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Abstract In this paper, local unstable metric entropy, local unstable topological entropy
and local unstable pressure for partially hyperbolic endomorphisms are introduced and
investigated. Specially, two variational principles concerning relationships among the above
mentioned numbers are formulated.
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1 Introduction

Entropy including metric entropy and topological entropy plays an important role in dy-
namical systems, which describes the complexity of a given dynamical system from different
points of view. It is well known that there is a variational principle connecting metric entropy
and topological entropy, which says that for a given system (X,T), where X is a compact
topological space and T: X — X is a surjective and continuous map, its topological entropy
is equal to the supremum of all metric entropies over all invariant probability measures with
respect to 1. As a generalization of entropy, pressure with respect to a potential function is
introduced, and a similar variational principle can also be established. The reader can refer to
[7] for more details concerning entropy theory.

In order to obtain more information from a dynamical system, various versions of entropy
are introduced, among which local entropy including local metric entropy and local topological
entropy is an important one. Correspondingly, related variational principle is formulated. In
[14], given a T-invariant measure u, for a given open cover U of X, Romagnoli introduced two
types of metric entropies with respect to U: h,(T,U) and hf(T,U) with h,(T,U) < b} (T, U),

and gave the following local variational principle:

htop (T, Z/{) - sup {h#(T? u)}v

w is T-invariant
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where hiop (T, U) is the local topological entropy with respect to Y. In addition, if T is invertible,
Glasner and Weiss [2] proved that the above variational principle also holds for h:j (T,U). For
more results concerning local entropies, the reader can refer to [1, 5-6]. Specially, in [6], for
a given factor map 7w : X — Y between two topological dynamical systems, a Borel cover U
and an invariant Borel probability measure p, two notions of measure-theoretical conditional
entropy hf (T,U | Y') and h,, (T,U | Y) were introduced. And the authors showed that bt (T, U |
Y) = h,(T,U | Y). Moreover, max hi(T,U | Y) = hiop(T,U | Y) when U is an open cover.
Then as a consequence of the above results, the relative variational principle was given.

Equipping X with additional structure, e.g. Riemannian structure, we can establish more
results concerning entropies. Due to the differential structure, we can require that T is C"
(r > 1). And we often require that T is equipped with some hyperbolicity, e.g. T is a uniformly
hyperbolic diffeomorphism or a partially hyperbolic diffeomorphism. Under the above assump-
tions, the unstable manifold can be introduced. In Ledrappier and Young’s papers (see [8-9]),
a kind of metric entropy defined via increasing measurable partitions subordinate to unstable
manifolds was introduced, which is suitable for developing the relationship between Lyapunov
exponents and metric entropy. A new type of entropy including metric and topological versions,
focusing on the expansive part of a dynamical system, was introduced by Hu, Hua and Wu in
[3] for O partially hyperbolic diffeomorphisms, which is called unstable entropy. The unstable
metric entropy was given by a finite partition o and a measurable partition 7 subordinate to
unstable manifolds in the form lim 1 H, #(\/?:_01 T~"aln), where for two measurable partitions
B and v of X, H(f|y) is the congi_{iooonal entropy of 8 with respect to . It is important to point
out that, for establishing a variational principle between unstable metric entropy and unstable
topological entropy, the latter form in [3] is easier to take advantage of. In [3], the authors also
gave the relationship between unstable metric entropy and Ledrappier-Young’s entropy, which
implies that the complexity of a partially hyperbolic system is caused by the expansive part.
In [4], unstable pressure was introduced, and a variational principle for unstable pressure was
also formulated.

In [19], the concepts of unstable entropies and unstable pressure were generalized to local
case for partially hyperbolic diffeomorphisms, which bring us a new point of view to investigate
the complexity of a partially hyperbolic dynamical system. Variational principles for local
unstable topological entropy and local unstable pressure were obtained respectively. Note that
in order to give the above variational principles, unstable topological conditional entropy and
unstable tail entropy were introduced, which play crucial roles in the proofs.

Noticing that plenty of physical processes are irreversible, in addition, the evolution law
dependents on time, some counterparts of the above objects are considered for noninvertible
map via preimage structure (see [20]) and some of the above results are generalized to random
case (see [16, 18]). It is interesting to investigate corresponding results as in [3—4, 19]. In
[17], the authors introduced unstable entropies and unstable pressure for partially hyperbolic
endomorphisms, and obtained a corresponding variational principle. The main purpose of this
paper is to introduce local unstable entropies and local unstable pressure for partially hyperbolic
endomorphisms. However, for endomorphisms, there are some difficulties to establish similar
results. Due to non-invertibility, the notion of unstable manifolds is not well defined, in order
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to overcome this difficulty, in [22], Zhu introduced the inverse limit space (see Section 2, for
details), which makes it possible to define the unstable manifolds and borrow some ideas from
the smooth ergodic theory of random dynamical systems. Moreover, some techniques and
results in [17] can be applied.

This paper is organized as follows. In Section 2, we give some basic knowledge necessary
for our goal and state our main results. In Section 3, we give the definitions of two kinds of
local unstable metric entropies, and some properties of these two local entropies and relations
between them are also obtained. In Section 4, we give the definition of local unstable topological
entropy with some important properties of them. In Section 5, we give the definitions of unstable
topological conditional entropy and unstable tail entropy and their relations with local unstable
entropies and unstable entropies, which are crucial to the proofs of our variational principles.
In Section 6, we give the proofs of the variational principles for both local entropies and local

pressure.

2 Preliminaries and Main Results

Throughout this paper, let M be a C*° Riemannian manifold without boundary endowed
with metric d(-,-) and f : M — M be a C' endomorphism. Denote 7'M the tangent bundle of
M with norm | - ||. Both d(-,-) and || - || are induced by the Riemannian metric.

