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Ground States of K-component Coupled
Nonlinear Schrodinger Equations with
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Abstract In this paper, the authors study ground states for a class of K-component
coupled nonlinear Schrodinger equations with a sign-changing potential which is periodic
or asymptotically periodic. The resulting problem engages three major difficulties: One is
that the associated functional is strongly indefinite, the second is that, due to the asymp-
totically periodic assumption, the associated functional loses the Z" -translation invariance,
many effective methods for periodic problems cannot be applied to asymptotically periodic
ones. The third difficulty is singular potential ‘5—‘3, which does not belong to the Kato’s
class. These enable them to develop a direct approach and new tricks to overcome the
difficulties caused by singularity and the dropping of periodicity of potential.
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1 Introduction

In this paper, we study standing waves for the following system of time-dependent nonlinear
Schrédinger equations:
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where ® = (¢1,¢2, -+ ,éx), i (i = 1,2,---, K) are non-negative constants. ¢; (t,z)(j =
1,2,---, K) are the complex valued envelope functions. Suppose that f(x,e®) = f(x, ®) for
0 € [0,27], = € RN \ {0}, N > 3. We will look for standing waves of the form

oi(t,x) = e_iwjtuj(x), i=12,-- K,

which propagate without changing their shape and thus have a soliton-like behavior. It is
well known that solutions of (1.1) are related to the solitary waves of the Gross-Pitaevskii
equations, which have applications in many physical models, such as in nonlinear optics and in
Bose-Einstein condensates for multi-species condensates (see [4, 26]) and the references therein.
In general, the above coupled nonlinear Schrodinger system leads to the elliptic system

—Auy + (V1($) - |Z—|12)ul = fi(z,u) in RY,
—Auz + (Vz(x) - ’u_22)u2 = fo(x,u) in RV,
o1 (1.2)
~Au + (Vie() - |l;—|K2)uK — fi(z,u) inRY,
where N > 3, fi(z,u) = Oy, F(z,u) with u = (u1,ug, -+ ,ux) : RN — RE,
When p; =0 (i =1,2,---, K), (1.2) reduces to
—Auy + Vi(z)uy = fi(z,u) in RV,
—Aug + Va(x)us = fa(z,u) in RV, (1.3)

—Aug + Vi (z)ug = fx(z,u) in RV,

In the past fifteen years, the two-coupled case of (1.3) (i.e., k = 2) has been studied extensively
in the literature [5, 11-12, 14-15, 17, 21-25, 28-29, 37-40] and the references therein. By using
variational methods, Lyapunov-Schmidt reduction methods or bifurcation methods, various
theorems, about the existence, multiplicity and qualitative properties of nontrivial solutions of
the two-coupled elliptic systems similar to (1.3), have been established in the literature under
various assumptions. However, there are very few works about & > 3 in the context [18-19,
35-36]. It is worth to mention that most of them focused on the case that V is non-negative
constant or function, compared to this case, it is more difficult to consider the case that V is a
sign-changing function to which the energy functional corresponding has the strongly indefinite
structure. Very recently, Mederski [20] considered (1.3) and obtained the existence of ground
state solution for the case of periodic potential by applying a new linking-type result involving
the Nehari-Pankov manifold.

For p; # 0, |g|7‘2 is called inverse square potential or Hardy potential which arises in many

other areas such as quantum mechanics, nuclear, molecular physics and quantum cosmology.

From the mathematical point of view, the inverse square potential is critical: Indeed, it has the
same homogeneity as the Laplacian and does not belong to the Kato’s class, hence it cannot be
regarded as a lower order perturbation term of second order operator, which may result in the
change of the essential spectrum of the operator. Moreover, any nontrivial solutions of system
(1.2) are singular at « = 0 if x4 # 0. Since the appearance of inverse square potential, compared
with system (1.3), system (1.2) becomes more complicated to deal with and therefore we have
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to face more difficulties. As far as we know, it seems that there are no existence results of
solution for system (1.2), hence, it makes sense for us to investigate system (1.2) thoroughly.
Due to the special physical importance and the above facts, in the present paper, we will study
the existence and some properties of solutions of system (1.2).

