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Stability of the Rarefaction Wave for a Non-isentropic
Navier-Stokes/Allen-Cahn System*

Ting LUO!

Abstract This paper is concerned with the large time behavior of solutions to the Cauchy
problem for a one-dimensional compressible non-isentropic Navier-Stokes/Allen-Cahn sys-
tem which is a combination of the classical Navier-Stokes system with an Allen-Cahn
phase field description. Motivated by the relationship between Navier-Stokes/Allen-Cahn
and Navier-Stokes, the author can prove that the solutions to the one dimensional com-
pressible non-isentropic Navier-Stokes/Allen-Cahn system tend time-asymptotically to the
rarefaction wave, where the strength of the rarefaction wave is not required to be small.
The proof is mainly based on a basic energy method.
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1 Introduction

1.1 The problem

In this paper, we deal with the so-called Navier-Stokes/Allen-Cahn equations, a system of
balance laws for two-phase mixtures of fluids undergoing phase transitions. In this model the
interfaces between the phases are assumed to be of “diffuse” nature, that is, sharp interfaces
are replaced by narrow transitions layers. These regions, as well as the two species, are lo-
cated by a phase field variable y governed by the Allen-Cahn equation, while the dynamics
are describled by the Navier-Stokes equations. The model was proposed by Blesgen [1], who
developed a thermodynamically and mechanically consistent set of partial differential equations
extending the Navier-Stokes equations to a compressible binary Allen-Cahn mixture. Recently,
Freistiihler and Kotschote have shown the thermodynamical consistency of a carefully chosen
general form of Navier-Stokes/Allen-Cahn in [10]. Before formulating the non-isentropic Navier-

Stokes/Allen-Cahn system, we refer to [10, 17] for a complete derivation. We are interested in
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the form of the following compressible Navier-Stokes/Allen-Cahn system (see [17]) in R”,

Op+ V- (pu) =0,
O(pu) +V - (pu@u) — V- T = pfest,
Oi(pE) + V- (pEu) = V - (BVO) = V - (T - 1) = pfexru, (1.1)

8t(PX)+V'(PXU)+g{ -V (8VX(§F)) +3x(§F)} =0

for (t,z) € (0,400) x R™. Here p,u and 6 denote the total density, the mean velocity, and the
temperature, of the fluids mixture, respectively. x is the concentration difference of the two

components. E denotes the total energy density of the mixture,
— 1
E:=E+ §|u|2. (1.2)

The thermal conductivity 5 > 0 may depend on £ = (p, x, ). The parameter a > 0 represents
a relaxation time. Luo et al. [22] obtained a special form of the Navier-Stokes/Allen-Cahn

system by taking the special free energy F, i.e.,

RO
v—1

0 06

where v > 1 and the constant 6 > 0, then the Navier-Stokes/Allen-Cahn system in three-
dimensional under assumpitions becomes
Op + div(pu) =0,

SO o ..
O (pu) + div(pu @ u) + Vp = pAu + pVdivue — §d1V(9VX QR VYX) + pfexts

1.4
Oc(pE) + div(pEu) = BAO+ T : Vu, (14
. 00 Op
Oc(px) + div(pxu) = — L x = —50,Q(x);
where T : Vu = > T;;0;u; and i = %u + A
.
Furthermore, we assume that Q(x) = X4—4 — X;, fewt = 0 and A = —p. Then the Navier-
Stokes/Allen-Cahn system in one-dimensional under assumpitions becomes
O¢p + 0z (pu) =0,
1
PO + pudyu+ 0p(p, 0) = ndzu — 50:(0(9:x)%),
(1.5)

000+ 10,0+ bl 0)0u = O30 + p(0u)? = S00,0(0ux )

50 0
pOiX + pudyx = —02x — —g(x3 - X)
a a

for (z,t) € R x (0,400). Here p > 0 denotes the total density, u represents the mean velocity
of the fluid mixture, 6 corresponds to temperature of the fluid mixture, y is the concentration
difference of the two components. The positive constants p and 8 denote the viscosity and heat
conduction coefficients, respectively. The parameter a > 0 represents a relaxation time and
the constant ¢ > 0 represents the thickness of the interfacial region. The Navier-Stokes/Allen-
Cahn system describes two-phase patterns in a flowing liquid including phase transformations.
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A phase field variable y is introduced and a mixing energy is defined in terms of x and its
spatial gradient.

Initial data for system (1.5) are given by

[p,u,@,x]((),:z:) = [po,uo,ﬂo,x()](x), z eR. (16)

We assume that those initial data at both far fields x = +00 are constants, namely

hI:Itl [p()auOvoOvXO](x) = [p:tau:tvoﬂ:vx:l:]v (17)

T—r100

where pt > 0, ut, frand y+ can be distinct.

1.2 Euler system and rarefaction wave

In order to study the large time behavior of solutions to Cauchy problem (1.5)—(1.7), we
notice that in the setting of the concentration y = 1 for the large time behavior, Navier-
Stokes/Allen-Cahn system (1.5) can be reduced to the following Navier-Stokes system in the

form

Oip + 0x(pu) =0,

I (pu) + 0z (pu®) + 0zp(p, 0) = pdu, (1.8)
pu0.0 + p(p, 0)0,u = B0 + u(du)?.

