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Ricci-Bourguignon Flow on Manifolds with Boundary

Hongbing QIU!  Angiang ZHU?

Abstract The authors consider the short time existence for Ricci-Bourguignon flow on
manifolds with boundary. If the initial metric has constant mean curvature and satisfies
some compatibility conditions, they show the short time existence of the Ricci-Bourguignon
flow with constant mean curvature on the boundary.
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1 Introduction
The Ricci-Bourguignon flow is

%g(x,t) = —2Ric(x, t) + 2pR(x, t)g(x,t), (x,t) € M x[0,T), (1.1)

where Ric is the Ricci tensor of the manifold, R is the Scalar curvature and p is a constant.
This flow, which is a generalization of the Ricci flow, was introduced by Bourguignon [2]. For
the study of the Ricci-Bourguignon flow, see [4-6, 11]. Catino et. al. [3] proved the short-time
existence of solutions to the Ricci Bourguinon flow on closed manifolds.

There are plenty of works on the geometric flows on compact manifolds with boundary.
Hamilton [7] showed the short time existence to the harmonic map heat flow from manifolds
with Dirichlet, Neumann and mixed boundary by inverse theorem. Shen [13] proved the short
time existence of the Ricci flow on compact manifolds with umbilic boundary. Later, Pulemotov
[12] obtained a short time existence for Ricci flow on compact manifolds with boundary of
constant mean curvature. Gianniostis [9] derived the short-time existence and uniqueness of
the Ricci flow prescribing the mean curvature and conformal class of the boundary.

Inspired by the previous works, we attempt to study the corresponding existence problems
for the Ricci-Bourguignon flow. We obtain the following short time existence for the Ricci-

Bourguignon flow on compact manifolds with boundary.
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Theorem 1.1 Let (M, go) be a Riemannian manifold with constant mean curvature Hy on
the boundary. Suppose that u(t) is a smooth real value function on [0,00) with u(0) =1 and
go € C*3(M). In addition on OM x {0}, the metric go satisfies the compatibility conditions

Ric(go)pn = 0, (1.2)

where B denotes the tangent direction and n denotes the normal direction with respect to metric
2+a

go. Then for p < ﬁ, there exists a Ricci-Bourguignon flow g(t) € C?*T%=5 (M x [0,T))

such that the mean curvature H(x,t) satisfies the boundary condition
H(x,t) = p(t)Hy (1.3)
for all (z,t) € OM x [0,T] and g(t) converges to go in the geometric C*+%(M) sense as t — 0.

Remark 1.1 When p = 0, the Ricci-Bourguignon flow becomes the usual Ricci flow. Hence

the above Theorem 1.1 generalizes a result in [12].

In [12], the W/-estimate (see [12, Lemma 2.6]) plays a very important role in the proof
of the short time existence of the Ricci flow. Therefore it is natural to ask whether a Wé—
estimate holds for the Ricci Bourguignon flow. However, the case of the Ricci-Bourguignon
flow is harder to deal with than the Ricci flow since we now have an additional term Rg. And
unfortunately we could not apply the theorem in [12] to the Ricci-Bourguignon flow on manifolds
with boundary. Instead, we show the short time existence of the DeTurck Ricci-Bourguignon
flow by inverse function theorem and obtain the short time existence of the Ricci-Bourguignon
flow by DeTurck’s trick (see Section 3 for details). The precise statement of the short time
existence for the DeTurck Ricci Bourguignon flow on compact manifolds with boundary is as

follows.

Theorem 1.2 Let (M"™,g(0)) be a Riemannian manifold with boundary. Consider an ar-
bitrary family of background metrics g € C°(M x [0,00)) that satisfies the zeroth-order com-
patibility condition §(0) = g(x,0). Then for p < 5 there exists a solution g(t), t € [0, T

for the DeTurck Ricci-Bourguignon equation o
0rg = —2Ric+ 2pRg + Ly (4,59, (1.4)
with the boundary conditions
W(g,9)n =0,
on oM { 9om =0 (1.5)

1 g g
Aap = S1(E)(Gar (2, 1)997 Al90) s (%) + gy (2, £)95” () Alg0)oa (),
where W(g, 9)1 = girg" (T'(9)py —L'(9)pg)- Aap is the second fundamental form on the boundary
OM and Lyy (459 is the Lie derivative along the vector field W. The solution is C*° on My —
OM x {0}, and is 02+5‘=2+TQ(M x [0,T)) if the g(0) satisfies the compatibility conditions (1.2)
and p(0) = 1.
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The organization of this paper is as follows. In Section 3, we introduce the DeTurck Ricci-
Bourguignon flow and show the relationship between the Ricci Bourguinon flow and the DeTurck
Ricci Bourguinon flow. In Section 4, the solvability of a linear parabolic initial boundary value
problem is obtained. In Section 5, by classic inverse function theorem, we prove the short time

existence of the DeTurck Ricci-Bourguignon flow on the compact manifold with boundary.

