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Global Stability of Multi-wave Configurations for the
Compressible Non-isentropic Euler System*

Min DING?

Abstract This paper is contributed to the structural stability of multi-wave configurations
to Cauchy problem for the compressible non-isentropic Euler system with adiabatic expo-
nent v € (1, 3]. Given some small BV perturbations of the initial state, the author employs
a modified wave front tracking method, constructs a new Glimm functional, and proves its
monotone decreasing based on the possible local wave interaction estimates, then estab-
lishes the global stability of the multi-wave configurations, consisting of a strong 1-shock
wave, a strong 2-contact discontinuity, and a strong 3-shock wave, without restrictions on
their strengths.
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1 Introduction

As is well known, Glimm has proved a global existence of weak solutions for strict hy-
perbolic conservation laws when the total variation of the initial data is sufficiently small via
Glimm scheme in [7]. Bressan has established global existence, uniqueness of solutions to
one-dimensional Cauchy problem for the general hyperbolic conservation laws when the total
variation of the initial data is sufficiently small by wave front tracking method, and also proved
the continuous dependence on the initial data in book [1]. In early works, Chern [4] initially
studied Cauchy problem for general hyperbolic conservation laws, and proved the stability of
a single large shock wave by Glimm scheme and wave front tracking method. Schochet [16]
has shown the BV stability of the multi-wave configurations (a strong 1-shock wave, a strong
2-contact discontinuity, and a strong 3-shock wave) for the non-isentropic gas dynamics for
Y >y = % ~ 1.015, while for v € (1,7p), there exist Riemann problems for which BV
stability condition fails. Lewicka [11] solved the well-posedness of the solutions for Cauchy
problem to the general hyperbolic conservation laws when the initial data is a small perturba-
tion of wave patterns of large non-interacting waves. The result in [11] includes the following
facets:

1. If the background wave pattern U(x,t) satisfies the finite conditions, then Riemann
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problem with initial data close to U(x,0) admits a self-similar solution in the vicinity of the
state U(z,t).

2. If BV stability condition is satisfied, and the initial data is under a small perturbation of
U(x,0) with possibly large data, then Cauchy problem of general hyperbolic conservation laws
admits a global entropy admissible solution. Section 8 has applied the general framework to
non-isentropic Euler equations, and achieved the BV stability of wave patterns consisting of a
strong 1-shock, strong 2-contact discontinuity, and strong 3-shock wave for v € [1.05576, 8.7577].
Meanwhile, L! stability condition holds for v € [1.05576,8.7577], then there exists a Lipschitz
continuous semigroup of global entropy admissible solutions.

In short, comparing with the previous references, Schochet [16] was the first to introduce
the finite condition, and formulate the stability of M strong shocks, 2 < M < n, by means of
matrix analysis and Glimm scheme. Bressan and Colombo [2] considered the general Riemann
problem for systems of two equations and derived the corresponding L' stability condition of
the large solutions. Lewicka [12] proved the BV and L' stability conditions for non-interacting
two large shocks of general conservation laws. Later, Lewicka [10] has shown that BV stability
conditions in [9] is equivalent to Schochet BV finite condition, as well as the equivalent of L?
stability condition from [9] with the one introduced in [2] for 2 x 2 system. For a single strong
rarefaction wave, the stability of a strong rarefaction wave to Cauchy problem for the general
hyperbolic conservation laws has been proved by Lewicka in [14], also see [13]. The structural
stability of steady four-wave configurations for two-dimensional steady supersonic Euler flow
has been established in Chen-Rigby [3] by Glimm scheme.

Remark 1.1 Here strong or large wave means the strength of the wave is not sufficiently
small, or else, it is a weak wave.

In this paper, we are concerned with the BV stability of the multi-wave configurations of
Cauchy problem to the compressible non-isentropic Euler equations for 1 < « < 3, and to some
extent, it fixes up the result of BV stability of such system for v € (1,79). To overcome the
difficulties, some new nonlinear weights have been introduced and assigned to each perturbation
wave, the total amount of weighted perturbation waves decreases at each interaction with any
of the strong waves.

The system composes of the conservation laws of mass, momentum and energy which can
be read as (see [5, 15])

Or(pu) + 9 (pu® + p) =0, (1.1)
Ly L
o (p(5u* + ) + 0 (u(gon® + re+0)) =0,
where p, p and u stand for the density, the pressure and the speed of the fluid, respectively,
and e is the internal energy. The constitutive relations for the polytropic gas are given by
p = kp' exp (E) e=—L
e/’ (v — 1)/)7
where S represents the entropy, and k, ¢, are positive constants, the adiabatic exponent v €
(1,3].
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For simplicity, system (1.1) can be written in the general conservation law form:
oW ({U)+ 0. HU) =0, (1.2)

where U = (p,u,p) ", and
1 P oN\T
WU:(, | = pu? —)
W) = (p, pu, 5pu o

Ypu )

1 +
U
2 1

H(U) = (pu, pu? +p, 5

By solving the polynomial det(A\Vy W (U) — Vi H(U)) = 0, the eigenvalues of system (1.2)
are respectively
M=u—c¢, A=u, Ng=u-+c,

where ¢ = , /% is the local sonic speed and the corresponding right eigenvectors are

2

T
VR » Gy )
CESI: (ps c;vp)

n=- (pa —C, ’yp)—ra To = (17070)T7 r3 =

(v+1)e

where 7; is normalized by
V/\j'TjZl, j=1,3.

The entropy-entropy flux pair (1,q)(U) of system (1.1) is a pair of C* functions satisfying
Vwn(W(U))VuHU) = Vyg(W(U)).
In particular, if
V2n(U) >0 for any U,

then n(U) is called a convex entropy.
We consider an unperturbed multi-wave configuration, called the background solution de-
noted by U, consisting of the four constant states (see Figure 1)

T

(plaulapl) xr < Slot,
— (p27 u27p2)T, S]_Ot <x < UQt,
Ulw,t) = T (1.3)
(p u37p3) , Ut < x < 830t
Us = (pa,ua,pa) ', x> saot,

where the constant state U; connects to the state Us by a strong 1-shock with the speed s1g,
and the state Us is separated from the state Us by a strong 2-contact discontinuity with the
strength |o90], and the state Us joins to the state Uy by a strong 3-shock wave with the speed
S30, satisfying (2.9)—(2.11).

Suppose that the initial data are given by

U(x,0) = Up(x) = (po(x), uo(x), po(x)) ", (1.4)

which is a small BV perturbation of the state U(x,0).
Next, we define the entropy solutions to problem (1.2) and (1.4) as follows.
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Figure 1 Background solution.

Definition 1.1 A measurable function U(z,t) € L(R3.) is an entropy solution to problem
(1.2) and (1.4), provided that

(i) U(z,t) is a weak solution to problem (1.2) and (1.4), if for any p(z,t) € C(R2), it
holds that

(ii) The Clausius inequality holds in the sense of distributions:
Oh(pa(S)) + D (pua($)) < 0

for any a(S) € C* and a'(S) > 0.
The main result of this paper is given by the following theorem.

Theorem 1.1 There are some positive constants € > 0 and C > 0 such that if
1Un() = T, 0) | (oo 0) + TV-ATo() = T(-0)} <,

then there exists a global existence of entropy solution U(x,t) to problem (1.1) and (1.4), in-
cluding a strong 1-shock wave, a strong 2-contact discontinuity, and a strong 3-shock wave,
which is a small perturbation of solution (1.3). In addition, for allt > 0, there exists a positive
constant My such that

TVAU(:,t) : (—o0,+00)} < M. (1.5)

Moreover, denote the curves of the strong 1-shock wave, the strong 2-contact discontinuity, and
the strong 3-shock wave by x = x;(t), i = 1,2, 3, respectively. Then, it satisfies

-

T, )| (e<xat)y — Uil < Ce,
U
|U
|

Our motivation is to study the structural stability of multi-wave configurations to Cauchy

T, )] (xa (H)<a<xa(t)) — U2| < Ce, .

S

(
(2,t)
(2, )l fxa (i) <a<xs ()} — Usl < Ce,
(2, )| {z>at)y — Ua| < Ce.

problem of the compressible non-isentropic Euler system (1.1) under BV perturbation of initial
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data. Different from the results involving a single strong wave (shock, rarefaction wave or
contact discontinuity), we not only need trace the locations of the strong waves, but also control
the change of the strengths for the strong waves after each wave interaction with weak waves
from left and right. In account of all the possible local wave interactions, we introduce some
weights for the approaching waves, and construct a new Glimm functional, which measures the
difference between the total variations of the approximate solutions and background solutions.
We observe that the weak 1-waves collide with the strong 1-shock waves from the right, that
the weak 3-waves interact with the strong 2-contact discontinuities from left, that the weak
1-waves collide with the strong 2-contact discontinuities from right and that the weak 3-waves
interact with the strong 3-shock waves from left, among which the reflection coefficients are less
than 1, which is essential for proving the monotone decreasing of Glimm functional.

