f;,h(g {é;; Ll Ser B Chinese Annals of
DOT: 10.1007/s11401-022-0313-x Mathematics, Series B
© The Editorial Office of CAM and
Springer-Verlag Berlin Heidelberg 2022

Dual-holomorphic Functions and Problems of Lifts
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Abstract The main purpose of this paper is to study the differential geometrical objects on
tangent bundle corresponding to dual-holomorphic objects of dual-holomorphic manifold.
As a result of this approach, the authors find a new class of lifts (deformed complete lifts)
in the tangent bundle.
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1 Introduction

We can define the following classical numbers of order two: Dual numbers (or parabolic
numbers): i.e., a +¢eb, a,b € R, €2 = 0; where R is the field of real numbers. Let M, be a
differentiable manifold and T'(M,,) be its tangent bundle. Two types of lift (extension) problems
have been studied in the previous works (see for example [1-2, 8]): a) The lift of various objects
(functions, vector fields, forms, tensor fields, linear connections, etc.) from the base manifold to
the tangent bundle. b) The lift on the total manifold 7'(M,,) by means of a specific geometric
structure on T'(M,,). In the present paper we continue such a study by considering the structure
given by the dual numbers on the tangent bundle and defining new lifts of functions, vector
fields, forms, tensor fields and linear connections.

1.1 We consider a two-dimensional dual algebra R(g), €2 = 0 (e is nilpotent) with a
standard basis {e1,e2} = {1,¢} and structural constants C 5 eqes = Cpgeq, @, B,7 = 1,2,
where C}, = C, = C3 =1, C, = C}; = C, = C} = C% = 0 are components of the
(1,2)-tensor C : R(e) x R(e) — R(e).

Let Z = z%e, be a variable in R(e), where 2 (a = 1,2) are real variables. Using real-
valued C°°-functions f#(z) = f#(a!,2%), B = 1,2, we introduce a dual function F = f#(z)eg
of variable Z € R(e). Let dZ = dz%e,, and dF = df%e, be respectively the differentials of Z
and F(Z). We shall say that the function F' = F(Z) is a dual-holomorphic function if there
exists a new dual function F’(Z) such that dF = F'(Z)dZ. The function F’(Z) is called the
derivative of F'(Z). It is well known that the dual function F' = F(Z) is holomorphic if and
only if the following Scheffers condition holds (see [3]):

CyD = DCy, (1.1)

28

where D = (2L7) is the Jacobian matrix of f*(z), Cs = (C3y) = (?9), 7 and 8 denote the row
and column numbers of matrix Cs, respectively. The condition (1.1) reduces to the following
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equations:
oft _, orr_or
0x2 7 0x2 Ozl
From here follows that the dual-holomorphic function F = F(Z) has the following explicit form:
F(Z) = f(a') +e(@®f'(z") + g(ah),

where f(z!) = fl(z!), f'(2!) = % and g = g(x!) is any real C*°-function.
By similar devices, we see that the dual-holomorphic multi-variable function
F=F(Z'Y - ,Z"), Z' =2t +ex™™ i=1,--- n, has the form:

F(Zla U aZn) = f(xlﬂ e 7xn) + E(xn+sasf —i—g(l‘l, T ’xn))’ (1'2)
where g = g(a!,--+ ,2") is any real multi-variable C*°-function, dsf = 6617‘

A dual-holomorphic manifold (see [6]) X,,(R(¢)) of dimension n is a Hausdorff space with
a fixed atlas compatible with a group of R(e)-holomorphic transformations of space R™(g),
where R"(¢) = R(g) x - - - x R(g) is the space of n-tupes of dual numbers (21,22, ... 2z")
with 2¢ = 2! + ey' € R(e), 2%,9° € R, i = 1,---,n. We shall identify R"(¢) with R?",
when necessary, by mapping (z!,2%,---,2") € R"(¢) into (x!,--- 2™, y%, .-+ y") € R?" and
therefore the R(g)-holomorphic manifold X,,(R(¢)) is a real manifold Ms,, of dimension 2n.