For a metric space X, denote B(X) the Borel o-algebra of X. Let M% be the infinite product

space of M endowed with the product topology and the metric d(Z,7) = Y. 27 "ld(zp,yn)

for ¥ = {zp, 152 and ¥ = {yn}>2_ . In order to define unstable mar?ifol?ios, we need the
concept of inverse limit space denoted by M/, which means it is a subspace of the product
space MZ, and fx, = xn41, n € Z, for T = {2,}>° € M/, Tt is clear that M7 is a closed
subspace of MZ. Let I1: M/ — M be the projection such that for ¥ = {x,}7>° _ TI(Z) = z0.
Let 7: M7 — M/ be the left shift operator.

Consider the pull back bundle F = IT*T'M. The tangent map Df on T'M induces a fiber
preserving map on E with respect to the left shift operator 7, defined by II* o D f o IL,, which
is still denoted by D f for simplicity.

Now, we give the definition of partial hyperbolicity.

Definition 2.1 f is said to be (uniformly) partially hyperbolic if there exists a continuous
splitting of the pull back bundle E into three subbundles, i.e., for any T € M7, E(Z) = E*(Z) ®
E°(Z) ® E*(T) and constants A\, \;, A2, Ao’ and C with0 < A\ <1< Xg, A1 < A’ < X' < Ay
and C > 0 such that for each T € M7,

i) Dp f(B*(@)) = B¥1(2)), for k= s,c,u;

ii) for v¥ € E5(Z) and n € ZT, || Dz f0%|| < CA"[|v*|;

iii) for v¢ € ES(T) and n € Zt, C~Y(\)"||v|| < ||Dzfv¢|| < C(A")"||ve];
iv) for v* € E“(Z) and n € Z*, | Dzf™v%| > C7I X" ||vY].

A~ o~ o~

Denote M(f) the set of all f-invariant Borel measures on M, and denote M (1) the set
of all T-invariant measures on M/. On one hand, for any p € M(f), there is a unique 7-
invariant measure i on M/ corresponding to p with II(jz) = u (see [12, Proposition 1.3.1]); on
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the other hand, for any @ € M(7), p :=II(x) is an f-invariant measure on M. In addition, y is
ergodic with respect to f if and only if i is ergodic with respect to 7. For more details on the
relationship between M(f) and M(7), the reader can refer to [12, I.3]. In the remaining of this
paper, we always denote y and ji the measures on M and M/, respectively, with II(z) = p.

From now on, let (f, M, u) be a dynamical system, where f is a partially hyperbolic en-
domorphism, and p is an f-invariant Borel measure. Let g be the corresponding measure on
M/,

For & = {x,}22__ € M7 and € > 0 small enough, define

Wiz, f) = {zo € M : There exists 7 € M7 with TI(Z) = 2,

1
d(z—p,x_y) < €for n € N and limsup —logd(z_p,2_,) < —log /\2},
n

n—oo

where \g is the constant in Definition 2.1. W (Z, f) is called a local unstable manifold of f at
z. Now we have the following theorem, which is stated for hyperbolic endomorphisms, while it
is still valid for our partially hyperbolic case. The reader can also refer to [11, 15, 21] for more
details.

Theorem 2.1 (see [12, Theorem IV.2.1]) Let f be a partially hyperbolic endomorphism.
Then there exist a continuous family of C' embedded disks {D%}zcns in M and constants
0 < A<1ande>0 such that

(i) Tyy DY = E%(x0), for any T € M7;

(ii) for any zo € DY, there exists unique Z € MY such that II(Z) = 29 and

d(z_p,x—pn) < XN"d(z0,x0) (2.1)

forn € ZT;
(iii) D% N B(xo,€) = WH(Z, f), where B(zg,€e) ={y € M: d(y,z) < €}.

Then we can define
WH(Z, f) :=={z € M!: TI(Z) € W&, f) and 7 satisfies (2.1)}.

Sometimes, we will use the notation W (Z, f) and ngc(i, f) for Wu(z, f) and WX(Z, f)

respectively.

Remark 2.1 According to Theorem 2.1, it is clear that

e oyt Wise(@ £) = Wike(E f)
is a bijection, which is crucial for our subsequent proofs.

Now we define
wz, f) = {zo € M : There exists z with TI(Z) = 2o

1
and limsup —d(z_,,z_,) < —log )\2}

n—+oo N
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and

W™z, f) = {56 M7 T1(Z) € W(Z, f) with limsupld(z_n,x_n) < —log)\g},

n—-+oo

where Ay is the constant in Definition 2.1. We call W*(Z, f) the global unstable set at z. It

—+oo
n=0

can also be proved as in [22] that there exists a sequence of C'* embedded disks {W_,,(Z)
in M such that fW_,(Z) D W_(,,_1)(Z) for n € Z* and

+oo
W@, f) = ["Won(@),
n=0
which shows that W*(Z, f) is in fact an immersed submanifold of M tangent at II(Z) to
E“(II(Z)). Then we denote the set {W"(z, f): T € M7} by W*, which is called W"-foliation.
A family of sets U = {U, };er is called a cover of M7, if it satisfies

Juvio M/,

iel
where I is an index set. Denote by U(Z) the element of U containing Z. It is clear that
II(U) := {II(U;) }ier is a cover of M. U is called a Borel cover, if TI(Uf) is a Borel cover of M.
Specially, if TI(U{) is an open cover of M, U is called an open cover. A cover is said to be finite,
if I is a finite set. Denote by Cy;r and C3,, the set of finite Borel covers and the set of finite

open covers respectively.
For a Borel cover U of M/, define diam (/) as follows

diam(lf) := diam(II(U)) = max diam(II(U)),

where diam(II(U)) = sup d(x,y).
z,yell(U)

It is clear that a measurable partition a of M can be regarded as a Borel cover of M7, and
II(«) is a Borel cover of M.
Now we give some definitions related to measurable partitions.

Definition 2.2 A measurable partition n of M/ is said to be subordinate to W*-foliation
if for pi-a.e. T, n(T) has the following properties:

(1) |y : (@) = I(n(x)) is bijective;

(ii) there exists a k(Z)-dimensional (where k(Z) = dim E%(x¢)) C' embedded submanifold Wz
of M with Wz C W™(Z), such that II(n(x)) C Wz, and I1(n(Z)) contains an open neighborhood
of xg in Wz.