This paper is organized as follows. In Section 2, we recall some basic properties of elementary
waves (shock, rarefaction waves and contact discontinuities), and give the solvability of the
Riemann problem for system (1.1), which is discussed in four cases. In Section 3, we construct
the approximate solutions to the Cauchy problem by wave front tracking method. In Section
4, we consider all the local wave interaction estimates between weak waves, their reflections
on the strong 1-shock waves, strong 2-contact discontinuities and strong 3-shock waves, and so
on. In Section 5, we introduce some weighted strengths for the approaching waves, construct a
new Glimm functional, and then prove the monotone decreasing of the functional. In Section
6, we derive some further estimates to show that the total strengths of strong wave fronts are
bounded. The compactness and the convergence of the approximate solutions follow from the
standard procedure.

2 Riemann Solutions

In this section, we study the Riemann problems and analyze the properties of the Riemann
solutions to system (1.1), which are essential not only for the interaction estimates between the
weak waves, but also for those involving the strong shock waves or strong contact discontinuities,
ete..

Consider the Riemann problem of (1.1) with initial data

UL, xr < Xg,

U|t:t0 = (pvuap)T|t:to - { (21)

UR; T > Zo,

where Ur, = (pr,ur,pr)" and Ur = (pr,ur,pr)' represent the left and right states, respec-
tively. The solvability of the Riemann problem can be found in [8, 17] when |U — Ug| is
sufficiently small.

For any given left state Uj, the set of all possible states U can be connected to U; on the
right by a 1 or 3-shock wave, the wave curves of which can be denoted by S; or Ss, respectively.
Similarly, we denote by R; or Rs the 1 or 3-rarefaction wave curves. The rarefaction wave
curve Ry (U;) through U; satisfies

2c 2¢;

- = - = .
P =pp ud oy = wk

(2.2)
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Similarly, the rarefaction wave curve R3(U;) through U is given by

2c 201
=u; — .
y—1~ " y-1

po Y =pp; T, u— (2.3)

The second characteristic field is linearly degenerate satisfying Vs - ro = 0. The 2-contact
discontinuity through U; satisfies

Co(Ui) :p=pi+02, u=u, p=p.

The Rankine-Hugoniot conditions across the shock are given by

slp] = [pul, (2.4)

s[pu] = [pu® + pl, (2.5)
Loy P 1 Ypu

slae + ) = gm0 (26)

where [h] = h — h; stands for the jump of function h across the shock, and s is the speed of
the shock. Therefore, eliminating s from (2.4)—(2.6), the shock wave curves through U; can be
respectively parameterized by

P _ p _ 1+Bexp(=2)

S Ja=ew2), 0= s

1(U[) : u—up _ 2/ l—exp(—2) 2 <0
= v—1 1+,6’exp(—z)’ -

and

P p _ 1+Bexp(z)

w=P(2) = Fany
SB(Ul) : u—uy 2/  exp(z)—1 2 <0
c Y=\ /1+Bexp(z)’ -
_ _y-1
where 3 = % and ( = ’Y2_'v
In addition, the Lax entropy conditions across the shock are

M(U) <55 <Ai(Uh), j=1,3, (2.7)
s1 < )\Q(U), S3 > /\Q(Ul). (2.8)

2.1 Background solution

In this subsection, we will present the unperturbed multi-wave configurations, consisting of
a strong 1-shock, a strong 2-contact discontinuity and a strong 3-shock as the Riemann solutions
for the compressible full Euler equations (1.1), called background solutions U composing of four
constant states shown in (1.3). From the parameterizations of the nonlinear elementary waves,
it holds that

(i) Along the strong 1-shock wave curve, it satisfies that

810(/)2 - Pl) = p2U2 — Pp1U1,

s10(paua — prur) = paus + pa — prui — pr, (2.9)
L oo, p2 1 5 m; )_1 3 Ap2u2 1 o ypiw
810(2p2“2+7—1 QP T ) Tkt Ty g ST
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(ii) The second characteristic family is linearly degenerate, and the strong 2-contact discon-
tinuity through Us is given by

C2(U2) : p3 = p2 + 020, uz =1uz, p3=po. (2.10)
(iii) Along the strong 3-shock wave curve, it satisfies that
s30(pa — p3) = paua — p3us,

s30(patia — p3uz) = pauj + ps — psu3 — ps, (2.11)

P3 1 Ypaug 1 YP3u3
_1)25 aui + ——P3U§—ﬁ~

Ly D4 Iy
830( pauy + - p3u3 ” 1 5

2 1 2
Due to some BV perturbations of the initial state, we will take into account of four types

of solvers to the Riemann problem (1.1) and (2.1).

2.2 Riemann problem involving only weak waves

In this subsection, we give the solvability of problem (1.1) and (2.1). As shown in [17], when
|U, — Ugr| < 1, we can parameterize physically admissible wave curves in a neighborhood of
Ur(k =1,2,3,4) by C? curves: a; — ®,(Ur, ;) satisfying

Q(Upr; o, o, a3) := @3(P2(P1 (UL, 1), a2), a3) = U, (2.12)

which represents the left state Uy, and the right state Ur can be connected by a 1-wave a1, a
2-wave o and a 3-wave ag. Moreover, it holds that

(I)(UL;OQ,OQ,O@) :UL, 8—(I)(UL;O[1,OQ,043) :ri(UL), i:1,2,3.
ar=as=a3=0 Oa; a1=as=as=0

In addition, a; > 0 along the rarefaction wave curve R;(Uy,), while «; < 0 along the shock wave

curve S;(Up).

Hereinafter, we denote by «;, 8;,7; the parameters of the corresponding i-waves, i = 1,2, 3,
while by their absolute values the corresponding strengths of the waves. We also use the pa-
rameters to represent the i-waves provided no confusion occurs. In the sequel, we parameterize
the strong shock by its velocity s, and U (s) denotes the derivative of U with respect to s along
the strong shock wave curve. For convenience, let A(U,s) = Vg H(U) — sVyW (U). O, stands
for a small neighbourhood, which will be used frequently later.

2.3 Riemann problem involving only a strong 1-shock wave

In this subsection, when |Uy, —Ug| is not sufficiently small, we consider the Riemann problem
(1.1) and (2.1), where Uy, € O.(U1) and Ug € O.(Uz). The solvability of this Riemann problem
can be given by the following lemma.

Lemma 2.1 For any Ur, € O.(Uy) and Ur € O-(Us), there exists a strong 1-shock wave,
joining the left state Uy, to the right state Ur with the speed si. Moreover, s1 € O(s19)-

Proof From Rankine-Hugoniot conditions (2.4)—(2.6), we have

s [W(U)] = [H(U)]. (2.13)
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Differentiating (2.13) with respect to s1, we can obtain that

AU, s1)U(s1) = [W]=W({U) - W(Ur).
By direct calculations, it holds that

u— 81 p 0

det A|U:U2,512510 = u(u - Sl) p(2u - Sl) 1

20t (u—s1) pu(Bu—s1)+ “Hp T U osmsrs
1
= o 102(U2 — 510)(s10 — A3(U2)) (510 — A1(U2)).

M. Ding

From the Lax entropy conditions (2.7)—(2.8), we have det A|y=u, s,=s,, < 0. We complete the

proof of this lemma by the aid of the implicit function theorem.

The following lemma is important to estimate the strengths of the weak waves reflected on
the strong 1-shock waves, and to estimate the changes to the strengths of the strong 1-shock

waves (see the proofs of Lemmas 4.2-4.3).

Lemma 2.2 It holds that

det A(Uv S)|U:U2,S:Sm <0, det(ATl(U)a AT?(U)v ATS(U))|U:U2,52510 >0,
det(AU(s), AT‘Q(U), AT3(U))|U:U2,S:.910 > 0.

Proof From Lemma 2.1, we can obtain that det A < 0. By direct calculations, one has

2

2p(u—c—s) 1, N\ T
An(U) = - L2 (Lu— e Su? - )
r1(U) o+ 1) U= oU uc+7_1 ;

Ara(U) = (u — S)(l,u, %uQ)T,

2 — 1 2 NT
7p(u+c 2) (1,u+c, —u? +uc+ < ) .
2 v—1

ATg(U) = ("y—|— l)C

Then, it yields that

det(Arl(U), AT’Q(U)7 AT3(U))|U:U2,512510
1 1 1
4p*(s —u)((u — 5)* — c?)

