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Abstract The author gives a definition of orbifold Stiefel-Whitney classes of real orbifold
vector bundles over special g-CW complexes (i.e., right-angled Coxeter complexes). Simi-
larly to ordinary Stiefel-Whitney classes, orbifold Stiefel-Whitney classes here also satisfy
the associated axiomatic properties.
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1 Introduction

The definition of characteristic classes of an orbifold vector bundle depends on the cohomol-
ogy ring of its base space (an orbifold). The de Rham cohomology groups of an orbifold are
introduced by Satake [15], so one can define orbifold chern classes of a good complex orbifold
vector bundle by Chern-Weil construction, which take values in de Rham cohomology groups
of base orbifold. Moreover, this definition can be extended to bad orbifold vector bundles (see
17).

In addition, one can take the equivalent cohomology ring as the cohomology ring of a quotient
orbifold. Now the equivalent characteristic classes can be viewed as orbifold characteristic
classes. In the book of Adem-Leida-Ruan [1], the orbifold characteristic classes defined lie in
the cohomology rings of classifying spaces of the orbifold groupoids. According to [1, Example
2.11], their orbifold characteristic classes actually correspond to the equivalent characteristic
classes.

However, the integral and Mod-two integral cohomology rings of general orbifolds are un-
clear. So it is difficult to define orbifold characteristic classes in the usual way (see [14]).

Recently, Li-Wu-Yu [12] introduced integral orbifold cellular homology groups of Coxeter
complexes by applying the idea of blow-up. In this paper, we define and study orbifold Stiefel-
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Whitney classes on right-angled Coxeter complexes based on the cohomology groups of Lii-Wu-
Yu.

An n-dimensional right-angled Coxeter orbifold is a special n-orbifold locally modelled on the
quotient R™/(Zy)¥ of the standard (Zs)*-action on R™. Here, a (Zy)*-action on R" is standard
if it can be generated by reflections across some coordinate hyperplanes in R™. A right-angled
Coxeter complex is a special ¢-CW complex defined by Poddar-Sarkar [14] satisfying that its
g-cells (i.e., the quotient of a cell by a finite group) are the orbit of " by a standard (Zs)*-
action, and its all attaching maps ¢ preserve local groups. Here, preserving local groups means
preserving codimension. So we can define the nerve of a right-angled Coxeter complex. See

Section 2.1 for more details.

Firstly, we define the Stiefel-Whitney classes of real orbifold vector bundles over D™ /(Zs)*,
where D" /(7Z5)* is a quotient orbifold of a standard (Zs)*-action on D". Let 7 : E — D"/(Z)*
be an m-dimensional orbifold vector bundle over D" /(Z3)*. Then by the definition of orbifold

vector bundles, 7 : E — D" /(Z2)* is determined by a real linear representation of (Z)*,
p: (Z2)* — GL,(R).

Furthermore, by the equivalence of orbifold vector bundles (see Lemma 3.2), 7 : E — D" /(Zy)*

is determined by an m x k matrix,

cC=1 . .
1 2 k
T Ty fizhes sk

where 2% = +1. We call C' the characteristic matrix of 7 : E — D"/(Z)*. Then the total
Stiefel-Whitney class of 7 : E — D" /(Z2)" is defined as:

m k

w(E) =] (1+ Lo 57) € iy (D" /()3 Za), (1.1)

. ’ 2
=1 =1
where H;rb(Dn/(ZQ)k; ZQ) = ZQ[Sla t 75k]/(8127i =1, ak)
Let X be an arbitrary right-angled Coxeter complex, and 7 : F — X be a real m-dimensional
orbifold vector bundle over X. Next, we define the Stiefel-Whitney classes of 7 : E' — X. Let

Xreg be the subcomplex of X consisting of all regular cells (i.e., associated local group is trivial).

Then X /X, is a wedge sum of some right-angled Coxeter complex,

X/ Xeg =\ H.

Each component H contains no regular cell except the unique O-cell. Let H = {F,---, F,}

be the local codimension-one faces of H. Then the vector bundle 7 : £ — X induces a vector
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bundle over H, denoted by 7 : Ey — H. Then there is also an m x 7 characteristic matrix,

denoted by C'r. Notice that there is a simplicial map from the nerve N'(H) to A" = [v1, -+, vy],
J:N(H)— A"
Assume that {s1,---,s,} is the vertices set of N(H), then j(s;) = v; and j(d) is a simplex

in A” spanned by {j 0 d(s1),--,j 0 d(sx)} for simplex 6 : [siy, -+ ,si.] — N(H). Clearly, j
induces a homomorphism

j* : ZQ[’Ul,"' 7U77] —>RH

Then the Stiefel-Whitney class of wy : Ey — H is defined as:
w(Ey) =j"(w(Ecy)) € Ru < H*(X;Zs),

where Ry is a sub-ring of H*(X'; Z3), which is generated by the duals of locally codimension-one

faces in H. Finally, the total Stiefel-Whitney class of 7 : £ — X is defined as:
w(E) = w(Ereg) - [[w(En), (1.2)
H

where m |Xreg: Eieg — Xieg is a restriction of 7 : ' — X on X,eg.

Similarly to the usual cases, the Stiefel-Whitney classes of right-angled Coxeter complexes

satisfy the following axioms.

