all d; > D,, , p. Now let ¢, > 0 be the prin-
cipal eigenfunction corresponding to A1 (1, (—pm,n,p — C(m,n, P))e"’) normalized such that
max ¢.e"” =1 and define

fQ ('Ym,n,P + K(m, 7, P))szeQnsz

Wy p = — T o perds (2.20)
Clearly, /\1 (T], T/T\l — Gdl) = dl)\l(n, dlffl — d19d1).
We next verify that in fact
_ 1 M, p 1
A dim — di0y4,) = S —_L L o= 2.21
1(777 1m 1 d1) Am,n,P Agn,n,Pdl + (d%) ( )

1

for all dy > Dy, p, where Ay, , p =
' K N 0, (—pmmp — C(m, 1, P))en”)

. Since by (2.6), we

have
dim — d10q, = —(pm,n,p + C(m,n, P))e" + O(dil) for all di > Dy, . P, (2.22)
the continuity of A1 () in Lemma 1.2 then leads to
Mg, i — dy6a,) = ﬁ +0(1) asdi — +oo. (2.23)

Denote ¢ > 0 the principal eigenfunction corresponding to A1 (n, dym — d164,). Then one can

easily check that

o= 6+ ol1) (2.21)
: o ow . . .
as dp — +oo. Rewrite that ¢ = ¢, + i + —, where ¢ is the unique solution of
1 1
1
AQ/J + 77VP : VQ/J + ﬁ(_pm,n,P - C(m7 m, p))enPw
m,n,
1L,
_enP¢* - 2 R (pm7n7P + C(m7 7, P))
Am,n,P
1
+—(7m,77,P + K(mﬂ% P)) = 07 HAS Qv (225)
Am,n,P
0
8—¢ =0, z€d,
n
/ Yoe?dx = 0.
Q
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Denote

A (7~ 02,) + " (prug.p + Clm,n, P)) by F.

We then obtain that

F= o(d—ll) for all dy > Dy p,

and it follows from some calculations that w satisfies the following equations:

Aw + nVP - -Vw+ /\1(77, dim — dladl) . (le/r\L — d19d1)w

. en?”
(M Oy = ) - F o+ (K (., P)) )
dlAm,n,P

s (M, dyii = d10a) = ) (=pmn.p = Clm,m, Py

Am7n7P

+di M (T], dim — dledl) -Fyp =0, ze€Q,
Ow

v _ 0
7 0, z €99,

/ wo,e*dx = 0.
Q

Using (2.6), one sees

P (- K P 1
P " (Y, p + K(m,n, P)) = O(—2) for all dy > Dy, p-
d1 dl

- 1 IL,,
+d%e’7p¢*(—pm7n7p —C(m,n, P)) ()\1 (n,dim — d104,) — + 271,7}:
Am-,n-,P dlAmﬂpP

903

(2.26)

(2.27)

(2.28)

(2.29)

Multiplying the equation for w by e and the equation for ¢ by we’”, integrating over

and subtracting, we deduce that

—dy (Al(nadlﬁl_dlodl) - A -
mx"];

U,
= TW ‘/Q e2nP(_pm7n7P B C(m7 77’ P))Soqs*dx

" (Yo K p
i [ oMl it~ dity,) - £ o4 SOl TR0 D) g,
Q

diAm g, P
1

Am-,n-,P

+ ()\1 (777 dlm - dledl) - ) /§2€2nP(_pm,n,P - C(m7 m, P))¢¢d$

+ A1(n, dim — d19d1)/ Foye dz.
Q

Combining (2.23), (2.27) and (2.29) together, we see

e”P(%mmp + K(m,n, P))

A (n, dym — di6q,) - F +

) AGQUP¢*¢(_pm,n,P - C(ma 7, P))tpd)*dzzr

dlAm,n,P
— m 1 1 enP (’777177771) + K(ma 1, P))
= ()\l(n7dlm —dibq,) — m)F-i- N (F+ 4

