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1 Introduction

Let © be a bounded domain in R? with smooth boundary I' = I';y UT such that I'; N\Ty = ()
and mes(T'1) > 0. Let Ho = L*(Q), H1 = HJ(Q), L= L% (0, +00; L*(I'1)) and H_1 = H~1 ()
denotes the dual of H;.

Let U = (u(l), e ,u(N))T. Consider the following coupled system of wave equations with
Dirichlet boundary controls:

U'— AU+ AU =0 in (0, 4+00) x £,

U=0 on (0,400) x Iy, (1.1)
U=DH on (0,+00) x I'y
with the initial condition
t=0: U=0Uy, U' =0, inQ, (1.2)

d
where “’” stands for the time derivative; A = > % is the Laplacian operator; the coupling
k=1 "k

matrix A = (a;;) is of order N and the boundary control matrix D = (d,q) is a full column-rank
matrix of order N x M (M < N), both with constant elements; H = (h("),--- , ()T denotes
the boundary controls.

From the approximate boundary null controllability of system (1.1) introduced by Li and
Rao in [5-6], we have the following definition.

Definition 1.1 System (1.1) is approzimately boundary null controllable at the time T' > 0,
if for any given initial data (Up,Uy) € (Ho)N x (H_1)N, there exists a sequence {H,} of
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boundary controls in L™ with compact support in [0,T], such that the corresponding sequence
{Un} of solutions to problem (1.1)—(1.2) satisfies

(Un, UL) — (0,0) in C ([T, +00); (Ho)¥ x (H_1)Y) asn — +oc. (1.3)

Let ® = (o1, ... ,qS(N))T. The adjoint system of system (1.1) is given by

O —AD+ ATD =0 in (0, 4+00) x €, (1.4)
®=0 on (0,+00) x T’ '
with the initial data
t=20: (I):(I)(), (I)I:(I)l in Q. (15)

Definition 1.2 (see [8-9]) The adjoint system (1.4) is D-observable on the interval [0,T],
if the following partial Neumann observation

DO,®=0 on[0,T] xTy, (1.6)
0, being the outward normal derivative, implies that (9o, ®1) = (0,0), then & = 0.

The relationship between the approximate boundary null controllability of system (1.1) and
the D-observability of the adjoint system (1.4) was also given by Li and Rao in [5-6] as follows.

Theorem 1.1 System (1.1) is approzimately null controllable at the time T > 0 if and only
if the adjoint system (1.4) is D-observable on the interval [0,T).

The necessity of Kalman’s rank condition to the D-observability of the adjoint system (1.4),
proved by Li and Rao in [5-6], can be written as the following theorem.

Theorem 1.2 If the adjoint system (1.4) is D-observable, then we necessarily have the
following Kalman’s rank condition:

rank(D, AD,--- , AN"1D) = N. (1.7)

Kalman’s rank condition (1.7) is not sufficient for the approximate boundary null control-
lability of system (1.1) in general. Otherwise, noting that Kalman’s rank condition (1.7) is
independent of the control (and observation) time T' > 0, if system (1.1) is approximately null
controllable at the time T > 0, then the approximate boundary null controllability can be real-
ized almost immediately, which contradicts the finite speed of wave propagation. However, in
some special cases, Kalman’s rank condition (1.7) is sufficient for the approximate boundary null
controllability of system (1.1) on a finite time interval [0,7], when T > 0 is large enough (see
[5-6, 9]). This paper as a continuation of [9] is to investigate the sufficiency of Kalman’s rank
condition (1.7) for diagonalizable systems on an annular domain Q = {x : a < |2| < 1} C R?
with g = {z : |z| = a} and I'y = {x : |z| = 1}, where a is a positive constant with a < 1.

In Section 2, we will investigate the eigenfunctions and eigenvalues of —A on the annular
domain Q = {x : a < |z| < 1} based on the coordinate transformation, and give some properties
of the eigenvalues. The uniqueness result for non-harmonic series on this annular domain will
be established in Section 3. The sufficiency of Kalman’s rank condition (1.7) for diagonalizable
systems on an annular domain will be given in Section 4 by a way similar to the one-space-
dimensional case and to [9].
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2 Preliminaries

In this section, we will give the eigenfunctions and eigenvalues of —A on an annular domain
Q={x:a<|z| <1} with 0 < a < 1, which will be used in Section 4 to show the sufficiency of
Kalman’s rank condition (1.7) to the D-observability for T > 0 large enough for diagonalizable
systems. For this purpose, we consider the eigenvalue problem

{—Ae(xoz pre(z)  inQ, (2.1)

e(z) = onTl

in spherical coordinates.

