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Limits of One-dimensional Interacting Particle Systems
with Two-scale Interaction
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Abstract This paper characterizes the limits of a large system of interacting particles
distributed on the real line. The interaction occurring among neighbors involves two kinds
of independent actions with different rates. This system is a generalization of the voter
process, of which each particle is of type A or a. Under suitable scaling, the local pro-
portion functions of A particles converge to continuous functions which solve a class of
stochastic partial differential equations driven by Fisher-Wright white noise. To obtain the
convergence, the tightness of these functions is derived from the moment estimate method.
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1 Introduction

This paper studies the dynamics of a large system of interacting particles distributed on the
real line. In our model, the particles are placed at grids p~!Z, where the parameter p denotes
the numbers of grids in a unit interval. Each grid is occupied by one and only one particle, and
each particle is of type A or a. Each particle interacts with its neighbors in a certain way that
will be specified later; here we say two particles 2 and y are neighbors (denoted by x ~ y) if
their distance is less than a given bound D. Our model can be regarded as a generalization of
the voter process studied in [11].

The central problem in this paper is how to characterize the limit behavior of the system
when the grids are more and more dense, say, p — oo. To be more specified, let p, be a
sequence tending to infinity, and D,, be the corresponding bounds for neighborhood. Define the
local proportion of type A around a grid = € p;,;*Z at time t as u,(t,z) = N, * Y. &*(y), where

n
Yy~

N,, = 2D,,p, is the number of neighbors of the particle at =, and *(z) indicates the type of
the particle at (¢,z) (1 for A and 0 for a). We extend uy,(¢,z) to the entire space R* x R by
linear interpolation. Our goal is to investigate the convergence of u,, as n tends to infinity, and
to characterize the limit if it exists.

The dynamics of u,, depends on the interacting manner of the particle system. In our model,
each particle interacts with its neighbors independently according to a Poisson process. We
further assume that the interaction (i.e., two-scale interaction) involves two types of independent
actions: The regular one-to-one interaction with higher-rate H,, and the rare interaction with
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lower-rate L,. In the first type, the particle chooses one neighbor randomly and duplicates
its type. In contrast, the other type of action is much more flexible: We assume that the
particle at grid « and time ¢ updates its type to i € {A,a} with probability p;(un(t,z)) and
with rate Fj;(un(t,z)), where p; : [0,1] — [0,1] and F; : [0,1] — [0,400) are given bounded
and measurable functions; in this case, Ly, (t,z) = Fa (un(t,x)) + Fa(un(t,z)). In other words,
the rare interaction can be state-dependent (see [6, Theorem 1.3.9]), which endows the model
with the ability to capture various features in specific applications. For example, the voter
process studied in [11] is associated with the setting that pa(u) = u, Fo = 0, and Fj is
a positive constant. When applying to population genetics, it can model various effects in
gene frequency diffusion, such as mutation (e.g., p; and F; are all constants), selection (e.g.,
pa(u) = u, pa(u) =1 —wu, and Fa > F, if A is advantaged), Allee’s effect (e.g., pa(u) = u,
pa(u) = (1 —u), and Fa(u) = u, Fa(u) = (1 —u)), and so on (see [4, 14, 17]); all these effects
can be overlaid.

The main result of this paper is to obtain the convergence of u,, in a proper way. Define
the A-norm ||f|x := sup|f(z)e}?*!| and the following topological vector space of continuous

p

functions

¢ ::{f € C(R,[0,00)) | lim f(x)eM* =0, VA < O}
Tr—r 00
with norm || - ||z, where A < 0.

1

Theorem 1.1 Let p, = n,D,, = n~2,H, = 2n, and u,(0,-) converges to fo in € as
n — 00. Then u, converges in distribution to a € -valued continuous process u which satisfies

the following equation with initial condition u(0,x) = fo:

Opu = %Bgu + (1 —u)pa(u)Fa(u) — upa(u)Fa(u) + 24/u(l — u)W, (1.1)

where W is a space-time white noise.

Remark 1.1 The higher-rate interaction contributes to the second-order term (i.e., %82u)
by random walk with generator (see [5])

Ba(P@)i= 32 S (1) — f@)),

y~z

and the noise term (i.e., 2,/u(1 —u)W) by Fisher-Wright model (see [2, 4, 17]), while the
lower-rate interaction generates the other terms on the right-hand side of (1.1) (we call them
the “reaction terms” in what follows) through the increment on local proportion in unit time
and space.