Proposition 1.1 There is a unique sequence of functions wy,ws, -+ assigning to each real
orbifold vector bundle E — B a class w;(E) € H'(B;Zz), namely, depending only on the
isomorphism type of E, such that

(a) w;(f*(F)) = f*(w;(F)) for a pullback f*(E), where f is an orbifold map which preserves
local groups.

(b) w(E1 & E2) = w(Ey)w(F2), where w =1+ w; +ws + -+ € H*(B; Z2).

(c) wi(E) =0 if i >dimE.

(d) For the canonical line bundle E — RP>, wi(E) is the generator of H*(RP>;Zs).
Meanwhile, for the nontrivial line bundle E — D' /Zy, wy(E) is the generator of HL | (D) Z2;Z5).

Remark 1.1 Orbifold Stiefel-Whitney classes of right-angled Coxeter complexes are gen-

eralizations of ordinary Stiefel-Whitney classes.
As an application, we have the following conclusion.

Theorem 1.1 Let P be an n-dimensional simple polytope. Then P is the product of two
simple polytopes Py and Py with dimensions ny1 and no, respectively, if and only if, w,(TP) =

Wny, (Tpl) * Wy (TPQ)
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This paper is organized as follows. In Section 2, we give some preliminaries. In Section 3, we
define Stiefel-Whitney classes of real orbifold vector bundles over D" /(Z3)*. In Section 4, we
consider the general cases, that is, Stiefel-Whitney classes of real orbifold vector bundles over

a right-angled Coxeter complex. In Section 5, we prove Theorem 1.1 and give some examples.

2 Preliminaries

2.1 Right-Angled Coxeter orbifolds and right-angled Coxeter complexes

An n-dimensional right-angled Coxeter orbifold (see [7]) is a special n-orbifold locally mod-
elled on the quotient R™/(Z2)™ of the standard (Zs)"-action on R™ by reflections across the
coordinate hyperplanes. So a right-angled Coxeter n-orbifold is naturally a manifold with cor-
ners (the notion of manifold with corners can be referred to Davis [6, Chapter 10]).

A right-angled Coxeter complex X is a special ¢-CW complex defined by Poddar-Sarkar
[14] satisfying that its q-cells (i.e. the quotient of a cell by a finite group) are the orbit of e™
by a standard reflective action of (Zz)*, and all attaching maps ¢ are required to preserve local
groups. For a right-angled Coxeter cell e"/(Zz)¥, we call (Z2)* the local group of e"/(Zs)¥,
and let ® : D"/(Z3)* — X be the characteristic map for e”/(Zs)*. If the local group of a
right-angled Coxeter cell is trivial, then this cell is called to be regular, otherwise it is called to
be singular. All the regular cells form a sub-complex of X which is denoted by X,cq, and we
denote the set of singular cells by Xing (see [12] for more details).

For each right-angled Coxeter cell e"/(Z2), the standard (Zy)*-action on e” induces a
natural facial structure on the singular point set of €”/(Z2)*. Attaching maps preserving local
groups are equivalent to preserve local codimension. So each right-angled Coxeter complex has
a facial structure such that each face has a well-defined local codimension. A local codimension-
one face in X is called a facet of X. Under the setting, we can define the nerve of X. In detail,
the nerve of X, denoted by N (X), is a poset on the facet set of X satisfying that:

e Each codimension-k face f C F1N---NFy of X determines a (k—1)-simplex [Fy,--- , Fi| —
N(X), where Fy,--- , Fj, are some facets of X.

Remark 2.1 The nerve of a manifold with corners is defined similarly, one can refer to [6].

Example 2.1 Let P be an n-dimensional simple polytope. Then there is a natural right-
angled Coxeter orbifold structure on P such that each codimension-£ face of P has local group
(Z2)* which is generated by reflections associated with k facets. The cone of once barycentric
subdivision of the nerve of P gives a cubical decomposition of P, denoted by C(P), which
is called the standard cubical decomposition of P. Clearly, each k-cube ¢* in C(P) can be
represented as the orbit of [—1,1]* by a standard (Zs)*-action. Hence, C(P) is a right-angled
Coxeter complex.

2.2 Cohomology rings of right-angled Coxeter complexes

For a right-angled Coxeter complex, one can define a cellular chain complex, by the result
in [12].
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Theorem 2.1 (see [12]) Let X be an right-angled Cozeter complex. Then
ci)rb(X) = @ Hi_l(f) (f)v (21)
feT

where T is the set of faces of X (including its underlying space as an n-face), and I(f) is the

local codimension of face f in X.

Actually, the orbifold cohomology groups and cup product of a right-angled Coxeter complex

are defined as the usual cohomology groups and cup product of its blow-up discussed in [12].

Example 2.2 (Cohomology of Closed Right-Angled Coxeter Cells) Let D"/(Z2)* be a
closed right-angled Coxeter cell, where k¥ < n. Then D"/(Zy)* = DF/(Z3)* x D" F ~
D*/(Zy)" = (D/2Z,)". So

:;rb(Dn/(Zz)k;ZQ) = Z2[817827 e 78k]/(82 1= 17 e 7k)

79

Example 2.3 Let X be a right-angled Coxeter complex and let H be a connected compo-
nent of the singular set of X with nerve A/. Then each facet in H corresponds to a vertex of
N, and so, corresponds to a generator of H'(X;Z,). All facets in H, denoted by {F,---, F,},

generate a sub-ring of H*(X;Zs), which is isomorphic to

Ru =La[s1, - 89/ + Ju),
where I is the Stanley-Reisner ideal of H and Jy = (s?,i =1,--- ,n).
2.3 Orbifold vector bundle

The definition of orbifold vector bundle can be refered to [5, 16].

