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Range-Renewal Processes: SLLNs and Power Laws*

Xinxing CHEN!  Jiansheng XIE? Jiangang YING?

Abstract Given n samples (viewed as an n-tuple) of a y-regular discrete distribution 7,
in this article the authors concern with the weighted and unweighted graphs induced by
the n samples. They first prove a series of SLLN results (of Dvoretzky-Erdds’ type). Then
they show that the vertex weights of the graphs under investigation obey asymptotically
power law distributions with exponent 1+ . They also give a conjecture that the degrees
of unweighted graphs would exhibit asymptotically power law distributions with constant
exponent 2. This exponent is obviously independent of the parameter v € (0, 1), which is
a surprise to us at first sight.

Keywords Range renewal process, Strong law of large numbers, Power law
2000 MR Subject Classification 60F15, 05C80

1 Introduction

Let £ := (&, : n > 1) be a random symbol sequence. Let R,, be the number of distinct
values among the first n elements of the process . We call (R, : n > 1) the range-renewal
process of £&. An interesting problem is to investigate the growth rate of R,,.

In the autumn of 2010, the second author reported a classic result of Dvoretzky and Erdos
[13] in a seminar at Fudan University and was fascinated by their neat and beautiful result
that, for a simple symmetric random walk (SSRW for short) on Z? with d > 2, (R,,) satisfies
the following strong law of large numbers (SLLN for short): IE}??ZL 224 1. We then try to find
out the more recent results concerning R,, for more general process (. For Markov chains,

Chosid and Isaac [9-10], and Athreya [3] obtained that, under a suitable integrable condition,

% 2%, 0. Derriennic [11] extended Dvoretzky-Erdos’ result to simple random walks £ on
arbitrarily discrete Abelian groups, and showed that lim% = 0 a.s. when ¢ is recurrent;
n

otherwise the limit is the escape probability. In addition, the central limit theorem of R,, of
SSRW on Z% can be found in Jain and Pruitt [21, 23] (d > 3) and Le Gall [25] (d = 2); the
corresponding laws of the iterated logarithm are discussed by Jain and Pruitt [22] (d > 4)
and Bass and Kumagai [7] (d = 2 or 3). More discussions on R,, of null recurrent or transient
Markov chains can be found in [14, 16-19, 27-29] and references therein.

However, there are relatively few results concerning R,, of positive recurrent Markov chains
(or of stationary processes). What will be the accurate order of R, tending to 4+00? This
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problem has rather few investigation even for independent and identically distributed (i.i.d. for
short) sequence ever since Dvoretzky and Erdés’ work in [13].

So, in this paper, we focus on the simple (but nontrivial) case that £ = (§, : n > 1) is an
sequence of i.i.d. random variables with a common discrete distribution 7. In such situation,
after our main work of the current paper being done, we recently found that, Bahadur [4]

R,

had proved lim gz~ = 1 in probability; while we will prove as a preliminary result that
n— oo n

the convergence indeed holds almost surely. We next consider the random digraph 8,1 (and
undigraph G,, respectively) formed by the first n-steps of £, and establish a system of SLLNs for
the numbers of different kinds of vertices in G, (and in G,, respectively) under the condition
of m being ~y-regular (see Definition 2.2). These results lead us to the discovery of an interesting
phenomenon that the vertex weights of (,, (and of G,, respectively) obey asymptotically power-
law distributions with exponent 1 + . Based on these results, we also propose a conjecture
that the un-weighted (directed and undirected) graphs, with their degrees concerned, would
exhibit power law distributions with exponent 2, independent of the regular index v € (0, 1).
As it is well known, there are thousands of works (see [1-2, 5-6] and references therein and
thereafter) concerning power-laws of different kinds of random graph models; a significant part
of our current work was influenced and inspired by them.

The paper is organized in the following way. Section 2 is devoted to the presentation of
the main settings and the main results. In Section 3 we present some necessary estimates for
our model. Section 4 is devoted to the proof of the main Theorems 2.1-2.4. In Section 5 we
discuss the critical case of ¥ = 0 and v = 1. There, for the non-critical case of v € (0,1), we
also propose the conjecture just mentioned above with a heuristic deduction.