Remark 1.2 This conclusion is able to be carried over to a case on ring if measures,
functions and noise are periodic. However, the corresponding result for high-dimension case
does not come true. Because super Brownian motion in higher dimensions exists as singular
measure-valued process rather than a density value process in one dimension case which can be
expressed as in Theorem 1.1 (see [12, Theorem I11.4.2]).

Remark 1.3 The coefficients are a little different from those in [11], which results from the

choice of parameters.
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(1.1) can be given rigorous meaning in terms of an integral equation as explained in [16,
Chapter 3]. Our theorem gives existence of solutions to the associate martingale problem (see
[13]), while uniqueness in law also holds in a general condition, due to the following result from
[13].

Lemma 1.1 If p; and F; with i € {A,a} are Lipschitz continuous, the solution to the

martingale problem associated with (1.1) is unique.

The proof strategy of Theorem 1.1 is adopted from [11], and the key idea is to show that the
model satisfies a martingale problem that approximates the martingale problem for the limiting
processes. Tightness is proved through estimating moments of small increments for the local
proportion and arguing as in the Kolmogorov tightness criterion; to this end, we establish an
approximate Green’s function representation (2.12) for the local proportion w, (¢, ), which is
analogous to the one for the solution to (1.1) but with certain error terms. The introduction
of probabilities pa (1) and pa(u) not only generalizes the model, but also helps us simplify the
proof of Green’s function representation, comparing to that for the voter process in [11].

It is worth noting that various properties of solutions to SPDEs like (1.1) have been studied
in the literature; for instance, the compact support property for solutions was discovered by [9];
as a stochastic version of reaction-diffusion equations, random traveling waves were introduced
and investigated in [10, 15], and further analysis of the traveling speed was carried out in [7-8],
etc.

The rest of the paper is all devoted to the proof of Theorem 1.1. After figuring out the
dynamics of £}'(x), we decompose each term in the expansion of a functional of £'(x) into the
sum of a fluctuation term and an average term in Subsection 2.1. Green’s function representa-
tion is derived in Subsection 2.2, and tightness of u,, is proved in Subsection 2.3. The limit is
characterized in Subsection 2.4, which concludes the proof.

2 Proof of Theorem 1.1

Let us introduce three independent Poisson processes associated with x,y € p1Z, i.e.,
Pi(x,y) with rate H,/N,, PA(z) with rate Fa(u;_(z)), and P2(x) with rate Fa(u;(z)),
characterizing the events of « interviewing y, « updating its type to A, and x updating its type
to a, respectively.

In what follows, we simply write

Z:: Z and Z = Z
@ z€pn 7 y~z ye{yly~z}

For f,g: p,'Z — R and v a measure on p,,'7Z, we denote
(o) =5t Y S@)gla) and fo.f) = [ fdo

Moreover, we denote ey (x) := el

According to the setting of our model, the process &'(x) satisfies

) =@+ / (€7 (y) — €7 (2))dPy (. )

y~
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Take a test function ¢ : [0,00) x p,'Z — R with t — ¢;(x) being continuously differentiable

and satisfying
T
| o+ 62 + 10,610, 1)ds < .
0

Define the measure valued process
o= pt Z o(-

and then using the integration by parts, for ¢ < T', we have
t
<<Uta ¢t>> - <<U07 ¢O>> - / <<Usa asd)s»ds
0
=YX [ (€0 - @ @are.

e S € ()
) A

5 &)
P> [ @) autmar o)

By symmetry, one can see that

w S [ wemanen - XY o

T Yy~ T Yy~

so the previous formula can be written as

<<'Ut,¢t>> - <<’U07¢0>> _/0 <<’Usaas¢s>>ds
—pnlzZ/fn ~ 64(y))dPs(z,)

- Ef" Y orterpa
79> / (1 =& (@)pa (5 ) 6s(@)APA @)
S &)

P> / & ( WNn )6 (@)dP2 ()

mlEZ/s Pu(y.z) — dPy(z,y))

T Yy~

= J1+Jo+ J3s+ Js4.