= uU—c U u—+c
(v + 1)2¢?

1,2 1,2 1,2 c?
SU uc + =1 W U + uc + =1 | U=Us
S§1=S810

_ 8p3ca(si0 — u2) (A1 (Usz) — s10)(N3(Uz) — s10)
(y+1)*(y—1)

>0

and

det(AU (s), Ary(U), Ars(U))
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[e] 1 1
~ 2p(u—s)(u+c—s) ” u u+c
N (v+1e o " 2
o+ 2] b e ues
2p(s_u)(u+c_8) c 1 2 p 1 2
- v+1 ((S_u)(u+ﬁ)[p]_[§pu +7—1}+5u [p])'

From the Rankine-Hugoniot conditions (2.4)—(2.5), one has

(s—wlpl=(s—u)p—pr)=prlu—ur), p—pr=pr(u—ur)(s—ur).

Therefore, we can derive that

(s =) (ut —5 )l - (2o + 2]+ L2l
=pr(u— UL)(U+ 7—:) - %PL(U —ur)(u+ug) — pru _;‘L_)(ls —ur)
_ pr(u—up)((y—3)(u—ur) +2(u+c—s))
2(y—1) :

Since s < u < wuy and 1 <y < 3, it yields that

det(AU (s), Aray(U), Ars(U)|u=us,s=s10

_ p1pa(s10 — u2)(As(Uz) — 510) (w2 — ua)((y = 3)(ug — w1) + 2(A3(U2) — 510))

> 0.
7?1

Hence, we complete the proof of this lemma.

2.4 Riemann problem involving only a strong 2-contact discontinuity

When |Up, — Ug| is not sufficiently small, where U, € O.(Us) and Ur € O.(Us), the
solvability of (1.1) and (2.1) can be formulated in the following lemma.

Lemma 2.3 For any given Uy, € O.(Us) and Ug € O.(Us), there exists a strong 2-contact
discontinuity connecting the state U, to the state Ur with strength |o2|. Moreover, it satisfies
that

Ur = (pL—l—Ug,uL,pL)T = G(UL;UQ), VUG(UL;UQ) :diag(l,l,l). (214)

This lemma can be easily proved by direct calculations. We omit the proof here.

2.5 Riemann problem involving only a strong 3-shock wave

In this subsection, we consider the Riemann problem (1.1) and (2.1), where U, € O.(Us),
and Ur € O;(Uy). The solvability of Riemann problem can be given by the following lemma.

Lemma 2.4 For any Ur € O.(Us) and Ur € O:(Uy), there exists a strong 3-shock wave,
separating the left state Uy, from the right state Ur with speed s3. Moreover, s3 € O(s30).-
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Similar to Lemma 2.1, we can prove this lemma by the implicit function theorem. Thus, we
omit the details here.

In the following, we present some properties of the strong 3-shock waves, which are essential
to estimate the strengths of the weak waves reflected on the strong 3-shock waves, and to
estimate the changes of the strengths of the strong 3-shock waves (see the proofs of Lemmas
4.6-4.7).

Lemma 2.5 The following statements hold
det A(Ua S)lU:U4752530 < 07 det(Arl (U), Ar?(U)ﬂ AU(S))|U:U3;SZSSO > 0.

Proof One can calculate directly to obtain that

1

det A(U, S)|U:U475:530 = j

pa(ua — 530) (530 — A3(Us)) (830 — A1(Us)).
From the Lax entropy conditions (2.7) and (2.8), det A|y—u, s=ss < 0. Meanwhile,

det(Arl (U), AT‘Q(U), AU(S))|U:U3,S:.930
1 1 [p]
_ 2p(s —u)(u—c—s) " " (o]

(v+1)e

1,2 1,2 (1.2 P
SU” — uc U 5PU
2 T 3 [2/) + 'v—l] U=Us,s=s30

_ Zole - uy)(J/r\ll(U) — ([%pu? + %] —(s—u) (u oy i 1) el = %uQ[ﬁ]) ‘U:U3,s:S3o

= popalon - UB)():;Q([iBi SN (2(s30 — M1(Us)) + (v = 3)(ua — u3)) > 0.

Thus, the proof of this lemma is completed.

3 Approximate Solutions

In this section, we use the Riemann problem as building blocks to construct approximate
solutions of Cauchy problem (1.1) and (1.4) by a modified wave front tracking scheme. First,
we consider the solvability of Riemann problem (1.1) and (2.1).

As mentioned in Section 2, the solution to the Riemann problem (1.1) and (2.1) is composed
of at most four constant states connected by shocks, rarefaction waves or contact discontinuities.
By the wave front tracking method, there are two types of Riemann solvers to solve this Riemann

problem.
Case 1. Accurate Riemann solver.

The accurate Riemann solver is given in Section 2, except that every rarefaction wave R;
(i =1,3) is divided into v equal parts.

Suppose that the left state Uy and the middle state Uy, are connected by a 1-rarefaction
wave aq. If aq > 0, then let Up,g = Uy, Up,, = Up. For any 1 <k <,

(0%
Uoi = ‘I’l(Umk—l; 71)
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Thus, the 1-rarefaction wave is replaced by
Up, x<ui;,
Ui=<Uok, 15 <x<T1p+1, (3.1)
Urv, 1, <z <mzo+ (t—10)A],
where x1 ;= xo + (t — to)A1(Uox) and A} € (max(, ¢) A1(U), ming, 4 A2(U)).

Similarly, we can approximate 3-rarefaction wave by v 3-rarefaction wave fronts in the
domain {(z,t) : & > 20 + A5(t — to)}, where A5 € (max(, ¢ A2(U), ming, 4y A3(U)).

Case 2. Simplified Riemann solver.

In order to keep the number of the wave fronts be finite for all ¢ > 0, the simplified Rie-
mann solver is introduced. Exactly speaking, an auxiliary wave, called a non-physical wave, is
constructed with a constant speed :\\, which is strictly larger than all the characteristic speeds
of system (1.1). The strength of the non-physical wave measures the error of the simplified
Riemann solver. It occurs in the following two cases:

Case a. A j-wave 3; and an i-wave q interact at (zo,%0), 1 <4 < j < 3. Suppose that U,
Uyps and Ug are three constant states, satisfying

Uu =2;(Ur,B;), Ur=;(Unm, ). (3.2)

The auxiliary state is constructed by
5o {@j(cbi(UL,ai),ﬁj), j >,
;(Ur, a5+ B5),  J=1i,

then, the simplified Riemann solver Ug(Uy,Ug) to Riemann problem (1.1) and (2.1) at (xo,to)
is given by

(3.3)

UZ(UL, ﬁR), r—x9 < //\\(t — to),

- (3.4)
Ug, $—$0>x\(t—t0),

Us(UL,Ug) = {

where U4 (Up, U r) is constructed by the accurate Riemann solver as shown in case 1. The

non-physical wave can be defined by

Unp = (3.5)

ﬁR, T —x0 < B\\(t—to),
Ur, —x0> B\\(t—to),
whose strength is [Ur — Ug|.

Case b. A non-physical wave &, collides with a weak i-wave front «; (i = 1,2, 3) from left
at the point (xg,tp). Suppose that the three states U, Uy and Ug satisfy

Urt — Us| = enp, U = ®(Ung, i)
Then, the simplified Riemann solver Us(Ur,Ug) to problem (1.1) and (2.1) is defined by
Ur, x—x0 < N(Ur)(t —to),
Us(Up,Ur) = { ®;(Up, i), N(UL)(t—to) <z — 20 < At — to),
Ur, :z:—xo>X(t—t0).
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3.1 Wave front tracking algorithm

The wave front tracking algorithm to construct the approximate solutions is given by:

Case 1. There are no more than two wave fronts interacting at one point by changing the
speed of a single wave front with a quantity O(1)27".

Case 2. If two wave fronts o; and j3; interact, then the generated Riemann problem is solved
by the following rules.

Rule 1. If |a; ;| > o and both are physical, where 1, is a fixed small parameter satisfying
1y — 0 as v — 400, then the accurate Riemann solver is adopted.

Rule 2. If |a;0;] < p,, and either both are physical, or one of them is a non-physical wave,
then the simplified Riemann solver is adopted.

Case 3. If a weak wave collides with the strong wave fronts, then the accurate Riemann
solver is adopted.