R
——p0:0
’y—lpt +”y—1

We define its entropy in terms of its density and temperature by
R RO R
S=——1 (—) — Rl — 1.9
v—1 "2 npt ~v—1 (1.9)
where A is a positive constant. It is straightforward to verify from (1.5) that

_ " 2, B
S + ud,S = ] (Opu)® + poﬁwﬁ. (1.10)

For later application, under the assumptions (1.7), we set St to be the values of S at both far

fields in terms of p1 and 6, i.e.,

R
—) —Rlnpi-f—m (111)

at both far fields. Also note that in terms of S and p,
A v—1
0) == (—5) v,
plp,0) = —exp(—5—=5)p
To construct the rarefaction wave of Navier-Stokes/Allen-Cahn system in the non-isentropic

case, we assume S = S_ = S, equivalently, by (1.11),

Z_J_r _ (%)7_1, (1.12)
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Therefore, as in [19], in the rarefaction wave 6 can be determined in terms of p by (1.9) in
the way that S takes the constant value S.,. Furthermore, skipping terms of the second-order

derivatives, we may expect that system (1.8) tends in large time to the following Euler equations:

Orp + u0yp + pdru = 0, (1.13)
PO + pudyu + By (p7) =0, .
where B is constant given by
A v—1
B2 (—SOO) > 0. 1.14
SeP ¢ ( )

Motivated by the above formal computations, the large time behavior of solutions to Cauchy
problem (1.5)—(1.6) under the condition (1.7) is expected to be determined by the Riemann
problem for the above Euler system (1.13) with initial data given by
[p—,u_], x<0,

1.15
[p+7u+]7 x> 0. ( )

[pa u](oa :E) = {

To study the rarefaction wave, one can see that system (1.13) has two characteristics (see [4, 25])

{Al(p, u) =wu—/Byp’~1,
A2(p,u) = u+/Byp'~,

which are genuinely nonlinear and give rise to the rarefaction wave curves
P
Rifp—,u_] = {[p,u] eRy xR ‘ u=u_ —/ VByzY3dz, p<p_, u> u_}
p—
and

p
Rolp—,u_] = {[p,u] eRy xR } U=1u_ +/ /Byz7=3dz, p>p_, u> u_},
p—

respectively. For the simplicity of presentation, we consider only the 1l-rarefaction wave, as
the case for 2-rarefaction wave can be treated in the completely same way. Thus two constant

states [p4, us| satisfy
P+
Up = U_ —/ VByz773dz, 0< py < p-_, (1.16)
p—

and the Riemann problem (1.13) and (1.15) admits a self-similar solution, the centered 1-

rarefaction wave [p, u?](£), which is defined by

R
p
uff =u_ — / v/ Byz7—3dz,
p—

x
/\1(/)—;”—)7 ? < Al(p—au—)7
R(ZY yr(ZV) 202 <Z
Al(p (t)au (t))_ £’ A1(p—au—)_ n <)\1(p+au+)7
x
Mlpryus), 5 2 Aaloy, us).
In light of (1.9) and (1.14), one can define the corresponding profiles of  as follows:
B
0% = —(p") ! 1.17
7P (1.17)

as long as the conditions for the far-field data hold, namely, (1.12).
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1.3 Approximate rarefaction wave

As in [23], to study the asymptotic stability of the rarefaction wave [p, uft, 07](Z) for Euler
system (1.13), one has to use its smooth approximation [p",u",0"](¢,2z). To construct it, one
can start with the Riemann problem on the Burgers’ equation

Oyw + wdy,w = 0,

w_, x <0, (1.18)
Wy, x>0

w(z,0) = wy = {

for w_ < wy. Note that the solution to (1.18) is given by

w_, r < w-_t,
T
wR(E) = -, w_t <z < wyt,
t t
W, ’Uj+t S x.

The solution to the Burger’s equation turns out to be smooth if the initial data is smooth
and increasing. Here we refer to the construction introduced in [23] where the initial data is
chosen so that its spatial derivative is proportional to a parameter e > 0. Hence, wR(%) can be

approximated by the smooth function w(¢, z), which is a solution to

dyw + wdy,w = 0,

1 1 (1.19)
w(0,z) = wo(x) = §(w+ +w_)+ §(w+ — w_) tanh(ex),

where the constant € > 0 is to be chosen later on.

Lemma 1.1 Let § = wy —w_ be the wave strength of the 1-rarefaction wave. Then problem
(1.19) has a unique smooth solution W(t,x) which satisfies the following properties:
(i) w- <w(t,z) < wy, 0w >0 forx € R and t > 0.
(i) For any 1 < p < 400, there exists a constant C}, such that for t > 0,
_ 1
10,7 r < Cp min{e' "7, 57t 7},
102%| 1» < Cp min{3e>~ 5, e w11},
102%| L» < C,p min{3e> 7, 5t}
ces . — _ R £ _
(iii) t—13+mooilé§|w(t’x) w (t)‘ 0.

Now one can define the smooth approximate profile [p”, u", 0"](t, z) in terms of

M u") =w(1+t,x), M(pt,us) = ws,
o
u =u_ —/ v/ Byz773dz, (1.20)
p—
B
" = = (p" 'y—l'
7 (")

Note that (p", u") satisfies Euler system (1.13). With Lemma 1.1 in hand, one has the following

lemma.
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Lemma 1.2 Letd, = |py—p—|+|uy—u_] be the wave strength. The approzimate rarefaction
profile [p",u”, 07|(t, x) given by (1.20) satisfies

(1) Opu” >0 and py < p"(t,z) < p—, u— < u"(t,x) <us forx €R and t > 0.