2 Main Settings and Main Results

2.1 Main settings

Let m be a probability measure on N with m; > ;11 > 0 for alli € N. Let £ = (§, : n > 1)
be a sequence of i.i.d. random variables with common law 7. Let R,, be the number of distinct
values achieved by the first n samples from ¢, i.e.,

Ry i=#{& : 1 <k <n}. (2.1)

We define 8,1 = (Vp, ﬁn, W,.) to be the random weighted directed graph formed by the first
n steps of £&. Here, vertex set V,,, edge set E,, and weight function W,, are defined as follows:

— n—1
Vi ={& :1<i<n}, Bn ={&&ir1 1< i<n—1}and Wy(z,y) == > lig,—pe,y,—y}- Let
i=1

Wh(z) := > Wy (x,y) be the weight of vertex z in Bn Write
y

Volz) = {y € Vi : Wy(z,y) > 1} (2.2)

for the set of outgoing neighbors of = in Bn, thus #Vn(x) is the out-degree of vertex x. We also
define G,, := (Vau, En) for the un-directed graph corresponding to G ,,, so that, G,, is a connected
graph without multiedge but possibly has loops. Put V,,(z) := {y € V,, : Wy (2,y) + W, (y, z) >
1}, it is the set of neighbors of x in G,,.
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We will investigate the numbers of different kinds of vertices in Bn and G,,, which are
introduced as the following. First, put

No(2) =Y 1ig—a}, (2.3)
k=1

which is the number of visit times (visit intensity) of £ at vertex x up to time n. Then
Wh(r) = Np_1(x). For each £ > 1, set Ry, ¢ := ) 1{n, (2)=¢}, this is the number of vertices
T

n
with visit intensities being exactly ¢ in 8n Define Ry, ¢+ == Y, Ry k. Then R, = Ry 14.
k=¢

Similarly, we define ﬁn ci=>1 #V( to be the number of vertices whose out-degrees are
~ n

z)=0}
exactly £ in Bn Then Zﬁmg = Ry, 1. Noting that Y 1w, (2,)>1} and Y 1w, (y,2)>1} have
[ Yy a Yy a
the same law, we only consider the out degree #Vn(:z:) here. Set ﬁn_ﬁr = > ﬁnk Define
k=¢
Rn) ¢ and ﬁn) ¢+ in a similar way for undigraphs G,

2.2 Main results

For the above range-renewal processes induced by i.i.d. samples ¢ with a common distribu-
tion m, an SLLN of Dvoretzky-Erdos’ type holds true as is indicated below.

Theorem 2.1 For any discrete probability measure 7, we have lim Lo =
n—oo Elin

1 almost surely.
To present the other main results in a neat way, we introduce the following definitions.
Definition 2.1 Let ¢ : [1,00) — [1,00) be a strictly increasing function. Let v € [0,1]. We

say that ¢ is y-regular if

lim 0% =\
z—oo ((x)
Note that if ¢; is v;-regular for each i € {1,2} and lim €1(2) — 1 then v1 = 2. So, the

oo G2(x)
following definitions of regular distributions on N are well-posed.

YA > 0. (2.4)

Definition 2.2 Let v € (0,1). A distribution © on N is said to be y-regular if there is a
y-reqular function ¢ satisfying

lim 7, - (n) =1, (2.5)

n—r oo

where (™1 is the inverse function of ¢.

Definition 2.3 A distribution © on N is said to be 0-regular ift (1) There is a 0-regular
function ¢ satisfying (2.5); (2) the function ¢ is continuously differentiable and

¢'(Az)

o250 ()

Definition 2.4 A distribution m on N is said to be 1-regular if: (1) There is a 1-regular

=A"H VA>o. (2.6)

function ¢ satisfying (2.5); (2) there ewists an increasing function v : RT™ — RT and a contin-
uous and integrable function g : RT — RY such that lim (x) = co and
Tr—r0o0

C(z - @)

Jm @y e — I (2.7)
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holds uniformly on each compact A-set in (0, 00).

For any v-regular distribution 7 on N with v € [0, 1], we will refer vy(r) := 7 to be the
regular index of 7. In the following we will show some backgrounds for the regular functions.

Remark 2.1 (2.4) is just the definition of regularly varying function with exponent =,
which is originally introduced by Karamata [24]. See for example [15, pp. 241-250], [30, pp.
13], [20, pp. 321-324], or [8] for the definition and related properties.