Let 7 be the time when two wave fronts interact for the k-th time, £ > 1. For any sufficiently
large v € N, we can construct a v-approximate solution U¥(x,t), and assign each wave front
with a generation order inductively as follows:

Step 1. For 0 < ¢ < 71, suppose that U”(z,t) can be constructed by accurate Riemann
solver to solve a series of Riemann problems, which can be carried out as shown in Section 2.
All the wave fronts generated from Riemann problems at ¢ = 0 have generation order 1.

Step 2. By induction, assume that the approximate solution U”(x,t) has been constructed
for t < 71, and that U¥|¢<, consists of a finite number of wave fronts. As shown in Sections
2-3, when two wave fronts interact at ¢ = 7, a new Riemann problem is generated. More
exactly speaking, let a weak i-wave front «; of order n; interact with a j-wave front 3; of order
ng. Suppose that each front has been assigned a generation order by the following rules.

Rule 1. When nj,ns < v, the accurate Riemann solver is adopted to construct the outgoing
wave front, and the generation order of the outgoing [-wave is assigned by

max(ny,ne) +1 if I #1474,

min(n, ng) ifl=1i=jy, (3.6)
ni ifl=1i4#j, '

Rule 2. When max(ny,ng) = v, the simplified Riemann solver is adopted to construct the
outgoing wave fronts. The generation order of the outgoing I-wave front is assigned by (3.6),
and that of the non-physical wave front is v + 1.

Rule 3. When ny = v + 1 and ny < v, a; is a non-physical wave front. We adopt the
simplified Riemann solver to construct the outgoing wave front. The generation order of the
new non-physical wave front is v + 1, while the generation order of the outgoing physical wave
front is the same as that of the incoming wave (;.

Therefore, repeating the inductive process, we complete the construction of the approximate
solutions in the whole domain.

4 Estimates on the Wave Interactions

In this section, we will make exact estimates of the wave interactions between the weak
waves, the reflections on the strong shock waves and contact discontinuities, and so on.
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Let (U;,U,) = (a1, a9, as) represent that the Riemann problem with the left state U; and
the right state U, is solved by a 1-wave aq, 2-wave oo and 3-wave ag.

4.1 Interaction between weak waves

In this subsection, without loss of generality, suppose that a weak j-physical wave 3; inter-
acts with a weak i-physical wave «; from left, and that Ug, Uy and Uy € O (U;) (j = 1,2,3,4),
satisfying

UM:q)(UL;ﬁj), UR:q)(UM;Oéi).

As shown in Section 3, if we adopt the accurate Riemann solver to solve the generated
Riemann problem, then the outgoing wave fronts are physical waves, denoted by 71, v2 and 73,
respectively. Otherwise, if the simplified solver is adopted, then the outgoing physical waves
are denoted by «; and 7;. Meanwhile, a non-physical wave is also introduced, denoted by &y,,.
By a standard process, see [1, p.133], we can obtain the wave interaction estimates for the weak
waves by the following lemma.

Lemma 4.1 If the accurate Riemann solver is adopted, then it holds

Yi =i + OW)eil|Bi], v = B + O()|aillB5] - for i #j (4.1)

and
Vi = ai + B + O)|ail[B5]  fori=j, (4.2)
ve=O0)|aillBsl, €#1,]. (4.3)

If the simplified Riemann solver is adopted, then it satisfies that

Vi =i, =B forl1<i##j<3,
orvi=a; +0;, 1<i=j<3, (4.4)
enp = O(1)]e||B5]-

4.2 Interaction between the strong 1-shock and a weak 1-wave from right

In this case, we assume that a 1-weak wave «; interacts with the strong 1-shock wave s; from
the right. Let (U, Un) = (51,0,0) and (U, U,) = (1,0,0), where U; € O (Uy), Uy, U, €
O(Uz). From the construction of the wave front tracking algorithm, the accurate Riemann
solver is adopted, and the generated wave fronts are denoted by s/, 72 and 73, respectively (see
Figure 2). Then we can obtain the following estimates.

Lemma 4.2 Assume that U;,U,, and U, are described as above. Then the generated Rie-
mann problem with the left state U, and right state U, is solved by a strong 1-shock sy, a weak
2-wave vyo and a weak 3-wave 3. Moreover, it holds

si=s1+Kgon, 72=Kg,om, v3=K,o, (4.5)

where K, and K, are bounded, depending only on the system and background solution, more-
over, Ky € (—1,1).
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Figure 2 A weak 1-wave interacts with a strong 1-shock wave from right.

Proof From the definition of ®, it yields that
(I)((I)(Ul7 51, 07 0)7 at, 07 O) = (I)(Ul7 5/13 V2, 73) = UT' (46)

Based on Lemma 2.2, one can obtain that

o®(Uy; 81, 72,73) _ det(AU (s19), Ara(Us), Ar3(Us))

< 0.
A(s1,72,73)  Isi=s10,72=72=0 det A(Us)

By the theorem of the implicit function, close to the point (s, 1) = (s10,0), there exist C*
functions of (s1, ) such that

sy =s1(s1,a1), 2 =72(s1,01), s = 381, ).
Using Taylor’s expansion formula, one can derive that

sy = s (s1,01) — 81 (s1,0) + s (51,0) = Kg, a1 + 81,
Yi = 7i(s1,01) —7i(51,0) +7i(51,0) = Ky, i=2,3,
where s/ (s1,0) = s1 and y2(s1,0) = v3(s1,0) = 0.

Next, we will show that K,
yields that

i=1,2,3 is bounded. Differentiating (4.6) with respect to ay, it

oU, 9sy  OU; Oya  OU, dvy3 _ OU,
ds) Oy Oye Oy Oy3 Oy Oy’

(4.7)

Multiplying (4.7) with A(U,) from left, letting s = s19, @3 = 0 and U, = Us, one can obtain
that

o5 9 9
1 F Ary (Up) 222 F Ary (Up) 222 = Ari(Uz). (4.8)

301 s$1=810,01 =0 8011 s1=810,01=0 8011 $1=810,01=0

AU

Therefore, from (4.8) and Lemma 2.2, we can formulate

Ko lorars oy = Jet(AT1(Ua), Ary(Us), Ars(U3))

det(AU (s10), Ara(Us), Arz(Us))
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8pac2(A1(Uz) — s10)
(’7 + 1)[)1 (U2 — ul)((7 — 1)’(1,2 — (’7 — 3)U1 + 202 — 2810)7

det(AU (s19), Ary (Us), Ars(Us))

det(AU(Slo), AT‘Q(UQ), AT‘3(U2))

_ Ap2(Mi(U2) = s10)((v = 1)p2(uz — u1)® + 2¢3(p2 — p1) — 2p2 + 2p1)
(Y Dprea(si0 — ug)(ug — ur)((y = Dug — (v = 3)ur + 2¢2 — 2s10)”

KS2 |S12510-,061:0 =

det(AU(Slo), AT‘Q(UQ), AT‘l (Ug))

det(AU (s19), Aro(Us), Ars(Us))

_ (s10 = M(U2))((y = 3)us — (v = Dug + 2¢5 + 2510)
(A3(U2) = s10)((v = Dua — (v = 3)ur + 2¢2 — 2s10)

KS3 |812810,0t1:0 -

where

det(AU (s10), Ara(Us), Ars(Us)) U=, s=s10

_ p1p2(sio — u2)(uz — u1)(A3(Uz) — s10) («
(y+Dlr-1)

v — Dug — (v — 3)us + 2¢2 — 2819) > 0,

8p3ca(s10 — u2) (A1 (Uz) — 510)(A3(Uz) — s10)
(v+1)2(v—1) ’

det(Ar1(Ua), Ar2(Us), Ars(Uz)) =

det(AU (s10), Ar1 (Uz), Ars(Uy))

_ 4p3( M1 (Uz) — 510)(A3(U2) — 510)
(v +1)%(y = Dea

det(AU (s10), Ara(Us), Ar1 (Uz))

_ 209 =) (g (- ) L +L]+ Su?lp))

(v = Dp1(uz — u1)® +2¢3(p2 — p1) — 2p2 + 2p1),

v+1 v—1 2 2 U=ty
_ papa(s10 — uz)(s10 — M (Uz))(u2 — ur)((y = 3)us — (v — Dug + 2¢5 + 2510)
(y+Dv-1)
Since )\3(U2) > S10 > /\1(U2), S10 < U2 and
s10 — A1 (Uz)
0< ———— <1, 1<~vy<L3,
A3(Uz) — s10 7
(v = 3)uy — (v — Duz + 2¢2 + 210 T1= 4co 50
("y l)u (’}/ 3) + 2¢co — 25710 (’}/ — 3)(’&2 — Ul) + 2(U2 + co — 510) ’
(v =3)ur — (v — Duz +2¢2 + 2519 _ 2((y = 3)(u1 — uz) + 2(s10 — u2)) <0
(v = Dug — (7 — 3)u1 + 2¢2 — 2510 (v — 3)(ug — u1) + 2(uz + c2 — $10) ’

we have Kg,| v,=v,, € (—1,1). Since Kj,, i = 1,2,3 are continuous with respect to s, oy
81=810,1= =0

and U,, we can demonstrate that Ky, € (—1,1) and Kj,, K,, are bounded.
Therefore, the proof of this lemma is completed.