Let e(z) = R(r)Y (). Similarly to the spherical domain in [9], we get the corresponding
eigenvalue problems for Y (0) and R(r), respectively.

For Y (0), we have

~NgY(0) =m(m+d—2)Y(#) on S (2.2)

where m € N and Ay is the Laplacian operator on the unit sphere S4~1 with d > 2 (see [1]).
For R(r), we have

%(rd_lR’(T)) —m(m+d—2)r¢3R(r) + 2 R(r) =0, a<r<l,

R(a) =0, R(1)=0.

(2.3)

Atkinson and Han introduced the eigenfunctions and eigenvalues of problem (2.2) in [1].
In what follows, N and NT denote the set of natural numbers and the set of positive integers,
respectively.

Lemma 2.1 (see [1]) Let Ag be the Laplacian operator on the unit sphere ST=1 with d > 2.
Then, we have

(i) for any given m € N, {Y,, j }i<j<j.. are the eigenfunctions of —Ag, corresponding to the
eigenvalue m(m + d — 2), i.e., we have

~NgYy; =m(m+d—2)Y,,; on S (2.4)
where jn,, the multiplicity of the eigenvalue m(m + d — 2), is given by
1, when m = 0,

Jm =19 @m+d—2)(m+d—3)! N (2.5)
mid —2)1 ,  whenm € NT;

(i) {Yon,j tmeni<j<j,. are orthonormal in L*(S?~1), i.e., we have
/ Yo iYm jdD = 6y e 65,50 (2.6)
gd—1
withm,m’ €N, 1 <j <jp and 1 < j' < jpr, where 0y, ms stands for the Kronecker symbol;
(iil) {Yon,jtmen1<j<j,. are complete in L2(S41).

Next, we consider problem (2.3) as a Sturm-Liouville problem (2.7) below. Some properties
of the eigenfunctions of the Sturm-Liouville problem was introduced by Bagrov and Belov in
[2] as follows.
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Lemma 2.2 Consider the following Sturm-Liouville problem

d

3 [0z’ (r)] = a(r

x(r) + Ap(r)z(r) =0, a<r<l,
xz(a) =0, xz(1)=0.

(2.7)

Assume that ¢'(r), q(r) and p(r) are continuous, and ¢(r) > 0, p(r) > 0 and g(r) > 0 on the
interval [a,1]. Then, we have

(1) there exists a sequence of eigenvalues { A\, }ren+ and the corresponding sequence of eigen-
functions {xp (1)} ren+ for Sturm-Liouville problem (2.7), and all eigenvalues can be ordered so
that

M < o <o <A <0005 (2.8)

(i) every eigenvalue corresponds to, up to a multiplier constant, only one eigenfunction;

(iii) the eigenfunctions of Sturm-Liouwville problem (2.7) corresponding to different eigen-
values are pairwisely orthogonal on the interval (a,1) with the weight function p(t), i.e., for
k, k' € N*, we have

1
/ i)z (r)p(r)dr =0, k#K, (2.9)

where xg(r) and xp (r) are eigenfunctions of (2.7) corresponding to the eigenvalues N\, and g
with A\ # Ak, respectively;

(iv) (Steklov’s expansion theorem) if a function f(r) is twice continuously differentiable
on [a,1] and satisfies the boundary conditions in (2.7), it can be expanded in a series of the
eigenfunctions xr(r) of Sturm-Liouville problem (2.7) absolutely and uniformly converging on
[a, 1].

Remark 2.1 Lemma 2.2 is also valid when the interval [a, 1] is replaced by [r1, 7).