Remark 2.2 If ¢ is y-regular for some v € [0, 1], then zlim logl(@)) .

oo logw

Remark 2.3 In the previous versions of this paper, we remarked that we need suitable
dominations (without an explicit presentation of those dominations) in limits (2.4) and (2.7)
so that the Lebesgue’s Dominated Convergence theorem (DCT for short) can be applied in
the proof of Lemma 3.2 (and in other similar estimates). Thanks to the anonymous referee
for reminding us the following important fact: For regularly varying function ¢ with exponent
v € R, the limit zlgr;o “0(()‘;)) = A7 holds uniformly on each compact A-set in (0,00) (see [,
Theorem 1.5.1]). Tt is also clear that, for any v-regular function ¢ (with 0 < v < 1) and any
e € (0,1), there exist constants C., M. > 1 such that

((Az)
((z)
So the exchangeability of the limit z — oo and the integral with respect to ds in the proof of
Lemma 3.2 (and in other similar estimates) holds for regular distributions 7 on N with index
v = 7(m) € [0,1). The requirement of uniformly convergence of the limit (2.7) is to serve the

<O NTE N> M., A> 1. (2.8)

same end in our deductions for the case of 1-regular distributions.
As follows, we show that the regular distributions on N contain many interesting examples.

Example 2.1 Let C' >0, a >0 and b > 0.
(1) If &, = C;li(al), then choosing ((z) = (Cz)?, one can prove that 7 is y-regular with
1
v=-—€(0,1).

1+a
2.a) Ifm, =C- e~ . [1+ o(1 , then one can choose ((z) = log(Ca)1 and prove that 7
( p

a

is O-regular.
_1

(2b) Ifm, =C- e—allogn)™™" [1+ 0(1)], then one can choose ((x) = exp { [%] 0 1 and

prove that 7 is O-regular.

(3) If mp = W

g(\) = W and prove that 7 is 1-regular.

Cx

- [1 4 o(1)], then one can choose ((x) = Togn) Y(x) = logz and

Now we assume the common distribution 7 to be 7-regular for some v € (0,1). Then we
have a series of SLLNs as Theorems 2.2-2.4. For completeness, the interested readers can find
in Section 5 the corresponding results for 7 being O-regular or 1-regular.

Ry kt
ERn,k+

Theorem 2.2 For each k € N, we have lim = 1 almost surely. The same result

n— oo
holds when we replace Ry, j+ by ﬁmlﬁ,ﬁmlﬁ respectively.

Rn,k

Theorem 2.3 For each k > 1, we have lim =% = rp(y) = (k=)
n—00 n

T(1—)C(k+1)
where T'(+) is the usual Gamma function. Consequently, we have almost surely

almost surely,

n k—
lim Ry pe1 vy

= 2.9
n—00 Rn,k k—+1’ ( )
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lim ok 7 (2.10)

n—oo Rn,k}-‘r k

Remark 2.4 (2.10) means that the proportion of the relatively ‘new’ vertices at visit in-
tensity level k is approximately 7; this is a kind of average escape rate (at intensity level k).
In the case of SSRW on Z¢ with d > 3, the limit in (2.10) is always 4, the usual escape rate
(escape probability), see for example [26, pp. 220].

Theorem 2.4 We have almost surely

lim % = Pi(n) = im@)ﬂb(m = k), (2.11)

lim Hnk (m) := i re(v)P(Rae = k) (2.12)
oo Rn k . Y 20 . .

Note 37 mi(v) =1 and 7%(7) = sy k=) 1+ O(k1)] as k — oo. We remark here
=1
that, Theorem 2.3 indeed tells us that {Rgf } o, is asymptotically a power law distribution
with exponent 1 + ~.

With a heuristic argument in Section 5, we also conjecture that {7/ (7)}32, and {7 (7)}32,

(defined in Theorem 2.4) are power law distributions with exponent 2.
In the rest of this section, we show that Theorems 2.2-2.4 may fail to be true without any
regular condition. See the following counter example.

Example 2.2 Let a; > as > 1. There exist some distribution 7 and an increasing sequence
{n;}32, C N such that almost surely

Rn 1 1 Rn 1 1
lim —2~~ = — and lim —2~ = —. (2.13)

Jj—oo Rn2j71 aq Jj—roo Rn2j (e}

For the convenience of readers, we now present a proof of the above example based on
Theorems 2.1-2.4, while their own proofs are postponed to the successive sections.