Py

I‘)?
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2.1 The Doob-Meyer decomposition

We need to decompose each of the four terms (2.1), denoted by Jy, Ja, J5 and Jy, respectively,
into the sum of a fluctuation term and an average term. In the following argument, we will
omit superscript n without ambiguity and denote u,,(¢,z) as u;(x). Define

D(f,8)(x) :=sup{|f(y) — f(@)| : |y — 2| < 6,y € p;, ' Z}

for f:p;'Z - R, x € p;'Z and § > 0.

For J;, one computes that

1= DX [ w60 - 6.0 (4P.tr) - 1205)

n

T Yy~
+o 122/ E100) (6:(@) — 6u(0) s
! T y~T Ny,
= BV () + /O (ves An(62))ds, (22)
where Et(l)(qb) is a martingale with brackets process given by
—2 Hn
AEMN @) =p" Y > &'W) — d:(y))? Nt
T y~T n

< anZ@ D(¢¢, D) (y))” Hadt

:pngn<<vt,[ (¢, D))t
< PngnHD((btaDn)”i«e 2x, Uy )dt
SpngnHD(QﬁtaDn)”i«e 2x, 1)dt. (2.3)

Alternatively, we bound it by

d< <pn2zzzft Motllollpe(x )|+|¢t(y)”%dt

T y~T n

= 2| Gellopn Hul{l ], ue) + (vr, |4 ])]dt
< 4 éellopy,  Hu (| ()], 1)dt. (2.4)

Hereafter, C' denotes a generic positive constant that may change from line to line.
For J,, one has that

t > &)
B =t 3 [0 =€ @ (P ) @) AP @) ~ Fau:)ds)

> &)
+pnlz/ (1-¢&( pA(wa )¢s(x)FA(us)d8

= Et(Q)((b) +/ [<<17FA(us)pA(us)¢s>> <<USaFA(us)pA(us)¢S>>]dsa (25)

0
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where Et(2)(¢) isa martingale with brackets process given by

d< )e = pn? Z (1 — &' (2))Pa (ue) 6 () Fa (ue)dt

=, [<<17pA(ut)FA(ut)¢2>> (ve, Pa (ue) Fa (ur) 97 )]dt
< Clpa, Fa)p, (1, 67 )dt
< C(pa, Fa)p, l|oel3(e—2x, 1)dt. (2.6)

For J3, one obtains that

> & (y)

5= =0 Y [ € (o) AR2) = P i)
5 &)
X [ e ()t
— BP(9) - /0 (00, ) Fa(t12) ), 27)

where Et(3)(¢) is a martingale with brackets process given by

dED (9) = p* Zﬁt )P (ue) ¢ () Fa (ue)dt = pr* (v, 67 pa (ue) Fa(ur) ) dt

Spnlc(pm Fa)(1,67)dt < p; ' C(pa, Fa)llr]3 (e—21, 1)dt. (2.8)

For J,, one obtains that

J4—pnIZZ/€" )05 (2)(dPs(y, z) — dPs(x,y))

T y~T

—MZZ/&" 6,0 [ (APl ) = Jds) = (AP(o.9) - 120s) |

T y~T

=: Zy(9), (2.9)

where Z;(¢) is a martingale with brackets process given by

M=t LY S @ @ oa 2w =o'y =)

x y~x oz oy ~z!

H

—ht 30000 Y G @@ @)ena2 @ = vy = o) gt

n
r y~x z oy ~z!

— 25,23 S @)on(@)? - € (a )@(x)&f(ywt(y))ﬁ—:dt
S (€ en)()
= 2/);1Hn {«Um(b?» - <<Ut,¢tyT>>} dt
< 4p,  Hy(ve, 07 )dt < dpy Hyll |13 (e—2a, 1)dt. (2.10)

Combining (2.2), (2.5), (2.7) and (2.9), one gains that

(00 &1) = (o, do) + / (00, ooy + An(6s))ds
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— [ o o) ) + P )pa )6 s
t 3 .
+ /O (1, Fa (us)pa (us)ds)ds + Z ED(¢) + Z,(8). (2.11)
2.2 Green’s function representation

For each z € p,, 17, let 17 be the unique solution of

Oeti = An(¥f),  ¥5(2) = puNy ' I(z ~ 2).

