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Abstract Suppose that λ1, · · · , λ5 are nonzero real numbers, not all of the same sign,

satisfying that λ1
λ2

is irrational. Then for any given real number η and ε > 0, the inequality

|λ1p1 + λ2p
2
2 + λ3p

3
3 + λ4p

4
4 + λ5p

5
5 + η| <

(

max
1≤j≤5

p
j
j

)− 19
756

+ε

has infinitely many solutions in prime variables p1, · · · , p5. This result constitutes an im-

provement of the recent results.

Keywords Prime, Davenport-Heilbronn method, Diophantine inequalities

2000 MR Subject Classif ication 11P32, 11D75

1 Introduction

In 1953, Prachar [11] showed that for sufficiently large odd integer N , the equation

N = p1 + p22 + p33 + p44 + p55 (1.1)

is solvable in primes p1, · · · , p5. Motivated by the work of Prachar [11], Ge and Li [2] considered

the analogous form for Diophantine inequality. Let λ1, · · · , λ5 be nonzero real numbers, not all

of the same sign, satisfying that λ1

λ2
is irrational and let 0 ≤ σ ≤ 1

720 . Ge and Li [2] proved that

for any given real number η and ε > 0, the inequality

|λ1p1 + λ2p
2
2 + λ3p

3
3 + λ4p

4
4 + λ5p

5
5 + η| <

(

max
1≤j≤5

p
j
j

)−σ+ε

(1.2)

is solvable in primes p1, · · · , p5. In 2017, the result (1.2) was improved by Mu [9]. By employing

the method in Languasco and Zaccagnini [7], Mu [9] enlarged the range of the exponent to

σ ≤ 1
180 . Afterwards, Liu [8] further improved the result to σ ≤ 5

288 . Motivated by Wang and

Yao [12], by combining the sieve method in Harman [4] and Harman and Kumchev [5], Mu and

Qu [10] refined Liu’s result and showed that (1.2) holds for σ ≤ 5
252 .

In this paper, by applying a new method to estimating the related integral over the minor

arc (see Lemma 3.5), we are able to provide a stronger minor arc estimate and obtain the

following sharper result.
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Theorem 1.1 Suppose that λ1, · · · , λ5 are nonzero real numbers, not all of the same sign

with λ1

λ2
irrational. Then for any given real number η and ε > 0, the inequality

|λ1p1 + λ2p
2
2 + λ3p

3
3 + λ4p

4
4 + λ5p

5
5 + η| <

(

max
1≤j≤5

p
j
j

)− 19
756+ε

(1.3)

has inf initely many solutions in prime variables p1, · · · , p5.

2 Outline of the Method

Throughout the paper, the letter p, with or without subscript, is reserved for a prime

number. Let ε be a sufficiently small positive number and δ > 0 is a small constant depending

on the coefficients λ1, · · · , λ5. We use e(α) to denote e2πiα. Since λ1

λ2
is irrational, we let a

q
be

a convergent to λ1

λ2
, with the denominator q sufficiently large. Write

X = q
21
11 , τ = X− 19

756+5ε, L = logX, Ij = [(δX)
1
j , X

1
j ].

Denote

Kτ (α) =







( sin(πτα)

πα

)2

, if α 6= 0,

τ2, if α = 0.

Then

Kτ (α) ≪ min(τ2, |α|−2), (2.1)
∫ +∞

−∞

e(yx)Kτ (x)dx = max(0, τ − |y|). (2.2)

We borrow the function ρ(m) defined in [5, (5.2)]. Set

ψ(m, z) =

{

1, if p|m⇒ p ≥ z,

0, otherwise,

z(p) =











X
5
28 p−

1
2 , if p < X

1
7 ,

p, ifX
1
7 ≤ p ≤ X

3
14 ,

X
5
14 p−1, ifX

3
14 < p.