Given i € M(1). For a measurable partition 1 of M/, there exists a canonical system
{f2}zeps of conditional measures of i associated with 7, satisfying

(i) for every measurable set B € M7, & — ﬁg(é) is measurable;

(i) i(B) = [y, PUB)Afi(3).
See [13] for more details.

For two covers a and 3 of M7, a > 3 means for any element A € «, there is an element
B € 8 such that A C B. In the following, we consider a special type of measurable partitions.
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Definition 2.3 A measurable partition & of MY is said to be increasing if =16 > €.

Consider a measurable partition ¢ = {A;};e; of M/. A measurable set B is called a &-set if

B = |J A, where I’ C I. Denote B(¢) the o-algebra of M/ consisting of all measurable &-sets.
Ael’
Given 1 € M(7), define

B := {B € Bz(M): & € B implies W*(%) C B},

where B (M) is the completion of B(M7) with respect to f.
The following proposition ensures the existence of increasing measurable partitions, the

reader can see [12, Section 1X.2.2] for details.

Proposition 2.1 There exists a measurable partition & of M¥ which has the following
properties:
(i) 77> ¢
(ii) Voo 77 "€ is equal to the partition into single points;
(i) B\ ™(€)) = BY, fi-mod 0;
(iv) & is subordinate to W"-foliation of f.

1

=

We denote by Q*(M/) the set of all increasing measurable partitions subordinate to W -
foliation as in Proposition 2.1.

Define W*(z,0) = {y € W*(z): d%(y,x) < d}, where d%(-, ) is the distance along W*(z, f).
We can choose €; > 0 small enough and Cy > 1 such that d(-,-) < d%(-,-) < Cod(-,-) on any
local unstable manifold W*(Z, €;).

Choose and fix a variable Ag such that Ao > || Dy f|pu(@) || > 1 for any @ € M7. Choose
L >0 and 0 < ¢y < min{ey, L} such that

(i) for any 2 € M7/, W*(z, L) N B(II(%), €0) has only one connected component.

(i1) NoCoeo < L.

Let P(M/) denote the set of all finite Borel partitions o of M/ with diam(a) < €. For a
partition a € P(MY), adapting method in [3], we can construct a® > «a satisfying a*(7) =
a(F) N WU(F, %) for any T € M/, where W*(Z,p) = {§ € Wﬁc(%) II(y) € W*(z,p)} and
Coeg < €y < L.

Denote by P*(M7) the set of all partitions constructed by above method.

Remark 2.2 By the definition of WE“(%, f) and Theorem 2.1, if p(9(Il(«))) = 0, n is
a measurable partition subordinate to W"-foliation, where 0(Il(«)) = |J 9(II(A)) and for
B C M, 9B means the boundary of B. e

Given U € Cf,,;. As generalizations of local unstable metric entropy and local unstable
topological entropy in [19], we introduce corresponding notions for endomorphisms, denote
them by A (f,U|C), bt (f,U|C) (see Section 3) and hi,, (f,U) (see Section 4), respectively,
where ¢ € P4(M7T) U Q*“(MY).

Now we can give our main results as follows.

Theorem A Let f be a partially hyperbolic endomorphism, andU € C3,; with small enough
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diameter. Then for any p € M(f) and ¢ € P*(M7)u Q“(M), we have

hi(f.UIC) = b (F.UIC) = b (FIC) = Ry (f)
and
hiop (f;U) = hig, (f),
where for the definition of hi,(f|() and hj,(f), see Definition 3.2, hi,,(f) is the unstable topo-

top
logical entropy, for more details, we refer the reader to the paper [17].

As a corollary of [17, Theorems A and D], we have the following theorem.

Theorem B Let f be a partially hyperbolic endomorphism, andU € C5,; with small enough
diameter. Then for any ¢ € P*(M7)U Q“(M/), we have

hio(f;U) = sup BU(f,UIC) = sup et (f,U[Q).
HEM() HeM(f)

We can generalize above results to the unstable pressure for endomorphisms. Firstly, we
have the following theorem. Denote the set

{¢: M — R: ¢ is continuous}
by C(M).

Theorem C Let f be a partially hyperbolic endomorphism, andU € C5;; with small enough
diameter. Then for any ¢ € C(M), we have

PU(f,o,U) = P“(f,¢).
Applying [17, Theorem C], we can obtain a variational principle as follows.

Theorem D Let f be a partially hyperbolic endomorphism, andU € C;; with small enough
diameter. Then for any ¢ € C(M), we have

PH(f,0.1)
sup {0 + [ oan

HEM(S)

= s {0+ [ od}.

HEM(S)

3 Local Unstable Metric Entropy

In this section, we give the precise definition of local unstable metric entropy for a partially
hyperbolic endomorphism.

Firstly we give some knowledge on the information function, which is slightly modified in
our context.

Definition 3.1 Let a and n be two measurable partitions of MY . The information function

of a with respect to i is defined as

Li()(7) == —log fi((T)),
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and the entropy of o with respect to i is defined as
Hy(@) = [ I(@)@di@) =~ [ logi(a(a)di@).
M7 MT

The conditional information function of a with respect to n is defined as

I (aln)(T) := —log fit(a(Z)),

where {2 }ze s s a canonical system of conditional measures of [i with respect to n. Then the

conditional entropy of a with respect to n is defined as
Hi(aln) = / Ti(aln)(z)da(z) = —/ log /i (a(@))di().
M M
Now we can give the definition of unstable metric entropy by finite partitions.

Definition 3.2 The conditional entropy of f for a finite measurable partition o of M7 with
respect to n € PY(MY) is defined as

. 1 n—
hy(f, aln) = limsup ~ Hz (a5 ™ |n).
n—oo N
The conditional entropy of f with respect to n is defined as

hu(fln) = sup Ry (f, eln),
aEP(MT)

and the conditional entropy of f along W"-foliation is defined as

hu(f) = sup  hu(fln).
neP«(M7)
In the following, we give some useful conclusions from [17].
Lemma 3.1 (see [17, Proposition 2.14]) For any o € P(MY) and n € P*(M7), the map
i Hg(aln) from M(7) to RY U {0} is concave. Moreover, the map ji — hi(f) from M(7)
to RT U {0} is affine.