By [7-8], setting R(r) = r'~2x(r), for any fixed m € N, problem (2.3) can be rewritten as

2
m m =Y, 1,
. T (1) + p2re,(r) =0, a<r< (2.10)
By Wu [8], we have the following lemma.
Lemma 2.3 For any fixed m € N, let

xm,k(r) = [Nm-i—g—l(Mm,k)Jm-i-%—l(Mm,kT) - Jm-i-g—l(Nm7k)Nm+%—1(Nm7kr)]v
k e N*, (2.11)

where J,, ya_y(r) and N, a_,(r) are the (m~+2—1)-th Bessel function and Neumann function,
respectively, and i, 1 is the k-th positive root of

Nm+g_1(M)Jm+g_1(M@) - Jm+g—1(M)Nm+g_1(Na) =0. (2.12)

We have
(i) pp, i (k€ NT) are all the eigenvalues of problem (2.10);
(il) Zm.k(r) is the eigenfunction of problem (2.10), corresponding to the eigenvalue p7, .



Sufficiency of Kalman’s Rank Condition for Approzimate Controllability on an Annular Domain 213
By Lemma 2.2(iii) and Lemma 2.3, for
_d
Ry (1) = 17 2 (1), (2.13)

we have the following proposition.
Proposition 2.1 (i) For any given m € N, {Ry, k() }ren+ S a sequence of orthogonal

functions with the weight r*~! in L?(a,1).
(i) (see [5]) Ifd =2 and m € NT, or if d > 3 and m € N, we have

! 2(1—
/ rd_lRfmk(r)dr > %, ke Nt; (2.14)

a T Ko &
while, for d =2 and m = 0, we have

1 2 5
- 2 Jg(o1) + Ng(10,1)
d—1p2 0 T "

T Ry 4 (r)dr > (1_ )7 e it 1o
/a O,k( ) quak Jg(uo,la) + Ng(uo,la) ( )

Proof (i) Since (2.10) is a Sturm-Liouville problem (2.7) with p(r) = r, by Lemma 2.2(iii),
for any fixed m € N, we have

1
/ T k(M) T ()rdr =0,k # K,

where k, k' € N*. Then, noting (2.13), for any fixed m € N, we have

1 1
/ Ry k(7)) R iy (r)yrd=tdr = / Ty k(M) T g (P)rdr =0, kK" € Nt k#£K.

Namely, for any given m € N, {R,, (r)}ren+ 1S a sequence of orthogonal functions with the
weight 74~ in L2(a, 1).
(ii) By [4, Lemma 4(iv)], a direct computation gives (2.14) and (2.15).

Remark 2.2 (i) Let

1 _1
Cmk = (/ rd_lan)k(r)dr) ’ (2.16)

Then, for any given m € N, {¢pm xRm k() }ren+ is a sequence of orthonormal functions with
the weight r¢=1 in L2(a, 1).
(ii) Furthermore, let

_ V2 Rlwon) + Mioa) \} 1 4
Co = —- max { (1 - Jg?NOJG) - N(%(Mo,la)) ,(1—a) } (2.17)

Then, by Proposition 2.1(ii), we have
lem k| < com i, k- (2.18)

The inequality (2.18) will be useful to guarantee the convergence of the infinite series given
in Section 4. We now give the eigenfunctions and eigenvalues of —A on Q = {z:a < |z| < 1}
as follows.
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Lemma 2.4 Let Q={x:a <|z| <1} with0<a <1, and
€mioj () = Cm kR k(1) Y j(0), meN; ke NT; 1<j <, (2.19)

in which Ry, (1) is given by (2.13), ¢m i is given by (2.16), and Yy, ;(0) is given by Lemma
2.1(ii). We have

(i) for any given m € N and k € NT, ey, 1i(x) (1 < j < jm) are all the eigenfunctions of
—A, corresponding to the eigenvalue ,u?mk;

(ii) {em. k. (2)tmenken+1<j<;,, is an orthonormal sequence in L*(Q);

(iil) Dpem,kj(@)|r, = =27 em £ Yom,;(0), where 9, denotes the outward normal derivative
on the boundary.