2 Notation

In the following, we use Greek indices for the directions tangent to the boundary and n for
the direction of the inner unit normal vector with respect to the metric g(0). We use T for the
symmetric (0, 2) tensors on M and Tpps for the restriction of the bundle 7 to OM. Let F denote
the subbundle of Taas consisting of all 7 € Taas such that 7,8 = 0 for o, =1---n —1 and
Nnn = 0. Let F* denote the orthogonal complement of F with respect to the metric g(0). Prz
is the orthogonal projection on the subbundle F. We use a * b to denote the linear combination
of the tensors a and b. My denotes M x [0,T).

3 The DeTurck Ricci-Bourguignon Flow

In this section, we consider the relationship between DeTurck Ricci Bourguignon flow and

the Ricci-Bourguignon flow. The DeTurck Ricci Bourguignon flow is

0
9= —2Rc+ 2pRg + Ly (g.4)9, (3.1)
where W (g(t), 1) = g(t)irg())"(D(g(t), — D(@(1))j,). Tn this paper, § € C(M x [0,00)) is

a family of smooth background metrics that satisfies the zeroth-order compatibility condition
9(0) = g(x,0). Suppose that g(t) is a solution to the DeTurck Ricci-Bourguignon flow with

boundary condition

Preg(z,t) =0,
on OM { A,(9(t)) = 2 (g(4),037 A% + 9(8)3,637 A%, (32)
W(g(t))n = 0.

Since Prrg(z,t) = 0, we have g(z,t)an = 0. Hence on the boundary, the inverse matrix of g;;
-1 _ go‘ﬂ 0

Hyy(z,t) = g(t)*" A(g(t))ap = n(t)Hg, = pu(t)Ho.

is

So the mean curvature is

By the theory of ordinary differential equation, there is a one-parameter transformation ¢(t) :
M — M satisfying

do(t, z)
dt

=-—W(t,x)
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with initial condition ¢(0,2) = 2. On the boundary, since W (g(t)), = 0, we have ¢(t) : IM —
OM. Since g(t) is a solution of the DeTurck Ricci-Bourguignon flow, ¢*(¢)(g(t)) satisfies the

Ricci-Bourguignon equation

w_d) ( Bi))ﬂb()( wy(t))

= —2Ric(¢(t)*(g9(1))) + 2pR(4(t)* (g(1))).

The mean curvature on the boundary of the metric ¢*(g(t)) is

Heye(1)(g0)) (%) = Hyey (6(t)(2)) = p(t)Ho.

So if g(t) is a solution to the DeTurck Ricci-Bourguignon flow with the boundary condition (3.2),
then ¢(t)*(g(t)) is a solution to the Ricci-Bourguignon flow with constant mean curvature. As

n [12], the boundary condition (3.2) is equivalent to

{P’f’]—‘g(t) =0,

1 3.3
Prrs (g™ (,1)(9(0)nn) 2 VAV g2, 1)) — C(g(2, 1)) = 0, ¢3)

where ( is a symmetric (0, 2)-tensor

G (92 8),1) = — (1) (9(0)nn g™ (2, 1)) F (g (2. 1)g (0 () AL () + g (, )9(0) 77 AL,,)
+ 9(0)ng™ (@, 1) (g (2, 1)g(0)7 () A% + g (2, 1)g(0)77 AL,
Cun(9(@,1),1) = ~2gun(@, O)(1(t) (9(0)nng™ (2, 1)) H (2, 0)
+ 9(0)2ng"™™ (2, )(T2 (90) — T2 (3(0))) — g°%(£)9(0) 2T G(1))),

and Can(g(x,t)) =0, z € OM, t €[0,T).
In the following, we only consider the DeTurck Ricci-Bourguignon flow (3.1) with the bound-
ary condition (3.2).