As a motivation, we recall that there are many of articles concerning the nonlinear Schrédinger

equations with the inverse square potentials

—Au+ (V(x) - #)u = f(z,u), (1.4)
see for example, [1-4, 6-9, 16, 27-28] and the references therein. These authors studied the
existence of positive solutions, nodal solutions, multiple solutions and ground state solutions
under suitable assumptions. Most of them focused on the case that V' is non-negative constant or
function in which the energy functional corresponding to (1.4) has the mountain pass structure.
Only very recently, Guo and Mederski [10] studied the case that V is a general periodic function,
possibly sign-changing, and the corresponding energy functional may be strongly indefinite.
Combining Nehari manifold technique (see [22-23, 29]) and linking argument, they proved the
existence of ground state solutions for the case p > 0 and the non-existence of ground state
solutions was explored for the case p; < 0. Furthermore, some asymptotical behavior of ground
state solutions are derived.

Inspired by the aforementioned works, we are going to consider two situations in the present
paper: Periodic case and asymptotically periodic case. Our aim is to find ground states for
(1.2) on some suitable manifold, one difficulty is that the associated functional is strongly indef-
inite, i.e., its quadratic part is respectively coercive and anti-coercive in infinitely dimensional
subspace of the energy space. To tackle this difficulty, we adapt the properties of the spectrum
of the corresponding opertor which had been analysed in [40], it is convenient to decompose
the functional space L? into a direct sum of two subspaces E* and E~ (FE is defined in Section
2), one of which is infinite dimensional.

Another difficulty is lack of periodic assumption on potential. As a result, neither the
periodic translation technique nor the compact inclusion method can be adapted. In this
case, the functional loses the Z" -translation invariance. For the above reasons, many effective
methods for periodic problems cannot be applied to asymptotically periodic ones. To the best
of our knowledge, there are no results on the existence of ground state solutions to (1.2) when V;
is not periodic. In this paper, we find new tricks to overcome the difficulties caused by getting
rid of periodicity condition.

The last difficulty is singular potential #, which does not belong to the Kato’s class. This
enables us to develop a direct approach and new tricks to overcome the difficulties caused by
singularity. We find a new method to overcome the difficulty caused by the non-compactness
of the embedding H'(RY) < L?*(Bg(), |z|~2dz). Our treatments presented in the paper differ
from those in [10] and other existing literature.

In this paper, we further develop the non-Nehari method in [32-33] which is completely
different from the one of Szulkin-Weth [31] and Mederski [20] to find ground state solution
of Nehari-Pankov type for (1.2). For the asymptotically periodic case, a nontrivial solution is
obtained by using a generalized linking theorem and comparing with a ground state solution
of the periodic problem associated with (1.2). More precisely, we will prove that system (1.2)
possesses a ground state solution via variational methods for sufficiently small p > 0, and
provide the comparison of the energy of ground state solutions for the case u > 0 and p = 0.
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Moreover, we also give the convergence property of ground state solutions as p — 0%.
To simplify notation, we set

K K
i=1> i=1"

po= (g1, p2s s pic),  por=min{pu;} A= max{u;}

For the sake of convenience, let E be the Hilbert spaces with an orthogonal decomposition
E = E~ ® E", and let Z,, denote the energy functional of system (1.2), where E and Z,, will
be defined in Section 2. A ground state solution stands for a critical point being a minimizer
of Z,, on the Nehari-Pankov manifold introduced in [22-23],

Ny={ue E\E™ : (Z/(u),u) = (Z,(u),w) =0, Vw € E~},

the set AV}, is a natural constraint and it contains all nontrivial critical points, any ground state
solution is a nontrivial critical point with the least energy of Z,,.

Let lp be a positive constant (I will be given later in (2.3)). Now, we are ready to state the
main results of the present paper as follows.