Definition 2.1 (Orbifold Vector Bundle, see [16]) Let E and B be two orbifolds with
orbifold structures U* = {U*,G*,¢*} and U = {U, G, v}, respectively. An n-dimensional
orbifold vector bundle is a C'*°-orbifold map 7 : E — B satisfying the following conditions:

(1) (Local trivialization) There exists an one-to-one correspondence between {U*, G* ¢*}
and {U, G, ¢} such that U* = U x R™. Denoting by T, the projection U* — U, we have

To* =1 oT,.

(2) Let {U*,G*,v*}, {U,G,o}; {U*,G*',p* '}, {U',G', 4’} be two pairs of corresponding
local uniformizing system satisfying v(U) C ¢'(U’). Then ¢*(U*) C *'(U*’) and there
exists a one-to-one correspondence A <> \* between injections \ : {U, G, v} — {U', G’ '} and
N AU, G "} — {U, G "'} such that for (p,q) € U* = U x R™ we, have

N (p,q) = (A(p), gr(p)a)

with gx(p) € GLy,(R). The mapping gx : U = GL,,(R) is a C°°-map satisfying the relation

9ux(p) = gu(A(p)) - 9x(p) (2.2)
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for any injections {U, G, 1} A (U, G 'y B {U",G" "y},

An orbifold vector bundle is a composite concept of map 7w : E — B and the equivalent class
of orbifold structure pair (U,U*), where two pairs of orbifold vector bundles (U,U;) and (U, US)
are directly equivalent if there exists a C*°-map oy : U — GL,,(R) satisfying that:

(1) For any (U,G,v) € U, there exist (U x R™, G5,17) € Uf and (U x R™ G5, 103) € Us
such that

¥i(p,q) = ¥3(p, 6u(p)g)-

(2) For any injection X\ : {U,G, v} — {U',G", '},
g3(p) = 6 (A(p))g3 (p)35 " (), (2.3)

Remark 2.2 For each b € B, there is a chart (U, G, ) such that b € U/G. For each b in
1~1(b), the T~1(b) is a real vector space R™. Then

T (0) 27 (5)/G",

where G* is a subgroup of GG. Thus an orbifold vector bundle is not always a vector bundle in
the usual sense because its fiber may not be a vector space. The above definition of orbifold

vector bundles can be extended to orbispace. The notion of orbispace can be refered to [3, 4].

Example 2.4 Let D'/Zy = [-1,1]/Zs be a closed right-angled Coxeter 1-cell. Then there
exist two orbifold line bundles over D! /Z.

E:Dl/Z2 xR=D" XR/(xay)N (—x,y),
E = D' xR/ (z,y) ~ (—2,—y).

E E
Figure 1 Orbifold line bundles over Dl/Zz.

Let A : D' — D! be an injection which maps 2 € D! to —z. Let g, be a constant map
which corresponds to the line bundle E. For any z € D', g, (z) = (1) € GL1(R). Let g be the
map which corresponds to the line bundle E. Then for any = € D, gy(z) = (—1) € GL1(R).

The line bundle E is not a usual vector bundle, which is called the canonical line bundle of
D' /Zy. Meanwhile, E is also the orbifold tangent bundle of D!/Z,. Moreover, let ¢ : E — E
be a quotient map induced by (0,y) ~ (0, —y), then the bundle E can be viewed as a pull back
of bundle E.
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Definition 2.2 (Bundle Map, see [16]) Let m; : E1 — By and ma : Ea — By be two orbifold
vector bundles with orbifold structure (Uy,U5) and (Us, U3 ), respectively. A system of mappings
h* = {hy,} is called a (C°°-)orbifold bundle map if the following conditions are satisfied:

(i) There exists a correspondence {Uy,G1,9¥1} — {Ua, Ga, 12} from Uy to Us, such that for
any {U1, G1,%1}, we have a C>-map hf; from Uy x R™ to Uy x R™ and a C*°-map hy, from
Uy to Us such that

0, (P, @) = (hv, (p), rv, (P)a) (2.4)
with vy, (p) € GL(m), where vy, is a C*°-map from Uy to GL(m).

(ii) Let {U1, G141}, {U;, G, 01} be local uniformizing systems in Uy such that 1 (Ur) C
YI(U]) and {Us, Ga,42}, {U}, Gh, 04} are the corresponding local uniformizing systems in
Us. Then for any injection N : {Ur,G1,¢1} — {U{,Gq, ¢} there exists an injection g :
{Us, Ga,1ba} — {US, G4, 40h} such that

Ay o hy, = hyr oAl
(hence also Ay o hy, = hy; o A1). We assume further that

9xe(hoy (p)) = o (M (p)gr, (P)ry, (p).-

Two orbifold vector bundles E1, Es over B are equivalent if and only if there exists a bundle-
map h : By — Es such that (Ey,U;) & (F2,Us) and hy : U — U’ is homeomorphism for each
U e lU.