Proof of Example 2.2 For any distribution 7 on N, write P for the probability measure
induced by the i.i.d. sequence of {&, : n > 1} with common distribution 7.
Let asr_1 = a1,as, = ag for each k& > 1. Let 71 be a probability measure on N with

= 7 .1$a1 , © € N, where Z; := 3 ﬁ is the normalizing constant. We know that (1) is
xr
O%-regular by Example 2.1(1). Applying Theorem 2.3, we have % 28, a% with respect to

P.a). Thus there exist large enough integers nj,m; > 1 such that

P (’ o<y, )>1——
e) R ol S m cllm)) = 5

and > i < 1. Inductively, we can define a sequence of distributions (7*), k > 1) and two
r>my

strictly increasing integer sequences (ng, k > 1) and (myg, k > 1) such that

ww, 1<z <my;

1
Zy1 - xoks1’

7Tg(ﬁiﬁq) _
T > my;
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Rnk 1

and for each k > 1, with Ay, := {| 5=+ — 2| < g} 0 {Va, C [1,my)},

1
Pro(Ap) >1—-27% and Y 7 ;%ﬁ

r>my

(Here Zk+1 > 0 is the constant which satisfies Z 7r(k+1) 1.)

Let Wg(g *) .= lim m(g " for each = € N. Clearly 7(>) is still a probability measure on N.

n—oo

Since {x € N : m, () o F(k)} C [mg, 00) for each k > 1, we get
P (o) (Ak) =P (Ak) >1-— 27k,

Therefore, (2.13) holds P, ()-almost surely.

3 Preliminary Estimates

3.1 Expectation-variance estimate for R,

For any discrete distribution 7, we have the following estimation.

Lemma 3.1 For each n € N, we have

ER, =Y [1—(1—m)"], (3.1)

x

and Var (R,,) < ER,. Asn — oo, o = o(1).

n

Proof (3.1) is obvious since R,, = ) 1{n, (z)>1} and P(N,(z) = 0) = (1 — 7m,)". Next,

since E[Rn (R —1)] = 3 P(No(z) > 1, Nu(y) > 1), we have
TFY
E[R,(R, —1)] = Z[l —(1=m)" = (1 =my)" + (1 =7y —my)"]
T#yY
< Z[l —(1=m)" 1= (1—m)"] = [ERn]Q'

1-(1—m,)"
n

It follows Var (R,,) < ER,, immediately. Furthermore, noting lim = 0 and W <

n— 00
Tz, We have ]ER" = o(1) in view of the DCT.

Fix v € (0,1) now. We always assume that 7 is y-regular and ¢ is a vy-regular function
which satisfies (2.5). In the forthcoming subsection, we will give some necessary estimates for
the related quantities as n — oo, which will be helpful for the proofs of Theorems 2.2-2.4.

3.2 Expectation estimates for visit intensity statistics

Fix a € (3,3). For each z > 0, let E(z) := E(z;1) with

E(z;a) = Z [1 — (1 — C_IL(],))Z}. (3.2)

7>¢(2)

Lemma 3.2 E(z;a) =T(1 —7)-a”-((2) - [1 +0(1)] as z — 0.
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Proof Since ((+) is strlctly increasing, the discrete sum in (3.2) can be approximated by the
integral fC(2) [ (1 ( ) }dx with the error term bounded by [ (1 C*I(C(Q))) ] <1.
Hence

e +/C°° —f(x))z}dxzo(l)—/O%[l—(l—at)z]dc‘(%)
- i- (1——)} @ + i — (1 - a]- (1)

+/o o ¢(2) (- as
o) o [0 1-2)

z

For the second term on the right side of the above equation, we have }in% [t -C (%)} = 0 based
—

on Remark 2.2. So that, we are left to estimate the third term. Applying (2.8) with ¢ = I_T'V

and A = 57!, we get

CA
—

SOu-s_%ﬂ, \V/ZZMl—T'y, s€(0,1).

It is easy to get

z—1 -1
(1_£) gexp{_x(zi)}gexp{—g}, Vz>2 x>0
z

z
(’Y+1)

Hence 2((;) (11— %)Z_l is bounded by max{1,C1_, - s

all s > 0. Therefore, we can apply the DCT to get
z—1 0 2 z—1
lim C 1 — E) ds = / lim o) (1 - E) Ls<zyds
0

200 z 2—00 C( ) z

= / s 7e ¥ds =T(1 —v)-a”" L.
0

le 72 forallz>2+leTv and

This proves the lemma.
Lemma 3.3 ER,, =T'(1 —~)-{(n) - [1 + o(1)].