Proof (i) By the above discussion, it is easy to get (i).
(i) Let m,m’ € N, k, k' e N*, 1 < j < j,, and 1 < j' < j,,». By Lemma 2.1(ii)—(iii) and
Proposition 2.1, we have

/ €m,k,j (x)em/,k/,j/ (;v)dx
Q
1
= / / cm7kRm7k(T)cm’7k’Rm’7k’ (T)Ym)jym/J/Td_ldel—‘
a JSd-1

1
= Cm,kcm’,k’/ Rm,k(T)Rm/,k’(T)Td_ldr/ Ym,ij’,j’dF
a Sd—1

= Om,m/ Okl 0j 5,
then we get (ii).
(iii) Since
dRm)k(T) d _d
S (1= 5) N g Gt T gt (o) = Ty g2 ()N, g 1 (i )
_d
=+ Tl 2 ,U*m,k[Nm+%—l(:U’m1k)Jrln+g_1(,U“m,k’r) - Jm+%_1(,um,k)ern_i_%_l(,um,kT)]a

by the boundary condition in (2.10), we have

dRm)k(’I‘)
I = Nm,k[Nm+g—1(Um,k)J,/n+%_1(Nm,k) - Jm+g—1(Nm,k)ern+%_1(Um,k)]
2
= ——, (2.20)
™

in which we used the fact that J,(2) N/ (z) — Ny (x)J,(x) = 2 (see [2]). By (2.20), we have

dRmJC (7‘)

T | Y (0) = =27 e kY 5 (6). (2.21)

8l/em,]c,j (17) |F1 = Cm,k

Now, we introduce some properties of the eigenvalues 2, , of —A on Q = {z :a < |z] < 1}.
Let a,  denote the k-th zero point of the cross-product of the o-th order Bessel function and
Neumann function:

fo(x) = No(Kz)J,(2) — Jo (K2) N, (2), (2.22)
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where K is a positive constant with K > 1. The property of Qo is given in [3—4]. By (2.12)
and taking K = a™", we get a - fim k= g ) With o0 =m + £ — 1. Then, we have the following

peroposition.
Proposition 2.2 Let p,, ;; be the k-th positive root of (2.12) with m € N and k € N*.
(i) For d =2, we have
k> ——, mENT; k>
Mo k41 Mok 2 _ a7 ) — 4
while, for any fixed d > 2, we have

M, k+1 — ﬂmk>2L, meN; k> 2.

(ii) For any fized d > 2, when k — 400, we have

km
1—a

Hm, k =
(iii) For any fized d > 2, we have
Pmt1k — Hmk >0, meN; ke NT.

(iv) For any fived d > 2, we have

2m+d —2 k m(2m+d—2)
— < mir < + .
2 1—a 4

3 A Uniquess Result

Let Z* denote the set of all nonzero integers. We now give the following uniqueness result
introduced by Zu, Li and Rao in [9], which will be useful for proving the sufficiency of Kalman’s
rank condition (1.7) on the annular domain Q = {z : a < |z| < 1}.

Lemma 3.1 Assume that
/3’(1) /3 /3 /3’ /3 3.1
< m,—1 <o < ,—1 < 1 < m,2 < ( . )

for any fixed m € N. Assume furthermore that for any given m € N, there exist positive

constants Y, C¢m and T, such that
l l
ﬁr(n),k—H - ﬁr(n),k > 8Ym (3.2)
and

<UD 0 <y (3.3)

mkf

IkIT

for all1 <1< s and all k € Z* with |k| large enough.
Assume finally that

Z Z ZZam k.j el "ll)vthm,j(H) =0 on ST x[0,T] (3.4)

meNkeZ* 1=1 j=1
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with
Steins
D2 DD laglt <40 (35)
meNkez* 1=1 j=1
and T > 2w D™, where

Dt = S%%D;; < 400, (3.6)

in which D is the upper density of the sequence {ﬁx{k}kez*;lglgs. Then, we have

;=0 mEN k€Z5 1<I< s 1< < jm. (3.7)

When € is an annular domain, by Proposition 2.2(i), for d > 2 and d = 2, the uniform
gap condition of sequence {fim i }ren+ starts from k = 2 for any given m € N and m € NT,
respectively, which is different from the case that 2 is a spherical domain. Hence, in order to
use Lemma 3.1, we should add condition (3.10) below and rearrange 2s elements of sequence
{Bffl))k}kez*;lggs to guarantee condition (3.1).