4 A Linear Parabolic PDE with Initial Boundary Value Problem

In this section, we consider the existence of the linearized DeTurck Ricci-Bourguignon flow

on manifold with boundary. The main theorem is in the following.
Theorem 4.1 Consider the following linear parabolic initial boundary value problem on
symmetric 2 tensors on M,

8;;k — A, + 2p(A(tru) — ViV us)gin + Mi(g, 0;9) * Vu(z,t)

+ Ma(g,0ig,0539) * u(x,t) = F(x,t), (x,t) € M x [0,T]

L(g(t))uix =

{Pr}-u(x,t) Prgb(z,t),
on OM o 4(0)
Prps (6" (2, 6)(9(0)nn) FVE u(z, 1)) + My (g, Dig) # u(w, 1) = Prrs bz, ).

u(z,0) =0, ze€ M,
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+2+4+a

where F(x,t) € CH65* (M x [0,T)), Preb(z,t) € CH2H&SE2 (M x [0,T]), Preob(a,t) €

CHITEESE (M % [0,T)) and g(z,t) € CH2H&S5 (M % [0,T)). Suppose F(z,t) and b(x,t)

satisfying the compatibility conditions that are necessary for the existence of a solution from the

class Cl+2+a, 5 (M x [0, T]). Then the initial boundary value problem has a unique solution
< 241+a

u € CPHHE=5" (M % [0, T]) which satisfies the estimate

|U|C2+z+&,2+z+%(MT) < C(|F|CH&’H%(MT) + |PT]:b($’t)|CL+2+@,l+22+& o)

+ |Preob(z,t) (4.1)

|CL+1+@,L+12+6< (aMT)).

Proof The proof is based on Theorem 10.1 in Chapter VII of [10] also see [14]. We only
need to show that the boundary conditions satisfy the complementing conditions (see in of the
book [10, Chapter VII, p.611]). We fix a point (xq,%o) on the boundary M x [0,T], and
choose a coordinate {x;} such that g;;(zo,to) = d;;, where 0, € T,0M, v € {1,--- ,n—1}, and
On(20,t0) is the inward normal vector. Let Ly(g(t)) denote the principle part of the operator
Lig(t)),

_ Ougg,
Lo(g(t))uir = BN

The principal symbol of the operator Ly(g(t)) with coefficients freezing at the point (xo, to)

— A 4 2p(A(tru) — VEV ug) gk

is

(Lo(wo, to, i, p)u)ik = puir + &' Euix — 206> w0k + 208 € Uysbik. (4.2)
j=1
Now we compute the determinant of the principal symbol matrix det Lo(xg, to,i¢,p). Fix a

coordinate system
{u11, 22, Upn, Uip, Uz, =+ U1, Y12, "+ 5 U201 - (4.3)

Then the matrix is

Lo(xo,to;i&,p) = (p + [€])E+ A+ B, (4.4)
1 1 0 0
Y I (45)
0 O 0 0
& & - & L& - &b && - &nobaa
A K B O S s SN Al ICED
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Hence we have

. F G
Co($0,t0§1§ap) = pE+ <0 H> 9 (47)
where F'is an n X n matrix
(1=2p)[e)* + 2087 —2pl€* +2p&5 -+ —=2p|¢]* + 207
—2plEP +2067  (1=2p)[E* +2p&5 - —2pl]* +20€
F= . . . . (4.8)
—2p|&|* + 2p€7 —2plEP +2085 - (1—2p)[E* + 2087

and H is a (n_Ql)n X —(n_Ql)n matrix with H = [£|* E. Now we compute the determinant det (pE+
(" %Y) = det(pE + F) det(pE + H). Obviously,

0 H
(n—1)n
det(pE+ H) = (p+ €)= . (4.9)
We can write pE + F' as
PE+F = (p+[¢*)E + 2paf”, (4.10)
where a = (1 - 1)T and 8= (& — [¢* - & - |§|2)T
’ 1 n .
Note that the vector « is an eigenvector of pE + F,
T T
WE+F) (1 - )T =p+—2m-1pkA (1 - 1" (4.11)

Let V ={y€R" ~T.3=0}. For any v € V, we have

(PE+ F)y = (p+[¢%)v. (4.12)

Note that the dimension of V is n— 1, and a ¢ V. Hence the eigenvalues of matrix pF + F are
p+ [€]? with multiplicity n — 1 and p+ (1 — 2(n — 1)p)|£|? with multiplicity 1. The determinant
of pE/ + F' is

det(pE + F) = (p+ (1 = 2(n — 1)p) &) (p + [¢]*)" . (4.13)

Combining (4.9) and (4.13), we have

. . n(n+1)
Lo(wo, to; i€, p) = det Lo(xo, to;i6,p) = (0 + (1 = 2(n = V))& (0 + €177 ~1. (414
The roots of Lo(xg,t0;i&,p) = 0 are p = —[¢]? and p = —(1 — 2(n — 1)p)|¢|>. The matrix
differential operator E(x,t, 6%, %) is parabolic if p < ﬁ in the sense of Definition 4 in

Chapter VII of [10] with s, =0, ¢, =2, b=1, r = @ This result was obtained in [3].
Since we need to verify the boundary condition satisfying the complementary condition, we
present the above formulas here.