2
Linearly interpolating 17 and letting n — oo, one obtains that 7 (x) converges to p(w, xr—

z), where p(c?,) is the density function of centered normal distribution with variance o2.

2

Remark 2.1 A continuous-time random walk with generator A, is of variance .

2.2.1 Property of 1}

Set s = YF_ for s < t and substitute it into (2.11), then the second term on the right-hand
side vanishes, and (v¢, ¥F) = us(x). So

ui(x) = (vo, ¥7) —/0 (s, [Pa(us) Fa(us) + Fa(us)pa (us)i ) ds
3

+ / (1, Fa(us)pa ()9t )ds + S B () + Zy(wi_.). (2.12)

=1

Lemma 2.1 ForT >0, p>2,)A> 0, we have
E( B (W )F) < Cn~Tiey,(2) forallt < T,

where C = C\p,T,pa,Fa,pa, Fa), 1 <i<3.
Proof From [11, Lemma 3(a)], the greatest jumps of the martingales Et(i) (¢) are bounded
by prtsup |9z ]lo < Cpyinz as., where C is a constant.
s>0

For i = 1, using Burkholder’s inequality, (2.3) and (2.4), we have
1 z
E(E:Y (wi-)P)

< CNo )% /( o, 1)ds)

t—n"8)4

P
2

ro ([ 1D DRt itas) ]
+Clpppnt

By [11, Lemma 3(a,c)], one has

( /( t " i lodwi_., 1yas) < o) /

3
t—n (t—n"8)4

< C(p,T)n" T

t

(t - 5 H (L wi)as)



202 T. Zhao

and

" [( /Q(t_nS)+ ID(W7_ss D)l {e-2x, Us)ds) %}
<conn)( | T b Do)

<COp e ([ T )
< C(Ap, T)n Texy(2). 0
Finally,
E(IEM (7)) < OO\ p. T)ep(=)pn * (Han™*)% + (p7'0)%). (2.13)

Similarly, for i = 2,3, by (2.6), (2.8) and [11, Lemma 3(c)], we get

E(ED (7)) < Cpn t /Wt JBds)E 4 (ortn)t

54 (pn ') 2lerp(2)- (2.14)

NI’@

IN
Q>

According to (2.13) and (2.14), one has
E(E" (47 )I") < Cn~fiex(2),
where 1 < i < 3. The proof is complete.

2.3 Tightness

Our objective is to prove the tightness of u,. Define

Un (b, ) == ug(z) — (vo, ¥i).

Lemma 2.2 For 0<s<t<T, y,z€p,'Z, |t —s|,|ly— 2| <1, A >0, p> 2, we have

sk

E([ar(2) — s (y)P) < Cerpl2)(|t — 8% + |2 — y|# + 1),

where C = CA\p,T,pa, Fa,pa, Fa).
Proof Set

=(z—ylivn 2)At, d:=(t—s|iVn I)As.

From (2.12), we have
uy(z) = _/(; (vs, (Pa(us) Fa(us) + Fa(us)pa(us))yi_s)ds

¢ 3 .
+ / (1, Fa(us)pa (us)ot_ ) ds + S ED (8) + Zy(wi_.).

=1
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By Lemma 2.1 and using Hélder’s inequality, we estimate that
E([(2) — G(y)l") = O™ foexy(2)
t
< COIE| [ v traCu) Falin) + Palu)oa ()67, = vt )]

+ CIE| [ 01 Faupalu) (i, = v )pas]

CP)E|Z(vi_. — v )
=Ty + T +T;.

For the term 77, using [11, Lemma 3(c, )| one has that

T, <

Q)
N

E‘ /Ot_[s((Um (f_s — W—s)»ds}p + E‘ /t;«vs, (7, — @bf_s))ds‘p)

< 6:(/(:_6«1, 70 — vt .)ds)” + (/tt (1, i, — vl lyds)’|
<Of( [ tnemstas) (s s =)+ ([ i dsiteosias)’]
Sé—(szl(lp s — ¥¥lIa ) +eAp(z)(/t; |t_3|—%d8)”}

~

< Cerp(2)(|z— Y26 + 05677 ) + Cerpl(2)55.