(2.30)
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1
- O(d_l) (2.31)
as di — +00. By (2.24), we have

/g262np<ﬂ¢*(—pm,n,za — C(m,n, P))dz = /962771391’3(—%,77,13 = C(m,n, P))dz +o(1) (2.32)

as di — +o0. Hence dividing both sides of (2.30) by [, (—=pm.q.p — C(m,n, P))pp.e"dz and
letting dy — +o0, using (2.23)—(2.24), (2.27), (2.29) and the above estimate again, we derive
that

~ 1 Hm, ,P
—d, ()\1 (n, dyin — d184,) — Am,n,p) - A%,:,p +o(1) forall d > Dy, (2.33)

. . . ~ 1 1 . .
) - 1 - x_ ______ _ — -5 . . Pl .
which implies that Ay (1, dim — di0a,) — 51— ps O(dl) This together with (2.27), (2.29) and
(2.31) implies that

A(n, dim — di0q,)F +

P (e £ Kl P) (1

7 o~ 0( ) foralldi > Dy (234

dlAm,n,P d% or a 1 > P ( )

Therefore dividing both sides of (2.30) by di [o,(=pm..p — C(m,n, P))pp.e*'dz and letting

dy — +00, we obtain (2.21). This in turn indicates that Ay (n, m—0g, ) = —2— — Jpn.r +0(1)
n,P

- A7n,n,P Aafn,
and
1 Amapp | Umnp 1
ds(d = = ALY Ol—=). 2.35
) = sy~ e olg) (2.35)

The proof of Theorem 1.3 is thus finished.
Proof of Theorem 1.4 Let (U, V) be the coexistence steady state of (1.6). Then
(U, V) = (Ue™"P Ve ) satisfies

AU + oy VP -VU +U(m(z) —U —V)  inQ,
doAV + VP -VV +V(i(z) —U - V)  inQ,

N N (2.36)
ou oV
P Q.
5 = B 0 on J
By the maximum principle, we have that
—nP
- ~ o ~ ~ Jome P dx
1Ulloe < [10a [loo < max(me™"),  [[V]|oo < [|0a;[loc < NIRRT (2.37)

Integrating the equation for V over ), we obtain from Holder inequality that

0:/V(U+V+ﬁz)da:
Q

.
Q JoePdx JoePdx
VenPd Ue’d Verld
—i—/(V—e”PfQ ;P x)(U_enPfQ 2€P Ty nPfQ QGP x) "
Q JoePdx JoePdx JoePdx



On a Lotka-Volterra Competition Diffusion Model with Advection 905

o d JoVerdz [, e’ |VU|*dx B l/ (U B e”PfQ Ue”de)2 .
JoePdr  [|meP| 2 Ja Jo et dx
1 Jo VerPday 2
S (v- "P‘?i) d 2.38
+ 2 /Q( € fQ e2nde Z, ( )

where we have used the identity [, e"’(m — U — V)dz = —d, [, dz obtained by mul-
tiplying the equation of U by e, and dividing by U , integrating over 2. Since there exists a
constant C' > 0 such that

. Ue™dx 2
c/ PV 2dz > HU—e"Pfﬂfipx‘
Q JoePdx

cnP|v[j|2
U2

(2.39)

which can be derived by a similar method of the proof of Poincaré’s inequality in [11], then

(2.38) gives rise to

[, VerPde [ e"P|VU2dz  C ~
(dl JE’ o Q||me—’7PH — 5) /Qe”P|VU|2dx. (2.40)
Q o0
The inequality above implies
Jo VerPdx 1