1.2 Let now M, be a differentiable manifold and 7'(M,,) be its tangent bundle, and 7 be
the projection T'(M,,) — M,,. The tangent bundle T'(M,,) consists of pair (z,v), where z € M,

and v € T,(M,) (T,(M,) is a tangent vector space at x € M,,). Let (U, = = (a!,---  a"))

be a coordinate chart in M,,. Then it induces local coordinates (z!,--- 2™, 2"t ... 2" in
7~ YU), where 21 ... 22" represent the components of v € T, (M,) with respect to local
frame {0;}. In the following we use the notation i =i +n for all i =1,---  n.
If (U, o’ = (x',---,2™)) is another coordinate chart in M,,, then the induced coordinates
2V, a2l o 2™) in 7 1(U"), will be given by
2 :xz/(xi), 1=1,---,n,
, (1.3)
v _ 0 5

T o

The Jacobian of (1.3) is given by matrix

ami, 0

on/ ST
ml
S’:( a): , S, a=1--- 2n
Ox 5 9%zt o'
Oz’ dxs Ox’

From here follows that there exists a tensor field of type (1,1),

. R 0 0 o .
o =(p3) = : (p— =7 0 (I = (9}) — identity matrix of degree n) (1.4)
i g

.

with properties p? = 0 and Sp = @S, i.e., the transformation S : {9,} — {0a/} preserving
¢ is an admissible dual transformation. Thus, the tangent bundle T'(M,,) of a manifold M,
carries a natural dual structure ¢, which is integrable (9 npé- = 0). Therefore, with each induced
coordinates (z',2") in 7 (U) € T(M,), we associate the local dual coordinates X* = 2’ +
ex?, €2 = 0. Using (1.3) we see that the local dual coordinates X' = 2 + ez is transformed by

’

X" =27 (2") + ex®0, (2" (). (1.5)
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The equation (1.5) shows that the quantities X i are dual-holomorphic functions of X* = zitext
(see (1.2) with g(zt,---,2™) = 0). Thus the tangent bundle T'(M,,) with a natural integrable
p-structure is a real image of dual-holomorphic manifold X,,(R(¢)) (dim X, (R(g)) = n) (see
[5]). In such interpretation there exists a one-to-one correspondence between dual tensor fields
on X, (R(e)) and pure tensor fields with respect to p-structure on T'(M,,) (see [6]). A real
C*>-tensor field t of type (1,q) or w of type (0,q) on T'(M,) is called pure with respect to
p-structure if

gpt(leXQa"' 7Xq):t((pX17X23 an)
= t(legOXQV" an) = :t(leXQa"' 7¢Xq)
or
W(QOXlaX27" : 7Xq) :(U(Xl,QOX2,' c 7Xq) == W(Xla' c 7‘»0Xq)'

In particular, vector and covector fields will be considered to be pure for convenience sake.

It is important that the dual tensor field on X, (R(e)) corresponding to a pure C'*°-tensor
field is not necessarily dual-holomorphic. This tensor field is dual-holomorphic on X, (R(¢)) if
and only if ®-operator associated with ¢ and applied to a pure tensor field ¢ of type (1,q) or w
of type (0,q) satisfies the following conditions (see [4, 7]),

q
(@g,t)(Y, Xlﬂ T 7Xq) = _(Lt(X1,X2,--~ .,Xq)‘P)Y + Z t(Xla X27 ) (LXAQO)Yv T 7Xq) =0
A=1

or

((I)Saw)(yﬂ D CPEER 7Xq) = (@Y)(W(XlﬂX% T 7Xq)) - Y(W(SOXMX?’ o 7Xq))
q
+ Zw(XlﬂX%" : 750(LyX)\)7' o 7Xq) =0,
A=1

where Ly is the Lie derivation with respect to Y.

2 Deformed Complete Lifts of Functions

From (1.2) we immediately have
F="f+e(“f+"g),

where ¢ is any function on M, Vf = fom, Vg = gor are vertical lifts of f, g, respectively,
and ©f = 2"*50,f is complete lift of f from M,, to its tangent bundle T'(M,,) (see [8]). We
call P f = ¢ f + Vg the deformed complete lift of function f to tangent bundle T'(M,,).

Thus we have the following theorem.

Theorem 2.1 Let T'(M,,) be a tangent bundle of M,, which is a real image of dual-
holomorphic manifold X, (R(g)). Then the vertical and the deformed complete lifts to T (M)
of any function on M, are a real and dual part of corresponding dual-holomorphic function on
Xn(R(g)), respectively.