Theorem 2.2 (see [16]) Let (M,U) be an orbifold. If there is a system of C-maps
gr : U = GL,,(R), X\ : {U,G, ¢} — {U',G',¢'} being any injections, which satisfies relation
(2.2), then there exists a orbifold vector bundle over (M,U). Moreover, if two systems of {gi}
and {g3} satisfy relation (2.3), then the associated orbifold vector bundles are equivalent.

Remark 2.3 Since (2.2) holds for the tensor product and direct sum of vector spaces, one

can construct the tensor product and direct sum of orbifold vector bundles.

Example 2.5 (Orbifold Tangent Bundle, see [16]) Let (M,U) be an orbifold. Assuming
that each U in a chart (U, G,) is contained in R™, we fix a coordinate system {z!,--- .x™} in
each U once for all. For any injection A : (U, G, 1) — (U*, G*,¢*), let

() = ((%(;;: /\)

which is the Jacobian matrix of A at p, where {z'} and {z**} are the fixed coordinate systems

in U and U*, respectively. Then the system gy, satisfying the condition of Theorem 2.2, defines
an orbifold vector bundle over M. This orbifold vector bundle is called the orbifold tangent
vector bundle of M.

2.4 The linear representation of (Zz)*

All group actions in the next are supposed to be locally linear actions. The reflection across
a coordinate hyperplane in R" is called a standard reflection.
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Lemma 2.1 Let {A4;|A; € GL,(R),i =1,--- ,k} be a system of invertible matrices. If for
any i,j, A2 = E, A;A; = AjA;, then {A;} are simultaneously diagonalizable.

Moreover, assume that P is an invertible matriz such that P~1A; P = diag(xi,--- ,x%) for
each i. Then the matriz
x% x% DRI xlf
ZE% ZE% DRI :L‘]2€
T2 k
x, T zn) ok

s unique without considering the order of rows.

Each linear G-action of R™ corresponds to a linear representation pg : G — GL,(R). The
two actions of G and H are called conjugate if pe(G) and py(H) are conjugate in GL,(R).

Lemma 2.2 Each nontrivial linear (Zz)*-action on R™ is conjugate with an action whose
generators can be presented as the composites of some standard reflections. Specially, when

k =mn, it is conjugate with a standard reflection action if (Z2)™ acts effectively on R™.

Proof Let A € GL,(R). If A2 = E, then A is diagonalizable. Assume that the associated

diagonal matrix is diag(z1,--- ,2,), then ; = £1 forany i =1,--- ,n.
Let g1,---,gx be a set of irreducible generators of (Zs)*. A linear (Zy)*-action of R™
determines a linear representation p : Z§ — GL,(R). By Lemma 2.1, {p(g;)|i = 1,--- , k} are

simultaneously diagonalizable. Assume that D; ~ p(g;) is the associated diagonal matrix for
each ¢. Then the action determined by {D1,---, Dy} is generated by the composites of some
standard reflections.

For k = n, we assume that Dq,---, D, are the associated diagonal matrices. Then we can

rechoose a set of generators of (Zs)* such that the associated diagonal matrices are standard

reflection matrices. Actually, choose D; = diag(a},--- , %) with o} = —1, then if 2 = —1
for DI = diag(x{, -, xd), we set g;jg; to be a new generator. So we can obtain a system of
diagonal matrices, denoted by Dq,---, D, as well, satisfying that x{ = 1 except j = i. By

induction, we can get a set of generators which determine n standard reflection matrices.

Lemma 2.3 Let {s1,--- 5.} be the generators of group (Zs)*. The linear action of (Zs)* on
D" is determined by a linear representation p : (Z2)¥ — GL,(R), moreover, is determined by the
conjugate class of a series of linear transformations p(s1),--- ,p(sx). Clearly, p(s1), -+, p(sk)

are simultaneously diagonalizable.

3 Orbifold Stiefel-Whitney Classes of Real Orbifold Vector
Bundles over D™ /(Z5)*

In this section, we classify the real orbifold vector bundles over a closed right-angled Coxeter
cell D" /(Zy)* by algebrizing the vector bundle in terms of the representations of local group
7K. First, D"/7% is Zo-closed, that is, there is a right-angled Coxeter complex structure of

D" /(Z2)* with all the boundary maps being zero when we compute Zs-homology groups. The
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cohomology ring of D™ /(Zy)* is
;rb(Dn/(ZQ)k;ZQ) = ZQ[Slv 52, ,Sk]/(S?,i =1, ak)

Lemma 3.1 The m-dimensional orbifold vector bundles over a closed right-angled Cozeter
cell D™ /(Z2)* one-to-one correspond to the linear actions of (Z)* on D™ x R™ satisfying
condition (1) in Definition 2.1.

Remark 3.1 A real orbifold vector bundle over D" /(Z3)* may not be a right-angled Cox-
eter complex. Such as, E in Example 2.4.

Let s1,--- , 5% be the generators of (Z3)*. By Lemma 2.3, a linear (Zy)*-action on D™ x R™

corresponds to a linear representation
p- (ZQ)k — GLnym(R),

moreover, corresponds to matrices p(s1),- -, p(sk)-
By Lemma 2.2 and the equivalence of orbifold structure pair in Definition 2.1, we can
assume that p(s1),- -, p(sx) are diagonal matrices whose diagonal elements are +1. According

to condition (1) in Definition 2.1, we assume that
p(sl) = diag(lla Ty _l’ia Ty 177.7'1:717 e aaj:n)
That is the following lemma.