Proof Fix 0 < ¢ < % By (2.5), there exists sufficiently large integer ip, such that
™ < #h4gy for allé > dg. Hence ER,, < O(1) + E(n, 1 +¢). By Lemma 3.2,

ER, . Em,1+¢)
nlgr;o RO th_)n;ow =T(1—-7)-(14+¢e).

Similarly, lim = C( 2 >T(1—7)-(1—¢)”. We prove the lemma by letting € | 0.

n—oo

It is easy to see that, for any n > ¢ > 1,
ERp = Z ctorl(1— )"t (3.3)

In order to estimate ER,, ¢, we define

)= wh(l—m) " (3.4)

Then ER,, , = %Sg(n)[l + O(1)] as n goes to infinity.
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Lemma 3.4 Fiz ¢ >1 and d > 1. As n goes to infinity,

Se(m) =) - 1 4o,
ER, , = w ¢(n) - [1+o(1)]
and
Se(n —d) = [1+0(%)} - Se(n). (3.5)

Proof Fix (> 1. For cach z > ( and a € (3,3), let

Se(z;a) = Z (C_la(n))e(l - C%a(n))z—f'

n>((2)

Following the proofs of Lemmas 3.2-3.3, we can prove first S¢(z;a) = a7y ({—7)- ) J1+0(1)],

Pd
and then Sy(n) =~T'(¢ —~) - % - [14 o(1)]. Hence we have the equation for ER,, ,.
In proving (3.5), we assume d = 1 for simplicity. Clearly Sy¢(n — 1) — S¢(n) = Se+1(n) and
Sesi(n) _ ATEHI=7)- 2L [140()]  p_qyqo(1) .
S0 = are S e ——=. This proves (3.5).

3.3 Variance estimates for visit intensity statistics
Lemma 3.5 Fiz { > 1. Asn goes to infinity, Var (R,¢) < [1+ o(1)] - ER,, 4.

Proof Mimicking the proof of Lemma 3.1, we have

T#Y
By (3.3) and (3.5),
B~ o) = 3 G gy i (1 =)
n! nl 2 1
< @m0 = lam =g - [1+0()] s

~[1+0(2)] @Rw

It follows Var (R, ¢) < [1+4 O(%)] -ER,, ; immediately. This proves the lemma by ER,, , <
ER, and 2Z= — 0.

3.4 Estimates for out-degree statistics

Recall the definition of 7n(x) in (2.2) and recall also Wy, (z) = Np—1(z). In order to
investigate R, 1, we define

Roe=3Y NS S, (3.6)

Then ﬁn,k =3 ﬁnkﬁ

0>k
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Lemma 3.6 Fiz ¢ >k > 1. Asn goes to infinity,
r
B0 = T2 B = k) () 11 +o(1)].

Proof Fix z € Nand n > ¢ >k > 1. Define random set W, (x) := {i <n —1:¢&; = z}.
Then W, (z) = #W,(z). Define A® := {A C N:|A| =k} and AP .= {ACN:|A| = k,z ¢
A}. Write

Be:={BC[l,n—1]NN:|B|=/(},
BY = {BeB:|i—j|>2forallijec B withi# j}

and 6(2 \B . Then according to the decompositions By = B§1) u B§2) and AK) =
Al U [AC \ ® ] we have
W) = £, Vo) € ADY = (Wa(w) € B, V() € AW},

e eAM\A“%ﬂW()e@%7<>eA“}
UDWa(z) € BN, en1 = & = 2, Vnlz) € AP}

So we can write P(WV, =/, #7 =k) = Li(z) + I(z) with
Li(z) == P(W B§”,7 (z) eAk)
L(x) = PW,a(x) € B®, Vo (2) € AW) 4 PO, (2) € BY, 601 = &0 = 7, Vu(w) € AD),
Then we have Eﬁmk,g => Ii(z) + ) L(z).
Since #Bél) =Y , <n'and #Bf) =Ct_, —C" , < X\ -n'"! where )\, is a constant
depending only on ¢, we have

> L(x) Z z) € B?) + PWa(z) € BV &0y = & = )]
< #Bf’ I B LA O AR VT L

x

<X -nf1Su(n — 1) +nfSe i (n).