3 Deformed Complete Lifts of Vector Fields

In a tangent bundle T'(M,,) with dual structure ¢, a vector field V= () = @, =
(v°,2") is called a dual-holomorphic vector field if Ly = 0 (see [3]). Such vector field is



226 A. Salimov, S. Aslanci and F. Jabrailzade

a real image of corresponding dual-holomorphic vector field V' = (VZ) on X, (R(g)), where
Vi =o' + v’e. The condition of dual-holomorphy of a vector field V' on T'(M,,) may be now
locally written as follows:

Lo = 170,05 — (050%) 5 + (9507 )5 = 0. (3.1)

By (1.4), we have:
a) The case where a =i, 8 =7, (3.1) reduces to

L@ = 07050, — (0507 + (8;07 )0l = 0™ mwé- + 0" O — (Om0") )
— O+ O + (05T )k = (OO} = —(057) =

from which follows

b) The cases where a =4, B =j and a =1, =7, (3.1) reduces to 0 = 0.
¢) The case where o =i, 3 = j, (3.1) reduces to

)l = V" Ompls + 0" 00l — (O )l

Ly = 070,0% — (050 + (9
— (0@} + (97 2n + (0,0 i = — (00"} + (07™) r

(000" + (9558, =0,
from which follows
050" = o,
and after integrating, we find
v = a:jﬁjvi +wi(zt, 2", (3.3)
where w' = w'(z!,--- ,2™) are any real multi-variable C*°-functions.

Remark 3.1 Using (1.3), (3.2)-(3.3) and 7 = %ﬁi 7%, we easily see that v = (vi(zt, -,
™)) and w = (wi(z!, - ,2")) are vector fields on M,,.

Thus a real dual-holomorphic vector field V on tangent bundle can be written in the form

- v vi(zt, ™) v 0
V= (’Ua) = = = - . i1 = - . + < z)
' 2 0;v" +w'(zt, - a™) z! 9jv" w
=%+ Vw,

where “v and Vw are the complete and vertical lifts of vector fields v = (v*) and w = (w') from
M, to tangent bundle T'(M,,), respectively (see [8]). Thus we have the following theorem.

Theorem 3.1 Let T(M,) be a tangent bundle of M,, which is a real image of dual-
holomorphic manifold X,,(R(¢)). Then a real image of corresponding dual-holomorphic vector
field V = (V) = (v° 4+ ') is a deformed complete lift in the form PV = “v + Vw, where “v
and Vw are the complete and vertical lifts of vector fields v = (v') and w = (w*®) from M, to
T(M,,), respectively.
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4 Deformed Complete Lifts of Tensor Fields of Type (1,1)

A tensor field ¢ of type (1,1) on tangent bundle T'(M,,) is called pure tensor field with respect
to the dual structure ¢ if

HoX) = p(tX)

for any vector fields X on T'(M,). From here we see that, the condition of pure tensor fields
may be expressed in terms of the local induced coordinates as follows:

thel =100
Using (1.4), from the last conditon we have

_ o0
t:(@):( ~>. (4.1)

Gt

A pure tensor field ¢ is called a dual-holomorphic tensor field if ®,t = 0, where ®,, is the
Tachibana operator defined by [4, 7],

(D1)(X,Y) = [pX, Y] — [ X, 1Y] — t{pX, Y] + pt[X, Y].

We note that, such tensor field is a real image of corresponding dual-holomorphic tensor field
from X,,(R(¢)) (see [3]). Sometimes the tensor @t of type (1,2) is called the Nijenhuis-Shirokov
tensor field. It is clear that, if ¢ = ¢, then fbg,’tvis the Nijenhuis tensor N, i.e., ®,0 = N,.

The condition of dual-holomorphy of a pure tensor field ¢ on T'(M,) may be now locally
written as follows:

()35 = ©]0:t5 — PR 0t5 — 130505 + 139507 = 0. (4.2)
By virtue of (1.4) and (4.1), (4.2) after some calculations reduces to
Oty =0, Oty — Ot = 0.

From here follows

%:tz(xl,--- ,a™), ?; :xkakté»—i—g;, (4.3)
where g = g& («',--- ,2™).
. Remark 4.1 Using (1.3), (4.3) and t%‘: = %ET(Z gj:/ 4, we easily see that ¢ (', -, 2") and
gi (x*,---,2™) are components of any tensor fields ¢ and g of type (1,1) on M,

Thus a dual-holomorphic tensor field ¢ on tangent bundle can be written in the form

o t 0 t 0 0 0
L U el W R DE N e s
ah Ot + gt ah Oyttt g9; 0

where ¢t and Vg are the complete and vertical lifts of (1,1)-tensor fields ¢ and g from M,, to
tangent bundle T'(M,,), respectively (see [8]). Thus we have the following theorem.