(i) For any 1 < p < 400, there exists a constant C,, such that for t > 0,

1 1

100", u", 07| v < Cpmin{d,e' =7, 67 (1+1)"' 5},
102]p", u", 67| e < Cpmin{é,e* 7,77 (1 +1)71},
103" u", 0] 1o < Cpmin{d,e* ™5, €75 (1+ 1)1}

(i) lim_sup |[p", u",07)(t, x) — [p®, u®, 0%] (%)] = 0.

t—4o0 z€R

1.4 Main results
With the above preparation, the main result of this paper is stated as follows.

Theorem 1.1 Let the far-field constant states [p4,us, 0+, x+] satisfy (1.16). There are
constants €9 > 0 and Cy > 0 such that if

H[pO(x) - pT(O,x),uo(x) - uT(O,x),HO(x) - GT(va)]HHl + ||X0(1') - 1||H2 + € < gy,

where € > 0 is the parameter appearing in (1.19), then Cauchy problem (1.5)—(1.6) admits a
unique global solution [p,u,0,x] satisfying

sup(lllp = p"yu = w0 = 0"z + lIx = Llar2) < Coo- (1.21)

Moreover, the solution [p,u, 8, x| tends time-asymptotically to the rarefaction wave in the sense
that
t_ligloo ilelg [p, u, 0, X](t, x) — [p%, u?, 67 1] (%)‘ =0. (1.22)
Let us recall some known results about the Navier-Stokes/Allen-Cahn system. For the
compressible isentropic model, Feireisl et al. [9] proved the existence of global-in-time weak
solutions in R® without any restriction on the size of initial data. Ding et al. [5] proved the
existence and uniqueness of global classical solution, the existence of weak solutions and the
existence of unique strong solution of the Navier-Stokes/Allen-Cahn system in the interval
[0,1] for initial data without vacuum states. Chen and Guo [3] established the global exis-
tence and uniqueness of strong and classical solutions of Navier-Stokes/Allen-Cahn system in
the interval [0, 1] with initial vacuum. Luo et al. in [21] proved the stability of rarefaction
waves to the isentropic Navier-Stokes/Allen-Cahn system. Kotschote [17] investigated the sta-
bility of travelling wave solutions to the so-called Navier-Stokes/Allen-Cahn system. Kotschote
[16] proved the existence and uniqueness of local strong solutions for the Navier-Stokes/Allen-
Cahn system with arbitrary initial data. For the incompressible isentropic model, Gal and
Grasselli [11] showed the existence of the trajectory attractor for both incompressible Navier-
Stokes/Allen-Cahn and Navier-Stokes/Cahn-Hilliard systems and also obtained a convergence
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rate estimate in the phase-space metric. Xu et al. [26] discussed the global regularity of ax-
isymmetric solutions in both large viscosity and small initial data cases in R3. For the coupled
Navier-Stokes/Allen-Cahn system with g_ii = 1(x® — X), where J is a positive constant and v/§
represents the thickness of the interface, Zhao et al. [28] investigated the vanishing viscosity
limit and proved that the solutions of the Navier-Stokes/Allen-Cahn system converged to that
of the Euler/Allen-Cahn system in a proper small time interval. Moreover, for numerical simu-
lations, such as jet pinching-off and drop formation, we refer the readers to [2, 20, 27]. We also
emphasize a different two-phase model, for which Evje et al. obtained a series results in [6-8]
and references therein.

According to some special assumptions, we derive the one dimensional non-isentropic Navier-
Stokes/Allen-Cahn system (1.5) in this paper. Notice that the Navier-Stokes/Allen-Cahn sys-
tem is a combination of the compressible Navier-Stokes system with an Allen-Cahn phase field
description. Actually, if we assume the concentration y = 1, then the Navier-Stokes/Allen-
Cahn system reduces to the classical Navier-Stokes system. It is well known that the large-time
behavior of solutions to the Cauchy problem on Navier-Stokes system are basically the same as
that of Riemann problem to the corresponding Euler equation. And the Riemann solutions for
Euler equation are shock waves, rarefaction waves, contact discontinuities and the linear com-
binations of these basic waves. Here we only mention several results related to Navier-Stokes
system: [12, 18] for the asymptotic stability of shock wave; [19, 23-24] for the asymptotic sta-
bility of rarefaction wave; [14-15] for the asymptotic stability of contact discontinuity wave;
[13] for the asymptotic stability of combination of viscous contact wave with rarefaction waves.

This paper is mainly concerned with the large time behavior of solutions to Cauchy problem
(1.5)—(1.7) for the compressible non-isentropic Navier-Stokes/Allen-Cahn system in R. Moti-
vated by the relationship between Navier-Stokes/Allen-Cahn system and Navier-Stokes system,
we temporarily assume that x4+ = 1, and we can consider the stability of the rarefaction wave
to the Riemann problem on Euler system in the setting of x(z,t) = 1. Moreover, the case for
X+ 7 X— which leads to more complex structure is left for study in future. Compared with the
classical Navier-Stokes system, the concentration x in this model (1.5) brings both benefit and
trouble. The benefit lies in the fact that the term §9%y in (1.5), is a viscous dissipation term
which provides extra regularity of d,x, while the trouble is brought by the term %81(98@()2
in (1.5), which increases the nonlinearity of the system, and it is also this term that requires
||0zm|| Lo to be small when we deal with the high order nonlinear term Jy9 in Lemma 2.3, which
just demands the initial perturbation to be small and also requires the smallness of ||(]| g2 to

close the a priori assumption in (2.3).