Corollary 3.1 Assume that
01 < 09 < v+ < b (3.8)

For any fired m € N, we define

QR —1.9.... >1
{6m,k lLLm7k;+€5l7 l s 4y » S, k_ ) (39)

/87(7?,—16 = _57(7:,_];4_1)7 l= 1727 S, k

where i, 1 is the k-th positive root of (2.12) for any fixed m € N. Then, for e > 0 small enough
and

2 2
€ ¢ {,um,Q :um,l

1<l < ! 1
e meN, _l,l_sandl;«él}, (3.10)

the sequence {57%),;@}1@62*;139 satisfies (3.1)=(3.3) and (3.6) for any given m € N.

Proof For any given m € N and k € N*, by the definition of i, ,, and Proposition 2.2(ii),
we have

min{pm k| m € Nk € Nt} = pg 1. (3.11)
For d = 2, by Proposition 2.2(ii), we have
T
1o, k+1 — Mo,k — Ta as k — +o0.
Then there exists ¥ > 0, such that for d = 2, we have
Hok+1 — Mok =7, k>2.

Let
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For any fixed d > 2, by Proposition 2.2(i), we have
o k+1 — Bk = Y0, Kk >2; meN (3.12)

Let 0 <e< (Qg“’ L0 Similarly to the proof of that on a spherical domain, by (3.11)-(3.12), we

have B( r < Bm ey for k| > 2. By (3.10), ﬁr(n)’k (k=1,2;1<1<s) are distinct for any fixed
m € N, we can rearrange them in an increasing order. The rearranged sequence, still denoted
by {ﬁx{k}kez*;lglgs, satisfies (3.1).

On the other hand, for any fixed m € N, by Proposition 2.2(ii), a direct computation similar

to that on a spherical domain gives that
1 1 4
B =B = T sk oo

and

(0141 —01)(1 — a)e

as k — +oo.
2

(B =B )k —

Then it is easy to see that the sequence {Bﬁ%k}mEN;REZ*;ISlSS satisfies (3.2)—(3.3) with

(1 —a)e T
" ¢ T a2 L o = 5o

Next, we will prove that the sequence {ﬁgk}meN;kez*;lggs satisfies (3.6) in a way similar
to the proof of that on a spherical domain.
For any fixed m € N and k € N if ﬁr(i)’k <R< ﬁfi;l) for 1 <1< s—1, then we have

NP N@R) NGB

< < ; (3.13)
B(l+l) 2R Qﬁr(w?,k
while, if B( )k < R< ﬁm ‘k41, then we have
NG _ N(R) _ N 1)
280 2R 2650
By Proposition 2.2(ii), for each m € N, we have
)
1_
lim (Bl B _ sl ) q<i<s, (3.15)
koo 9g( ) T
NEY)  s1-a) NEBED sl —a)
lim a = , 1<i<s—1 and lim = . (3.16)
koo 240t +1) 0 k—+o0 25(1)k+1 T
Thus, by (3.13)—(3.16), we get
. N(R) s(1—a)
" zlaniilig 2R m
Since
1
D+:supr{1:S( a)’
meN ™

the sequence {ﬁgk}kez*;lglgs satisfies all the requirements of Lemma 3.1.
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4 The Sufficiency of Kalman’s Rank Condition on an Annular Domain

On the annular domain Q = {x : a < |z| < 1}, we consider the following system:

U’"— AU 4+ eAU =0 in (0, 4+00) x £,

U=0 on (0, +00) x Iy, (4.1)
U=DH on (0,400) x I'y
with the initial condition
t=0: U=Uy, U' =0U; in. (4.2)

The adjoint system of (4.1) is given by

" — AD 4+ AT =0 in (0, +00) x Q, (4.3)
®=0 on (0,+00) x T’ '
with the initial data
t=0:d=>0;, & =, in Q. (4.4)

In this section, we will prove the sufficiency of Kalman’s rank condition (1.7) for T > 0 large
enough to the approximate boundary null controllability of system (4.1) on the annular domain
Q. By Theorem 1.1, it is sufficient to prove the sufficiency of Kalman’s rank condition (1.7) to
the D-observability of the corresponding adjoint system (4.3) on Q. The following necessary
and sufficient condition of Kalman’s rank condition (1.7) given by Li and Rao in [5-6] is very
useful to prove the sufficiency of Kalman’s rank condition (1.7) in this case.

Lemma 4.1 Assume that k > 0 is an integer, A is a matriz of order N and D is a full

column-rank matriz of order N x M with M < N. Then Kalman’s rank condition
rank(D, AD,--- ,AN"ID) =N —k (4.5)

holds if and only if the largest dimension of invariant subspaces of AT, contained in Ker(DT),
s equal to k.