Now, we compute the adjoint matrix of Lo(xo, to;i&, p) which is denoted by 130(:1:0, to; 1€, p).
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Since
L _ (pE+F G
the inverse is
. (pE+F)"! —(pE+ F)"'G(pE + H)™!
Ly (wo, to; 1€, p) = . (4.16)
0 (pE+ H)

Obviously (pE + H)~* E. We compute the inverse of the matrix pE + F. Since

+\£\2

PE+F = (p+[¢*)E + 2paf’, (4.17)
we suppose

(pE+F)™' = ——FE + kaf", (4.18)

1
+ €12
where k is a constant to be determined.

Since

E = (pE + F)(pE + F)™" = ((p + [E) E + 20087) ( E+ kag")

1
(b+1€P)
= B+ Ko+ |67) + ——e + 20k(97 o)™,

2p
(p+IEP) (p+(1-2(n—=1)p)[€]?)
Note that G can be written as

we have k = —

G=an’, (4.19)

where n = (&6, -+ &u1bn G162 - §n—2€n—1)T-

Since the vector a = (1 e 1)T is a eigenvector of the matrix pF + F', we have

(pE+ F)'G(pE + H)™' = (pE + F)_lanT%E
p+[¢]
1

TR+ -2 - D))"

Combining the above, we have

L5 (2o, o1&, p)
1 2p T 1
- - G
p+ |§|2E P+ P+ (1 —2(n— 1)p)|§|2)a5 P+I1E2) P+ (1 =2(n—1)p)E[?)
1
0 P+ [€]?

The adjoint matrix is

Z\o(iﬂo,to;if,p) Lo(wo,t031€,p) - Ly (wo,to; i€, p).
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Next we compute the boundary differential operator matrix B(xo, to; &E, 5 t) By the defini-

tion of the subbundle F, the boundary condition Prg(u)(zo,to) = 0 is equivalent to
uom(ilio, t()) = 0.

In local coordinate, the condition Prp. (g™ (x, t)(g(O)nn)%V%(o)u) = ( can be expressed as

Oug
9" (2,)(9(0)nn)? au 5 1 lower order term = (yp
Tn
and
nn 1 8
" (2, t)(9(0)nn)? —— A " + lower order term = (..
So the indices of the boundary equations in [10, Theorem 10.1] are 0qn = —2, 0pn = —1, 0ap =

—1. Hence the principal symbols of the boundary differential operator at (xzg, to) are

(BO (an tO; igap)u)a,@ = gnn(x()’ 750)(9(9507 O)nn)%lgnuaﬁa
(Bo(zo, to; 1€, p)u)nn = g"" (z0, t0)(9(zo0, O)Hn)%ignunnv

(BO(‘TOvtO;ifvp)u)an =1 uan,

and the matrix of the principal symbol of the boundary operator is

X 0 0
Bo(zo,to;i&,p) = 0 Y 0],
0o 0 Z

where X = C1i{, F is an n X n matrix, Z = C1i{, F is (71_2)2& matrix , ¥ = F is a
(n—1) x (n—1) type matrix and C; = g™ (x0, t0)(g(0, 0)nn) 2. Denote ¢ = (&1, -+ ,&,-1,0) €
Ty eOM, 7 =&, and (0,---,0,1) = v,,. Consider the polynomial Lg(xg,%0;i(¢ + 7v),p) as a
function of 7 on the whole complex plane. It has positive imaginary roots 7 = iy/p + [{[? with

multiplicity ("+1)n —land 7 =i, /55—, + [¢[* with multiplicity 1. Denote

Lot G = (o O S iy [ ). 4

Now we prove that the row of the matrix By(zo, to; i, p) ~,/C\0(x0, to;1€, p) is independent modulo

Lt (xo,t0; ¢, p, ) with respect to 7. We observe that the independence of the row of the ma-
. . CESIN . .
trix Bo(zo, to; i, p) - 50(5507750,15 p) modulo (7 —iy/p +[([?) Yr—i % +¢[?) is

equivalent to the independence of the row of the matrix

Bo(zo, to; i, p) <(p +(1=2(n—=1)p)[¢]*)E - 2paf” G )
o ’ (p+ (1 =2(n—1)p)|¢)*)E

modulo (7 —iy/p + [¢[?)(T — im)-



RB Flow on Manifolds with Boundary 961

If 7 =1iy/p+ |(]?, we have

E 0
(b 2)w+a-2m-vplepe (n—l)pp<0 . p+|<|2E>.