Lemma 3.2 Any orbifold vector bundle over D™ /75 corresponds to a linear representation
p: (Z2)* = GL,im(R), satisfying that

p(sl) = diag(lla Tt _1ia Tt 177«7‘,1;37 co axin)a
where sy1,--- , 51, is a system of generators of (Za)*.

Then we can obtain an m x k matrix

x% x% DY :E]f
x% x% DY :L‘IZQ
C= . . )
1 2 k
Ty Ty T mxk

which is called the characteristic matrix of E — D™ /(Z3)*. Then the orbifold Stiefel-Whitney
class of E — D" /(Zs)" is defined by

m k j
11—
E) = (1 . ) (D" (Z2)*: Z). 3.1
w(E) 11;[1 +j§:1 553 ) € Howo(D"/(22)"; Z2) (3.1)
If two orbifold vector bundles Ey, Ey over D" /(Z2)* (s1,--- , s, are generators of (Zy)¥) are

equivalent, then by Lemma 2.3, the associated characteristic matrices obtained from {p;(s;) |
i=1,---,k} and {pa(s;) | i =1, -+, k} are the same if we do not consider the order of rows.
So w(E7) = w(F2), w is well-defined.
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Remark 3.2 Let A : D™ — D" be an injection in Definition 2.1. By [16, Lemma 2], all
injections A : D™ — D™ one-to-one correspond to the elements in (Z3)*. Choose an injection
Ao : D™ — D" (for example, identity map) which corresponds to the unit element of (Zy)*, with
the associated C°>°-map gy,. Assume that the generator s; of (Z3)* corresponds to \; : D" —
D™. Then by condition (2) in Definition 2.1, p(s;) here determines a C*°-map g»,. Hence, each
characteristic matrix C' determines a system of g : D™ — GL,,(R). By Theorem 2.2, each C
determines an orbifold vector bundle over D" /(Zs).

Lemma 3.3 (Whitney Sum of Orbifold Vector Bundles over D" /(Zy)*) Let Ey © E5 be the
Whitney sum of orbifold vector bundles 71 : By — D" /(Zs)* and 73 : Ey — D" /(Z)*. Then

w(E1 D EQ) = w(El)w(EQ)

Proof Let the characteristic matrices of my : By — D"/(Z3)* and 7wy : Ey — D"/(Z2)"* are

My, < and Ny, «k, respectively. Then the characteristic matrix of E; & Es is (%)
So

(m1+m2)><k

mi+ma mi ma
wEeB) = [[ wu(y)=T1a0n Tt = wE)us).
i=1 i=1 i=1

Let h : D"/(Zy)* — D'/Zy be an orbifold map. Then by definition of orbifold map,
there is a homomorphism between their local groups, denoted by h. : (Z2)* — Z,. Notice
that h, can be characterized by a k-column (y',---,y%) € (Z2)*, where y* = +1. And
(y',---,y"*) determines a line bundle 7 : E' — D"/(Z)* over D"/(Zs)*. So we define
[D"/(Z3)*, D' )Zs] L Vect: (D" /(Z,)*) by f(h) =: Ej.

Lemma 3.4 The composition
[D"/(Zo)*, D' /23] - Vecty (D" /(Z2)*) 5 HY (D" /(Za)": Zy)
s a bijection.
Proof D"/(Zy)* = D¥/(Zs)F x D"F ~ D¥/(Zy)* = (D'/Zs)*, where “~” stands for
“homotopy equivalent to” in the category of orbispaces (see [3, Definition 3.2.2]). So
[D"/(Z2)*, D' [Zs] = (D' Zs)*, D" | Zs) = Hom((Z2)", Z2) = (Z2)*,
Vecty (D" /(Z2)*) = Vect, (D* /(Z2)*) = (Z2)*, (actions of (Z)* on RY),
HY (D" [(Z2)"; Zs) = (Zn)"
are finite sets. So it is sufficient to prove that f and w; are injections. Clearly, f is an injections.
Each line bundle 7 : E' — D'/(Zy)* over D'/(Z)* can be characterized by a sequence
(z!,--+,2%), where 2’ = £1. Then wy(E') = Y. 5%s; € HY(D"/(Zs)¥; Z). Thus wy is an
j=1
injection as well.

Example 3.1 Let 7 : E — D! /Zs be the nontrivial line bundle in Example 2.4. Then

w(EY) =1+s,
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where H*(D'/Z; Zs) = Zss]/(s?).
There is a bundle map f : E' — B such that f*(w(EY)) = 1. Furthermore, the orbifold
Stiefel-Whitney class of tangent bundle of D" /(Z)* is

k
n n— k * n
W(T(D"/(Z2)F)) = w(T(D"*) x (T(D*/2))") = [[(1 + 5) € H (D" (22)": ).
i=1
Example 3.2 There exist two different real vector bundles with the same orbifold Stiefel-
Whitney classes. Let E — D'/Zy be a 2-dimensional real orbifold vector bundle whose char-
acteristic matrix is (—1, —1)T. Then

w=(1+s)*=1.

Clearly, E is nontrivial.

4 The Real Orbifold Vector Bundle and Orbifold Stiefel-Whitney Class-
es over Right-Angled Coxeter Complexes

Let X be an n-dimensional right-angled Coxeter complex. Then there is a natural open
cover of X described as follows.