Similarly, for the term 75, one obtains

‘/té L (Y — ¢tsd5 ‘/té (Vi — ¢ts)»ds‘)
-5

6(( /0 (L5 — vt ulhs) =+ ( /t;<<1,|wf_s—wf_s|>>ds))

~

< Cerp(2)(|z— Y26 P +n 26~ %) + Cepy(2)55.

\ /\

IN

For the term T3, use [11, Lemma 3(c, )] and (2.10), we find

t

(NS}

< oot (B( [t i~ as) " 15 ( [

=

(vs, (WF_, — w;’_s)2>>ds)

)

P

<co)e (| T —eas) e / ;<<1, Wiy —wi_)?)ds) ")

<o) 1) (( | Teaas)® (2 o = wla)”

P

#([ i odottvi b))

< oot H (s 0= ot) + ([ o= i5as) )

se(d,t

< Cerp(2)(|z— Y2677 +n 56~ 1) + Cepy(2)55.
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Combining the estimates for 77,75 and T3 and noticing the definition of §, we have

eAp(z)(n_l% +|z— y|g5_p +n B F 1 oF —|—5%)

E([u:(z) —u(y)?) <
< Cexp(2)(|z — y|?1 + 07 12). (2.15)

Also using Lemma 2.1, (2.10) and Holder’s inequality, we can similarly estimate that
E([@(y) — s (y)])" — Cn” T exr(y)

<cwe( [ (o, () Palutr) + Fa(ur)pa (), )dr)”
+COE( [ (ors(alun) Fulu) + Falur)pa it — 02, )
+ CORE( [ 11 Fa(patun)it par)’
+OOE( [ 11 Fawpa vt — o2 lhar)”
+ )07 B ([ o, (- par)

+CONo BOFE( [ o (6t — 02 ))ar)
=Ty +T5+Ts+T7 + T + To.

p
2

For terms Ty and Tg, we use [11, Lemma 3(a)] and get

[t P~
7+ 7 < C( [ (rut ar) < Cle o

For terms T5 and T, we use [11, Lemma 3(c, )] and obtain

S

741 <0(( S_g<<1,|wf_r—w§_r|>>dr)”+( |, - v par)”)

s—0
~ p s 2
<O(( swp . — ot ) + / 192, lldr
(oo vt =vaa) (o))
< Cerp(u)(Jt — 5155 F 40755 ) 4 Cerp(w)D”.

For term Tg, using [11, Lemma 3(c)], we have

P
2

< Clt—s|5.

L=< 5(/: I ot i dar) ” < 6(/:@ —r)~Har)

For term Ty, we use [11, Lemma 3(c, f)] and obtain

p

((/ Lt o)+ ([, - e han))

O(( ot =) ([t ot + 02 par) )

r€[0,5—9) 5—

Q>

\ /\
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Combining the estimates for T; (4 < i < 9) and noticing the definition of &, we have

E(|a:(y) — us(y)])?
~ v v 3p p—_30 _p  _»
< Cexp(y)(n™18 + [t —s|P + |t —s|s + |t — 3] P 4nT25 Y 4+0°406%)
< Cexp(y)(|t — s +n712)
< Cerp(2)(t — 5|71 +n~12). (2.16)

Put (2.15)—(2.16) together and get

E([ut(2) — us(y)[?) < C(p)E([ur(2) — w(y)]”) + C(p)E([ur(y) — us(y)[?)

< Cenpl2)(|t = sl + |z —y| + 7).
The proof is complete.

To get the tightness of u, (-, -), define @, (¢, z) := 4, (¢, ) on the grid z € p,'Z, t € N/(np,),
then linearly interpolate it first in x and then in ¢ to obtain a continuous % valued process.
Using Lemma 2.2, it is easy to find that

E([iis(2) — @s(y)I”) < Cexp(2) (It = 577 + |z — y|#1),

P
m

because that means to find an m such that (%)

(%)% If pn, = n, m should be 24.
The following result is taken from [11, Lemma 7].