1.1 Periodic potential
(V1) Fori=1,2,--- K, V; € C(RN) N L®(RY) is ZN-periodic and

sup[o(—A + V;) N (—o0,0)] := A; < 0 < A; := inf[o(=A + V;) N (0, 00)]

for all z € RY;

(F1) f; : RV x RE — R is measurable, Z" -periodic in z € RY and continuous in u € R¥ for
a.e. © € RV, Moreover f = (f1, fo, -+, fx) = OuF, where F : RN x RE — R is differentiable
with respect to the second variable u € RE and F(z,0) = 0 for a.e. x € RY;

(F2) there exist constants C > 0 and 2 < p < 2* = 22 such that

[flzw)] <O+ P, V(z,u) € RY xRY;

(F3) f(x,u) = o(u) as |u| — 0 uniformly in z € RY;

(F4) ‘ llim % = oo uniformly in z € RY;
U|—r o0

(F5) for all kK > 0,u,v € RE,

1— k2

F(x,ku+v) — F(x,u) + F.(z,u)-u—kF,(x,u) v >0

(F6) 0, F(x,-) is of C! class for a.e. © € RY and there exist by,by > 0 and 1 < ¢ < 2 such
that for all z € RV,

by|ul?  for |u| <1,
L — >
flz,u)-u—2F(x,u) > {b2|u|q for |u| > 1.

Theorem 1.1 Assume that (V1), (F1)~(F5) are satisfied and 0 < p <1 < MZ(Q), then
system (1.2) has a ground state, i.e., it has at least a solution u, € E such that T, (u,) =
infZ, > 0.

Theorem 1.2 Assume that (V1), (F1)~(F5) are satisfied and 0 < p <71 < MZ%. Let
u, be a ground state solution of Z,, and ug be a ground state solution of Zy. Then
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(i) there exist t >0 and w € E~ such that tu, +w € Ny and

inf 7y < inf 7, + ﬁ/ [+ wl
No N, 2 Jan

(ii) there exist t > 0 and w € E~ such that tug +w € N, and

t 2
inf T, < infZ, — i/ [tuo +wf”
Ny No 2 Jev  Jx)?

Theorem 1.3 Assume that (V1), (F1)~(F5) and (F6) are satisfied, let u, be a ground state
solution of Z,, and ug be a ground state solution of Zy. Then
(i) there holds

li f7Z, = inf 7,
#i)%l+1n 4 1n 03

(ii) for any sequence {u\™}, there exists a subsequence U,y such that

lim wu =u
e () 0-

1.2 Asymptotically periodic potential
(V1') Vi(z) = Ui(x) + Wi(x), i = 1,2,--- , K, where U; € C(RY) N L (RY) is Z"-periodic
and
sup[o(—A + U;) N (—=0,0)] := A; < 0 < A; := inf[o(=A + U;) N (0,00)]

for all z € RN, W, € C(RY) and lim W;(x) = 0. Moreover,

|z|— 00

0= —Wila) <sup[-Wila)lizy < — (N —2)250°

ko min{A}E, o }

(F1) fi(x,u) = gi(z,u) + hi(x,u), g; : RY x RE — R is measurable, Z"-periodic in x € RN
and continuous in u € RX for a.e. x € RN, g;(x,u) = o(u) as |u| — 0, uniformly in z € RY;
(F5) 0,G = (91,92, , 9K ), where G satisfies that for all kK > 0,u,v € RX|

2

1—
G(z, ku +v) — G(x,u) + n Gu(z,u) - u— kGy(z,u)-v>0.