4.3 Interaction between the strong 1-shock wave and a weak i-wave from left

Assume that the left state U; is connected to the middle state U,, by a weak i-wave, and
the state U,, is separated from the state U, by a strong 1l-shock with the speed s;, where
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U, Up, € O-(Uh), Uy € O:(Us). Then the generated wave fronts are a new strong 1-shock wave
s}, a weak 2-wave v2 and a weak 3-wave ~y3, respectively (see Figure 3). Therefore, we can
obtain the following estimates.

Figure 3 A weak i-wave interacts with a strong 1-shock wave from left.

Lemma 4.3 It holds that
sh =81+ I?glai, Yo = I~(Si2ai, vy = I~(Si3ai, (4.9)
where f(;] are bounded, j = 1,2,3, depending only on the system and background solution.

Proof As we know,
(I)((I)’L(Ula al)a 51, 07 O) = (I)(Ula 8/17 72, 73) =U. (410)

Since .
det(AU (s10), Ara(Us), Ar3(Uz))

det A(Ug)

the condition of the implicit function theorem is satisfied close to the point (s1,a;) = (s10,0),

<0,

and there exist C! functions such that

51 =s1(s1, ), v2="2(s1,0), 3 ="3(s1,0).
From the Taylor’s expansion formula, one can derive that

sy =81 (s1,0;) — s1(s1,0) + s1(s1,0) = I?;lai + 51,
2 = Y251, 05) — 72(51,0) + 72(s51,0) = K%, o,
v3 = 73(s1, ) —73(51,0) 4+ ¥3(51,0) = f~f§304i7
where s} (s1,0) = s; and v2(s1,0) = v3(s1,0) = 0. In the rest, we will show I~(§j|j:1,2,3 are

bounded. Without loss of generality, we suppose that a weak 1-wave «; interacts with a strong
1-shock wave from left. Differentiating (4.10) with respect to «;, one has
ou, (’9_5’1 U, Oy, | O0U, dys _ OU,

3—5/18051 8’}/2 3(11 8’}/3 3(11 - (9011. (411)
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Multiplying (4.11) with A(U,) from the left, and letting s1 = s19, @1 = 0, U, = Us, it yields

0s)
6041

_ det(Ary (Uy), A(U)rs(Uz), Ars(Us))

et det(AU (s10), Aro(Us), Arz(Uz))
B Ay = DA (U1) = s10)La
(v + Der((y = Dua — (v = 3)ur + 2¢2 — 2s10)”

_ det(AU(s10), Ar1(Un), Ar3 (Us))
SUEY det(AU (s10), Ara(Us), Arz(Us))

_ 4y = DM (Ur) — s10) L2
(v 4 Derea(sio — ug)(ug — ur)((y — Dug — (v — 3)uy + 2¢2 — 2510)

_ det(AU(slg), Are(Us), Arq(Uy))
U det(AU (s10), Are(Us), Ars(Us))

_ 2(y = 1)(p2 — p1)(s10 — u2)(As(U1) — s10)Ls
p2c1(A3(Uz) — s10)(u2 — u1)((v — 2)ug — (v — 3)ur + 2¢2 — 2s10)

872
8a

973
6041

where

det(AU (s19), Ara(Uy), Ars(Us))
_ p1p2(s10 — ua)(uz — u1)(A3(U2) — s10)
=T @+3wiﬁ B2 (v~ Duz — (v = B)ur + 2z — 2s10) > 0,
det(Arl (U1)7ATQ(UQ),AT3(U2))|312510
_ 4p1p2(M(U1) — s10)(u2 — 510)(A3(Uz) — s10)
(v +1)%a

L17

4p1p2(M(Us) — 510)(A3(U2) — s10)

det(AU(Slo), Arl (Ul) AT‘3(U2)) (’}/ n 1) 10 LQ,
. 2,2 _ _ _
det(AU (s10), Ara(Uz), Ar1(Uh)) = Pl (th) ?;Oi-(lf)cl o)z U1)L3
with
1 ) Co ci(c1 + o)
Ll——§(U1—U2) +(u1—u2)(01+7_1)— po
c3—c?

1 1
LQ = (810 — )\1(U1))(—U§ =+ u2co + — —Uf + ulcl) (p2 — p1)+

2 N1 2
1 P2 — P1 c1
= (a(02) = M (0) (208 — o) + 2+ (02 = pr)er (n — —25)).
Ly = U2C1 — uU1C1 + Cf - (510 - Ul)(ul — U2 — Cl).
2 v—1

Therefore, we can obtain that I?;J |j=1,2,3 are bounded, depending only on the system and

background solution.

4.4 Interaction between a strong 2-contact discontinuity and a weak 3-wave from
left

Assume that the leftmost state U; is joined to the middle state U,, by a weak 3-wave as,
and that the states U, and U, are connected by a strong 2-contact discontinuity o2, where Uy,
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Un € O.(Uz) and U, € O-(Us). Let (U, Uy,) = (0,0, a3) and G(Uy,;02) = U,. The outgoing
wave fronts are respectively represented by a weak 1-wave 71, a strong 2-contact discontinuity
oy and a weak 3-wave 73, see Figure 4. Meanwhile, we have the following interaction estimates.

Figure 4 A weak 3-wave interacts with a strong 2-contact discontinuity from left.

Lemma 4.4 It holds that
Y1 = KS4O[37 0/2 =02+ K55a37 V3 = KSﬁa3a (412)

where K, € (—1,1) and K,
solution.

i=s5,6 are bounded, depending only on the system and background

The proofs of Lemmas 4.4—4.5 are omitted in details, see Lemmas 4.2—4.3 in the reference

[6].
4.5 Interaction between the strong 2-contact discontinuity and a weak 1-wave from
right

Suppose that a strong 2-contact discontinuity oo and a 1-weak wave o interact at time
t=71. Let Uy, = G(U;02) and (Uy,, U,) = (aq,0,0), where U; € O, (Uz) and Uy, U, € O.(Us).
The outgoing wave fronts are denoted by a weak 1-wave 71, a strong 2-contact discontinuity o5
and a weak 3-wave 73, respectively (see Figure 5). Then we have the following lemma.

Lemma 4.5 [t satisfies that
m = Ks,a1, 0h=09+ K1, 7v3=Ksa, (4.13)

where Ky € (—1,1) and K, |;=7,s are bounded, depending on background solution.

4.6 Interaction between a strong 3-shock and a weak 3-wave from left

Suppose that the states U; and U, are separated by a weak 3-wave a3 and a strong 3-shock
wave. Let (U, Up,) = (0,0,a3) and (U, U,) = (0,0, s3) where U, U,,, € O (Us), U, € O (Uy).
The generated wave fronts are respectively a weak 1-wave 1, a weak 2-wave 72 and a strong
3-shock wave s4 (see Figure 6). Then we have the following estimates.
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Figure 5 A weak 1-wave interacts with a strong 2-contact discontinuity from right.

Figure 6 A 3-weak wave collides with 3-strong shock from left.

Lemma 4.6 It holds that
7 =Koz, Yo=K, ,as, s5=s3+K,,as,

where K,, € (—1,1), Kg,, and K, are bounded, depending only on the system and background
solution.

Proof As we know, it satisfies that
D(P(U;50,0,03),0,0,s3) = P(U; 71, V2, 85) = U, (4.14)
By Lemma 2.5, one can derive that

0P (Ui; 71,72, 83) _ det(Ar1(Us), Ara(Us), AU (s30))
6(’717’}/27819,) Y1="2=0,8,=530,U;=Us det A(U4)

< 0.