Since Re(p) > —6|¢|? for some 0 < § < min{1,1—2(n—1)p} and |p| + [¢| > 0, we have the row

of the matrix

(b 2)W+0-2- 1P

is independent module (7 —iy/p + [([?) (7 — i, /1_2(2%1” +1¢[?).

Now we prove the rows of the matrix
X ((p+ (1 - 2(n— Dp)|eP)E — 20057

are independent module (7—iy/p + [([?) (7 —i, /=30, + ¢ 2).If 7 = iy/p + [¢[?, the nonzero

solution of the linear equation
((p+ (1 =2(n = 1)p)[¢]*)E — 2pafT) (k1 -+ kn)" =0 (4.21)

belongs to the set V; = span{a}.

If 7 =i, /m + |¢|?, the nonzero solution of the linear equation (4.21) belongs to the

set Vo = {y € R", BT -~ = 0}. Obviously V; NV, = 0. So the row of the matrix

(p+ (1 =2(n—1)p)|Ef*)E — 2pap”

is independent module (7 —iy/p + [([?) (7 — i, /1_2(2%1” +[¢[?).

Since X =iCi7FE, the row of the matrix
X - ((p+ (1= 2(n — Dp)ig*)E — 20087

is independent module (7 —iy/p + [¢[?) (7 —i, /e, + I¢|?), when Re(p) > —4|(|? for some
0<d <min{l,1—2(n—1)p} and |p| + [¢| > 0.

Based on the above analysis, we conclude that
BO(QZOa th I(C + TV),p)EO(ZE(), tO? l(c + TV),p)

are linearly independent modulo the polynomial LT as a polynomial in 7 if the vector ¢ and

the number p satisfy

Re(p) > —3[¢I%. |p| +[¢| >0, (4.22)

l+2+6¢

where 0 < 0 < min{1,1—2(n — 1)p}. Since g(z, t) € ClHta, (M x [0,T1]), the coefficients
of the operator L(g(t)) belongs to the class ol = (M x [0,T)), the coefficients of the bound-
ary operator B(g(t))(w)an are in class CH2+&F= (90 x [0,T]), and the coefficients of the
boundary operator B(g(t))(u)as and B(g(t))(w)nn are in the class CH1+4 S5 (OM % [0,T)).
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By [12, Chapter VII, Theorem 10.1], the linear parabolic initial boundary value problem has a

unique solution wu;; € Cl2+a e (M x [0,T]) and satisfies the following estimate

|u|c2+z+&,2+z+%(MT) S C(|F|CH&’H%(MT) + |b&n|Cl+2+&’H2+d

2 (8MT)
ba . & b . &
+ | a5|cl+1+a,%(aMT) =+ | nn|ol+1+o<,l+12Jr (8MT))

if F(x,t) and b(z,t) satisfy the necessary compatible conditions.

5 A Boundary Value Problem for the DeTurck Ricci-Bourguignon Flow

In this section, we use inverse function theorem to prove the short time existence of the
initial boundary value problem of the DeTurck Ricci-Bourguignon flow. Firstly recall the inverse

function theorem (see [1, Chapter 3])

Theorem 5.1 (see [1, 8]) Assume that £ : U C By — By is a continuous differential map,
where B;, i = 1,2 are Banach spaces and U is an open set in By. If there is a continuous
linear operator A : By — By such that £ (x9)A = idp,, then there is a C' map g from the
neighborhood of yo = E(xg) to the neighborhood of xo such that E(g(y)) = y.

In this section, we denote

E(g(t),t) = 2Ric(g(t)) — 2pR(9(t))9(t) — Lw (g(t),1)9(t)
and
By = {h(x,t) € C2T%*2* (Mp, T) | h(z,0) = 0, d;h(z,0) = 0},
By = {f(x,t) € C%3 (Mr, T) | f(2,0) =0, x € M},
By = {b(x,t) € T(Tons) | bags bun € CTH757 (OM x [0, 7)),
ban € C2FO55(OM x [0,T]), b(z,0) =0, 9:b(z,0)an =0, z € IM}.