Furthermore, 0, H = (hy, ha, - ,hi) and H satisfies that
0 < hi(z,u) < ag(@)(uf® + [ul?),

where a; € C(RY), lim a;(z) =0 (i=1,2,--- ,K) and 2 < p < 2* = 28 Moreover,

|z|— 00

K

H(z,u) — ZWZ(x)uf >0, V(z,u)€ B /5(0)x RE\ {0}.
i=1

Theorem 1.4 Assume that (V1’), (F1°), (F2)~(F4), (F5’) are satisfied and 0 < p <71 <

(N 2° ZO, then system (1.2) has a ground state, i.e., it has at least a solution u,, € E such that

I#(u#) krifI > 0.
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Theorem 1.5 Assume that (V1’), (F1°), (F2)~(F4), (F5’) are satisfied and 0 < p < i <
MZ% . Let u,, be a ground state solution of Z,, and ug be a ground state solution of Zy. Then

(i) there exist t >0 and w € E~ such that tu, +w € Ny and

inf 7o < inf 7, + ﬁ/ [t + ol g
No N 2 RN

t 2
inf T, < infZ, — i/ [tuo +w[”
Np NO 2 RN

Theorem 1.6 Assume that (V1’), (F1’), (F2)-(F4), (F5’), (F6) are satisfied, let u, be a
ground state solution of I,, and ug be a ground state solution of Iy. Then
(i) there holds
lim infZ, = inf Zo;
u—0t+ Ny No

(ii) for any sequence {u\™}, there exists a subsequence u, ) such that

lim wu

)y = UQ-
y,(")_>0+ 0

M(n

The present paper is organized as follows. Section 2 is dedicated to the variational form
associated with problem (1.2). We recall the abstract linking theorem in [13], which is going
to be used to prove the existence of solution in periodic case, as well as in the asymptotically
periodic case. Some preliminaries are introduced in Section 3. Section 4 is dedicated to the
periodic case. In order to do so, exploiting the profile of spectrum presented by the associated
operator, we decompose the space E in appropriate subspaces for the linking structure. Sub-
sequently, the requirements of the abstract result are verified: compactness, linking geometry
and boundedness of Cerami sequences for the functional associated with problem (1.2). Section
5 is dedicated to asymptotically periodic case. Our greatest challenge in the asymptotically
periodic case is the functional loses the Z~-translation invariance, many effective methods for
periodic problems cannot be applied to asymptotically periodic ones.

2 Variational Structure

Let A; = —A 4+ V;, here and in what follows ¢ = 1,2,--- | K. Then A; are self-adjoint in
L2(RY) with domain 2(A;) = H2(RY). Let {&(\) : —0o < X\ < oo} and |A4;| be the spectral
family and the absolute value of A;, respectively, and |.A1-|% be the square root of A;. Set
U = id — £(0) — £(0—). Then U; commutes with A;, |A;| and |4;]%, and A; = U;|A;] is the
polar decomposition of A;.

Let

H; = 2(|A;|?), H =&(0)H;, H; =[id— &(0))H,.

3

Define

(w, v i, = (Al B, |Ai] 20) 2, Vu,v € H,
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and the corresponding norm
u € H;.

For any v € H, fixing i =1,2,--- , K, it is easy to see that
= [id — &(0)]ju € H}Y,

uy =& e H, uf:

u=u; —l—u;-",
Aiuf = |Ailuf, Yu=u] +uf € HNZ(A;).

AZU: = —|Ai|ui,
Since 0 € o(—A + V;), the spectral theory asserts that we may find continuous projections P;"

and P of HY(RY) onto H;" and H; , respectively, such that H'(R™) = H;" @ H;, then

(i, = [ (VP VP (0) + Vi) (P (). P (o) da
— [ (TP, VP 0 + Vi) (), P ()

and norms are given by
1
H; *= (<uv u>1) 2.

Let
Et:=H} x Hy x---x H,
E™ :=H xHy x---x Hp.

Note that any u € E := H*(R™)¥X admits a unique decomposition v = u* 4 u~, where
T = (P (w), P (ug), -, Pg(uk)) € EY,  u™ = (P (w), Py (u2), -, Pg(uk)) € E™.