Lemma 3.2 (see [17, Proposition 2.15]) Let i € M(7) and n € P*(M'). Assume that
there exists a sequence of partitions {B,}32, C P(MY) such that 1 < B2 < -+ < By < -
and B(Bn) S B(n), and moreover, n(O(I1(B,))) =0, forn =1,2,---. Let o € P(MY) satisfy
u(0(II(av))) = 0. Then the function i’ — Hy (aln) is upper semi-continuous at [, i.e.,

limsup Hp (aln) < Hp(aln).
W —=h
Moreover, the function i' w hj;,(f) is upper semi-continuous at fi, i.e.,
limsup Ay, (f) < hy(f)-
A —p
Lemma 3.3 (see [17, Corollary 3.5]) Suppose that 1 € M(7T) is ergodic, then for any
a€P(MF) and n € PYM), we have

W) = hu(fyaln) = T~ H(og ™).
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We denote \/"_ 77 7a by o, for any m < n, m, n € Z U {£oc}. Given pu € M(f), now,

j=m
we give the definition of h% ¥ (f,U|¢). Note that we can still define h,,(f,a|€) for & € Q*(M)
as in Definition 3.2 with 7 replaced by &.

Definition 3.3 For any U € Cpys, and ¢ € PU(M7T)U Q“(M7), define

hz’—i_(f,UK) = h#(f,OéK)

1mn
a€P(MT),a>U

In order to study properties of hj™(f,U|(), which are crucial to the proofs of our main

results, we give some lemmas as follows.

Lemma 3.4 Let a € P(MY) with diameter smaller than L, and n € PY(MT). Then for

any n € N, we have

oz;l1 V1t > (ta)v.

Proof Given 7 € M/, let §j € (o=, V 7"0)(Z). Thus, we have 7-"(3) € n(7~"(Z)), which
implies that
A () (77" (), I(77"(Z))) < Coco.

Thus, we get
&ty (™D (@), 17~V ())) < Coeoro < L.

For the choice of 7, we have II(7— (=1 (7)) € Il(a(r—(™=Y(Z))), which implies that
A0~ D ), T "0 (@) <

As ¢g is small enough, we have

0060
Ao

0 sy 3y (LD @), (=D (@) <

Then, we can obtain
" _ o~ Coe
B2 (1 (). 1 (@) <

by induction. Recall that f is uniformly expanding on W*, we have d%(I1(z), II()) < Coep < €o,

which implies that g € W“(%, €0). Noticing that y € (7a)(Z), we have y € (7a)" (), hence we
have

(@2, V(") = (Ta)".
Because of the arbitrariness of 7, we obtain the result we need.
Lemma 3.5 For any n € P“(M7) and ¢ € P*(M') U Q“(M/), Hz(n|¢) is finite.
Proof Let 8 € P(M/) such that n = B satisfying a*(Z) = a(z) N W*(Z, %) for any
Z € M7, then

Hy(n|C) = — /Mf log 1< (1(%))d7i()

—— [ og (5@ N " (3. 70) R (2)
Mf
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—— [ ol (3@)da(@)
MS
= Hu(BI0) < Hp(B) < oo,
the last inequality is due to the definition of fiberwise finite partition.

Lemma 3.6 h,(f,aln) = li_)m LHz(ag™ n) ezists for any n € PU(MY) and any o €
P(M7) with diam(a) < 2.

Proof Let g € P such that n = g*. Then we have

Hy(ag™™ ) = Hp(ag ™ n) + Ha(r"ag' ™ Hag ™ V)
= Hp(ag™'|n) + Ha(ag' ™ HaZy, v ')
< Hi(ag ™" n) + Ha(og ™ |(ra)")
< Hy(ag ™ |n) + Hp(ag' ™ n) + Hz(n|(ra)"),

in the third inequality, Lemma 3.4 is used. The diameter of (7a)"(Z) with respect to d% is no

more than Cpep, which implies that (ra)*(z) C W“(%, €0), hence by Lemma 3.5, we have

Hp(n|(ra)") < Hp(B).
Then we have
Hy(ag™™"Hn) < Hg(ag ™) + Halag ™" n) + Ha(B),

which means that the sequence {Hz(ag ™" |n) + Hz(B)} is a subadditive sequence. So we have

1 1 1
lim —H (o™ n) = lim —(Hg(ag™" [n) + Ha(B)) = inf —(Ha(ag™"[n) + Ha(B)).

n—oo n

Lemma 3.7 Let p € M(f). Then hii(f) = hy(fIn) = hu(f, aln) for any n € P(M') and
a € P(M') with diam(a) < 2.

Proof First we show that af° V 7 = ¢, where ¢ is the partition of M/ into points.
Fix 7€ M. If ¥ # 7 and § € (af® V1)(Z), then we have y € n(Z) and 77(y) € a(7 (%)) for
any 7 € N. Let k£ be the first number such that

Az (I(r" (2)), T(7*(Z))) > Coeo,
meanwhile we have
s i (T(T* (7)), T(T* (7)) < Aot ) (L(7*H (@), (751 (@))) < AoCoeo

by the uniform expansion of W*, while we have 7%(y) € a(7%(¥)), where a contradiction is
obtained.

Pick up 8 € P“(M'). Since Hz(Blag® V n) = 0, for any p > 0, we can choose k € N such
that Hz(Blak™" v n) < p. Then we have

H(83 " In) < Ha(55 ™ (o™ v )y ™) + Ha(oh™ v )y~ )
< nHz(Bl(o§ ™ Vg ™) + Hz((a§ ™ v )y~ )
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k—1 -1
<np+ Hu((og™ V) [n).