By Lemma 3.4, we have Sy(n — 1) = O(C—")) and Sy41(n) = O( CEZZ) So

3 Ih(a) :0(@).

Now we turn to estimate Y I1(z). Let B € B§”. By our construction, W, (x) = B and

771(1:) e A® are just to say: & = z,Vi € B and {§;41 : 1 € B} € AP i Fa,Vie{i<
1 ¢ B,i—1¢ B}. Note that {£;11,7 € B} has the same distribution with {&;,7 < ¢} and
that #{j € [I,n —1]NN:j € B,j —1¢ B} =n—1—20+ 1{,_1cp}. Hence we have

P(W,(z) = B, Vn(z) € AP

(1 —mp)n 1720 P{& 1 < U} e Ay7)
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Write A, :=P({& 1i < €} € ARW) —P({g& i < 0} € AP). Then by P(R; = k) = P({& i <
0} € A®)), we have
P({&:i <t} € AP =P(R,=k) — A,.

Furthermore, by #B, M — Cé _, and the first inequality of (3.7), we get
L) = Y POWa(a) =B, Valx) € AP
BeB{M
< Cpg (L —m)" PG i < £} € ADY)
=C_ (1 —m)" PR = k) — A
Since 0 < A, <P(x € {§ :i < {}) < {m,, we have

0<Z o1 =)A< eCh ZF6+1 )l

By Lemma 3.4, we have 3. 76+ (1 — 7, )n =172 = 0(<) So

Z L1 — ) A, = o(@).

On the other hand, applying Lemma 3.4 again, we get

S w1 - ) T = ar (- ) - S o),

Therefore,

Y h) < ( ) Z 7l (1 — )" IHP(R, = k)

(¢~ )
ST-P

In the same way, we can apply the second inequality of (3.7) to get

(Re = k) - C(n) - [L+o(1)].

ZI M (R, = k) - C(n) - [1 4 o(1)].

Hence we finish the proof of the lemma.
Lemma 3.7 For fized 1 < k < ¢, Var (ﬁn,k,g) < [1+4o0(1)] 'Eﬁn)k,g.

Proof The proof is similar to that of Lemmas 3.5-3.6. Here we just give a sketched proof

by outlining the main differences.
Let 2,y € N with z # y. Recall A® := {A C N: |A| = k} in the proof of Lemma 3.6.
Define AY) := {A C N: |A| = k, {z,y} N A = 0}. Write

Dy:={(B,C):BUCC[l,n—1NN,BNC =0, |B|=|C| = {},
Dél) {(B,C)€Dy:]i—j|>2foralli,j e BUC withi# j}

and D(2) =Dy \D(l) Then we have

B(Wo(2) = Wa(y) = LAV alx) = #Valy) = k) = Ji(2,9) + oz, y),
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where
Ji(@,y) = B((Wa(@), Wa(w)) € DO, {(V(@), V() € AL,
To(2,y) = B((Wa(@), Wa () € D, {V (@), Vuly)} C AD)
+ P(Wa (@), W () € DY {6n-1,60} € {2,y} A V), Vuly)} € AD).
Furthermore,

E(H2 )= Rune) = S P(Walw) = Waly) = £, #V 0 (2) = #Vu(y) =

TFY
= Z Jl(xay) + Z JZ(xay)
TAy TAy

A direct calculation gives

20

#D = 2,0l = [1 + O(n)} ' (Z!P

where Ay > 0 is a constant depending only on ¢. So in view of Lemmas 3.4 and 3.6,

Z Ja(z,y) < #Dé2) . Z Wﬁﬁi(l o, — ,n.y)n—l—2é
e Ty

+ #Dél) . Z Wiﬂi(ﬂm +my) (1 — 7y — 7Ty)n—l—Qe
T#Y
<A S —1— 0% +2n% - Spii(n —£)Se(n — 1 —¢)
2
S O(M) — 0(]_) . Eﬁ?’hk,ﬂ

n

n

Since

0<P{&:i<t}e AW) —P{¢ - z<€}€A ) Uy + my),
we write Ay, i=P({& i <} € A2 _P({¢ i<t} e Aw,y) and get

0< Z wﬁwi(l — 7y — )" ITHA,, < Z T, — )" Y 2, )
T#Y TFY
< 40Spi1(n—30)Se(n — 1 —3¢0)
¢(n)?
= O(nzeﬂ)'