The function ρ(m) takes the form

ρ(m) = ψ(m,X
5
42 )−

∑

X
5
42 ≤p<X

1
4

ψ
(m

p
, z(p)

)

. (2.3)

For m ≤ X
1
2 , it follows from the construction of ρ(m) that (see [5, (2.3)])

ρ(m) ≤

{

1, if m is prime,
0, otherwise.

(2.4)
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Let

S∗
2 (α) =

∑

m∈I2

ρ(m)e(m2α), Sj(α) =
∑

p∈Ij

e(pjα) log p. (2.5)

For any measurable subset X of R, write

I(τ, η,X) =

∫

X

S1(λ1α)S
∗
2 (λ2α)

∏

3≤j≤5

Sj(λjα)Kτ (α)e(αη)dα. (2.6)

From (2.2) and (2.4), we have

I(τ, η,R) =
∑

p1∈I1,m2∈I2
pj∈Ij , 3≤j≤5

ρ(m2)
∏

1≤j≤5
j 6=2

log pj

×

∫

R

e
((

λ1p1 + λ2m
2
2 +

5
∑

j=3

λjp
j
j + η

)

α
)

Kτ (α)dα

=
∑

p1∈I1,m2∈I2
pj∈Ij , 3≤j≤5

ρ(m2)
∏

1≤j≤5
j 6=2

log pj

×max
(

0, τ −
∣

∣

∣
λ1p1 + λ2m

2
2 +

5
∑

j=3

λjp
j
j + η

∣

∣

∣

)

≤ L4
∑

pj∈Ij
1≤j≤5

max(0, τ − |λ1p1 + λ2p
2
2 + λ3p

3
3 + λ4p

4
4 + λ5p

5
5 + η|)

≤ τNτ (X)L4, (2.7)

where Nτ (X) counts the number of solutions of the inequality

|λ1p1 + λ2p
2
2 + λ3p

3
3 + λ4p

4
4 + λ5p

5
5 + η| < τ (2.8)

with pj ∈ Ij . Let φ = X− 1
8 and ξ = τ−2X

1
80+2ε. We divide the real line into three parts

M = {α : |α| ≤ φ}, m = {α : φ < |α| ≤ ξ}, t = {α : |α| > ξ}. (2.9)

These sets are called the major arc M, the minor arc m and the trivial arc t, respectively. Thus

I(τ, η,R) = I(τ, η,M) + I(τ, η,m) + I(τ, η, t). (2.10)

Following the argument of [10, (3.26) and (5.3)], we can get

I(τ, η,M) ≫ τ2X
77
60L−1, |I(τ, η, t)| = o(τ2X

77
60L−1). (2.11)

In the following, we will prove

|I(τ, η,m)| ≪ τ2X
77
60−ε. (2.12)
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3 Some Auxiliary Lemmas

In this section, we collect some auxiliary results required in the proof of Theorem 1.1.

Lemma 3.1 Let

T (α) ∈ {S1(λ1α)
2, S3(λ3α)

8, S∗
2 (λ2α)

2S5(λ5α)
6, S∗

2 (λ2α)
2S4(λ4α)

4,

S∗
2 (λ2α)

2S3(λ3α)
4, S∗

2 (λ2α)
2S3(λ3α)

2S5(λ5α)
2}.

Then we have
∫ +∞

−∞

|T (α)|Kτ (α)dα ≪ τX−1T (0)1+ε. (3.1)

Proof It follows easily from [10, Lemma 3.7].

Lemma 3.2 Suppose that X ≥ Z1 ≥ X
5
6+2ε, X

1
2 ≥ Z2 ≥ X

3
7+2ε, X

1
3 ≥ Z3 ≥ X

11
36+2ε

and |S1(λ1α)| > Z1, |S
∗
2(λ2α)| > Z2, |S3(λ3α)| > Z3. Then there are integers a1, q1, a2, q2 and

a3, q3 satisfying

(ai, qi) = 1, qi ≪
(X

1
i
+ε

Zi

)2

, |qiλiα− ai| ≪ X−1
(X

1
i
+ε

Zi

)2

, i = 1, 2, 3. (3.2)