From the implicit function theorem, close to the point (s3,a3) = (830,0), there exist C*
functions of (s3, a3) such that

’71:71(53,043), 722’72(33,053)7 8/325/3(53,013)-
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By Taylor’s expansion formula, it yields that

71 = 71(83,3) — 71(83,0) +71(s3,0) = Ky, a3,
Y2 = ")/2(53,043) - 72(5350) + 72(5370) = K511a37

4 = sh(s3,a3) — s4(s3,0) + s4(s3,0) = Ky ,a3 + s3,

where 71 (s3,0) = 72(s3,0) = 0 and s4(s3,0) = s3.
In the following, we will show Kj,,, K, and K, are bounded. We differentiate (4.14)
with respect to as to derive that

U, Oy1 | OU; Oy2 | OU, 0sy _ OU,
Oy1 Oaz Oy Daz — Osh daz  dag’

Multiply the above equality with A(U,.) from left and let ag = 0, s3 = s309, U; = Us, then it

yields that

0sh
8043

A(Ug)T‘l (U3)% + A(U3)7‘2(U3)%

Bas 9o T (W(Us) = W(Us))

= A(U3)T‘3(U3).

Therefore, one can formulate that

o _ det(A(Us)r3(Us), A(Us)r2(Us), [W])
Oas a?’:[})l’i?’U::?’m o det(A(U:;)T‘l (U3), A(Ug)’r‘g(Ug), [W])
~ (A3(Us) = s30)((v = 3)ua — (v — 1)us + 2530 — 2¢3)
(s30 — A1 (U3)) (7 — 3)ug — (v — )us + 2830 + 2¢3)”
2 _ det(A(Us)r1(Us), A(Us)rs(Us), [W])
Do |s7prs5s30— det(A(Us)r1 (Us), A(Us)r2(Us), [W])

_ 4p3(A3(Us) — s30) L4
(74 Despa(szo — us)(uz — ug) (7 — 3)ug — (v — Dug + 2530 + 2¢3)”
_ det(A(Us)r1(Us), A(Us)r2(Us), A(Us)rs(Us))
R ek det(A(Us)r1(Us), A(Us)r2(Us), [W])
8psc3(A3(Us) — s30)
(v + D)pa(ua — us)((v = 3)ua — (v = Luz + 2530 + 2¢3)’

/
0sy

8a3

where

det(Ary(Us), Ara(Us), AU(Sgo))
- u(z)(jr\ll()[(]i)— 1j30)(U4 ) (2(s30 + c3 —ug) + (v = 3)(ua — u3)) > 0,
det(Ars(Us), Aro(Us), AU (s30))
_ p3pa(sso — u3)(A3(Us) — s30)(ua — ug)((y — 3)ua — (v — Dug + 2830 — 2¢3)
a (y+Dy-1) ’
_4p3(\i(Us) — 530)(A3(U3) — s30)
(v +1)%(y = 1)es
8p3c3(s30 — uz) (A1 (Us) — s30)(A3(Us) — s30)
(v+1)2(v—1) ’
Ly = pa(ua —uz)((y = 3)us — (v — Vug + 2s30) — 2¢3(pa — p3)-

det(Ar1(Us), Ars(Us), [W]) =

L47

det(Ary (Us), Arz(Us), Ars(Us)) =
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Thus, Ks,,, Ks,, and K, , are bounded. Since A\3(Us) > s30 > A1 (Us) and s30 > A2(Us),

we have

us + €3 — S30

0< BT TE0 g
830 + €3 — U3
(v = 3)ua — (v — Dus + 2530 — 2c5 . deg <0
(v = 3)ua — (v — 1uz + 2s30 + 2¢3 2830 + 2¢3 + (v — 3)us — (v — 1)us ’
(v — 3)ug — (v — L)uz + 2830 — 2c3 2((y = 3)(ua — u3) + 2530 — u3)
1= > 0,
(v — 3)ug — (v — )uz + 2830 + 2¢3 2(s30 + ¢35 —uz) + (v — 3)(ug — u3)

which implies that Kg,, € (—1,1). This proof of this lemma is finished.

4.7 Interaction between the strong 3-shock and the i-weak waves from right

Suppose that a weak i-wave «; collides with the strong 3-shock wave s3 from right. Denote
the left and right states of the strong 3-shock by U; and U,,, respectively. The rightmost state
U, is connected to U, by a weak i-physical wave «;, where U; € O;(Us), Uy, U, € O:(Uy).
In other words, (U;,U,,) = (0,0,s3) and U, = ®;(U,,, ;). The generated wave fronts are
respectively a weak 1-wave 71, a weak 2-wave 75 and a strong 3-shock wave s4 (see Figure 7).
Then we have the following estimates.

Figure 7 A weak i-wave interacts with strong 3-shock from right.

Lemma 4.7 [t holds that
:f(;ai, Y2 Zf?;soq, Sg ZI?;Gai+83,
where f(;j, j =4,5,6, are bounded, depending only on the system and background solution.

Proof It is easy to obtain that

;((U1;0,0, s3); i) = ®(Up; 71,72, 83) = Uy,

Since

8(1)(Ul; Y1572, Sé) _ det(Arl (Ug), ATQ(U;),), W(U4) — W(Ug,))
8(7177275/3) Y1=72=0,84,=s30,U;=U3 detA( 4)

>0,



942 M. Ding

from the theorem of the implicit function, there exist some C* functions of (s3, a;) close to the
point (s3, ;) = (830, 0), such that

T =71(83,00), Y2 =72(s3,00), 85 = s5(s3,0).
We employ Taylor’s expansion formula to obtain that

Y1 = Y183, i) — Y1(53,0) + 71 (53,0) = K
Yo = y2(53, ;) — Y2(s3,0) + Y2(s3,0) = K?_a,

st = s5(s3, ;) — sh(s3,0) + s5(s3,0) = I?gﬁai,

where v1(s3,0) = 72(s3,0) = 0 and s5(s3,0) = s3. Similarly to the proof of Lemma 4.3, we can
also prove that K , j = 4,5,6, are bounded.

4.8 Interaction between the strong 1-shock and a non-physical wave from left

Suppose that a strong 1-shock wave s; interacts with a non-physical wave e, from right.
Assume that the leftmost state is U;, and the strong 1-shock separates the state U, from the
state U,. Then €,, = |U,,, — U;| and U, = ®1(Uy,, s1). From the construction of the simplified

Riemann solver, the outgoing physical wave is a strong 1-shock s, and a new auxiliary wave is

/

denoted by ¢,

as shown in Figure 8. Meanwhile, we have the following interaction estimates.

~

snp' S1
0} x

0]

Figure 9 A non-physical wave collides with a strong 2-contact discontinuity from left.

Lemma 4.8 It holds that

/o ! 1
81 =81, Epp =K pEnp,

where K,llp is bounded, depending only on the system and background solution.
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Proof From the definition of simplified Riemann solver, one has

/
51 = S1,

enp = [21(U1,51) = Up| = |®1(Uy, 1) — ©1(Unm, 51)| = KUt = U | = K.
Therefore, the boundness of K,llp follows easily, and we complete the proof of this lemma.

4.9 Interaction between a non-physical wave and the strong 2-contact discontinuity
from left
Suppose that the strong 2-contact discontinuity oo interacts with a non-physical wave &),
and that the state U,, is joined to the state U, by a strong 2-contact discontinuity o, i.e.,
G(Up,02) = U,. Let the leftmost state be Uy, then e, = |U; — Uy,|. In this case, the outgoing

/

waves are respectively a strong 2-contact discontinuity o3 and a non-physical wave e},

see
Figure 9, and the interaction estimates are given by the following lemma.

Lemma 4.9 It holds that
ol = 09, silp = Kﬁpanp,
where Kﬁp is bounded, depending only on background solution.

The proof of this lemma can be found in [6, Lemma 4.4].

4.10 Interaction between the strong 3-shock and a non-physical wave from left

Suppose that a non-physical wave e, interacts with a 3-strong shock wave s3 from the left.
From the construction of simplified Riemann solver, the outgoing physical wave is a strong
3-shock wave s3, and the auxiliary non-physical wave is denoted by ), (see Figure 10). In a
similar way to the argument of Lemma 4.8, we can draw the following interaction estimates.

Figure 10 Non-physical wave collides with a strong 3-shock wave from left.

Lemma 4.10 It holds that
/o r 3
S3 =83, Epp = K} pEnp,

where K,?;p s bounded, depending only on the system.
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Due to the construction of the approximate solutions, there is at most one of the following
interactions occurring at time 7.

Case 1. Two weak waves, denoted by a; and ;, 1 <14,j < 3, interact at time 7.

Case 2. A 1-weak wave, denoted by «;, interacts with the strong 1-shock wave from right.

Case 3. A weak i-wave «; collides with a strong 1-shock wave from left, i = 1,2, 3.

Case 4. A weak 3-wave ag interacts with a strong 2-contact discontinuity from left.

Case 5. A weak 1-wave «a; collides with a strong 2-contact discontinuity from right.

Case 6. A weak 3-wave ag interacts with a strong 3-shock wave from left.

Case 7. A weak i-wave «; interacts with a strong 3-shock wave from right.