Firstly, we take a slightly shrunk open set U(e™/W) for each Coxeter n-cell /W in X.
Then X — UU (e™/W) is homotopic to the (n — 1)-skeleton of X. Furthermore, taking an open
set U(e"~1 /W) for the neighborhood of each shrunk Coxeter (n—1)-cell e~ /W in X, we have
X —UU(e™/W) —UuU (et /W) is homotopic to the (n — 2)-skeleton of X. Inductively, we can
obtain an open cover of X indexed by right-angled Coxeter complex structure of X (every open
sets associated with e /W can deformation retract on e*/W). And we always assume that
there is a well-defined orbispace structure on this open cover (see [3] for the notion of orbispace
structure).

Let 7 : . — X be a real orbifold vector bundle over X, and 7|x,., : Flx,,, — Xieg be the

restriction of 7 : E — X on the regular subcomplex X;eg of X. Then 7|x,., : E

Xrog — chg is
a usual vector bundle over CW complex X,¢g.

Lemma 4.1 Any real orbifold vector bundle over X can be viewed as the extension of a

usual vector bundle over X eg.

Proof Let /' == Xpox | PlXres = Xreg be a usual vector bundle over X First, let
Tpiyz, + E(D'/Zy) — D'/Zy be an orbifold vector bundle over D'/Z;. By Lemma 2.3, we
can assume that the characteristic matrix of p = mp1z, : E(D'/Zy) — D'/Zj is a diagonal
matrix A(p). Then, gluing the bundles E|x,., and E(D"'/Zs) together along E(D'/Z3)|op: /2,
and F'| oB(DT/73) to obtain an orbifold vector bundle over X,ee U D'/Zs. Moreover, we can get
an orbifold vector bundle over Xyeq |J X§,,,, Where X§, . is the set of singular 1-cells of X.

Let D?/W be a singular 2-cell of X with two singular 1-cells Di/Zy and D1/Zs in its
boundary (D1/Zs and D}/Zs may correspond to the same singular 1-cell, see Example 5.1 and

Example 5.3). Let mp2/y : E(D*/W) — D“/W be an orbifold vector bundle over D?/W.
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Then the orbifold vector bundle over X, U Xsling can be extended to an orbifold vector bundle

over XregUXslmgUD2/W7 if and only if the characteristic matrix of bundle E(D? /W) is (A1; As),
where Aq, As is the characteristic matrices of bundles 7T|@% /22 and 7| D} /Z2, respectively. Spe-
cially, when D}/Zy and D3/Zs correspond to the same singular 1-cell, if W = Zs, then the
characteristic matrix of bundle E(D?/W)is A; = Ay (see Example 5.3). If W = (Z3)?, then the
characteristic matrix of bundle E(D?/W) is (A1; Az), where A; = Ay (see Example 5.1). The
orbifold vector bundle E(D?/W) is compatible with the bundles 7|. /2, and 7|2 /(z,)2, which
implies that the linear transformations determined by A;, A, are simultaneously diagonalizable.
That is, the characteristic matrix of 7|.2 y can be presented as (A;; Az).

By inductions, we obtain an orbifold vector bundle 7 : E — X over right-angled Coxeter
complex X = X, U Xsling U---u X2 X | F

smg Dy extending 7' = 7
right-angled Coxeter cell e’ /(Z2)* in X, the characteristic matrix of 7T|el/(22)k can be presented

Xyeg > Xreg- FOr any

as (Ay;---;Ak). Now Aq,---, Ay are the characteristic matrices of the restrictions of 7 on

some associated singular 1-cells in X.

Notice that X,eq >~ |X| and X/ X, are the wedge sum of some right-angled Coxeter com-
plexes. Each component of X/X,e, contains no regular cell except the unique 0-cell. Let H be
a component of X/X,eg, and N (H) be the nerve of H. The orbifold vector bundle 7 : B — X
induces an orbifold vector bundle over H, denoted by 7y : Eg — H. According to the con-
struction of 7 : E — X, there is a system of diagonal matrices {Ay,---, A4, } corresponding to
the codimension-one faces of H, such that for each singular cell €/ /(Z2)* in H, the characteristic

matrix of 7| /(z,)x is combined by some A;. So we have the following conclusion.

Lemma 4.2 For each H, there is an m X n characteristic matrix

1 2 n
I‘l xl e xl
I‘% x% e xg
Cop=1| . ,
1 2 .. n
L T T mxn

where A; = diag(zt, -+ ,2¢)) for F; € N(H) and n is the number of vertices of N'(H).

Then Cp can determine a real orbifold vector bundle over D"/(Z3)", denoted by m¢,, :
Ec,, — D"/(Zs)". If H is a simple polytope, then H can be embedded into D"/(Z3)" (see [2,
Page 93]). Now 7y : Eg — H is a restriction of n¢y, : Ec,, — D"/(Z2)".

Lemma 4.3 Let P be a simple polytope with n facets and a right-angled Coxeter orbifold
structure. Then any real orbifold vector bundle over P can be viewed as the restriction of a real

vector bundle over D" /(Z2)", where 1 is the number of facets of P.

Proof Let 7 : E— P be an m-dimensional real orbifold vector bundle over P characterized
by an m x n matrix C'. Then C' determines a real orbifold vector bundle over D" /(Z3)", denoted
by 7o : Ec — D"/ (Z2)".