On the other hand, we have

Hy((og™ v~ n) = Ha(ag ™2 vr= "= yly)
< Hy (o™ 2|n) + Ha(r~ " nlag ™2 v )
< Hp(ag™ 7 2|n) + Hu(nla® ;) v 7" 'n)
< Ha(agth™ 2|77)+H~(77I(m) ),

in the last inequality, Lemma 3.4 is applied. Then by Lemma 3.6 we have

R B
hu(f, Bln) = lim —Hy (55" |n)
1 1
< p+ lim —Hz(af nk=210) 4 Jim = Hy (| (ra)”)

=p+hu(f, aln)-

Since p > 0 is arbitrary, we have

hu(fs BIn) < hyu(f, aln),

then by the arbitrariness of 8, we complete the proof.

The following lemma gives the relationship between h,(f, 8|n) and h,(f, 5|§), whose proof
is similar to that in [19], so we omit its proof.

Lemma 3.8 Let a € P(MY), n € PY(M/) and € € Q“(M7). Then for p-a.e. T € M/, we
have . )
.. (. on—1 N finif 7 n—1 ~
liminf ~Iz(ap™"[€)(%) = liminf —Iz(ag™" |n)(Z)
and .
limsup ~ [3(a ™€) ) = limsup ~ Iz 0§~ o) (@)

n—r oo n—r oo

We also need the following theorem from [17].

Theorem 3.1 (see [17, Theorem B] Let f be a C' partially hyperbolic endomorphism.
Suppose that u is an ergodic measure of f. For any o € P(M¥),n € P*(MY), we have

: 1 n—1 ~\ __
im0 ™) (2) = A/, aln).
Now we give the following proposition, which plays an important role in this paper.
Proposition 3.1 For any ¢ € P*(M¥)U Q“(MY) and o € P(M') with diam(a) < 52, we
have )
BE() = BAUA1Q) = b, 0ld) = Tim — H(af ™ j0).
Proof We prove Proposition 3.1 in two cases.
Case 1 For ¢ € P(MY).
This is the results of Lemmas 3.6-3.7.
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Case 2 For ¢ € Q“(M/).

Given 1 € P*(M/), and denote ¢ by £&. By Lemmas 3.1-3.2, we know that i — h,(f, aln)
is affine and upper semi-continuous, for any 1z € M(7), by the Ergodic Decomposition theorem,
let i = [, ) vdm(v), where M¢(7) is the set of ergodic measures with respect to 7 and m is
the measure on M (1) such that m(M (7)) = 1, then by Theorem 3.1, we have

mmwmmma/lm1M%*m@w

Mf n—oo N

mom = [

Then by Fatou’s lemma and Lemma 3.8, we have
h > liminf < H, o=he)
u(f,0l§) 2 limint ~ Hy(ag™ |

z/lmmiM%”m@@
M

f’ﬂ,—}OO’I’L

1
:/1mme%*m@@
M

f’ﬂ,—}OO’I’L

= hyu(f, aln).
On the other hand, we have
Hy(ag ™ |§) < Hy(og ™" |n) + Hz(nl8),
by Lemma 3.5 we know that Hj(n|€) < oo, thus we have

. 1 n— 1 n—
hu(f,0l) = limsup —Hy(ag ™' |¢) < lim —Hy(ag™"|n) = hu(f,aln).
n— 00

n—oo
Combining Lemmas 3.3 and 3.7, we complete the proof of Proposition 3.1.
The following corollary can be obtained easily from Proposition 3.1.

Corollary 3.1 IfU € Cysr, has diameter smaller than f\—f[’), then
u,+ _ru _Lu
for any ¢ € PY(M') U Q¥(MY).
Now we begin to define another notation of local unstable metric entropy hy(f,U [€).

Definition 3.4 For ¢ € P*(M7)U Q“(M/), define
u . 1 e
Bis(F.UIC) = Tim sup = Hy(Ug ™" |C),

here Hy (U|C) = inf Hy; .
ahere QI = il Hi(al0)
The following proposition gives the relation between hj(f,U|¢) and hi™(f,U|¢), whose
proof is similar to that of [19, Proposition 3.18].

Proposition 3.2 h,(f,U[C) < hit(f,U|C) for any ¢ € PH(MT)uU Q“(MT).
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In the definition of hy(f,U [€), we use “limsup”, in fact, we can show that for any n €
P*(M7¥), it can be replaced by “lim”. To prove this, we need some lemmas.

Using the similar method to that for Lemma 3.4, we have the following lemma.

Lemma 3.9 Let o € P(M7) with o > U™, and n € PY(MY). Then "oV 77y > (1"a)"
for any n € N.

Lemma 3.10 For any n € PY(M7), hi(f,Uln) == li_)m %Hﬁ(ug—lm) exists.

Proof Let 8 € P(M/) with n = f*. Choose any a, v € P(M7) such that a > U;~* and
v > L{S”_l, then we have

Hp(Uy™ " n) < Hp(a v 77 "|n)
= Hy(an) + Hg(y[™"a V 7"n)
< Hp(aln) + Hg(7|(7"a)")
< Hp(aln) + Hz(v[n) + Hg(n|(7"a)")
< Hp(aln) + Hg(vIn) + Hu(B),

in the third and last inequality Lemmas 3.9 and 3.5 are applied respectively. Because of the
arbitrariness of « and 7, we have

Hp (U™ ) < HepUg™ " ) + Ha (UG~ n) + Hu(B).

As in the proof of Lemma 3.6, we have shown that {Hz Uy '|n) + Hz(B)} is a subadditive
sequence, which implies what we need.

The following lemmas are similar to [19, Proposition 3.17 and Lemma 2.5(ii)] respectively.
Lemma 3.11 RY(f,Uln) is independent of n € P*“(M7).

Lemma 3.12 Fiz N € N, for any k> 1 and a > Z/{év_l, we have
™Neav v iNav VR > (PN a).

Lemma 3.13 For n € P“(MY), we have
() A (f.Ulm) = Sy (f",Us ~" ) for any n € N,
(i) Ay (fUln) = lim Shi (", Ug ™ |n).