The rest of the paper is arranged as follows. After formulating the non-isentropic Navier-
Stokes/Allen-Cahn system in R, we deal with the rarefaction wave problem. In the main part
Section 2, we give the a priori estimates on the solutions of the perturbation equations. The
strength of the rarefaction wave §,. is not necessarily small in the proof. The proof of Theorem
1.1 is concluded in Section 3.

Notations: Throughout this paper, C' denotes some positive constant (generally large)



240 T. Luo

and ¢ denotes some positive constant (generally small), where both C' and ¢ may take different
values in different places. LP = LP(R) (1 < p < 400) denotes the usual Lebesgue space on R
with its norm || - [[z», and when p = 2, +o00, we write || - [[2r) = || - || and || - |[Lee®) = || - [|oo-
We use H® = H*(R) (s > 0) to denote the usual Sobolev space with respect to x variable.

2 The a Priori Estimates

To prove Theorem 1.1, we use the energy method. Define the perturbation as

[(pvvaam] = [p_prvu_urvo_ervx_l]a
then [, 1, ¢, m| satisfies

p(Os) + u0z¥) + 9:[p(p, 0) — p(p”, 0")]

)
= pd* + pd2u” — pdyuTp + p—f@zp(p’”, o) — 531(9(8mm)2),

R
PO + udeC) + plp, 0)0u (2.1)
= BO2( + BO2O" + p(0,u)? — RplO,u" — %pd)&ﬁr - g@@zu(&gm)Q,
p(Oym + udym) = éﬁ@gm - p—g(m3 +3m?2 + 2m)
a a

with initial data
[(pv 1/)7 Ca m](O, ZIJ) = [(va 1/)07 COa mo](ZIJ)
= [po(x) = p"(0, ), uo(x) — u"(0,z),00(x) — 0"(0,2), xo(x) = 1] (2:2)

for x € R.

We define the solution space X (0,7) by

X(0,7): = {lp,v,¢] € C([0,T); H'),m € C(0,T); H?), dwp € L*([0, T} L?),

(0200, 0u¢] € L2([0, T} HY), 0o € L*([0,T]; H?), ¥(x, 1) € (=00, 00) x [0, T]}.
The local existence of solutions to the reformulated Cauchy problem (2.1)—(2.2) can be

established by the standard iteration argument. In the paper, to prove Theorem 1.1, for brevity

we only devote ourselves to obtaining the global-in-time a priori estimates in the following.

Proposition 2.1 Assume that all the conditions in Theorem 1.1 hold true. Let [p, ), , m)
be a smooth solution to Cauchy problem (2.1)=(2.2) on 0 < t < T for T > 0. There are
constants eg > 0, C > 0 such that if

OiltlgT(ll[% &, @Ol + Im )l a2) + € < <o, (2.3)

where € > 0 is the parameter appearing in (1.19), then one has

T
supT(I\[s07¢7C](t)||§p +m(®)lI32) +/O (102011 + [1[Bat), OxC]Ilpr + l|0xml[2 )t

0<t<
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T
+ / v/ [, 4, )| 2dt

< Clllpo, o, ol + Cllmol3z + Ces. (2.4)
It is easy to get
I8, ¢, m]|| e < V20, ||0xm|pe < V20, (2.5)
where the following Sobolev inequality
|h(x)] < V2||h[2[[0:h]|>  for h(z) € H'(R) (2.6)

is used.
Proposition 2.1 is a consequence of a series of lemmas as follows. The first one is concerned
with the zero-order energy estimate.

Lemma 2.1 Assume the conditions in Proposition 2.1 hold, then we have the following

energy estimate for t € [0,T],

||[w,w,<,m1||2+/o (19:012 + 10:C112 + 10l + [m]]?) df+/ Iv/Bear [, o, IPdr

t
gC||[<p0,¢o,go,mo]|\2+cgo/ 02ml|2dr + Ce. (2.7)
0

Proof Set ®(s) =s—1—1Ins, and define G = 51/)2 + Rp@“b(p—;) + %p@rfb(i) + §m2.

Direct calculations give rise to

B

0G4 n(De) + D (0.07 + 200m)? 4 220 0+ Q= ok Qs+ Qi (28)
where
H =G+ [plp,0) ~ plo! 0] — oDt — D¢+ Pom? = Lomam,
Q1 = dou” [m/)? + R(y - l)pGT@(%) n Rporcp(;)} — Rpd, 0" + ﬁpwcazm
Qs = Rpwawf)’”@(p—r) n %p@[}ﬁﬁr@(%), (2.9)
Q3 = wpdiu" + ﬁ ¢ 0,00 + BCBQQT + u%(ﬁwu)Q,
Qu =~ 200,00,m)) — Sco,u(0,m)? — mo,00,m — Lm(m® 4 3m?)