Let ¢ : P — D"/(Z2)" be an orbifold embedding. Then 7 : E — P is the restriction of
et BEc — D"/(Z3)" on P.
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Figure 2 Embedding of right-angled orbifold complexes.

In general, let j : N(H) — N(D*/(Z5)¥) = AF~! be a simplicial map. Then there is an
induced map
§*t H*(D*/(Z2)*:Zs) — Ry < H*(X;Zo).

The orbifold Stiefel-Whitney class of the part of H is defined as
w(B(H)) = j"(w(Fey,)) € Ry < H(X;Z2). (4.1)

Lemma 4.4 w(E(H)) is well-defined.

Proof If there are three facets Iy, Iy, F5 such that F1 NFy # 0, FoNFy # 0 and FiNE3 =)
(as shown in Figure 2), then s1s3 = 0in Rp. If there is a sub-matrix (7' 1 ) (or (7' 21 1))
in (Aj; Ag; As), it is possible that there is an another matrix of E(H) with the sub-matrix
(71173 (or (7121 731)) in (Ay; Ag; AS). Thus, the characteristic matrix of Ej is not unique
even if we do not consider the order of rows.

However, s1s3 = 0 implies that

1+ f(s) +5) (1 + f(s) +53) = (14 f(s) + 51+ 53) (1 + f(s)),

where f(s) is a degree one polynomial which does not contain s1, s3.
So the choice of matrices does not affect the value of w(FE(H)) = j*(w(E¢)). Thus, w(E(H))
is well-defined.

Definition 4.1 The total orbifold Stiefel-Whitney class of real orbifold vector bundle 7 :
E — X is defined as

w(E) =w(F

o) - | Jw(E(H)), (4.2)
H

where Elx,., is the restriction of m : E — X on the regular subcompler X.oq of X, and
w(E(H)) = j"(w(Ecy)) is defined in Equation (4.1).

Remark 4.1 (1) When X is a CW complex, w(F) is the ordinary Stiefel-Whitney class of
T EF— X.

(2) Let f be a face of X. If f is not contractible, then there may exist a vector bundle over
X such that some w;(E) is non-trivial in H(f) for i > 0 (see Example 5.3).
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(3) More generally, the definition of orbifold Stiefel-Whitney classes of real orbifold vector
bundles over a Coxeter complex depends on the linear representation of general finite Coxeter

group. There are some recommended literatures [8-10, 18].

Proposition 4.1 Let 1 : By — X and my : Ey — X be two orbifold vector bundles over a
right-angled Coxeter orbifold X. Then

w(E1 D EQ) = w(El)w(Eg).
Proof Let E = F; & F5. Then by the definition of orbifold Stiefel-Whitney classes,

w(E) =w(F

Xoog) - [ Jw(E(H))
H

= ’UJ(El

Xyog )W (B2

Xooe) | [ w(BL(H))w (B2 (H))

H
= ’UJ(El

o) [ [w(EL (D) - w (B x,,,) [ [ w(Ea(H))
H H

= w(E)w(Ey),

where w(E|x,.,) = w(£1]|x,., )w(E2]x,,,) is the case of usual CW complex, and the proof of
w(E(H)) = w(Ey(H))w(E2(H)) is similar to that of Lemma 3.3.

The orbifold Stiefel-Whitney classes of right-angled Coxeter complexes satisfy the following

axioms.

Proposition 4.2 There is a unique sequence of functions wy,ws, - -+, each of which assigns
to each real orbifold vector bundle E — B a class w;(E) € H'(B;Zs), depending only on the
isomorphism type of E, such that

(a) w;(f*(F)) = f*(w;(F)) for a pullback f*(E), where f is an orbifold map which preserves
local groups.

(b) w(E1 ® E2) = w(Ey)w(E2), where w =1+ wy +ws + -+ - € H*(B; Zs).

(c) wiy(E) =0 if i > dimE.

(d) For the canonical line bundle E — RP>, wy (E) is the generator of H(RP>; Zs). Mean-
while, for the nontrivial line bundle E — D' /7y, wyi(E) is the generator of HY (D' /Zy; Zs).

Remark 4.2 Orbifold Stiefel-Whitney classes of right-angled Coxeter complexes are gen-

eralizations of ordinary Stiefel-Whitney classes.

5 Application and Examples

Next, we give an application of orbifold Stiefel-Whitney classes.
According to [11], if a simplicial sphere K can be realized as the nerve of a simple polytope,
then K is called a polytopal sphere.

Lemma 5.1 (see [11, Lemma 3.6]) If K = K; * K5 is a polytopal sphere, then Ky and Ko

are polytopal spheres as well.
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Theorem 5.1 Let P be an n-dimensional simple polytope. Then P is the product of two
simple polytopes Py and Py with dimensions ny1 and na, respectively, if and only if, w,(TP) =
Wny, (Tpl) * Wy (TPQ)

Proof By Example 2.1, there is a right-angled Coxeter complex given by the standard
cubical decomposition of P. Now all boundary maps in the cellular chain complex of P are

Z€ro, SO

H'(P;Zs) = (Zz)"

and

H*(P;Zs) = Zs[s1,--- ,sm|/(Ip + Jp),

where Ip is the Stanley-Reisner ideal of P, Jp = (s?,Vi) and m is the number of facets of P.
Then

m

w(TP) =[] +s:)

i=1
and

wn(TP): Z Si1 0 Sigy -

Fi; N---NF;,, €Vert(P)