We introduce a new norm on E given by

K
S OB @) ? + 15 (w)?) Znuzuz

=1

lull* =

Then

Z/ (IVu|® + Ui(z)u?)dz + = Z r)uide

1 uiuz
- = “da — F d
2;/]RN FE x /RN (x,u)dz
K

K
= 5 P @I = 1P @) + 53 [ Witaitas

i=1

1 umg

_ - i Qe — F
5 ;/}RN FE x /]RN (x,w)dz
Lo+

= Sl *1* = ™l Z | Wi@uide
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K

1 piu?
- Lda — F d 2.1
ZZ/RN s / (2, u)dz (2.1)

i=1

and
K
<IL(U)7 v = Z/ (Vu; - Vi + (Ui(x) + Wi(2))uiv; )dx
i=1 /RY
K
Hilg - Vg
) ; /RN R /RN f(z,u) - vdz. (2.2)

Our hypotheses imply that Z,, € C*(FE,R) and a standard argument shows that critical points
of Z,, are solutions of (1.2).

Lemma 2.1 FE is continuously embedded in LI(RN,RX) and compactly embedded in

Ly (RN RE), where 2 < q < 2%,2 < ¢’ < 2%, 2% is defined in (F2).

loc

By Lemma 2.1, there exist positive constants ly,l; such that
lollzllgr < Iz < lL||z||lgr  for all z € E. (2.3)

Observe that, in view of the Hardy inequality

(N —2)?

2
/ Ui gy < / |Vu;|*dz for all u; € H;,
4 R ]RN

N |z[?

then we have

(N —2) / phiuf _ / 2
A L < Vu;l“d
1 Zi: o T 0 ST Vi

(IVasl? + i) < Jul” (2.4)
N 0

IN

=
gl
T

To get the ground state solutions of (1.2), we define the generalized Nehari manifold
Ny={ue E\E™ (T, (u),u) = (T, (u),w) =0, Yw € E” }. (2.5)

This type of manifold was first introduced by Pankov [22-23]. As is well known that if u, # 0 is
a critical point of Z,,, then u, € N,. The ground state solution will be obtained as a nontrivial
critical point of Z,, in N,,. The next section will be used to get such points.

3 Preliminaries

Lemma 3.1 (see [13]) Let X be a real Hilbert space, X = X~ @& Xt and X~ L X, and
let p € C*(X,R) be of the form

1
p(u) = St = o |?) = (), w=u"+u" € X~ ®XT.

Suppose that the following assumptions are satisfied:
(A1) ¢ € CHX,R) is bounded from below and weakly sequentially lower semi-continuous;
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(A2) o' is weakly sequentially continuous;
(A3) there exist r > p >0, e € Xt with |le]| =1 such that

= inf cp(S;’) > sup p(9Q),

where
+ _ +. _ _ . -
Sy ={ue X" ull=p}, Q@={v+se:ve X ,5>0,[v+sel] <r}

Then for some ¢ € [k,sup p(Q)], there exists a sequence {u,} C X satisfying

e(un) = ¢, 1@ (un)[| (1 + [lunll) = 0.

Set

Z/N |x|;d +/RN Fla, u)dz.

Employing a standard argument, one can check easily the following lemma.

Lemma 3.2 Assume that (V1’), (F1’) and (F2)~(F4), (F5’) are satisfied, then F,, is non-
negative, weakly sequentially lower semicontinuous, and F, IL 1s weakly sequentially continuous.

Lemma 3.3 Assume that (V1’), (F1’) and (F2)—(F4), (F5’) are satisfied. Then for all
K 2 07“’ S EaC = (C17C27"' 7CK) S E_7

1 -
L) 2 Tuwu+ O + I =5 Y [ Wila)ida
i=1

2
+§/ [P 4o 4 1=
R

2 Jon |22 S (T (). w) = K(Z, (1), ). (3.1)

Proof From (2.1)-(2.2) and (F5’) we have

Z,(u) — I, (ku+¢) + Z/ Wi ()¢ dx

1 2y ¢ 1— 5 +112 —2
= 2l + Z [ e 2 () )

— /RN [F(x7 ’u,) — F(CE, Ku + C)]dx + ﬁ(uv C)

——HCH2 <I'() u) — K(Z},(u), )
1_
—|—/RN[ 5 Fu(x,u)-u—nFu(x,u)-C]dx
Lol
—|—/RN[F(x,mu+C)—F(x,u)]dx—FE/RN |x|2d

1

2
> Slgl? +

“2 (T (u),u) — K(T!,(u),C), ¥k >0,u€E,(cbE

Using Lemma 3.3, some important corollaries are given as follows, the proof process will be

omitted.
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Corollary 3.1 Assume that (V1’), (F1’) and (F2)—(F4), (F5’) are satisfied. Then for
u e N, we have

Lo K I¢? 1< 2 -
Iﬂ(u)zlu(nu—l—é)—l—?HCH +§/RN de—§;/ﬂw Wi(z)(ide, Vx>0, (€ E.