Proof For i = 1, see [8, Lemma 2.1]. For i = 3, see [3, Corollary 2.2]. We prove the case

for i = 2. By Dirichlet’s theorem, there exist co-prime integers a2, q2, such that

1 ≤ q2 ≤ X
(X

1
2+ε

Z2

)−4

, |q2λ2α− a2| ≪ X−1
(X

1
2+ε

Z2

)4

. (3.3)

It follows from [10, (4.7)] that

|S∗
2 (λ2α)| ≪ X

3
7+

1
2 ε +X

1
2+

1
2 ε
( 1

q2
+
q2

X

)
1
4

. (3.4)

Since |S∗
2 (λ2α)| > Z2 ≥ X

3
7+2ε and X

3
7+

1
2 ε +X

1
4+

1
2 εq

1
4
2 ≪ Z2X

− 1
2 ε, we have

Z2 < |S∗
2 (λ2α)| ≪ X

1
2+

1
2 εq

− 1
4

2 .

Hence

q2 ≪
(X

1
2+

1
2 ε

Z2

)4

, |q2λ2α− a2| ≪ X−1
(X

1
2+ε

Z2

)4

. (3.5)

Then we can deduce from the proof of [5, Lemma 1] with Q = X
1
7−ε that (or see [6, Lemma

5.6] with z = X
3
28 )

Z2 < |S∗
2 (λ2α)| ≪

X
1
2+ε

(q2 +X |q2λ2α− a2|)
1
2

+X
1
7+

11
40+ε +X

11
28+ε

≪
X

1
2+ε

(q2 +X |q2λ2α− a2|)
1
2

. (3.6)

Therefore, by (3.6), we can obtain

q2 ≪
(X

1
2+ε

Z2

)2

, |q2λ2α− a2| ≪ X−1
(X

1
2+ε

Z2

)2

.



Diophantine Inequality by Unlike Powers of Primes 129

Lemma 3.3 Suppose that |S3(λ3α)| > X
11
36+2ε and there exist integers a and q satisfying

(a, q) = 1, q ≪ X
1
18 , |qλ3α− a| ≪ X− 17

18 . (3.7)

Then we have

|S3(λ3α)| ≪
X

1
3+ε

(q +X |qλ3α− a|)
1
2

. (3.8)

Proof It follows easily from [3, Lemma 2.1].

Lemma 3.4 Write

N1 = {α : α ∈ m, X
11
36+2ε < |S3(λ3α)|}.

Then we have

∫

N1

|S3(λ3α)|
2|S4(λ4α)|

2Kτ (α)dα ≪ τX
1
6+4ε.

Proof We first note that Kτ (
α
λ3
) = λ23K τ

λ3
(α). Hence

∫

N1

|S3(λ3α)|
2|S4(λ4α)|

2Kτ (α)dα = λ3

∫

N2

∣

∣

∣
S3(α)

2S4

(λ4

λ3
α
)2∣

∣

∣
K τ

λ3
(α)dα, (3.9)

where

N2 =
{

α :
α

λ3
∈ m, X

11
36+2ε < |S3(α)|

}

. (3.10)

Denote

N
∗(n) =

⋃

1≤q≤X
1
18

q
⋃

a=1
(a,q)=1

(

n+
a

q
−

1

qX
17
18

, n+
a

q
+

1

qX
17
18

]

,

N
∗ =

+∞
⋃

n=−∞

N
∗(n). (3.11)

Let V (α) be the function of period 1 and defined for α ∈ [0, 1) by

V (α) =

{

(q +X |qα− a|)−1, α ∈ N
∗
⋂

[0, 1),

0, α ∈ [0, 1) \N∗.