Integrating the resulting equation with respect to x over R, we arrive at

%/Rcdx+M/R(aw¢)2dx+ﬁ/R%(6w<)2dx+g/Ra(awm dx+—/p9m2dx+/cz1dx
:/dix+/Q3dx+/Q4dx. (2.10)
R R R
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In what follows, we first treat Q1. The estimates for higher order terms @2, Q3 and Q4 are to
be given later on. Recall dyu”(t,z) > 0 for all ¢ > 0 and = € R. One can claim that

Q1 =Q5+ Qs (2.11)
with
_ r B(’Y B 1) \Y— RQ r\1— pr)'y—l
Qs = Ou {m/f" + T(p )TN+ () TG+ By - 1) By
[ 1
— Rp ch}
Qs = O(1)0,u"p* + O(1)9,u" ¢, (2.12)

To prove (2.11), we observe from ®(1) = ®'(1) =0 and ®”(1) =1 that

q)(p_r) =2 L0,

2
Z P - (2.13)
D(—) = o(1)¢?
(m) G
as || and |¢| can be sufficiently small. On the other hand, we get from (1.20) that
By—-1) ()"
00" = — Ou”. 2.14
R By “ ( )
Then (2.11) follows from the third equation of (1.20), (2.13) and (2.14).
Next, we prove that there exists a constant o > 0 such that
| @ste > allVaTe .l (215)
Elementary computations give
Q5 = 0xu" (0,9, OM (9,9, ), (2.16)

where ()7 denotes the transpose of a row vector, and the 3 x 3 real symmetric matrix M is

B(y— Ny — B(y— =1
Bo oy 2R 0
B(y=1) [(pr)7 ! _Rp 1
2 B~y P 2 Br(p")7"— 1
2
0 _Rzp\/ By(plT)_w—l _RBP ()

One can compute all the leading principal minors A\, (1< 1 < 3) of M as follows:

B(y-1)

given by

A = (Pt >0, (2.17)
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_1)2
Ban = By = (' = PO (s
= B0- 14)7(37 1) (p") >0, (2.18)
A33 _ B(’Yp_ 1) (pr)'y—l [%pQ(pr)l—'y o fo; ( r)l—'y:| o |:B(’Y2_ 1) (p2;_1}2%(pr)1—7
= 2RG-1)p> 0. (2.19)

We then conclude that M is positive definite, and (2.15) follows.
We now have by substituting (2.15) into (2.10) that

4 2 Lo.ords+ 8 2 3/ 2
dt/RGd:z:—Fu/R(ﬁﬂlj) dx—|—ﬁ/R6.(8zC) d:z:—l—a/RG(sz) dx—|—a6 Rp@m dz

+a/R|\/W[sa,w,<]|2dx§ \AQW%%%@M%@MM‘/RQde\. (2.20)

To complete the proof of Lemma 2.1, it remains to estimate all the terms on the right-hand
side of (2.20). By applying Holder’s inequality, Cauchy-Schwarz inequality with 0 < n < 1,
Sobolev inequality (2.6), Lemma 1.2, (2.3), (2.5) and integrating by parts, it is direct to derive

the following estimates:

/R Q2| + 1Qsldz < Clll, v, ll= IV 0wu [, ¥, ¢II* < Ceoll vV Oz, 9, (1%, (2.21)

[ 1Qulda < € [ 1027 +160.C0001 + ICO20"| -+ 100 + 1015
< Ol Qe |02 [u”, 07l 21 + ClICl e 18, I + CllAu0" || e IS0l
+ O ¢l [ 0”2
< ||, )12 10 [, QU125 (1 +£) ™5 + Ceo([|uttl* + [10:¢1%)
+Cet (14 8) 1 [[¢N10aC] + CIIClZ 10aC 12 (1 + )
< Cleo+ €5 +n)(|0:0]|2 + [10:C]1%) + 3 (L + )78 + Cex (1+1)77, (2.22)
[ 1Qulda < € [ 160,67 @)+ 160,60 + [60,mo2m
+ [0pu" (02m)?| + 020 (0em)?| + |MmOp0” Opm| + |mdCOpm| + |m3|dx
< O]l o0 10267 || L | 0aml® + Cl[s) | oo | Dam]| o< || Ozl || 0a |
+ Cll Lo | 0wl ||07m]| + C||0gu” || Los || Oaml|?
+ Cll0sml Lo | 0| | 0l + C| 000" || oo ||| Oz
+ Cllml Lo aml[|9uC | + Cllm| Lo |2
< Cleo + &)([[ml* + [[02ml|*) + Ceo([|0Zm]* + [10:<1%).- (2.23)
Therefore, (2.7) follows by plugging (2.21)—(2.23) into (2.20), integrating the resulting inequality

with respect to t and applying (2.13), where we recall that ¢ > 0, 1 > 7 > 0 and €9 > 0 can be
small enough. This completes the proof of lemma 2.1.

In the following lemma, we control the term ||0,¢(t)]|%.
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Lemma 2.2 Assume the conditions in Proposition 2.1 hold, then we have the following

energy estimate for t € [0,T],

t
H%ﬂF+A(MMMH%¢W+H%¢WHT
t
C(M¢M7QLTHMHQ-FH@OH%1)+-C%OJ/ |92m|[2dr + Ces. (2.24)
0
Proof We first differentiate (2.1); with respect to x to obtain

04020 + 0pu0yp + u02 4 0y pOyth + pO21h + O2u"p + Opu" Opip
+ Dup"Outh + 02p"h = 0. (2.25)