. me” " dx .
Since |V]|eo < %Henpﬂoo, by (1.32)—(1.33) and (2.41), there exists a Dy, p > 0
depending only on m,n, P such that both | pn—v,, pll and C(m — V,n, P) are uniformly
bounded in dy for all di > Dy, ,, p. Therefore, similar to (2.6), together with (2.41), we obtain

that

7= Jo(m = V)enPdax 4 PmVinP +C(m—V,n,P) N O(i)
fQ eQnPdaz dl d%
uniformly in da, for all di > Dy, . p, (2.42)
Jo(m—=V)enPdz  ~ . .
TP ds - O(dl) uniformly in ds, for all dy > Dy, p (2.43)

and

7o Jo men”da O( 1

= 7&1 TP d_l) uniformly in dy, for all dy > D, 5, p. (2.44)

On the other hand, from the equation for V and the maximum principle, we have

1Vlloo < 71 = Ulleo < | (fg(? “Neds )|

| pareerl. o) (249

Thus we have verified (1.36). It only remains to prove (1.37). We claim that

C(m_VaﬁaP):C(maﬁa )+O
(dl) uniformly in dy, for all dy > Dy, p. (2.46)

1
Pm— VnP—pmnP+O(d )
1
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Let r be the unique solution to

P
PfQ Ve dx B )
Ar +nVP-Vr+ (en v V) —0  inQ,
or
o =0 on 0, (2.47)
Jo re?m’dg
Jo 2P da -

Multiplying the equation for r by re”’” and integrating over €2, we obtain that

Ve dx
npP 2 _ npP nPfQ
/Qe [Vr| dx—/Qre (e 7f P V)dx

Ved 2
< s/ P dz + C. / "Pw V) da, (2.48)
Q Qe " dx

where we have used Young’s inequality. By means of a similar inequality to (2.39), we have
that

P
/e"P|Vr|2dx < EC/ e"P|Vr|2dx+CE/ (e"P Jo Verde - V)2dx. (2.49)
Q Q Q

Jo et dx

Choosing € > 0 small enough, we then derive from (1.36) and the above estimate that

/ " |\ Vr2de = O(%) uniformly in ds, for all di > Dy, p. (2.50)
O di
Since
VerPda 1
N p Jo H _ (L
I7lloe O(H Lera Y oo) O(dl) (2:51)

by (2.47) and (1.36), it is easy to see from (1.32) and (2.47) that

Pm—Vn,P _ Pm + r
Jo(m =V)enPdz  [,mePdx [, e*Pdx’

(2.52)

This together with (2.51) and the estimate of V in (1.36) implies the second equality of (2.46).
By (1.33) and the above identity, we have
JoePdz [ e’ |VrAda

JoePdx

2 P p o Verrdx
- W‘/K;pm,n,Pen (V—en W)d{ﬁ (253)

C(m_unap)zc(mvnap)_F

Ve dx . .
By (1.36), WJ}I pme"P(V — e”P%)dx = O(d—ll) uniformly in ds, for all d; >
D,y ., p. Hence we obtain the first equality of (2.46).

We now assume that igf Pmn.p + C(m,n, P) < 0 and prove (1.37). By (1.36), it suffices to

show that

liminf dy[[V][o > 0. (2.54)
d1—+o0

did2—p
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1
The equation for V' reads that o= M(n,m—=U-V), ie.,

= /\1 (’I], dl (’ﬁ’L —-U — V)) (255)

By (2.42) and (2.46),

Jo VerPdx

1
Jo 2P da B dy

A (= U = V) = =" (p e + Clmy, P)) + i (77 v)+o(g) @)

1

uniformly in ds, for all di > Dy, , p. Assuming for contradiction that (2.54) does not hold.
By (1.36), passing to a subsequence of d; and ds if necessary, we get that dq||V|~ — 0 as
dy — 400 and dids — p € [0, Ay, 5, p), which further implies that

(e S -] o (257

However, taking limits on both sides of (2.55) as di — +oo and dide — p € [0, A, P),
1
we obtain from the above estimate, (2.56) and Lemma 1.2 that — = A\ (1, —e" (pym.,p +

C(m,n, P))) = A, p, which is a contradiction. This finishes the proof of (1.37).
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