Applying Lemma 3.2 with Z3 = X
11
36+2ε, we get

N2 ⊆ N
∗. (3.12)

Then we can deduce from Lemma 3.3 and (3.12) that

|S3(α)| ≪ X
1
3+εV

1
2 (α) for α ∈ N2. (3.13)
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Write

ψ(v) =
∑

p4
1−p4

2=v

(δX)
1
4 ≤p1,p2≤X

1
4

log p1 log p2,

Ψ(α) =
∣

∣

∣
S4

(λ4

λ3
α
)2∣

∣

∣
=

∑

v

ψ(v)e
(λ4

λ3
vα

)

. (3.14)

From (3.12)–(3.14), we have
∫

N2

∣

∣

∣
S3(α)

2S4

(λ4

λ3
α
)2∣

∣

∣
K τ

λ3
(α)dα

≪

∫

N2

X
2
3+2εV (α)Ψ(α)K τ

λ3
(α)dα

≪ X
2
3+2ε

∫

N∗

V (α)Ψ(α)K τ
λ3
(α)dα. (3.15)

Applying [1, Lemma 3] with Q = X
1
18 , we get

∫

N∗

V (α)Ψ(α)K τ
λ3
(α)dα

≪ τXε(1 + τ)1+εX−1
(

∑

v

|ψ(v)| +X
1
18

∑

|
λ4
λ3

v|≤ τ
|λ3|

|ψ(v)|
)

≪ τX−1+ε
(

∑

v

|ψ(v)| +X
1
18

∑

|v|≤ τ
|λ4|

|ψ(v)|
)

. (3.16)

Since τ = X− 19
756+5ε, we have

∑

|v|≤ τ
|λ4|

|ψ(v)| ≤
∑

|p4
1−p4

2|≤
τ

|λ4|

p1,p2≤X
1
4

L2 =
∑

p1=p2

p1,p2≤X
1
4

L2 ≤ X
1
4+ε. (3.17)

Moreover, it is easy to find that

∑

v

|ψ(v)| = Ψ(0) ≤ X
1
2L2. (3.18)

Now combining (3.9) and (3.15)–(3.18), we obtain
∫

N1

|S3(λ3α)
2S4(λ4α)

2|Kτ (α)dα ≪ τX
1
6+4ε. (3.19)

Lemma 3.5 Let

m3 = {α ∈ m : |S∗
2 (λ2α)| ≤ X

3
7+2ε, |S3(λ3α)| ≤ X

11
36+2ε}

and

Jk =

∫

m3

|S∗
2 (λ2α)

2S3(λ3α)
k|Kτ (α)dα.

Then we have

J12 ≪ τX
233
63 +23ε. (3.20)
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Proof Write Gk(α) = |S∗
2 (λ2α)

2S3(λ3α)
k−2|. We have

Jk =

∫

m3

S3(λ3α)S3(−λ3α)Gk(α)Kτ (α)dα

=
∑

p∈I3

(log p)

∫

m3

e(αλ3p
3)S3(−λ3α)Gk(α)Kτ (α)dα

≤
∑

p∈I3

(log p)
∣

∣

∣

∫

m3

e(αλ3p
3)S3(−λ3α)Gk(α)Kτ (α)dα

∣

∣

∣

≤
∑

n∈I3

∣

∣

∣

∫

m3

e(αλ3n
3)S3(−λ3α)Gk(α)Kτ (α)dα

∣

∣

∣
L. (3.21)

By Cauchy’s inequality and the obvious facts Gk(α) = Gk(−α), Kτ (α) = Kτ (−α), we can get

Jk ≪ X
1
6L

(

∑

n∈I3

∣

∣

∣

∫

m3

e(αλ3n
3)S3(−λ3α)Gk(α)Kτ (α)dα

∣

∣

∣

2) 1
2

≪ X
1
6L

(

∫

m3

S3(λ3β)Gk(β)Kτ (β)

×
(

∫

m3

S3(−λ3α)Gk(α)Kτ (α)
∑

n∈I3

e(λ3n
3(α− β))dα

)

dβ
)

1
2

≪ X
1
6L

(

∫

m3

|S3(λ3β)Gk(β)|Kτ (β)F (β)dβ
)