Then multiplying (2.1), and (2.25) by amT“" and uagf, respectively, and integrating the

resulting equalities over R, one has

5,
/ Dby pda + / wWBppduipd + / 20, [p(p.0) ~ (0”07}
R R R

:/u85¢8x<pdx—|—/u@iuram—@dx—/ﬁzurdﬁmgodx
R P R P R

£
R PP

2 2
,u/ 8x<p8t81<pdx+u/8 U <P) dx—|—u/uaz<';#dx+,u/ 8;—2(’0&3/)811/@1:
R R

—I—M/B u”
/ 24) ””“"d /a%w /ampr x ””‘pdx— /32 i w‘pd

The summation of the equalities above further implies

g K 2 / r(az@)z R_9 2

dt/R(waww a(0r) ) + A [0 L2+ 0 [

:/wﬁtamgodx—/uﬁzdﬁmgodx—/ Ec&wamprdx—l—/ 10
R R pp

81 T T
—ARBI¢8dex+/R %o? 9207 das — /wwgpa u dx—i—/ 2“26 w(@yp)?da

O plp” 67 — / 2% 00, (005 m)?)de

R

and

200, p" dx

—/%ngoawpawwdx—/—2g081g08§urdx—/—2w8wcp8wprdx
R P RP RP

R P R 2P
13
_ Z‘Il’ (2.26)
=1

where J; (1 <1 < 13) denote the corresponding terms on the left-hand side of (2.26).
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We now turn to estimate J; (1 <1 < 13) term by term. By applying Hélder’s inequality,
Cauchy-Schwarz inequality with 0 < n < 1, (2.1);, (2.3), (2.5), (1.20), Lemma 1.2, Sobolev
inequality (2.6) and integrating by parts, it is direct to derive the following estimates:

J1 = —/&ﬂ/}&ttpdm
R

= / O (U0 + pOyth + Oxu” @ + Oz p"1p)dx
R
<l 10|00l + CllOub]% + 1|80 || L=l 2ll]| Db
100" || o< 1110030 + a7 Loe | 023D e
< Ceo([|0:011 + 102¢]1?) + nll0zell* + (C + Cy) || 00|
+Cet (1 +1) 1[0, ¥l |10
< (Ceo +m0slio, V111 + (C + Co) 09 ]|? + Ce® (1 + )75,
Jot Jy <C / 10,60,0] + |02 pBsClda
R
< l|0zell? + Cy (10201 + [10:€1%),
s+ Ja+Jr < / 10007 | + 9Dapdap”| + [0Da By’ |da
R
< C)|0x 10", u" ||l 0zl ¥, €]
< Cet (L+1)71 10,0l v, ]|
<) dupl? + Cex (1 +14)73,
Je + Jio + J11 < / |02002u” | + |00p002u" | + |10y pd2p" |dz:
R
< Cnl|owol® + Cyll02u"|1* + Clll, ]| Lo 02| | Oza ™, £7]]]
< C(n+e0)l|0upl” + Ce(1+1)72,
Js + Jg + Jia < / 10210 (020)?| + |0su" (020)?| + |0up"OppDpih|da
R
< C|0u]| L [|0s0]12 + Cllosu™ || Lo 102012 + Cll02p" || Lo |00l |9
< C(|09]| + 029D |10wl|* + Ce(l|dupl* + 110:9]1%)
< Cleo + €)]|0zp||? + Cel| 8] + Ceol| 02012,
Jiz < C/ 10200 mO*m| + 0200, (0xm)?| + 020050 (0,m)?|dz:
R
< C|0ym| = |0x|||02m]] + C|0m|3 1|0z 0l|]| D€l
+ C|020" || Lo [|em| Lo || 90| Do
< Ceo([|0upll® + 18217 + |0zm]|® + [|92m]?).

Inserting the above estimations for J; (1 < ! < 13) into (2.26) and then choosing &g, € and
7 so small, and integrating (2.26) over [0,7] and using (2.7), Cauchy-Schwarz inequality with
0 <n <1, weget (2.24). This completes the proof of Lemma 2.2.

Lemma 2.3 Assume the conditions in Proposition 2.1 hold, then we have the following
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energy estimate for t € [0,T],

t t
101 + / 102627 < C|l(Go, molll? + Clllgo, ol 2 + Ceo / |02m|2dr + Ceb . (2.27)
0 0

2
Proof Multiplying (1.5), by — 821/1 and then integrating the resulting equation over R, we

arrive at

1d 2 Hon2 \2
51 @+ [ Eezopas

2 8§1/) roor 3%‘/’ 2, r 2 r
= [ udYozpdr + 9z[p(p,0) — p(p",0")]dx — | p—=0;u"dx + [ ¥0;10,u"dx
R R P R P R
P 42 roar 0 o 2
+/ 0590y ,0 dx—l—/—@m 0. (0(0,m)?)dx
oo YIzp(p", 0") 2 Y0 (0(9zm)”)
19
=> (2.28)
=14

where J; (14 <1 < 19) denote the corresponding terms on the left-hand side of (2.28).
We now turn to estimate J; (14 <1 < 19) term by term. By applying Holder’s inequality,
Cauchy-Schwarz inequality with 0 < 7 < 1, Sobolev inequality (2.6), Lemma 1.2, (2.3), (2.5)

and integrating by parts, it is direct to derive the following estimates:

Jia + Jie + Ji7 + Jis
<O [ |udu020] + 1026020 | + 00,002 + 1100sp 320 + 0,072 da
R

< nllozell* + Cy(llozl® + 107u” (%) + Clldalu”, "l Ll v, w1 1054
<021 + Colldes||” + Ce(1 + )72 + Cex (14 1) 7| [, ] |54