So, we can apply Lemmas 3.4 and 3.6 again to get

S hi(wy) < #DY S wbal(l - my - m)"TTYR({G i < 0 € AR)2 A, ]
T#y T#Y

:%@n%-[sg(n—l—g@?-ﬂb(z% k)2 +0(C( )2)}

1+0 ]Eﬁnkf )

and

ST Ji(wy) = #D0 - wlxtl

me =) M P({& i <0 € A2 AL
zFy zF£yY

and #Déz) = 072/_1055 — CQE_QgOSg S A[TLQE_

1
’
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[1+ o Eﬁn "k

Therefore, we have E(ﬁ% koo~ ﬁn ko) =[14+ 0(1)](Eﬁn) k. ¢)? and complete the proof of the
lemma.

4 Proofs for the Main Theorems 2.1-2.4

First we state the following lemma. It plays an important role in the proof of the main
theorems.

Lemma 4.1 Let S,, be a sequence of non-negative increasing random variables. Suppose
ES,, — 400 and M := sup{E(Sp+1 — Sp) : n > 1} < +oo. Suppose that there exist constants
C,6 > 0 such that

Var (S,) < C - (ES,)?™%, n>1 (4.1)
or even more weakly
C - (ES,)?
) < —— > 1. 4.2
Var (S,,) < (Tog ES, )75 n (4.2)

Then lim % =1 almost surely.
n— o0 n

Since the proof of the above lemma is in fact contained implicitly in [13] and is indeed an
easy application of Borel-Cantelli lemma, we omit the details here.

Now we present the proofs of Theorems 2.1-2.4. The main idea is to exploit Lemma 4.1.
We split the proofs into 5 parts.

(A) By the construction of the range-renewal process (R, : n > 1), we have 0 < R,41—R,, <
1 for all n > 1. Using Lemmas 3.1 and 4.1, we prove Theorem 2.1.

(B) Since R, ) is not increasing in n, we turn to R, x+. By Lemmas 3.3-3.4,

k—1
ERp it =ER, — Y ERn¢=[1+0(1)] - F(l(ff_lﬁ;') -{(n).

(=1

In view of Cauchy’s inequality and Lemmas 3.1, 3.3-3.4 and 3.7, we have

k—1 _
Var (R, p+) = Var (Rn — ng) <k- {Var (Ry) + Z Var (Rn)g)}
=1
<k- [ER S+ ol ZERn 4 —0(C(n)) = O(ERp1s).  (4.3)
So ER”’“}L aT> 1 by Lemma 4.1. This proves the first result of Theorem 2.2.
ER, ER, -
(C) By Lemmas 3.3-3.4, Jim s = mi(7) and nli)n;OW:* = re () = g:km(’y).
Combining this with the SLLNs for R,, and R, i+, we have
. Rux Ry oy — Ry ev)+ 5. ERy gy . ER, k+1)+
MR, ST R, =2 ER, A% ER, 0

almost surely, which implies Theorem 2.3 immediately.
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(D) Write ﬁn bt 0+ = Rpo1 — >0 % ﬁn)i)j. Then using Lemmas 3.6-3.7, we can get
i<k j<t
B

Var (ﬁn b, 04) = Eﬁn kit e+) as (4.3). Hence lim —=f =1 almost surely by Lemma

=00 ERp ko, et

4.1. Combining this with Lemmas 3.3 and 3.6 and noting
ﬁn, k0= ﬁn b+, 0+ — ﬁm (k+1)+, 4+ — ﬁm k+, ((—1)+ T ﬁn, (k+1)=+, (0—1)+s

we obtain almost surely

Note that Z Z Rose _ =1 and Z Z re(y) - P(Re¢ = k) = 1. By Scheffés’ theorem (see [12,
k=1 =k —1i=

pp. 101]), we have almost surely

ﬁ&éfnﬁji”“=i Bkt =S o) Bt= ),

n— =k

which implies the first result of Theorem 2.4. Then we can establish an SLLN of Dvoretzky-
Erdos’ type for (R, k,n > 1), and prove the second statement of Theorem 2.2.

(E) The proof for the results of the induced undirected graph G, is omitted here since it is
rather similar to the directed graph case.

By (A)—(E), we finish the proofs of Theorems 2.1-2.4.