1
2

, (3.22)

where

F (β) =

∫

m3

∣

∣

∣
S3(−λ3α)Gk(α)Kτ (α)

∑

n∈I3

e(λ3n
3(α− β))

∣

∣

∣
dα. (3.23)

From [3, (7.6)–(7.11)], we obtain

F (β) ≪ τ
1
2X

1
6+ε

(

∫

m3

|Gk(α)|
2Kτ (α)dα

)
1
2

+X
1
4+ε

∫

m3

|Gk(α)S3(λ3α)|Kτ (α)dα. (3.24)

Hence, by (3.22) and (3.24), we have

Jk ≪ τ
1
4X

1
4+ε

(

∫

m3

|Gk(α)|
2Kτ (α)dα

)
1
4
(

∫

m3

|Gk(α)S3(λ3α)|Kτ (α)dα
)

1
2

+X
7
24+ε

∫

m3

|Gk(α)S3(λ3α)|Kτ (α)dα. (3.25)

Note that

Jk−2 =

∫

m3

|Gk(α)|Kτ (α)dα. (3.26)

Then we can deduce from Cauchy’s inequality that
∫

m3

|Gk(α)S3(λ3α)|Kτ (α)dα
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≪
(

∫

m3

|Gk(α)S3(λ3α)
2|Kτ (α)dα

)
1
2
(

∫

m3

|Gk(α)|Kτ (α)dα
)

1
2

= J
1
2

k J
1
2

k−2. (3.27)

Since

max
α∈m3

|S∗
2 (λ2α)| ≤ X

3
7+2ε

and

max
α∈m3

|S3(λ3α)| ≤ X
11
36+2ε,

we have
∫

m3

|Gk(α)|
2Kτ (α)dα =

∫

m3

|S∗
2(λ2α)|

4|S3(λ3α)|
2k−4Kτ (α)dα

≪ max
α∈m3

|S∗
2 (λ2α)

2S3(λ3α)
k−4|Jk

≪ X
6
7+

11(k−4)
36 +2kεJk. (3.28)

Combining (3.25) and (3.27)–(3.28), we conclude that

Jk ≪ τ
1
4X

1
4+ε(X

6
7+

11(k−4)
36 +2kεJk)

1
4 (J

1
2

k J
1
2

k−2)
1
2

+X
7
24+εJ

1
2

k J
1
2

k−2. (3.29)

This yields that

Jk ≪ τ
1
2J

1
2

k−2X
13
14+

11(k−4)
72 +(k+2)ε +X

7
12+2εJk−2. (3.30)

Moreover, for k = 4, we can deduce from Lemma 3.1 that

J4 ≪

∫ +∞

−∞

|S∗
2 (λ2α)

2S3(λ3α)
4|Kτ (α)dα ≪ τX

4
3+ε. (3.31)

Applying (3.30) and (3.31), we can obtain

J6 ≪ τ
1
2 (τX

4
3+ε)

1
2X

13
14+

11
36+8ε +X

7
12+2ε(τX

4
3+ε) ≪ τX

23
12+3ε,

J8 ≪ τ
1
2 (τX

23
12+3ε)

1
2X

13
14+

11
18+10ε +X

7
12+2ε(τX

23
12+2ε) ≪ τX

5
2+12ε,

J10 ≪ τ
1
2 (τX

5
2+12ε)

1
2X

13
14+

11
12+12ε +X

7
12+2ε(τX

5
2+12ε) ≪ τX

65
21+18ε,

J12 ≪ τ
1
2 (τX

65
21+18ε)

1
2X

13
14+

11
9 +14ε +X

7
12+2ε(τX

65
21+18ε) ≪ τX

233
63 +23ε.

4 The Minor Arc m

Now we come to estimate I(τ, η,m). We first introduce a detailed division of the minor arc

m. Let

m1 = {α ∈ m : |S1(λ1α)| ≤ X
5
6+2ε},

m2 = {α ∈ m : |S∗
2 (λ2α)| ≤ X

3
7+2ε, |S3(λ3α)| > X

11
36+2ε},
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m3 = {α ∈ m : |S∗
2 (λ2α)| ≤ X

3
7+2ε, |S3(λ3α)| ≤ X

11
36+2ε},

m4 = m \ (m1 ∪m2 ∪m3).