3

< )2 + CyllOp]|? + Ce(1 + )72 + Cex (1 + )73,
Jis < C / 020,pC] + |0200:C] + |20 Dai0| + [02100,6"|da
R
< C|¢)| = 102011 0xll + Cll0w 0", 07 oo 2, CII 12| + mllO24)]|?
+ Cp([10:€117 + [|021)
< Ceo([[0a0l? + [|020]|?) + Cet (1 + )~ |, ]|I|020 |
+ |02 + Cy([10:C)1 + 11820]1)
< (Ceo + C)109ll? + (Ceo + 0)[920]|% + Cpl|uCl|? + Cez (1 + )%,
Jig < C/ |02400,0(0xm)?| + |022p0ymd>m|dx
R
< C0sm|| 2 |0:C 020 + Cll0207|| Lo [|0aml| L 1020 | | x| + CllOwm]| 1< [|02m]| |02
< Ceo([|0:¢)1 + [|8am|? + 0201 + [|82m]|?).

Inserting the above estimations for .J; (14 <1 < 19) into (2.28) and then choosing &g, € and 7
so small, and integrating (2.28) over [0,7], using (2.7) and (2.24), we get (2.27).
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Lemma 2.4 Assume the conditions in Proposition 2.1 hold, then we have the following

energy estimate for t € [0,T],

t t
losc]? + / 162¢2dr < Cigo, Yo Gl + Cllmol + Ceo / |02m|dr + Cet. (2.29)

Proof Multiplying (1.5), by —% and then integrating the resulting equation over R, we
arrive at
1d R 154
—— [ ——(0,0)%d —(9%¢)%d
51 | o0+ [ Bzoras

=— / Lawu(awg)%lac + / ROO2(Dpdx — / éaggagerdx — / K 92¢(8,u)2da
r2(y—1) R R P R P

)
+ / RCOpu"02¢dx + / i@bﬁwﬁrﬁﬁgdx + / —00,u(0,m)*02¢dx
R rY—1 R 2P
26
_ Z Ji, (2.30)
1=20
where J; (20 < < 26) denote the corresponding terms on the left-hand side of (2.30).

We now turn to estimate J; (20 <1 < 26) term by term. By applying Holder’s inequality,
Cauchy-Schwarz inequality with 0 < 7 < 1, Sobolev inequality (2.6), Lemma 1.2, (2.3), (2.5)
and integrating by parts, it is direct to derive the following estimates:

Tao < [ 100007+ 1007 (0, da
R
< Ol|0x ]| o= [10:€11? + C|dou” || 1|02
< C|101]| + 1020 ID192CII* + Clldzu” || L1102
< Cleo + €)l|0:C|I* + CeollO7001%,
I < [ 100260,
R
< O8]l =1 95¢Il 102
< Ceo([|05¢117 + 10:9117),
T < C [ (020207 da
R
< ORI + Coe(1+1)7%,
Joz < C/ |02¢(0pu)?|dz
R
< C10:9l| L= 102182 [| + Cl0zu” || o= [|0Z¢ || 0" |
< C(l0zvll + 1020 IDNOZC N Du || + Cez (1 + )~ | 95¢ |
< Cleo + )OI + Cen(|050]1 + 10:011%) + Cex (1 +1) 72,
Tai-+ s < C [ 100026+ 00,0792 s
R

< C||@[u”, 07| 1o [|C, w11 0%¢])
< Cet(1+4)7 110X
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<nlO2¢* + e (1+1)7%,
Jag < C/R|81u(81m)285ddx
< 0| 0umlf3 108 [1102¢] + CllOsu"[| o | 9am | Lo B [|0%¢ |
< Ceo ([0 + 102¢]1% + [|02m]|?).

Inserting the above estimations for J; (20 <1 < 26) into (2.35) and then choosing ¢g, € and
7 so small, and integrating (2.35) over [0,7], using (2.7), (2.24) and (2.27), we get (2.29).

Lemma 2.5 Assume the conditions in Proposition 2.1 hold, then we have the following

energy estimate for t € [0,T],
t
||6$,rn||2 + / ||6§m||2d7- < C”[@O/‘b@a CO; mO]H%{l + CE% (231)

Proof Multiplying (1.5),

arrive at

2
dt

e

28
=> (2.32)

1=27
where J; (27 <1 < 28) denote the corresponding terms on the left-hand side of (2.32).

We now turn to estimate J; (27 <1 < 28) term by term. By applying Holder’s inequality,
Cauchy-Schwarz inequality with 0 < 7 < 1, Sobolev inequality (2.6), Lemma 1.2, (2.3), (2.5)

and integrating by parts, it is direct to derive the following estimates:

dx—i—/ o0 —(02m)?dx
R @p

N =

(8 m) da:—l—/ s (m® + 3m? 4+ 2m)92mdx

Iy < C / 10215 (0m)?| + |0t (B m)?|da
R
< C|0xml| |02 || 0xm| + C|0gu” || L || Om]|*
< Cleg + €))|0xm|)® 4 Ceo |00,
Jog < C/ |y COum| 4 |mdy0"0pm| + |0pm|?da
R
< Cllmll L 10| |8aml| + C |06 || oo [|m|| || 0xm]| + C||0xm]|?
< Ceo([|0xC]|* + [[0aml|?) + Cet (1 + 1)~ % [mll[|0xml| + C||0zm|?
< (Ceo + C + n)||0am||® + Ceo|0xC||> + Ce? (1 +1)73.