Proof In the proof, Lemmas 3.5, 3.12 and Proposition 3.2 are used. The proof is completely
parallel to that of [19, Lemma 3.19], so we omit it here.

Lemma 3.14 hZ**‘(f",Z/{g_lM) = nhy(fn) for any n € P4(M') and n € N.

Proof Choose arbitrary a > L{g_l, as in Lemma 3.7, we can show that
o
nv \/ T Mo =c.
i=0

Then following the line of the proof of [19, Lemma 3.13], for any 3 € P(M7) and p > 0 we can
show that
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Then by the arbitrariness of 3, p and «, we have

nhyy(fln) = by (f"n) < by *(f" g~ n).
And it is clear that nhj;(f[n) > h}j’*‘(f",blg_lm).

4 Local Unstable Topological Entropy and Pressure

In this section, we give the definition of local unstable topological entropy of f with respect
to a Borel cover U € Cy;y.
Let K ¢ M/. For any U € Cp;s, denote
N(K,U) := min {the cardinality of V: V C U, U Vo K},
vev
and denote log N(K,U) by H(U|K).

Definition 4.1 For any U € Cy;y, we define

top

htOP(f’u) = %I_)Héh (f7u76)7
where
Iy (F,U,8) = Sup_heop (£,UIW™(F, ),
zeM/S
—_ 1 —_
Riop(f,U[W(Z,5)) := lim sup EH(L{(?‘HW“(%, 5))
n—oo

and Wu(%,8) = {§ € MT: 1I(§) € W*(,0) and satisfies (2.1)}.

Using the same method in [3, 17, 19], we can prove that Ay, (f,U) is independent of 4.

Lemma 4.1 kg, (f,U) = hi, (f,U, ) for any § > 0.

As a generalization of local unstable topological entropy, we can give the definition of local

unstable pressure of f.

Definition 4.2 Let ¢ € C(M). Define

PU(f0,&5m ) =nf{ Y sup_ exp(S.0) (1)) :
VEY gevVnWu(Z,8)

veprM!), V> ug‘l},

where SpP(x) = nil o(fi(x)) for x € M. Then P"(f, ¢, U|W"(Z,6)) is defined as
i=0

PU(f, ¢, U|Wu(Z,6)) = limsup 1 log PU(f,$,%,8,n,U).
n

n—oo
Next, we define

PU(f,6,U,8) = sup P“(f,¢,U|Wu(Z,6)).
TeM /S

Then the local unstable pressure of [ with respect to ¢ is defined as

P(£,6.U) = lim P"(,6,U.,).
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Now we give the relation between local unstable metric entropy and local unstable topolog-

ical entropy.

Proposition 4.1 Let u € M(f) and U € Cpsr. Then for any ¢ € PU(M7T) U Q“(M7T), we

have

h(F;UIC) < i (f,U).

Proof Fix § > 0 such that {(z) C W“(%, 9). In the next, for any V = {Vj}?:1 € C3,r, we
will construct a finite partition o € P(MY) with a > V such that

H(al¢) < /Mf log N (W*(&, ), V)dji(3).

For any § € M/, we can find a subset I;(Z) of {1,2,---,k} with minimal cardinality no more
than N(Wt(7,6),V) such that

Uvio@.

jely

Then following the way in [19], we can construct a partition v = {4}, of M7 with o >V
such that

3(el0) < [ o N(P*(7.0),)di(0). (@.1)
Then by Fatou’s lemma, we have
. 1 n—
his(f,U|¢) = limsup — Hz (Us ™ [¢)
n—oo I

1 _—
< limsup / L 1og N(Wu(F, 6), up 1) dii(F)
M

n—00 rn

1 _—
< / timsup — log N(W* (7, ), s ") di(7)
M

f n—oo

. / hiop (f, UIW(F, 6))d7i(F)

M
< | ma huop (£, UIWH (&, ))dji(Z)
:hgop(fvu)a

which completes the proof of Proposition 4.1.
5 Unstable Topological Conditional Entropy and Unstable Tail
Entropy

In this section, we give the definitions of unstable topological conditional entropy and un-

stable tail entropy, which are useful in the proof of Theorem A, for the case when ¢ € Q(M7).

Definition 5.1 ForY € M¥ and any two covers U, V € Cy;r, define

N“(Y,U) = sup N(Y N Wu(7,8),U)
yey
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and
H*(Y,U) =log N“(Y,U),
and if Y =0, we set H*(D,U) = 0. Define
N“U|V) 21‘1/12‘5}(]\] (V,U)
and
H“(U[V) =log N*(U|V).
The following proposition is a collection of properties for H*, whose proof is simple.
Proposition 5.1 (i) H“(Y,U) < H*(Z,V) if Y C Z and V > U.
(11) H“(Z/ﬁn}l) S HU(Z/{2|V2) qug Z Lll and Vl Z VQ.
(iii) H(Y,U) = sup log N(r—(Y) N7 (Wu(5,8)), 7 U).
yey
(iv) H* UV VW) < HYUIW) + H*(VIUV W).
(V) H“(Z/ﬁ V Vl |L{2 V VQ) < H“(Lﬁ |Z/{2) + HU(V1|V2)
(vi) H*(Y, UV V) < H*(Y,U) + H*(Y, V).
(vii) H*(M7T,U) < H* (M7, V) + H*U|V).
(viil) HY(U|V) < HXUW) + H*W|V).

Lemma 5.1 If diam(V) < €0 < 8, then lim 2 H*“(U) ' |\Vy™") ewists.
n—r00

Proof Firstly, we show that V N 77 (Wu@’ MN=vn m) for any V € VTn_l and
7 €7 "V. Because V € V™! we know that if Z € V N T"(Wu@a d)), then

0y (W (), T (7)) < Coco
for 0 < j < n, so we have
4% (I1(3), Tl (7)) < Coeo
which implies that 2 € V' N W“(T"@), d). Then by Proposition 5.1, we have
H U™y
< H" UG Ve + B (U e vnh)
< H"Ug Ve )+

log max sup N(77"VN (W“@, 6)), 7" Sn_l)
vev™ lger—ny

= H @I Vi) +log max  sup N(V "W (g,s),Ur")
vev™ lyer—ny

= HWUP ' Vi) +log max  sup N(VAWe(rn(5),8), U )
Vevr ot rm(gev

= UV
< H UG VYT + YUV,
which means that {H*@Uy *|V§~")} is subadditive, hence we complete the proof.