Thus

|I(τ, η,m)| ≤
∑

1≤i≤4

|I(τ, η,mi)|. (4.1)

Applying Hölder’s inequality and Lemma 3.1, we have

|I(τ, η,m1)|

≪ max
α∈m1

|S1(λ1α)|
3
16

(

∫ +∞

−∞

|S∗
2 (λ2α)

2S3(λ3α)
2S5(λ5α)

2|Kτ (α)dα
)

1
8

×
(

∫ +∞

−∞

|S3(λ3α)|
8Kτ (α)dα

)
3
32
(

∫ +∞

−∞

|S∗
2 (λ2α)

2S4(λ4α)
4|Kτ (α)dα

)
1
4

×
(

∫ +∞

−∞

|S∗
2 (λ2α)

2S5(λ5α)
6|Kτ (α)dα

)
1
8
(

∫ +∞

−∞

|S1(λ1α)|
2Kτ (α)dα

)
13
32

≪ τX
5
32+

2
15+

5
32+

1
4+

3
20+

13
32+2ε = τX

601
480+2ε. (4.2)

Let N1 be defined as in Lemma 3.4. It is easy to see that m2 ⊆ N1. Then we can deduce

from Cauchy’s inequality, Lemmas 3.1 and 3.4 that

|I(τ, η,m2)|

≪ X
1
5 max
α∈m2

|S∗
2 (λ2α)|

(

∫ +∞

−∞

|S1(λ1α)|
2Kτ (α)dα

)
1
2

×
(

∫

N1

|S3(λ3α)|
2|S4(λ4α)|

2Kτ (α)dα
)

1
2

≪ τX
1
5+

3
7+

1
2+

1
12+5ε = τX

509
420+5ε. (4.3)

Moreover, by Hölder’s inequality, Lemmas 3.1 and 3.5, we can get

|I(τ, η,m3)|

≪
(

∫

m3

|S∗
2 (λ2α)

2S3(λ3α)
12|Kτ (α)dα

)
1
12
(

∫ +∞

−∞

|S1(λ1α)|
2Kτ (α)dα

)
1
2

×
(

∫ +∞

−∞

|S∗
2 (λ2α)

2S5(λ5α)
6|Kτ (α)dα

)
1
6
(

∫ +∞

−∞

|S∗
2 (λ2α)

2S4(λ4α)
4|Kτ (α)dα

)
1
4

≪ τX
233
756+

1
2+

1
5+

1
4+3ε = τX

1189
945 +3ε. (4.4)

Remark 4.1 We remark that the constraint on the choice τ = X− 19
756+5ε arises from (4.4).

In view of (2.12), the estimate in (4.4) should not exceed O(τ2X
77
60−ε). Hence this leads to the

constraint

τ ≫ X− 19
756+5ε.
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In the following, we consider the range m4 = m \
(

m1

⋃

m2

⋃

m3

)

. Note that for α ∈ m4, we

have

|S1(λ1α)| > X
5
6+2ε, |S∗

2 (λ2α)| > X
3
7+2ε.

So we can divide m4 into disjoint sets S(Z1, Z2, y) such that for α ∈ S(Z1, Z2, y), we have

Z1 < |S1(λ1α)| ≤ 2Z1, Z2 < |S∗
2(λ2α)| ≤ 2Z2, y < |α| ≤ 2y, (4.5)

where Z1 = 2t1X
5
6+2ε, Z2 = 2t2X

3
7+2ε and y = 2rX− 1

8 for some positive integers t1, t2 and r.