Theorem 4.1 Let T'(M,,) be a tangent bundle of M,, which is a real image of dual-
holomorphic manifold X,,(R(e)). Then a real image of corresponding dual-holomorphic tensor
field T of type (1,1) from X,,(R(€)) is a deformed complete lift in the form Pt =t +V g, where
St and Vg are the complete and vertical lifts of (1,1)-tensor fields t and g from M, to T(M,,),
respectively.
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Let (Myn, F,G, H) be an almost quaternion manifold, i.e.,

F?2=—_1 G?*=-I, H?=-I,
F=GH=-HG, G=HF=-FH, H=FG=-GF.

Then for three fields F, G and H of type (1,1), we now consider the following deformed complete
lifts:

Pp=C°r4+Va, Pe=°G+"YH, PH=C°H+"F

From here, we find

G0 G | (U A
e O FL + Gl Fi )\ @f0,F + G F

FLF" 0
2 (O L) FM + G FI o+ Fi a0 F + Fi G Fi Fm

F? 0\ _ (e 0 \__,
PO F2+GF+FG F2) 0 -1y, ) T
Similarly
(PG)? = —Irw,). (PH)? =—Iru,).

Thus we have the following theorem.

Theorem 4.2 Let (My,, F,G, H) be an almost quaternion manifold. Then the deformed
complete lifts of each structure F, G and H are almost complex structures on the tangent bundle.

5 Deformed Complete Lifts of 1-Forms

An 1-form w on the tangent bundle T'(M,,) is called a dual-holomorphic 1-form, if ¢ w =0,
where @, is the Tachibana operator defined by [4, 7],

(@ew)(X,Y) = (¢X)(@(Y)) = X(@(pY)) + @((Lye)X).

Such 1-form is a real image of corresponding dual-holomorphic 1-form from X, (R(e)) (see [3]).
The tensor field ®,w of type (0,2) has components

(PpW)ap = Pa0sWp — PF0aWs — We(Oaph — 057, )

with respect to the natural frame {0,} = {9;, 0;}.

By virtue of (1.4), (®,w)as = 0 reduces to

From here we have

wy = wi(zh, a2, ;= xzaiwj +0; (2t ™). (5.1)
Remark 5.1 Using (1.3), (5.1) and wg = 38%5"7"6’ we easily see that w;(z',---,2") and

0; (', ,2") are components of any 1-forms w and 6 on M, respectively.
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Thus a real dual-holomorphic 1-form w on tangent bundle can be rewritten in the form
&= (@, @5) = (@'0w; + 05, w;) = (2"0uwj, wy) +(05,0) = “w+ V9,
where “w and V' are the complete and vertical lifts of 1-forms w = (w;) and 6 = (0;) from M,,
to tangent bundle T'(M,,), respectively (see [8]). Thus we have the following theorem.

Theorem 5.1 Let T'(M,,) be a tangent bundle of M,, which is a real image of dual-
holomorphic manifold X,,(R(g)). Then a real image of corresponding dual-holomorphic 1-form
from X, (R(e)) is a deformed complete lift in the form Pw = “w+V0, where w and V0 are the
complete and vertical lifts of 1-forms w = (w;) and 0 = (6;) from M,, to T(M,), respectively.

6 Deformed Complete Lifts of Riemannian Metrics

A tensor field g of type (0,2) on the tangent bundle T'(M,,) is called a pure tensor field with
respect to the dual structure ¢ if

9(eX,Y) = g(X, ¢Y)
for any vector fields X and Y on T'(M,,). From here we see that, the condition of purity of g
may be expressed in terms of the local induced coordinates as follows:
JopPa = gowﬁpg-

Using (1.4), from the last conditon we have

S Gij G _ _ ~
gz(gaﬁ):<~ [)J), 95=0, 9; = 95

9ij
A pure tensor field g of type (0,2) on tangent bundle T'(M,,) is called a dual-holomorphic with
respect to ¢, if ®,g = 0, where @, is the Tachibana operator defined by [4, 7],

(®.9)(X,Y, Z) = (¢X)(9(Y, 2)) = X(9(¢Y, 2)) + 9(Ly ) X, Z) + g(Y, (Lzp) X).