Theorem 4.1 Let

Q={z:a<|z| <1}

with 0 < a < 1 and let the sequence {ﬁfgk}kez*;lglgs be defined by (3.9). Assume that the
coupling matrixz A is diagonalizable with the real eigenvalues given by

01 < g < -+ < s (4.6)

Assume furthermore that € > 0 is small enough and (3.10) holds so that for each m € N, the
sequence {57(}1)71@}%2*;1@55 satisfies (3.1)—(3.3) and (3.6).

Then Kalman’s rank condition (1.7) is sufficient for the approximate boundary null control-
lability of system (4.1), provided that T > 2s(1 — a).
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Proof By Theorem 1.1, it is sufficient to prove the sufficiency of Kalman’s rank condition
(1.7) to the D-observability of the corresponding adjoint system (4.3). The proof is similar to
that on a spherical domain in higher dimension case (see [9]). In this paper, we just give the
essential differences.

Let w®m) = (wgl’“), e ,w%’“))T be the eigenvectors of AT, corresponding to the eigenvalue
o
AT r) — 5lw(l’“), 1<i<s; 1< <y (4.7)
with
im =N and |w®W]=1. (4.8)

1=1
Furthermore, let
Com ke ]w(l )
ol BTN , meEN; ke€Z 1<1<s 1< p<p; 1<5< jm,
"" (Lp)
Em,k,jW

in which we define ey, —p; = €m,; for all m € Nk € NT and 1 < j < j,,. Then, by [9,
Theorem 3], {Eﬁi‘,?g} forms a Riesz basis of (H(Q))N x (L2(Q))VN.

Thus, for any given initial data (®g, &) € (HE ()N x (L2(2))", there exists {am & J} such
that
7717767] m7lli,j
S5 3 9 9 STNEL
meN keZ>* =1 p=1j=1
with
S Y S S <
meNkeZ* =1 p=1j=1
Then the corresponding solution to problem (4.3)—(4.4) is given by
S o Jm k (l)
D D 3D 35 3 ghicFECURNES
meNkeZ* 1=1 p=1 j=1 B
where e, 1 ;(z) are given by (2.19).
Using Lemma 2.4(iii), the observation (1.6) becomes
T Jm 2Cm, ka’m k) ; TIONN
1= Y S oSS Ty o )

meNkeZ* I=1 p=1j=1
Noting D = (dpg), we define
! !
() i

17Tﬁ(l)

N

bl(mk,j,q) = Z Z

p=1p=1

2dpqCm, k0
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and fiy,, —k = fim k for all m € N and k € N*.
Then, for any fixed ¢ with 1 < ¢ < M, the observation (1.6) can be rewritten as

S jnL

Z Z ZZbl(m7k7j,q)ymxj(9)eiﬁfi)’kt =0 on [0,7]xTI4.

meNkeZ* 1=1 j=1

The difference from the proof of that on a spherical domain is the verification of

Z Z ZZ |b(m k,J7q)|2 <+

meN keZ* [=1 j=1

for any fixed ¢ with 1 < g < M.
Using (2.18) and (4.8), we have

N 2Cm,kd afi#) w( J1) 2
Ponssal® = | 35 32 ===
p=1p=1
, a2
< (W max{ldy} max{lft 1) |3 s ms]
=189,
) E S ] 2
< O(Nmax{|dq|}) \ZIW . (4.10)

In the present situation, by Proposition 2.2(iv), for any fixed [ with 1 <1 < s, we have

,Umk

61(,2) ’_ 1/[Lmk+651

Hence, there exists a positive constant ¢; such that

— 1 asm and |k|] = +oo. (4.11)

ﬂmk

‘<c1, meN; ke (4.12)
ﬁ
By (4.12) and Cauchy-Schwartz inequality, we have
Lty | () ) |
‘ Z j(z ‘ C?‘ > |an{ig|‘ < i Z a2 (4.13)
p=1 Bm) p=1

Let
2
C= Ncg(Ncl max{|dpq|}) .
P,

By (4.10) and (4.13), for ¢ = 1,2,--- , M, we have

Z Z i§:|bmkaq)|2<cz Z ZZZWW{G& < 400.