Because of Lemma 5.1, we have the following definition.
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Definition 5.2 The unstable conditional entropy of f on the cover U with respect to the
cover V is defined as

u . 1 U n—1 n—1
R(f,UlY) _nlgr;o EH U1V ).
And define h*(f, Y, U) = hmsup LHYY, uyt).

The unstable condztwnal entmpy with respect to V is defined as

hU(fIV) = sup h*(f,U[V).
uecs,

And define h*(f,Y) = sup h*(f,Y,U).

Z/{GCLf

The unstable topological conditional entropy of f in the sense of Misiurewicz is defined as

B = inE (V).

ves
The following proposition is a collection of properties of unstable conditional entropy.

Proposition 5.2 (i) h*(f,Y.U) < h“(f,Z,V) if Y C Z and V > U.
(il) R(f,Us V1) < B*(f,Us|V2) if Uz > Uy and Vi > Vs.

(iil) h*(f, M1, U) < h*(f, M7, V) + h*(f,U|V).

(iv) (£, UV) < B (f,UIW) + h*(f,WV]V).

(v) hiop (f;U) < hiop(f, V) + 2 (F,U]V).

Proof (i)—(iv) are simple. For (v), by Lebesgue Dominated Convergence theorem, we have

hu(favau) top(f u)
then by Proposition 5.1, we obtain what we need.

The following proposition is important.
Proposition 5.3
RU(f MT) < he(f, M U) + b (flU)
and
hitop(f) < hiop (f;U) + hicy (fIU).
Proof The two inequalities can be obtained by Proposition 5.2(iii) and (v), respectively.

In the next, we begin to define the unstable tail entropy of f in the sense of Bowen.
Fix § > 0, for e >0, # € M/ and Y € M/, a subset E, of Wu(Z,0) is called an (n, e)-
spanning set of Y N W“(i, 0) if for any y1,92 € E,, we have d"(71,92) < €, which means

A (77 (51)), (7 (52))) < € for 0<j<m—1.
Denote

RZ(W“(%, d),€) := the smallest cardinality of (n, ¢)-spanning sets of Y N W“(f, J).
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Then define
ri(Y,€) = sup Ry (W (7, ), ),
yey
1
7 (Y, €) = limsup — logr. (Y, €)
n—oo T
and

h(f,Y):= gl_rf(l)T (Y, e).

For € > 0, denote (] By, (Z,€) by ®(Z, €), where
1

B,(%,€) ={ye M : d"(Z,7) < ¢}

and d"(z,7y) < € means d(II(7%(Z)),(7*(z))) < e for 0 < k < n — 1. Now we can give the
following definition.

Definition 5.3

h*(f,e) = sup b (f, %, ®(z,¢)).
zeM/f

The following proposition gives the relation between unstable conditional entropy and un-
stable tail entropy, whose proof is completely similar to that of [19, Proposition 4.10], so we
omit it here. For U € C3;;, let Leb(U) be the Lebesgue number of IT(f).

Proposition 5.4 For Y € M/ and U,V € C3,; with Codiam(U) < e < %(V).

N(Y N Wu(g,8), Vi~t) <ri(Y,e) < N(Y N Wu(g,d),ug™).

In fact, in our setting, both unstable conditional entropy and unstable tail entropy vanish,

i.e., we have the following theorem.
Theorem 5.1
h(f) =0
and
h™(f,€) =0
for any € > 0 small enough.

Proof For U € Cy;s with diam(U) < eg, we show that h*(f|i4) = 0. For any € > 0, choose
W € Cg,; with Leb(W) = 3e. Then by Proposition 5.4, we have

max sup log N(U N W(F, ), wih
veuy ' geu

< max logry(U,e)
veuy—*

<logr(Bn(Z,e€0),€). (5.1)
Fix § € B, (%, €0). Let Z € B, (F,€) N W“(ﬂ, 9), which implies that

d(I1(r*(2)), I(7* (7)) < 2e0
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for any 0 < k < n — 1. Thus we have
% (I(7"(2)), TI(7"())) < 2Coeo

for any 0 < k < n — 1, which means

Bu(F,€0) N W (F,8) C By(§,2C0e0).
Noticing that

B’Z (gv 20060) C T_nBu (7.71 (@v 20060)7
where BY(Z, p) := {§ € W"(Z): di(I1(z),I(y)) < p}, we can find z;, 1 < j < N such that

( @ 20060 U Bu

where N = D(QCQ%O)dim e for some D > 1. So we have

Cz

B, (T, €0) ﬂW“ (y,0 (%5, €)
Thus
(B, (%, €),€) < N.

n

By (5.1) we have

1
lim —H"(Wy Hug ™)

n—00 N,

1 -
= lim — max suplogN(UﬂW“(y,d),Wg_l)

n—=o0 N yeU) ! jeu

1 ~
= lim —r}(B,(Z,¢€p),€)

n—o00 M

dim E*
< lim — log D (200—)

n—00 N,

:O’

which implies that h*(W|U) = 0, because of the arbitrariness of W, we know that h*(f|U) = 0.

As in the proof of [19, Theorem 1.3], we have that W“@, 0) N ®(Z, €) contains at most one
point due to the expansion of f along W*. Then following the line of the proof of [19, Theorem
1.3], we have

h™(f,e) =

for € > 0 small enough. Now we complete the proof of Theorem 5.1.