Case 8. A non-physical wave ¢, collides with a strong 1-shock wave from left.

Case 9. A non-physical wave e, interacts with a strong 2-contact discontinuity from left.

Case 10. A non-physical wave €, collides with a strong 3-shock wave from left.

Case 11. A non-physical wave &, interacts with a weak i-wave from left.

We denote

i ]| 81, Case 1,
|, Case 2 or Case 5,
lay], i=1,2,3, Case 3 or Case 7,
E, (1) = (4.15)
|as], Case 4 or Case 6,
[enpls Case 8-Case 10,
|ail|enpls Case 11,

which measures the decreasing of the Glimm functional in Section 5.

5 Monotonicity of the Glimm Functional

In this section, we construct a new Glimm functional and prove its monotonicity based on
the local wave interaction estimates in Section 4. Then the convergence of the approximate
solutions is achieved by a standard procedure. Since the initial state is not a constant, we need
to consider the interactions between the strong shock waves (2-contact discontinuity) and weak
waves from left and right (see Lemmas 4.2-4.7) in the Glimm functional. We first define the
approaching waves as follows.

Definition 5.1 (Approaching Waves )

o (i, Bj) € A1 : Two weak waves a; and fB; (i,j € {1,2,3}) located at points x., and xg,
respectively, with xo, < xg,, satisfy at least one of the following conditions:

(i) i > j; (ii) @ = j and one of them is a shock; (iii) o is a non-physical wave.

o a; € Ay, : A weak i-wave «; is approaching a strong 1-shock wave if (o, ta;) € Q1,
i=1,2,30ri=1 and (za,,ta,) € Qa;

e a; € Ay, i A weak i-wave «; is approaching a strong 2-contact discontinuity if (x4, ,ta;) €
Do, 1=3, or (Ta,,ta,) € Q3,1 =1;

o a; € Ay, 1 A weak i-wave «; is approaching a strong 3-shock wave, if (Tq,;,ta;) € Qs,
i =3, or (To;,ta;) € U, 1 =1,2,3, with

O ={(z,t) : x < x1(t),t > 0},
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Do ={(z,t) : x1(t) < & < x2(¢),t > 0},
Qs ={(z,t) : x2(t) <& < x3(t),t > 0},
Q= {(x,t) : x> x3(t),t > 0},
where the curves of the strong 1-shock wave, strong 2-contact discontinuity and the strong 3-

shock wave are respectively denoted by x = x1(t), © = x2(t) and z = x3(t).

Remark 5.1 The approaching waves in A; are in fact the original approaching waves
between weak waves (see Lemma 4.1).

Now we define a weighted Glimm functional F'(¢) as follows:

L;(t) = Z{|al| : a; is a weak i-physical wave}, i=1,2,3,
L,(t) = Z{|5np| : €np 18 a non-physical wave}, L, (¢ Z Li(t) + Lyp(t)

Ls(t) = Z {Is1 — s10| + |o2 — o20| + [s3 — s30| : si is the velocity of the strong i-shock
and oo measures the strength of strong 2-contact discontinuity}

Z{|al||ﬁj : al?ﬁj) S Al} QlL Zﬂal a; € “4817 (xaw th) € Ql}

Qir(t) = Z{|a1| ra1 € Asy, (Tass tay) € D2},

(t) )
Qar(t) =Y {las|: a3 € Aq,, (Tay, tay) € Q2},
Q2r(t) =Y {loa|: a1 € Agy, (Tay tay) € s},
Qsr(t) =Y {las|: a3 € Ay, (Tay tay) € s},

(t)

(t)

Q3R t — Z{|al| : ai e AS37 (xamtaqy) e 94}7

L(t) = Lu(t) + Ls(2),

Q1) = KoQo(t) + K1Q11(t) + K2Qur(t) + K3Qar(t) + KiQ2r(t)
+ K5Q31(t) + KeQsr(t) + Qup(t),

F(t) = L(t) + KQ(1),

where K and Ky are sufficiently large, and Kj|1<;<¢ are determined by the following inequalities

Ks|Ky,| — Ky < —M,, (
K3|K: | — Ky < =M., (
Ko|Ks,| + K5|Ks,| — K3 < —M,, (
Ks| K, | + K5|Ksy| — K4 < — M., (
K4|Kq,,| — K5 < —M,, (
Ky|K! |- K¢ < —M,. (
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Remark 5.2 M, is a positive constant, depending on the background solution. Since the
reflection coefficients are continuous with respect to U under some small perturbations of the
background solution, (5.1)—(5.6) are still valid.

In the following, we prove that the Glimm functional is decreasing based on the local inter-
action estimates. Before the interaction time 7, we give the inductive hypotheses:

A (7—): Before 7, there exist a strong 1-shock wave sgk), a strong 2-contact discontinuity
aék) and a strong 3-shock wave sgk), satisfying sgk) € Oc(s10), aék) € Oc(090) and sgk) € O:(830),
whose curves are respectively denoted by ng) (t), ng)(t) and xgk) (t), which divide the whole
domain into four regions: ng), ng), ng) and Qflk), where

(k)

QM = {(z,t)]z < P (), < t < 7},
Q) = {(@. )V 1) <z <XV (0), 7 <t <7,
Q) = {(@. ) (1) <z < x§V(0). 7 <t <7,
QM = {(@, )z > ), <t <7}

As(7—): Before T, U(k)(x,t”ggk) € O (Uh), U(k)(di,tﬂﬂék) € 0:(Uy), U(k)(di,t)|ﬂ(3k) S
Oc(Us) and U™ (x,1)] o) € Oz (Ua).

Remark 5.3 Suppose that two waves interact for the k-th time at time 7, and let 7, be
the last interaction time to 7.

Theorem 5.1 Suppose that A1(7—) and Ax(T7—) hold for any interaction time 7. Then,
there exists a positive constants 61 such that if

F(r—) < &1, (5.7)
then,

Qr+) ~ Q(r-) < 5 By (7) (53)
and

F(r4) = Flr=) < =B (7). (59

Proof Based on all the possible local interaction estimates, the proof can be divided into
the following several cases.

Case 1. Interaction between the weak waves.

Suppose that the two weak waves c; and f; interact at time ¢ = 7. If the accurate Riemann
solver is adopted, then the generated fronts are physical waves, denoted by v, [ = 1,2,3,
respectively. If the simplified Riemann solver is adopted, then the auxiliary non-physical wave
is denoted by €,,,. Based on Lemma 4.1, we have

3
Y Li(r+) = Li(r=) = OW)laillB)]:  Lup(7+) = Lup(m=) = O(1)]ail 551,
=1

Luy(m4+) = Ly(7—) = O(l)|ai||ﬁj|a Ls(m+) — Ls(t—) =0,
F(r+) = F(r—) = Ko(O(1)]ei|[8;|Le(7—) — |eu]|B5]) + O(1)|es| B; 1.
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When L, (7—) is sufficiently small, one can choose K and K large enough such that
1
F(r+) = F(r=) < = lail|B;].

Case 2. Interaction between the strong 1-shock and the weak 1-wave from right.
Based on Lemma 4.2, one has

3
Li(m+) = La(7—) = —|eul, ZL m+) Z =) = (Ko | + [Kgs[)|aal,
-) <

an(7+) — Lnp(7—) =0, LS(T+) Ly(r | — 51| = [Ky, ||l
Q(T+) — Q(7—) = Ko(|v2| + [v3] — la1|) Luw(T—) — Ka|ai| + Ka|ya]
< O)|a1|Lu(r—) + (K3|Ks, | — K2)|ou],

provided that L,,(7—) is sufficiently small and (5.1) holds. It satisfies

Qr+) - Q(r-) < ~3aal.

When K is chosen suitably large, we have

Qr+) - Q(r-) < ~laul.

Case 3. Interaction between the strong 1-shock wave and the weak i-waves from left.

Based on Lemma 4.3, one has

3
Y Li(rt) = Y Lilr—) = (IKL| + K| = Dlail,

i=1 1
an(T"’) - an(T_) =0, LS(T+) - LS(T_) < |S€L - 51| = |I?;1||O‘i|7
Q(t+) — Q(7—)

= Ko(|v2| + |ys] — ai|) Lu(7=) — Ki|o| + K3y
O()|ai| Ly (1) + (K| K., | = K1)l

3
1=

Therefore, when L,,(7—) is sufficiently small and K5, K3 are chosen by (5.2), it yields

Q) ~ Q(r-) < —glail.

So, when K is suitably large, one can obtain that

Flr4) — F(r—) < —£|ai|.