Such tensor field is a real image of corresponding dual-holomorphic tensor field of type (0,2)
from X, (R(g)). Tt is well known that, if § is a Riemannian metric and V9 is its Levi-Civita
connection, then the condition ®,g = 0 is equivalent to the condition VI = 0 (see [3]), i.e.,
the triple (T'(M,,), g, ¢) is a dual anti-Kéahler (or Kéhler-Norden) manifold.

The tensor field ®,g of type (0,3) has components

(o9)apy = Po0ssy — ‘Pgaago'y - §07(8a¢g — 08%3) + Gps04 90,

with respect to the natural frame {0,} = {9;, 0;}.
By virtue of (1.4), after some calculations, (®,9)asy = 0 reduces to

99k — 0ig51, = 0, 0;g5, = 0,

from which we have

T = gir(@t, -2, g = T ;g + hyn(at, - "), (6.1)
Remark 6.1 Using (1.3), (6.1) and g g = 88;:/ %5/@13, we easily see that
gjr(zt, -+ 2™) and hj,(zt, - ,2™) are components of any tensor fields g and h of type (0,2)

on M, respectively.
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Thus a real dual-holomorphic tensor field g of type (0, 2) on tangent bundle can be rewritten
in the form

I '0igik + hik ik 2 igik gjn hji 0
g:(gﬂ’y): J J J _ J J + J ch+vh,
9ik 0 9jk 0 0 0

where “g and V'h are the complete and vertical lifts of tesor fields g = (g;x) and h = (hjz) of
type (0,2) from M, to tangent bundle T'(M,,), respectively (see [8]). Therefore we have the
following theorem.

Theorem 6.1 Let T'(M,,) be a tangent bundle of M,, which is a real image of dual-
holomorphic manifold X,,(R(e)). Then a real image of corresponding dual-holomorphic tensor
field of type (0,2) from X, (R(c)) is a deformed complete lift in the form Pg = g+ "Vh, where
Cg and V'h are the complete and vertical lifts of g = (g;x) and h = (hji) from M, to T(M,),
respectively.

Remark 6.2 Now let g be a Riemannian metric, and h be any symmetric (0, 2)-tensor field
on M, Tt is clear that in such case the tensor g = “g+Vh is a Riemannian metric on T'(M,,).
We note that lifts of this kind have been also studied under the names: The metric I+1T (see
[8]) if g = h and the synectic lift (see [5]).

7 Deformed Complete Lifts of Connections

Let V be a connection with components fl 5 on the tangent bundle T(M,,) preserving the
structure ¢. That connection is called a pure connection by definition if

Fgcﬁsod F’Yﬁspa - Fadcpﬁ

Using (1.4), from the purity conditon we have

[P =Tk =Tk =Tk —0. (7.1)
17 ij i j

ij
The pure connection V with components r lﬁ is called a dual-holomorphic connection, if (see
[6])

(Pel) 0 = 97051705 = 930-1'55 = 0.

It is well known that, such connection is a real image of corresponding dual-holomorphic con-
nection from X, (R(¢)).

From here, by virtue of (1.4) and (7.1), we have

(e F)m = ‘Plnamf?j + (ptmaﬁf?j - sznatffnj - %‘matfkmj =0

@r’?, :r’?.( Lo "),
m = PO + QT 0wl N, — OOk, — T Ok =06 0=0,
b= 0T + P Ol E — QIO — IOk =05 0=0,
k == 0} Om Fk + o a—rk — ¢t atrk_—gpz atrk_—()@o:o,
k__ =" O, rk + QT Ol — PO - — POk - =05 0=0,
K =0, Fl?, 1”8—1“5— Tk — IOTE =06 0=0,

ij myj

b = 90F Om 1“"“ +o7 (%P@f—wf51“’“—@*51“’“—0@0:0=
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(D)oo = @ DTz + @ Ol — GO - — QT OTE - = 0 0 =0,
(P F)m_% Om Fk + o5 ‘%Fk Pi B?anj_%ﬁa?f%j:o
& ook, = 0<:>Fk Ih(at, -2,
(@) = @7 Ok + GOl s, — Gl OTE — GOk =06 0=0,
(%F)E = OO rk o mrk — atr’t — T atrk =
& ﬁa—rg =0 F% =TIyt 2",
(@D)y = @7 OmLsy + o Ol — QPO T, — GO =0
GOl s — T OTE, =0 Ol — % =0
< f? =2 + HE (2!, 2™,
Tk Tk Tk ™A Tk
—cptaI‘ —l—cpt(%I‘ — @O — el 0T, =0 0 =0,
= QPO+ QO — T OTE — PTOTE - =060 =0,
== 97O rk + o7 mrk — ok = o oIk . =0&0=0,