Let Bo = B3 x By. As closed linear subsets of Banach spaces, B; and Bs are Banach spaces.

Now we apply the inverse function theorem to the operator

SIUCBl—>BQ,

where £(h(x,t)) = (LLtEURAIMEN) 4 (g, — tE(g(0),0) + h(,1)), Blgo - tE(g(0),0) +
h(z,t)) and U is a neighbourhood of 0 in Bj.
On the boundary 0M, we have

8(90 B tE(g(O)v 0) + h(il?, t))om
ot t=0

- _2Rcom + 2pRgom, + LWgom|t:0 - _2Rcom

since gon(2,0) = 0 and W|;—o = 0. So under the condition (1.2), we have

8(QO - tE(g(O), O) + h(xv t))an
ot

(z,0)=0
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for x € M. Hence under the conditions of Theorem 1.2, the range of the map & is actually in
Bs and £ is well defined.

Assume that T is so small that go —tE(go,0) is a metric on M for t € [0,T"). We also assume
that for all h(z,t) € U, g(t) = go — tE(g(0),0) + h(x,t) is a metric on M. Now we prove that

there is a bounded linear operator
A: BQ — Bl (51)

such that DE(0) o A = id, that is for any (f(z,t),b(x,t)) € Ba, there is only one u € By, such
that
DE(0)(u) = (f(z,1),b(x, 1)),

and

ol gore -4 apporryy < CUFE Ol g 0y + e D]

+ [[bas (1)

c2+a HE (6M>< [0,T])

) + ||b7m(x,t)H )-

- 1+a
” 1+°‘_(6M x [0, c'te T (M % [0,T))

We compute the linearization of the Deturck Ricci-Bourguignon flow at g(t) = go—tE(g(0),0).
Denote gx(t) = g(t) + Au(t), A € (—¢, €). The linearized operator —DE(g(t),t) is

—DE(g(t),t)(u)ix = _% A=0

= Auip — 2p(A(tru) — VV'iug)gin
+ Ml(ga algat) * vu(xat) + MQ(Q, alga a?_ygat) * U({E,t)

Here A and V are Laplace operator and covariant differential operator respectively with respect
to the metric g(t). M; and My are smooth functions.
Next we compute the linearization of the boundary operator B(g(t),t). Recall the boundary

operator is

{PrfB@u), t) = Prrg(t),
PrriB(g(t),t) = Prrs (g™ (2,1)(9(0)an) 2 VAV g2, 1)) — C(g(x. 1), 1),

where ¢ is a (0,2)-tensor

Cap(g(@, 1), 1) = — () (9(0)ring™™ (2, 1)) (Gauy (2, 1)g(0) 17 AY 5 () + g3+ (x, 1)9(0)7 AS,,)
+9(0)nng"" (2, 1) (gar (,1)9(0)77 AG 5 + ga (2, )9(0)77 A3,
Can(9(,),£) = =20un (2, ) (1(t) (9(0)ng"" (x, 1)) H (x,0)
+ 9(0)ng™ (2. 1) (T (90) — T (1)) — 97 (1)g(0)2n ap(9(1))),
and Con(g(z,t),t) =0, € OM, t €[0,T).

By computation, the linearization of the boundary operator is

{PrfDB(g(t),t)(u(x,t)) = Prru(w,t),
PrysDB(g(t),t)(u(x, 1)) = Pres (g (@, £)(9(0)nn) > VA u(x, t) + Ms(g, dig, 09, 1) * u(x, 1)),
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where M3 is a smooth function.

Now we consider the solvability of linear equation

Ou _ DE(g(t),t)u = 8;““ — Augp 4 2p(A(tru) — ViV ug) gir

ot
+ Ml(gvaigv ) * Vu(:z:,t) + M2(gaazgvaz2]gvt) * U(J?,t)
= f(z,1)

with boundary condition

{Pr}-u(x, t) = Prgb(x,t),
Prps (g7 (2, )(9(0)nn) FVED u, 1) + My (g, 0, 05, £) # u(ie, 1)) = Prrble, )

and initial condition
u(z,0) =0, z€ M,

where b(x,t) € B4, f(z,t) € Bs. From the conditions u(xz,0) = 0 and f(z,0) = 0, we

have %hzou = 0. Since b(z,0) = 0, Otuan(x,0) = 0 = Oiban(x,0), © € OM, the neces-

sary compatibility conditions for C2+%*5* regularity are satisfied on OM x {t = 0}. Since
24a