947

Case 4. Interaction between the strong 2-contact discontinuity and the weak 3-wave from

left.
Based on Lemma 4.4, it satisfies
Li(t+) = Li(t—) = Im| = K llas|,  La(m+) — Lao(7—) =0,
Ls(t+) — Ls3(7—) = (|Ks| = D]as|,  Lnp(T+) = Lnp(7—) =0,
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Lo(m+) = Ls(7—) = |05 — 00| — o2 — 020| < |05 — 02| = | K, |,
Q(t+) — Q(7—) = Ko(|n| + [ra] — |as|) Lw(T—) + Ka|y1| + Ks|vs| — K3|as]
< O)|as|Ly(T=) + (K2|Ks,| + K5| K| — K3)|as].

When L, (7—) is sufficiently small and Ko, K3, K5 satisfy (5.3), one has
1
Q(T+) —Q(1—) < —§|043|-
Thus, when K is suitably large, it yields

F(r+) — F(r—) < —i|o<3|.

M. Ding

(5.10)

Case 5. Interaction between the strong 2-contact discontinuity and the weak 1-wave from

right.
Based on Lemma 4.5, one can obtain

Li(m4) = Ln(7=) = ([Ks;| = Dlaua|,  La(74) = La(7—) = Lnp(1+) = Lnp(7—) = 0,

La(t+) = La(1—) = |[Kyllaa|,  Ls(m+) = Ls(7—) = [Kyseal,
Q(t+) — Q(t—) = Ko(|Im| + [v3| = laa|) Lw(7—) + Ka|n1| + Ks|7vs| — Kalou |
< O] Lu(T=) + (K| K | + K[ Koo | — Ka)laa |-
Therefore, when L,,(7—) is sufficiently small and (5.4) holds, one can derive
F(r) = F(r=) < ),

provided that K is sufficiently large.
Case 6. Interaction between the strong 3-shock and the weak 3-wave from left.
Based on Lemma 4.6, one can obtain

Li(t+) = Li(7=) = [m| = |Kslles|,  La(7+) — La(7—) = [r2| = [ Koy, ||es],
Ls(t+) = L3(7—) = —|as|,  Lup(T+) = Lap(7—) =0,
Ly(m+) = Ls(7—) = |55 — s30| — [s3 — s30| < |85 — s3] = [ Ky, [[es],

Q(t+) — Q(1—) = Ko(|n| + 72| — |as]) Luw(T—) + Kaly1| — Ks|os|

< O(D)|as|Luw(7—) + (Ka| Ky | — K5)|as].
If L, (7—) is sufficiently small and (5.5) holds, then
1
Qr+) — Qr-) < — 3o,
When K is suitably large, it satisfies
1
F(r+)—F(r—) < —Z|o<3|.

Case 7. Interaction between the strong 3-shock and a weak i-wave from right.
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Based on Lemma 4.7, one can obtain

3 3
ZLz ) = > Li(m=) = Il + el — las] = (KL |+ KL | = Dles],
1=1
Lp(T+) = Lup(7—) =0,  Ly(7+) — Ls(7—) < |K ||ol,
Q(T+) — Q(7— ) (|71|+|72| vi]) Ly (T—) + Kalyi| — Kool

O(M)]ai| Lo (1) + (Ka| KL, | = Kg)lewi]-
When L, (7—) is sufficiently small and (5.6) holds, it yields
1
Qr+) ~Q(r—) < —foul.
If K is suitably large, then it satisfies
1
Flr4) - F(r-) < —lai].

Case 8. Interaction between the strong 1-shock wave and a non-physical wave from left.

Based on Lemma 4.8, one has

Li(t+) — Li(t—) = Ls(7+) — Ls(v—) =0, i=1,2,3,
Lup(T4) = Lup(7=) = (| K| = Dlenpl,  Qr+) = Q(7—) = —eny].

When K is suitably large, it holds
1
F(r+) = F(7=) < ~|eugl.

Case 9. Interaction between the strong 2-contact discontinuity and a non-physical wave
from left.
Based on Lemma 4.9, one has

Li(t4+) — Li(t—) = Ls(t+) — Ls(7—) =0, i=1,2,3,
Lp(T4) = Lup(7=) = (IK2,| = Dlenpl, Q(7+) — Q(7—) = —lenpl-

When K is suitably large, it holds
1
F(r+)—F(r—) < —Z|anp|.

Case 10. Interaction between the strong 3-shock wave and a non-physical wave from left.
Based on Lemma 4.10, it holds

Li(t+) — Li(t—) = Ls(7+) — Ls(7—) =0, i=1,2,3,
Lyp(T+) = Lyp(7—) = (|K13;p - 1)|5np|7 Q(T+) —Q(1—) = _lgnp|~

When K is suitably large, it yields

Flr4) = F(r-) < ~4lensl
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Case 11. Interaction between a weak i-wave and a non-physical wave from left.

As shown in Bressan [1], when a weak i-wave «; interacts with a non-physical wave &,
the generated physical i-wave and non-physical wave are respectively denoted by v; and E;lp, it
holds

Vi = Qg E;zp = Enp + O(l)lai||gnp|'

Then we can derive
LZ(T+) - LZ(T_) = LS(T+) - LS(T_) = 03 1= 17 27 37
Lyp(T+) — an(T_) = 0(1)|ai||5np|7
Q(T+) — Q(1—) = KoQo(7+) + |e7,,] — KoQo(T—) — |eny|
= _K0|O‘i||5np| + O(l)lai||5np|'

Thus, when Ky and K are suitably large, it holds

Q) — Q(r-) < ~glaillens
and .
F(r+) = F(m=) < —lailleny|-
In conclusion, we complete the proof of this theorem.
From Theorem 5.1, we can conclude the following proposition.
Proposition 5.1 Under the assumptions Ai(7—) and As(7—) given by Theorem 5.1, if
F(1—) < 01, then there exists a positive constant € such that
|U(k+1)(x,t)|9<lk+1) — U] <e¢, |U(k+1)(x,t)|9;k+l) —Us| <e,
|U<k+1>(x,t)|ﬂék+1) —Us| <, |U(k+1)(x,t)|9ik+1> — Uyl <,

k+1 k+1
) e

- S1O| < g(g)v |U - UQO| < ?(5),

k+1 ~,
S — ga0] < E(e).

6 Estimates on the Approximate Strong Fronts

In this section, we make some further estimates to study the total strength of the strong
wave fronts of the approximate solution U"(z,t). First, we give the estimates for E, (7).

Lemma 6.1 There exists a positive constant My, independent of v and U¥ (x,t), such that

> E,(r) < M, (6.1)
>0
where the summation is taken over all interaction times and E, (7) is defined by (4.15).
Proof From Theorem 5.1, we know that for any 7 € (14—1, Tk+1), k > 1, it holds that

Tk+1

F(Tk+1_) — F(Tk_l—l—) < —i Z EV(T). (6.2)

Tk—1
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Then, summing (6.2) with respect to k, we have

SN Ey(r) <4 (F(r—) — F(met)) < 4F(04) < o0.
k>1Trp—1 k>1

Hence, the proof of this lemma is completed.
Next, we will present some estimates of the strong wave fronts as follows.

Lemma 6.2 There exists a positive constant Ms, independent of v and U¥ (x,t), such that

TV.{s;() st €[0,00)} = > s\ —sM| <My, j=1.3. (6.3)
E>1

Proof From the local wave interaction estimates involving the strong shock waves as shown

in 5, it holds that
k+1 k
DI s < MY B (r) < M,
k>1 E>1
where M and M, are positive constants, depending on the system, independent of v and
U (x,t).

Finally, by Theorem 5.1 and Lemma 6.1, we have the following lemma.

Lemma 6.3 There ezists a positive constant Ms, independent of v and U" (z,t), such that

TV {37 () 1t € (0,000} = 3 o3 — 0| < M. (6.4)
E>1

By Theorem 5.1, the proof of the convergence of the approximate solution U¥(z,t) is a
standard procedure, also see [1, 3]. The proof of Theorem 1.1 is completed.

Finally, we can make the conclusion of this article as follows.

Theorem 6.1 Under the assumptions of the main theorem, there exist a subsequence {U" (x,t)},
a BV function U(z,t) and x;(t) € Lip(R+,R), satisfying x;(0) =0, j =1,2,3, such that

(i) U¥(z,t) converges to U(z,t) a.e. in R2, and the limit U(x,t) is a global entropy solution
to system (1.1) and (1.4);

(ii) Xg»k)(t) converges to x;(t) uniformly in any bounded t interval, j =1,2,3,;

(iii) s§k) converges to s; € BV(R4) a.e., and x,(t) = fg sj(s)ds, 7=1,3.
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