Corollary 3.2 Assume that (V1’), (F1’) and (F2)—~(F4), (F5’) are satisfied. Then for all
uweFE, k>0,

el + L ), ) + 2T ) ) — [ Pl rat)d
Z 3 5 (u),u) + k5T, (u), u . z, kuT)dz

K K2 ut|?2 — lu— |2
+ 2 [ ol - - T [ S e @

Lemma 3.4 Assume that (V1’), (F1’) and (F2)—~(F4), (F5’) are satisfied. Then
(i) there exists p > 0 such that

my, = ianIH > A, i=inf{Z,(u) :u € ET, |Jul| = p} > 0;

(ii) [Jut]| > max{||u~|, \/2m,} for all u € N,.
Proof Set vy = sup[—W;(z)]%,, Ag = min{A;}X . It follows from (V1’) that
RN

Aollull3 < ||ul?, Vue ET.
By (V1’) and (F2), there exist p € (2,2") and C; > 0 such that

AO 4/,6 Yo 2 K
< | = - ) _- = p .
Fla,u) < [2(1 (N—2)213) Ol + Crlul?, vueR

From Corollary 3.1, we have for u € N,,,

N |J?|2 RN

1 1 1 2
Z,(u) = 5HuH2 + 3 Z/}RN Wi(z)ude — 5 Z/R Bl o — F(z,u)dx
i=1 i=1

1 2 70 2 20 2
Sl = 3~ =55zl

Ao an Yo 2 »
(- —gpm) - Tl - culul
1 471
Z(l (N —2)22

Y

Yl = Collull” > 0, vue E*.

This shows that there exists a p > 0 such that (i) holds.

By Lemma 3.2, F,,(u) > 0 for all (z,u) € RY x RE so we have for u € NV,,,

1 1 1 & Lo [ pad?
ma < P = gl P53 [ whadar 53 [ as
i=1 i=1

1 1 1
= [ P < Gt = G P < 5

lu™1?,
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which implies that ||u™]| > max{|ju~|], \/2m,}.
With the help of the preceding two corollaries, an argument similar to the one used in [34]
shows that we can now prove the following lemma in the same way as [34].

Lemma 3.5 Assume that (V1’), (F1)<(F4) are satisfied. Then for every e € E*, we have
supZ,(E~ @ Rte) < oo, and there exists R. > 0 such that

T,(u) <0, VzeE~ ®R%e, |z]| > R..
Proof Letec ET,t>0and u=te+u~ € E~ ®R%te. Since y; > 0, we have

L) < Tofw) = 5 I = | = | Flauda

N | =

For the proof of the functional Zy is standard, see [34]. So we omit its details here.
Corollary 3.3 Assume that (V1’), (F1)~(F4) are satisfied. Let e € E* with |le|]| = 1. Then
there exists ro > p such that supZ,,(0Q) < 0 as r > 1o, where

Q={C+se:C€E",5>0,|C+se|| <r}. (3.3)

Lemma 3.6 Assume that (V1’), (F1)-(F4) are satisfied and 0 < pp <1 < %. Then
there exist a constant ¢, € [A,,supZ(Q)] and a sequence {u,} C E satisfying

Zu(un) = ¢, T, (un)lI(1 + |2n]) = 0,

where Q) is defined in (3.3).

Proof Combining with Lemmas 3.1-3.2, 3.4 and Corollary 3.3, it is easy to verify Lemma
3.6. The proof will be omitted.