g(t) = g(0) — tE(g(0)) € C**®73"(Mr7), the regularity assumptions about the coefficients in
Theorem 4.1 are satisfied. By Theorem 4.1, there is only one solution u(x,t) € By with

||u||c2+a,2+% <C(If (@, )l + [[bas(z, )] ota e + [[bran (2, 1) ol+a e

%% (Mr) (oM * (oMr)
+ Hban($7 t)ch+“ 2448 (8MT))'
In the following, we verify that the map £ is continuously differentiable.
Lemma 5.1 For ||g; — 90H02+&,2+% <R, i=1,2,
[(DE(g1,t) — DE(g2, ))UU” &% (My) < C(R, 90)llg1 — 92”0“5’2*%(MT)HU”C”&’“%(MT)'
Proof By computation, we have
DE(g(t),t)vij = Avij + 2pV Vivggij — 2pAtrvg;; + My * Vo + M * v, (5.2)

where M (g(t), g(t)) is a smooth function of g, dg, g, 9g and M is smooth function of g, dg, 9%g, 7,

9g,0%g. Since DE(g(t), t)v;; is a linear operator, we can write
DE(g(t), t)vij = alg, g~ ")0%vi; + M1dvij + Mavij,
where a, b, ¢ are smooth functions. So we have

I(DE(1,) — DE(g2), il o8

< llalgr, 917) = alg2, 92 Ml o g g 10 para 255



RB Flow on Manifolds with Boundary 965

+ [My(91(8), 5(0)) = Mi(92(8),50))| -%M)HUHCH&,%MT)

2+a

+ | M2(g1(¢), (t)) — M2(g1(t), g(t ))” (Mr )|| gl c*e T (My)

Since a, b, ¢ are smooth function, we have

[(DE (g1, 1) ~ DE(g2), 00l o 5
< C(Rvg‘Jv ||§(t)||cz+&,2+% )”91 g2||cz+a 2+4 (Mr) HUHCH(&,H%(MT)

Lemma 5.2 If ||g; — g(0)] R T < R, i=1,2, for the boundary operator B,

||(DB(glvt) - DB(927 )) ” olta, _(8M><[O = O(R gOijgl 92||C2+&,¥ ||U||Cz+&,T'

Proof By the definition of the boundary operator, we have

(DB(gl,t) — DB(QQ,t))’Una =0.

Hence

||(DB(glvt) _DB(927 ))Una”02+a (8M><[O T])

and

((DB(g1,t) = DB(g2,£))v)ap = (91" (@,t) = g5" (2,))(9(0)nn) 2 VI v (x, 1)
+ (M(gla agla ga 855 ,U“(t)) - M(Q?a 8923 ga 855 :u(t))) * 0,

where M is a smooth function. So we have
H((DB(glvt) - DB(927 )) )Ot/J’H o1+e 7(8M><[0 ) = C(R 90,9 )Hgl - 92”02+&,# ”’UHCzﬂa,#'

Similarly, we have

[(DBlgr) = DB@)anl o 252 0y 0y S CORg05 91 = 2l s 258 0] o 25

We now prove the short time existence of the Deturck Ricci Bourguignon flow on manifold

with boundary. Let g(t) = go — tE(go,0). We have

R(E) = 229 1 g1

= E(go _tE(g(JuO)vt)
1
—t / DE(go — 0tE(go,0),t)d0 - E(go,0) + Lw (g0,5(t))90 — Lw (g0,5(0)) 90

— E(go,t) + E(go,t) — E(g0,0)

where Lyy(4,,5(0))90 = 0. By choosing smooth

9(t) = go(x) + tg(x, 1),

where
G(x,t) € C*O55 (M)
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is a symmetric 2 tensor, we have

| Lw (g0,5 t))gO” % (Mr) —0 asT — 0.

On the boundary OM x [0,T], we also have for i,j=1,--- ,n—1ori=j=n,
R(th)ij = B(QO - tE(907 O)vt)
1 ! 1
:B(— ,t)— DB( —tE(g0,0)) + (1 — §)—— ,t)d
1(1)2 go /o s(g0 (90,0)) + ( S)u(t)g go,t)ds
1
(90 — tE(g0,0) — —go)-
( p(t)?

Obviously, B(ﬁgo,t)aﬂ =0. As for B(Ti)zgo,t)m, we have

I ().,

Fora=1,--- ,n—1,

—0 asT — 0.