Inserting the above estimations for J; (27 <1 < 28) into (2.35) and then choosing ¢g, € and
n so small, and integrating (2.35) over [0,7], using (2.7), (2.24) and (2.27), we get (2.31).

Lemma 2.6 Assume the conditions in Proposition 2.1 hold, then we have the following

energy estimate for t € [0,T],

[82m ) + / [82m||2dr < C|lo, Yo, Co) |31 + Cllmo|| %2 + Ces. (2.33)
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Proof Differentiate (1.5), with respect to x, we deduce that
POzt + u@im + Opudym) + O p(Orm + udym)
) ) 0
= 2003m + 20,00%m — = (3m? + 6m + 2)8ym
a a ad
0
— —up(m® + 3m? + 2m) — ﬁ(’?ﬁ(m3 + 3m? + 2m). (2.34)
ad ad
Then, multiplying (2.34) by —8%;”

integrating by parts, we arrive at

, and integrating the resulting equation over R and using

1d 2092, 12 / 00 3 12
53 Rp (0zm)“dx + A ap(awm) dz

:/u@ﬁm@i’mdx—f—/amuawmagmdx—i—/ ampag’m(atm—i—u@wm)dx—/ i(’?ﬁ@im@imdx
R R R P R P

+ / ﬁ(ng + 6m + 2)0,md>mdx + / i p(m? 4+ 3m? 4 2m)dimdx
R a0 R Q0P

+ / %(m?’ +3m? + 2m)92mda
R ad

35
=> (2.35)

=29

We now turn to estimate J; (29 <[ < 35) term by term. By applying Hélder’s inequality,
Cauchy-Schwarz inequality with 0 < 1 < 1, Sobolev inequality (2.6), Lemma 1.2, (2.3), (2.5),
(1.5), , it is direct to derive the following estimates:

Jag + J33 < C'/ [udZmm| + |0,mIm|dz
R
< nl|3ml* + Cy([|8zml|* + |92m]?),
Jao < C'/ |00, mI>m| + |0pu” 0ymdm|dz
R
< C||aym]| < |82 |[[|05m| + [|0xu"|| oo [|0xml[[|OFm|
< Cleo + )| 0zm||* + Ceol| 0z ||” + Cel|dpm||?,
0

J31 = / amp@g’m [ﬁagm — —(m®+3m? 4+ 2m) |dz
R P ap ad

< / |02 p03mO*m| + |mdy,pd>m|da
R

< C|02m| = | dup|03ml| + Cllm| L | aspl[|03ml| + Cl|Owp™ | o | 02m]|[[03m]
+ OO p" || L[| 83m]l|m]
< C(|l02ml| + |93ml]) | 0= [[103ml| + Ceo(|Dapll* + [03ml|)
+ Ce([|o3ml|? + [92m||?) + Cex (1 + )~ [|93m]||m]|
< Cleo + e+ )|03m| + Cleo + €)[|02m|)* + Ceo||0xp]|* + Ce2 (1 + )72,
J3o < C'/]R 10,CO2ma2m| + 0,07 92md3m|dx
< C|02m| = | 0uC | 03ml| + C| 000" || < [ 02m]| |93 m|
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< C(|9zm]l + azm ) d:CIl|0zm]| + Cllozmll||ozm||
< Cleo + &) ([05m]1* + [|ozml|*),
J34 + J35 < C’/ MmO, pd2m| + mdyp"d3m| + |md,CO2m| + |md,0" 2m|dz
R

< Cllm| =18z [, U 182ml| + C|0s [0, 0" || < ||| [ 2m]|
< Oeo(|0u)|? + 11821 + 102ml[2) + Cet (1 + )~ |Jm]|92m|
< C(eo + )|03m))? + Ceo(||0usl|? + [10:C]%) + Ce? (1 4 )3

Inserting the above estimations for J; (29 <1 < 35) into (2.35) and then choosing ¢g, € and
7 so small, and integrating (2.35) over [0,7], using (2.7), (2.24), (2.27), (2.29) and (2.31), we
get (2.33).

Proof of Proposition 2.1 Combinations of the estimates (2.7), (2.24), (2.27), (2.29),
(2.31), (2.33) and taking € and e sufficiently small, we can get the desired estimate (2.4). Thus
the proof of Proposition 2.1 is completed.

3 Global Existence and Large Time Behavior

We are now in a position to complete the following.

Proof of Theorem1.1 By the a priori estimates (2.4), there exists a positive constant Cj
such that

1o . Qs + Ml < Collllo, o, ol + Imoll3e= + €3). (3.1)

By letting € > 0 be small enough, the global existence of the solution to Cauchy problem
(2.1)—(2.2) then follows from the standard continuation argument based on the local existence
and the a priori estimates (2.4). Moreover, (3.1) implies (1.21). For the large time behavior in
(1.22), one can verify that

im [10:[¢, 9, ¢ m(#)] 7 = 0. (3.2)

To prove (3.2), we get from (2.1),, (2.4), (2.25), (2.28) and (2.35) that

[ et comiear
:2/0+°O /Ratﬁwcpﬁwcpdx’dt—l—/ ’dtna [0, ¢, m]|?|at
<00 [ oo Couth, Com Pt < o (33)

Consequently,(3.3) together with (2.4) gives (3.2). Then (1.22) follows from (3.2), Lemma 1.2
(iii) and Sobolev’s inequality. This ends the proof of Theorem 1.1.
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