6 Variational Principles for Local Unstable Entropy and Unstable
Pressure

In this section, we prove Theorem A, then variational principles for local unstable entropy
and unstable pressure are obtained. First of all, we give two propositions as follows.
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Proposition 6.1 For any u € M(f), ¢ € PY(MT)UQ“(MY), and U, V € Cprs with small
enough diameter, we have
Hi(VIQ) < HE(U|C) + H*(VU).

Proof Let V = {Vi,Va,---,V,,} and B € P(M7) such that 8 > U. Let B € 3. For

each y € B, there exists Iy C {1,2,---,m} with minimal cardinality no more than N*(V|3)
such that |J Vi D BN ((y). Thus we can choose 41,¥a2, -+ ,¥s € B such that for each § € B,
jEly

I = I, for some 1 < i < s. Then as in the proof of Proposition 4.1, we can contruct a partition

vp of B, then a partition v = |J v of M/. According to the construct of v, we know that
Begp

N(v[BV ) < N“(V|B),
where
N(®[BV¢) = glgg;ggN(B N¢@),)-
Then we have
BI¢) + Hz(v[B V Q)
80+ [ M)

a(B1C)

a(BIO) +

i (BI¢) +log N*(v]B V ()
Hy(BIC) + log N*(V|U).

Hy(v]¢) <

Hy
Hy
< Hy;

Thus

H;(VI¢) < Hz(v[€)
< Hy(B[¢) + H* (V).
Since 8 > U is arbitrary, we complete the proof.

Proposition 6.2 For any € M(f), ¢ € PY(MI) U Qu(MY), U € Cpys with sufficiently
small diameter, we have

hip(F16) < by (f,UIC) + h*(f[U).
Proof Proposition 6.2 can be obtained from Proposition 6.1 easily, so we omit the proof.
Proof of Theorem A We divide the proof into two cases.

Case 1 For n € P*(M/).
Let U € Cyys with diam(U) < eg. By Corollary 3.1, we know that

Ry P (FUIC) = R (f1€) = hy(f). (6.1)
By Lemmas 3.13-3.14, we have

u : 1 U n n— : 1 u u
haln) = Tim =Bt (" Ug = ) = Tim —nhii(fln) = hi(fln)- (6.2)
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Then by (6.1), (6.2) and Proposition 4.1, we know that

hu(f) = b (f,UIQ) < i, (f,U).

By the variational principle for unstable entropy of f, we can obtain

hiop(f) = M:}lﬁf) R (f) < higy (f,U).

And it is easy to see that hit (f,U) < h¥ (f), then we have

top top
hiop(f;U) = hiop (f)-
This ends the proof of Theorem A for n € P*(M7).

Case 2 For £ € Q¥(M7).
Let U € Cp;s. By Theorem 5.1 and Proposition 6.2, we have

hi(F16) = hy (f;U[Q).

By Corollary 3.1, we know that

Ry (£10) = b (f,UQ).

By Proposition 5.3 and Theorem 5.1, we have

hiop(f) < hiop(f,U),

and it is clear that for U € C3,;, we have

hiop(f) = hioy(f:U),
which completes the proof.
As an application of Theorem A, following the line of [19, Proposition 3.14], we have the
following proposition.

Proposition 6.3 For U € C3,;, the local unstable entropy map p h;‘;(f,lxﬂr]) s upper
semi-continuous for n € PU(M7).

Now we begin to discuss the variational principle for local pressure. Firstly, we need the
following lemma from [10], which is adapted in our paper. For V € C,;s, let « be the Borel
partition generated by V), let

P*(V)
={B € P(M'): >V and each atom of § is the union of some atoms of a}.
Denote ¢(%) := ¢(II(Z)), it is clear that Sy o= [y odji.
Lemma 6.1 (see [10, Lemma 2.1)) Let U € Cp;s and ¢ € C(M), then we have

v\ 20w G = min {3 dG)}

BEV je BNWu(F,65) BB e BNW(,5)
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Now we begin to prove Theorem C. Firstly, we prove the following proposition.

Proposition 6.4 For any ¢ € P*(M/) N Q*“(MY), we have
BALUO + [ odu < P(F0.U),
M
Proof Let ¢ € P*(M/)N Q*(M/), we have
B + [ o
= o + [ s

= limsup — H~Z/{(’} Lo+ / (bdu

n—00

zli?ﬁsotip%/M (H~< / S’nqbdu )du( ),

X. S. Wang

(6.3)

where S,¢ = Z ¢(7%(Z)). Choose § > 0 such that ((Z) C W(Z,8) for every 7 € A’ C M7,

where ji(A") = 1. For any 3 € P(MY), and any Z € A’, denote {C: C = BN ((Z) for some B €
B} by Bz. Then by Lemma 6.1, we know that there exists a 8 € P*(Uy~") such that

log P"(f,0,7,8,n,U) =log (Y s exn((S.0)()))

BeB ge BNWu(,5)

>log (Y sup exp((5,0)@)) )

Ceps VEC
> 3 FE(0)(sup(5.6)(7) - og75(C)
CeBs
e (B + Y 7E(C) sup(5,9)(3)
ceps yee

> Hye (Bz) + / Sudiis
z MT

> My U+ [ 8,058,
T Mf

By (6.3) and (6.4), we know that

hy (f,UIC) + /M ¢dp = /Mf (Hﬁg(u{f*)Jr /Mf Snadﬁg)du(z)

<timsup > [ log P(£.6.5.6,0.U)du(E)
M

n—oo N

< [ tmsup . log P(£.6.5.6,0.U)du(E)
M

f m—oo

:/ log P“(f, ¢, 0,U)du(7)
M£{f
< PU(f,0,U),

where in the third inequality, Fatou’s lemma is applied. This completes the proof.
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Proof of Theorem C By Proposition 6.4, Theorem A and the principle for unstable

pressure for partially hyperbolic endomorphisms obtained in [17], we have

PU(1.0) = s {710 + [ odp: e M)}
= sup{hﬁ(f,UK) + /M odp: € ./\/l(f)}
< PUf, 9. U).
On the other hand, it is clear that when U € C¢,;, P*(f, ¢,U) < P*(f, ¢), which completes the
proof.
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