If w,(TP) = f(s1, -+ ,8m)-g(s1,** , 8m). wnp(TP) is homogeneous, so are f and g. Assume
that deg(f) = n1 and deg(g) = na, where ny + ne = n. Then

wy, (TP) = Z Sil"'sin:(Zsjl"'sjnl)'(Zskl"'skn2)-

F‘i,1 n---NEFy, eVert(P)

Notice that s; # s and sjsi # 0 for any s; of f(s1,--- ,sm) and s of g(s1,- -+, $m). Let Fy, Fy
be the facet sets corresponding to the variables of f and g, respectively. Then F(P) = Fy| | Fy.
Then the nerve N'(P) of P can be realized as the join of two subcomplexes K7 and K of N'(P)
which are spanned by F; and F, respectively. By Lemma 5.1, K; and K> can be realized as
the nerves of two right-angled Coxeter orbifolds. So P can be realized as the product of two
simple polytopes.

Conversely, if P™ 2 P/"™ x Py*, then H*(P;Zs) = H*(P1;Z2) @ H*(P2;Z2). Now w(TP) =
w(TPy) - w(TPy), 80 Wy (TP) = wy, (TPy) - wn,(TPa).

Finally, some examples are listed.

Example 5.1 (Orbifold Stiefel-Whitney Class and Bad Orbifold) Let B = €° U e!/Zs U
e?/(Z3)? be a teardrop, and 7 : E — B be an m-dimensional vector bundle over B. Assume
that the characteristic matrix of m|c1/z, is A = (21,--+ ,2m)”, where #; = £1. Then the

characteristic matrix of 7|2 /(z,)2 is (4; A). Now,

m

w(E) = H (1—|— ! _2%3) =1 or 1+s¢€Zys]/(s%).
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Example 5.2 Let S?/Zy be a quotient orbifold given by a reflection action. Then the
blow-up of S$2/Zy is a quotient of S? by identifying a pair of antipodal points. So we have

Zs, i=0,1,2

0, otherwise.

arb (S La; L) = {
Let 7 : E — S2/Zy be an arbitrary vector bundle over S?/Zs, then
w(E) = w(E|x,,) wEy) =wEy)=1 or 1+s,

where s is the generator of H_, (5?/Z2;Zs). So wy = 0 for any vector bundle over S?/Z.

Example 5.3 Let Q be the quotient orbifold of Zy on S* x [~1,1] by (z,y) — (z, —y). We
can decompose S x [—1,1]/Zy into {v,e1,ea, f}, one O-cell, one regular 1-cells, one singular

1-cell and one 2-cell as shown in Figure 3.

Figure 3 S* x [~1,1]/Z>.

The blow-up complex of @ is a torus, so

L, 1 =0
' Zo ®7Z =1
P (S X [<1,1]/Z9:Z0) = { 2 ® Ly, i
L, i=2
0, otherwise.

Let ST and S3 be blue circle and red circle respectively in Figure 3. By Theorem 2.1, we

have
HO(S%;ZQ), i=0
; Hl(Sl'Zg)@HO(Sl'Zg) 1=1
(ST X [1,1]/2Z; Zy) = V B
orb( [ ]/ 2 2) 1{1(5,217Z2)7 i=9
0, otherwise.
Moreover,

o (S X [=1,1]/Z2; Z) = Los1, 52]/ (57, 3),
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where s1 and sy are generators of H'(S];Zs) and H°(S3; Zs), respectively. So s1s2 in H2 (S* x
[—1,1]/7Z2;Z5) is non-trivial.

Let {U(v),U(e1),U(ea), U(f)} be an open cover of S* x [—1,1]/Zsy as shown in Figure 3. Let
T(S* x [~1,1]/Zs) be the orbifold tangent bundle of S* x [~1,1]/Z,. First, the tangent bundle
of its underlying space St x [0,1] ~ U(v) U U(ey) is trivial. The orbifold tangent bundle of
Ules) ~ e'/Zy x et is TU (e3) = E x (Rx (0,1)), the product of E in Example 2.4 and the trivial
line bundle over e!. Then we glue TU (e2) and T'(U (v)UU (e1)) together along the trivial bundle
over Ul(ez) NU(v). Furthermore, TU(f) = E x Te'. Then we can obtain the orbifold tangent
bundle of St x [~1,1]/Zy by gluing TU(f) to the glued bundle T'(U(v) U U(e1)) UTU (es).

w(T(S* x [~1,1]/Z2)) = w(TS")(1 +5) =1+s.

In the other way, S' x [-1,1]/Zs = [-1,1] x ([~1,1]/Z2)/(—1,2) ~ (1,z). Let [-1,1] x
E — [~1,1] x ([~1,1]/Z3) be a line bundle over [—1,1] x ([~1,1]/Z,), where E = [—1,1] x
R/(z,y) ~ (—x,—y) is the non-trivial bundle over [—1,1]/Zy defined in Example 2.4. Then
E = [-1,1] x {[-1,1] x R/(z,y) ~ (—z,—y)}/(—1,z,y) ~ (1,z,—y) is a line bundle over
St x [~1,1]/Z2. Now

w(E) = w(Elx,,) w(Enr) = (1+s1)(1+ s2).

So wa(F) = s182 is non-trivial in H2, (S x [—1,1]/Zs; Zs).
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