- 14a
C ST (OM % [0,TY))

R(B,t)an = B(go — tE(go,0),t)an = 0.
Hence

1P (RO o0 252 1 01) =

Now we estimate ||R(E, t)|| % (Mx[0.T]) and ||Prz. (R(B’t))nc”&’#(azwx[o _— Since ¢(0) €
C4*%(M,T), we have E(g ( )) € C*%(M,T). Choosing T* so small that g(0) — tE(g(0)) is a

C2+6:2+5 metric for ¢ € [0,7*]. By choosing R large, we can assume that

”tE(g(O))ch+d,2+% (MT) < R.

Since the boundary operator B(g(t)) is continuously differential, we have the estimate

1 1
DB — tE(qo, 1—8)——go,t) - (g0 — tE(go) — ——— ‘ s
H (s(go (90,0)) + ( S)H(t)ng ) (go (90) ,u(t)2go) C1+°"%(8M><[O,T])

1
< It HDB( — tE(g0,0)) + (1 — §) —— ,t)E ‘
|| ” ol L H 8(90 (90 )) + ( 8) M(t)2 9o (90) 1+&, _(8M><[0 )

(M x[0,T
1 1
1——‘ HDB( — tE(g0,0)) + (1 — 8)—— ,t) ‘ .
* H ()2 llet+a 52 oarxio,1)) 5\90 (90,0)) +( S),u(t)2gO 9O| gr+a, 14 (dM x[0,T])
Hence ||Przs (R(B, )| 1.5 114 —0asT —0.

c'te T (M % [0,TY))
Similarly, we have
| DE(go + 0tE(go,0),t)E(go, )”CQ $ (Mx[0,TY)
< (DE(go + 6tE(g0,0),t) — DE(g0,1)) E(90,0)ll .4 (s 10.19)
+ 1D E(go,t)E(g0,0)
< C(g0, R).

Hcd% (Mx[0,T])
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So for any € > 0, we can choose a small 0 < T < T™* such that

IR g S+ IPrEL (RB) s 15

”c&% (Mx[0,T
+ | PrF(R(B,1))

(OM x[0,T])
||c2+&v¥(aMx[o,T]) <e

By classic inverse function theorem, there is an h(z,t) € By, such that g(z,t) = g(z,0) —
tE(g(x,0),0) + h(x,t) satisfies

8%_? +E(g(t),) =0, (x,t) €M x[0,T]

and
Blg(t),t) =0, (1) € OM x [0,T).
Now we have the local existence for the DeTurck Ricci-Bourguignon flow in €2+ %2 (Mr).
By standard interior regularity and boundary regularity estimate for the strictly parabolic type

PDE systems, we obtain the following theorem.

Theorem 5.2 Let g(t) € CQ"’&’#(MT) be a solution to the DeTurck Ricci-Bourguignon
flow with boundary value (3.2). Let | = k + «. Then the following hold:

(1) (Interior regularity) Suppose that g(t) € CH'Q’HTz(MO x (0,T]). Then g(x,t) € CII;Q’#
(M° x (0,T)).

(2) (Boundary regularity) If u(t) € C= ([0,T)), go € C*2(M), §(t) € C*+2% (M x
[0,T]) and the data go, u(t),g(t) satisfy the necessary compatibility conditions at OM x {0},
then g(x,t) € C+25* (My).

(3) (Boundary regularity for positive time) If u(t) € C = ([0, T]) and g(t) € C'+2"* (M x
0,7)), then g(z,t) € CF25 (M x [5,T)) for any 0 <6 < T.

Since Wi = g1-g"1(T'(g(t))pg — L'(g(t))pq), the DeTurck vector field W is in Ccl-L5 (M7) if
g(t) € C"2(Mr) and g(t) € C"2 (Mr).

By Theorem 5.2, the DeTurck vector field W (g(t),t) € C®(Mz — OM x 0) if g(x,t) and
wu(t) are smooth. By the differentiability property of the flow, we can obtain a unique flow ¢
for t > 0, which is smooth on M x (0,7] and C' on M x [0, T], satisfying

d
505 =-Wog,
$(0) = ids.

By results in Section 3, g(t) = ¢ (g(t)) solves the Ricci-Bourguignon flow equation. Since
(67 1)*(G(t)) = g(t) and g(t) — ¢(0) in the C*+%(M) sense. So we get G(t) converges to go
in the geometric C?+% sense. Since g(w,t) satisfies the boundary condition (1.5), by results in
Section 3, we have that g(t) = ¢;(g(t)) satisfies the boundary condition (1.3).
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