Lemma 3.7 Assume that (V), (F1)=(F4) are satisfied and 0 < p < @ < %, Then

there exist a constant ¢, € [A,,m,] and o sequence {u,} C E satisfying

Ty (un) = s 1T (un) | (1 + [lunl]) — 0. (3.4)

Proof This is a standard result which can be found in [32-33], for the convenience of
readers, we give the detailed proof process here. Choose &, € N, such that

1
my < I#(fk) <my +

o kel (3.5)

Using Lemma 3.4, we can derive || || > y/2m,, > 0. Let e;, = Ié—zl\ Then e;, € ET with ||eg]|

1. Applying Corollary 3.3, there exists a constant r, > max{p, ||x||} satisfying supZ,(0Q%) <
0, where

QkZ{C—I—SGk:CEE_,SZO, ||C+S€k||§7‘k}, k € N. (3.6)

Then, by Lemma 3.6, there exist a constant ¢; € [A,,supZ,(Qx)] and a sequence {ug n }nen C
E,

Lu(ukm) = ey 1T (ukn) (1 + [lugnll) =0, keN. (3.7)
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In virtue of Corollary 3.1, we get

Since & € Qx, by (3.6) and (3.8) we have Z,,({x) = supZ,(Q%). Furthermore, by (3.5) and
(3.7), we have

1
Lu(un) = ex <m+ 2o | (wen) |2+ [Jukall) = 0, ke N.

We can choose {n;} C N such that

1 1
Tuwen) <+ 70 IZa(a) (4 Jun ) < 7, k€N,
Set up = Uk n,, k € N. Then we have
Zu(un) = e € [wymy], 1T (un)[[(1+ [Jun|]) — 0.

Lemma 3.8 Assume that (V1’), (F1)<(F4) are satisfied. Then for any w € E\ E—,
NN (E~ ®RTz) #0, there exist n(u) > 0,((u) € E~ such that n(u)u + ((u) € N,.

Proof Note that E~ @ Rtu = E~ @ R*tu™, then we may assume that u € ET. It
follows from Lemma 3.5 that there exists a constant R > 0 such that Z,(u) < 0 for any
uw € (B~ @ Rtz) \ Bg(0). For sufficiently small s > 0, we have Z,(su) > 0. Thus, 0 <
supZ,(E~ @ RTu) < oco. It is easy to show that Z, is weakly continue on E~ @& RTu, then
for some ug € E~ @ RTu, we have Z,(uo) = supZ,(E~ & Rtu). So ug is a critical point of
ZulE-@ru- Moreover, (Z/,(uo), uo) = (Z},(uo),¢), V¢ € E~ @ Ru. From the above discussion,
we can derive that ug € N, N (E~ & RTz).

4 Periodic Case

In this section, we assume that V" and f are 1-periodic in each of x1,z2, -+ ,xn, L.e., (V1)
and (F1) are satisfied. In this case, V; = U; and W; = 0.

Lemma 4.1 Assume that (V1), (F1)~(F4) are satisfied. Then for any {u,} C E such that

- 9272
0 <™ <10 < w

and
sup |Z,,o (un)| <00, |Zp0 (un) (1 + [[un]]) — 0 (4.1)
is bounded in E, where p(m) = max{,ug"), ,ug"), e ,u(lg)} and W = max{ugo), ,ugo), e ,,ugg)}.
Proof Choose M > 0 such that |Z,u) (un)] < M. We prove the boundedness of {uy}
by negation, if the assertion would not hold, then ||u,| — oo. Denote v, = T we have
|lun]| = 1. Taking into account Sobolev embedding theorem, there exists a constant C; > 0

such that ||v,|le < Cy. If

0 :=limsup sup / |of|2dx = 0,
Bi(y)

n—o0o yGRN
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it is easy to verify that v;; — 0in L? (p € (2,2*)) by using Lions’ concentration compactness

principle. Fix R > (N —2) (N(;)jl% combining (F1) with (F2), we see that there exists
\ Vo2 an

a constant C. > 0 such that
F(x,u) <elul* + Cc|ulP

for ¢ = m > 0, where (z,u) € RV x RX. Hence, we have

+
lim sup/ F(x, R, )dx
n—oo JRN ||un||

= lim sup/ F(z, Rv)dz
RN

n—oo
< lim sup RQE/ |oF [2da + lim sup RPC. lot |2da
n—o00 RN n—o00 RN
1
<e(RCY)? = T (4.2)
Set 1, = | 1 by virtue of Corollary 3.2, we have, in light of (4.2),
M > 7, (un)