5 Discussions

In the first two subsections, we will discuss the critical cases of the distribution = being
0-regular and 1-regular respectively. Then in the last subsection, we will propose a conjecture
concerning the asymptotic degree distributions of our unweighted random graphs in the case of
7 being ~-regular with v € (0,1).

Recall (3.4) for the definition of S¢(n). Similarly we have the following lemma.

Lemma 5.1 Let /,d € N be given.
(1) If v = 0 then ER, = C(n)[1 + o(1)] and Se(n) = L2 - ¢'(n) - [1 + 0(1)].
(2) If v = 1, letting g and ¢ be as introduced in Definition 2.4, then

ER, = gl - ¢(n) - (n) - [ + o(1)]
Su(m) = 1902 ey pmy - 11+ 01,

n

Se(n) = 7 C(n) - [1+o(1)], £>2.

(3) For v =0 or 1, we always have Sy(n — d) = Se(n) - [1+ O(L)].

When v = 1, we have ER,, = |lg|l - ¢(n) - ¥(n) - [L + o(1)]. Here lim 2 — 1 and

logn

lim % = 0. Therefore, in this critical case, lim loiﬂ =0.
n n— gn

It is also notable that Lemmas 3.5 and 3.7 still hold for the critical cases v € {0, 1}.
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5.1 0-Regular case: v(mw) =0

In the same spirit, we can prove the following SLLNs:

. Ry o4 ﬁn kt, 0+

im =1 and lim =1.
n—00 IERn)“_ n—00 En P

A careful calculation reveals that

ER, ¢+ = [1+0(1)] -ERy and ER, ir s = [1+0(1)]-ERn,

which implies lim % = 1and lim % = 1. Hence almost surely we have for any
n— o0 n n— 00 n
fixed ¢ € N,
. RnJ . n, ¥t . Rn,é
A T -

5.2 1-Regular case: v(7) =1
Since ER,, = O(¢(n) - ¥(n)) and O({(n)) = O(ER,, ¢4) for £ > 2, we have

log ER,,
lim (08Efn (5.1)
n—oo  logn
log ER,,
lim (OBEfn e (5.2)

n—o0 logn

Therefore, we can derive easily that Var (R, ¢+) < C - (IERn)H)% for some constant C' > 0
(depending possibly on ¢ > 2), which yields an SLLN for R,, ¢+ by our Lemma 4.1. In the same
spirit, we have also an SLLN for R, gt ¢+.

Now a detailed calculation of ER,, ¢+ and ER,, k., ¢+ reveals the following result:

Rn) 1 Rn,f

n n

=1 and lim
n— 00

lim
n— o0

=0, (>2.

And a re-scaling yields

. Rn 14 1
1 = {> 2. 5.3
B oy M (53)

Furthermore, for any k > 2,

5.3 A conjecture

As mentioned in Section 2, we conjecture here that, when 7 is y-regular with v € (0, 1),
the out degrees of G, (and of G,, respectively) exhibit asymptotically power law distributions
with exponent 2. More precisely, {71 (7)}32, and {7 (7)}3, should be 1-regular and

log 7 1 () ~ lim log Ty ()

= =92 5.4
k— o0 log(%) k— 00 log(%) ’ ( )
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whence the graphs Bn and G,, are asymptotically scale-free (see [30, pp. 12]). A heuristic
deduction is as the following. Define for each k£ > 1,

=inf{n>1: R, = k}. (5.5)

Clearly R,, < k if and only if T}, > n; here we always have T}, > k — 1. Hence

oo

Zre P(Re = k) ZT@ E[l{r,<t<Tys1}]
= =k

k
E Z TZ 1{Tk<é<Tk+1} E[TTk+ (7) - TTk+1+ (7)] .
=k

Therefore

7i(m) = Elry, , ()] = Elrr, (0)]- (5.6)

Now we assume 7, = z%, x € N for simplicity, where a = % We know that R, is of order n”
as n — oo; it is natural to believe that T} should be of order k% as k — oo; and the difference
ATy = Tyxy1 — Tk should be of the same order as Tkl_”, which comes from the following
observation: (n +d)? —n? =1 implies d ~ a- n'~7 as n — oo. It is easy to know

=1
gu—w
Top = . (é— 1)! = O(Z‘V)
for large enough ¢. And

o () (3

would be of the same order as Tk_%. Whence ?k(w) should be of order (k*)~27 = k=2 as
k — oo. The same heuristic deduction also works for 7 (7).
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