AA,_\/_\
\/\_/\/\_/

?
§ = <p§”amr§3 + <p§”amrgt — " &I"“ - =7 &F’“ _=0<0=0.
Thus (®,I')],,5 = 0 reduces to
Oh =T8 =TE =T, "), T =200 + Hi(a', - ,a"). (7.2)
Remark 7.1 Using (1.3), (7.1)—(7.2) and

= oxY Oz 928 = oxY  9%xY

8= A A Bt aB T A A B
o’'B dxY 0z 9zB P " 9xY dx® JaP
after straightforward calculations we see that T'};(«!,---,z") and HJ(«',--- ,z") are compo-
nents of any connection V and tensor field H of type (1,2) on M,,, respectively.

Taking account of the definition of the complete lift “V of connection V (see [8]), we see
that a real dual-holomorphic connection V on tangent bundle can be rewritten in the form

V=C°v+VH,

where V' H is the vertical lift of tensor field H = (H}) of type (1,2) from M,, to tangent bundle
T(M,). Thus we have following theorem.

Theorem 7.1 Let T'(M,,) be a tangent bundle of M,, which is a real image of dual-
holomorphic manifold X, (R(g)). Then a real image of corresponding dual-holomorphic con-
nection from X, (R(€)) is a deformed complete lift in the form PV = VYV + VH, where ©V
and V' H are the complete and vertical lifts of V = (I‘fj) and H = (szj) from M, to T'(M,),
respectively.

Example 7.1 Let (M, g) be a Riemannian manifold, and (T'(M,,), ¢) be its tangent bundle

with natural dual ¢-structure: ¢ = (99).

The complete and vertical lifts of vector and tensor fields from M,, to T'(M,,) have the
following properties

X =YX VXVf=0, VXCF=CXxVf=V(X[),
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YR("x,“Y) =0, “g("X,9Y) =" (g(X,Y)),
VR(CX,CY) = V(X Y)), “9(°X.°Y) =“(g(X,Y)), VR(VX,“Y)=0,
[CyavX]:V[KX]v [cyacX]:C[YaX]

for any function f on M, (see [8]). Using these formulas, we find

D

and

(P4

9@ X, ) = (“g+ V(e X,Y) = (“g+ V) ("X, Y)

=YX, )+ VR(VX,Y) =%V X,°Y) =V (g(X.Y)) = “g(°X,VY)
=X,V +VR(EXVY) = (Cg+VR)(CX,VY)
=g+ R(OX, 7)) =Pg(“X,p°Y)

Po)(©X,9Y,92) = (°X)(Pg(CY,92)) = X (Pg(¢°Y.C 2))

+P9(Ley )X, “Z) + Pg(°Y, (Le z0)° X) =V X (g(Y, Z))
+VXV(M(Y, 2)) = XV (9(Y, 2)) + Pg(Ley (99 X) — p(Ley € X), € 2)
+P9(°Y, Le 7(0“X) — o(Le X)) = V(X (9(Y, 2))) = V(X (9(Y, 2)))
+Pg(Ley VX = €Y, “X],92) + Pg(CY,Le sV X — ¢[€ 2,9 X))

= Dg([CY’ VX] - QDC[Ya X]v CZ) + Dg(cyv [sz VX] - @[Czﬂ CX])

= Dg(V[Yv X] - V[Yv X]v CZ) + Dg(CKV[Zv X] - V[ZvX]) =0.

From here we see that the triple (T'(M,,), P g, ) is a dual anti-Kihler manifold (VDggo =0) (see
Section 6). In such manifolds, the Levi-Civita connection v"9 of P g also is dual-holomorphic

(see [3]). Thus the Levi-Civita connection V"9 is a simplest example of deformed complete lift
of connection.
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