Thus by Lemma 3.2, there are co-prime integers (a1, q1), (a2, q2) satisfying

q1 ≪
(X1+ε

Z1

)2

, |q1λ1α− a1| ≪ X−1
(X1+ε

Z1

)2

,

q2 ≪
(X

1
2+ε

Z2

)2

, |q2λ2α− a2| ≪ X−1
(X

1
2+ε

Z2

)2

. (4.6)

We remark that a1a2 6= 0, since otherwise we have α ∈ M. Furthermore, we subdivide

S(Z1, Z2, y) into sets S(Z1, Z2, y, Q1, Q2), where Qj < qj ≤ 2Qj on each set. Then

∣

∣

∣
a2q1

λ1

λ2
− a1q2

∣

∣

∣
=

∣

∣

∣

a2(q1λ1α− a1) + a1(a2 − q2λ2α)

λ2α

∣

∣

∣

≪ Q2X
−1

(X1+ε

Z1

)2

+Q1X
−1

(X
1
2+ε

Z2

)2

≪
X2+4ε

Z2
1Z

2
2

≪ X− 11
21−ε. (4.7)

Note that q = X
11
21 . Thus

∣

∣

∣
a2q1

λ1

λ2
− a1q2

∣

∣

∣
= o(q−1). (4.8)

We also have

|a2q1| ≪ yQ1Q2. (4.9)

Hence, if |a2q1| take R distinct values, we could deduce the existence of n satisfying

∥

∥

∥
n
λ1

λ2

∥

∥

∥
≪ X− 11

21−ε, n≪
yQ1Q2

R
. (4.10)

This would contradict a
q
being a convergent to λ1

λ2
if q is sufficiently large, unless

R≪
yQ1Q2

q
. (4.11)

By (4.7) and the well-known bound on the divisor function, we find that each value of a2q1 corre-

sponds to O(Xε) values of a2, q1 and a1, q2. Then we obtain that each set of S(Z1, Z2, y, Q1, Q2)

is made up of O(RXε) intervals of length

min
( 1

Q1X

(X1+ε

Z1

)2

,
1

Q2X

(X
1
2+ε

Z2

)2)

. (4.12)
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Let L denote such a set S(Z1, Z2, y, Q1, Q2). We have

∫

L

1dα≪ yQ1Q2q
−1 min

( 1

Q1X

(X1+ε

Z1

)2

,
1

Q2X

(X
1
2+ε

Z2

)2)

≪
yX2+4ε

qZ2
1Z

2
2

. (4.13)

Recall that τ = X− 19
756+5ε, y ≪ ξ = τ−2X

1
80+2ε, q = X

11
21 , Z2 ≫ X

3
7+2ε, Z1 ≫ X

5
6+2ε and

Kτ (α) ≪ τ2. Then we can deduce from (4.5) and (4.13) that

|I(τ, η,L)| ≪ τ2Z1Z2X
1
3+

1
4+

1
5

(

∫

L

1dα
)

≪ τ2
yX2+ 47

60+4ε

qZ1Z2
≪ τ2X

16033
15120+ε. (4.14)

Summing over all possible values of y,Q1, Q2, Z1, Z2, we get

|I(τ, η,m4)| ≪ |I(τ, η,L)|L5 ≪ τ2X
16033
15120+2ε. (4.15)

Now combining (4.1)–(4.4) and (4.15), we have

|I(τ, η,m)| ≪ τX
601
480+2ε + τX

509
420+5ε + τX

1189
945 +3ε + τ2X

16033
15120+2ε ≪ τ2X

77
60−ε. (4.16)

5 Proof of Theorem 1.1

Combining (2.7), (2.10)–(2.11) and (4.16), we can conclude that

I(τ, η,R) ≫ τ2X
77
60L−1, Nτ (X) ≫ τX

77
60L−5. (5.1)

Since λ1

λ2
is irrational, there are infinitely many pairs of co-prime integers q and a such that a

q

is convergent to λ1

λ2
. Then we have X = q

21
11 → +∞ as q → +∞. This implies that (5.1) holds

for infinite sequence of values X. Thus the proof of the theorem is completed.
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