V() and ()7 = ()7 +

npPn n Pn

2 (wm

Lemma 2.3 For any A > 0,T < oo,
(i) P(sup||Te(z) — w(z)]|-x > 7n_%) — 0 as n — oo,
t<T

(i) sup [|{vo, ¥;) — Pt fol|-x = 0 as n — oo.
t<T
On any given compact subset K C RT xR, @, (¢, z) is uniformly bounded and equicontinuous
by using Kolmogorov’s continuity criterion (see [16, Corollary 1.2(ii)]) almost surely. Therefore,
we get the tightness of @, (¢,2) as continuous ¢-valued process. Then the tightness of w, (¢, x)
follows from the above lemma. Also, the continuity of all limit points follows.
2.4 Characterizing limit points

Taking a continuous function ¢ : R — R with compact support, we define

1B ()] = [(ui, 6) — (un(t), 8)| = pyr 1Nt

(y)o(x)

T y~T

<o N Y S G @lo) — 0(a)] < (1.D(6, D), (217)
T y~xT
and get E( fgg |Et(4)(q5)|) < (1,D(¢, Dy,)). From the tightness of u,(t), we can get the tightness

of ((v",¢),t > 0). This in turn implies the tightness of (v*,¢ > 0) as cadlag Radon measure
valued process with the vague topology (see [1, Theorem 3.6.4]). (vi',e_x) < (1,e_x) < C(N)
assures the compact containment condition is satisfied, and then all limit points are continuous.
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Because of simultaneous convergence of subsequence of the pairs (u,(t), v*), by Skorokhod’s
theorem (see [3, Theorem 2.1.8]), we can find random variables with the same distribution as &},
which converges almost surely. We can still label it as (u, (t), v}") since our interest is to identify
the distribution of the limit. Since the limits are continuous, the almost sure convergence holds
not only in Skorokhod sense but also in uniform sense on compact sets. Thus, with probability
one, for any 7' < oo, A > 0 and function ¢ with compact support, we have

sup () = el > 0, sup| [ 6(o)op(da) - [ ola)uu(ao)] >0,
t<T t<T

where v¢(dz) = ug(z)de for all ¢ > 0, from (2.17).
Taking a ¢ € C2(R), and substituting it into (2.11), we have

Z4(6) = / o)l (dx) — / o)l (dx) — / / A (6)(@)0? (dz)ds
+ / / (Pa(t1s) Fa (1) + Fa (s)pa ()60 (d)ds
3

~ /O / Fa (us)pa (us)p(z)dzds — 5 B (6).

=1

When n goes to infinity, we know that Et(i) (¢) (1 <i < 3) tend to zero almost surely for all ¢ by
(2.3), (2.6) and (2.8), and also know A, (¢)(z) tends to 92 uniformly by Taylor’s expansion.
Therefore, Z;:(¢) tends to a continuous local martingale z;(¢$), where

zt(¢) = /¢(x)ut(x)dx—/(b(x)uo(x)dx—/o /%us(x)agqb(x)dxds
o A ACETRENCRE) NCHE)
— us(x)pa(us(x))Fa(us(x)))o(z)dads. (2.18)

From (2.10), we know the following process

: (€8s ()
220) =2 [ g B o) = (v 6= )]as
= Zt2(¢) - Q/Ot Pngn«USa (1- us)¢2>>d5
t E(f?%)(y)
+ 2/0 pngn<<vs¢, ””T - us¢>>ds
= 72(9) — 2 / o Holon, (1— u)8%)ds + BO(6)
is a martingale, where

¢ > (&5 9s) ()
Et(5)(¢) = 2/(; P;lHn<<Us¢, YJNT - Us¢>>d3-
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Fortunately, we have a bound

t S Ew)loy) — 6(a)
B0 <2 [ pth, Y € )i s

Np

< [ U, (06, 4 D(6, D))l
0

< 2tp, Hn($,D(¢, Dy)) — 0.

So
22(¢p) — t — ug(2)) 0% (x)us(x)dzds .
+(0) 4/0 /(1 (z))¢* (w)us(x)d (2.19)

is a continuous local martingale. Since C3(R) is dense in C?(R), (2.18)—(2.19) hold for any
¢ € C%(R). Hence, the solution u(t,z) to the martingale problem associated with the following
SPDE

Oru = %85114 + (1 - U)pA(U)FA(U) - upa(u)Fa(u) +2v u(l - U)W
comes.

Remark 2.2 Instead of taking ¢ € C2(R) directly, we use ¢ € C3(R). The reason is when
we conclude A, (¢)(z) tends to £92, Taylor’s expansion is required.
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