meNkezZ* 1=1 j=1 meNkez* 1=1 p=1 j=1

Applying Lemma 3.1 to each line of (4.9), we get

DTy 2R by =0, meN; k€Z 1<) < jm; 1<1< s,
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By Lemma 4.1, it follows from Kalman’s rank condition (1.7) that Ker(D?) does not contain
any non-trivial invariant subspace of AT, then we have

1228 2Cm ka(l;N) )
SE mkd ) =0, meN; kEZ 1< < jm; 1<1< 5.
0
17rﬁm’k

p=1
Since {w""1} < <, are linearly independent, noting that by (2.16), ¢, # 0 for any given
m € N and any given k € NT, we have

albt) =0, meN; keZ5 1<1<s 1<pu<pu; 1<j < jm, (4.14)

namely, ® = 0. The proof is complete.

Example 4.1 Let 01, d2 be positive constants with 61 < d2, and k1, ko be positive integers.
Consider the adjoint system (4.3) with A = diag(d1,d2) and D = (1,—1)T. We will show that
Kalman’s rank condition is not sufficient for the D-observability of adjoint system (4.3) at the
infinite horizon for € € N/, where

2 2
lu’m,kl - lu’m,kz

N:{ 51 — 0o

;mEN1< ki < k).

For € > 0 with € € NV, there exist m and k1, ko with 1 < ky < ko, such that
Ly oy T €02 = i, 1, + €01 = 2,

where a > 0. Let

) Ry gy (1) R iy (1) T
— plot [ 2wl J ik AT
@ = o (G Y (O, T Yo 0)

where Y;,, 1 is given in Lemma 2.1 with j = 1; Ry, , () and Ry, k, (r) are given by (2.13) with

k = k1 and k = ko, respectively. Then by Lemma 2.4, ® is a non-trivial solution of system (4.3)
and satisfies the observation.

Example 4.1 shows that Kalman’s rank condition (1.7) is not sufficient in general for the
approximate boundary null controllability of system (1.2) even at the infinite horizon. Hence,
it is essential to add condition (3.10) to guarantee the sufficiency of Kalman’s rank condition
(1.7).

We now indicate the relationship between the controllability time 7" and the rank of D.

Theorem 4.2 Let Q = {z:a < || < 1} with 0 < a < 1. Assume that rank(D) = N — k
with 0 < k < N — 1 and the coupling matriz A is diagonalizable with the real eigenvalues given
by (4.6). Then, Kalman’s rank condition (1.7) is sufficient for the approximate boundary null
controllability of system (4.1) on the interval [0, T, provided that T > 2(k+1)(1—a) and ¢ > 0
18 small enough.

Proof The proof is same as that of Theorem 4 given by Zu, Li and Rao in [9].

Remark 4.1 Let Q = {z : r; < |z] < ro} with 0 < r; < ro. Assume that the coupling
matrix A is diagonalizable with the real eigenvalues given by (4.6). Assume furthermore that
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€ > 0 is so small that for each m € N, the sequence {ﬁgk}kez*;lglgs defined by (3.9) satisfies
(3.1)~(3.3) and (3.6).

Then, Kalman’s rank condition (1.7) is sufficient for the approximate boundary null con-
trollability of system (4.1) on the interval [0, T, provided that T' > 2s(re — r1).

Proof When Q = {x:a < |z| < 1} is changed to {z : r1 < |z| < r2}, a, fim  and DT are
is replaced by roT, i.e., 2s(ry — 71).

replaced by “TL; and 7o DT, respectively. Thus, by Lemma 3.1, the controllability time T

Similarly, we have the following remark.

Remark 4.2 Let Q = {x:r; < |z| <72} with 0 <71 < re. Assume that rank(D) = N — k
with 0 < & < N —1 and the coupling matrix A is diagonalizable with the real eigenvalues given
by (4.6). Assume furthermore that ¢ > 0 is small enough and condition (3.10) holds. Then,
Kalman’s rank condition (1.7) is sufficient for the approximate boundary null controllability of
system (4.1) on the interval [0, T], provided that T > 2(k + 1)(re — r1).

Remark 4.3 The controllability time 7' given by Theorems 4.1 or 4.2 is not optimal.
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