2

n 5 1—n2
> 2| | —/ F(z, nuut)dz + (T, (un), un)
2 RN 2 "

O kA B g el (0
+ nn<Il/ln( )7un> - 9 /]RN |$|2 dz

R? 9 1 R? ,
= 7”“71” _/R F(z, Rv )dz + (2 2| n||2)<Iun(un)aun>

S LAGRGE = S

> R72 = F(z, Rv})dx — (QNMT% /]RN |Vl |2 dz + o(1)
R72 - RNF(QC—RU )da — %4—0(1)

> %2[1_ %} —%—I—o(l) > 2+M+0(1).

This leads to a contradiction, so § > 0.
Without loss of generality, we suppose the existence of k, € Z" such that

0
/ lo;|2de > ~.
Biyvi(kn) 2
Denote ¢, (z) = v, (z + ky, ), then
+12 g
[T 1Pde > —. (4.3)
Biivw(©) 2
Set Uy (z) = un(z + kn), HZ—"H = (y, then ||,|| = 1. Passing to a subsequence, we may assume

that ¢, — ( on E, and ¢, — ¢, ¢, — C on L2 _a.e. on RY. It is evident that (4.3) implies

loc
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that ¢ # 0. Thus, by virtue of (2.1), (F3) and Fatou’ lemma, we see that

.o (uy
0= lim 222/ )(2)
L T
. 1 _ ,U F(x un)
= tim_[S I o 1) [ Ean [ Ea
o ||2Z . |x|2 o Tunl?
1 u F(z,up)
< 1 [Z(of 2~ oz ) JR e [Ga[?da]
e 12 2||un||2Z . |a:|2 TP
1 F n
< = —liminf M|§n|2dx
n—oo Jpn  |Un|?
:—OO’

which is a contradiction. Hence the statement of Lemma 4.1 is proved.

The following fact is very useful to deal with the Hardy type term and plays a very important
role in the proof of the decomposition result. Their proofs are similar to those in [10], which
we omit here.

Lemma 4.2 If |z,| — oo, then for any u € E,

/ de—w as n — oo.
rv |7

Lemma 4.3 Assume that 0 < p < 1 < % and let {u,} be a bounded (C),-

sequence of T, at level ¢, > 0. Then there evists w, € E such that T/ (u,) = 0, and there
exist a number k € NU{0}, nontrivial critical points uy,--- ,up of Iy and k sequences of points
xfchN,lgigk, such that

|a:i|—>—|—oo |a:i—a:j|—>—|—oo 1£ 7, 4, =1,2,-- k,
| — Zuz —a: )| =0,

o= L(uy) + Z%(ui).
=1

Lemma 4.4 Assume that Q € C(RYN x RE R) and there exist ag, by, bs > 0,p € (2,2*) and
1 < g2 < q1 <2 such that

Q(z,u) < ao(|u|2 +ul?), V(z,u) € RY x RX,

biful™  for Ju] <1,
Qz,u) 2 {bg|u|q2 for lu] > 1.
If up, = uwin E, and

lim Q(z,un)dz = lim Q(z,u)dx,

n—oo JpN n—oo JpN

then u, — u in L9 (RY).
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Proof of Theorem 1.1 In light of Lemma 4.1, there exists a bounded sequence {u,} C E
satisfying Lemma 3.6. Hence, there exists a constant Cy > 0 such that |u,|2 < Cy. If
§ :=limsup sup [5 |un|?* = 0, then u, — 0 in LP, where p € (2,2*). On the other hand, by

n—o0 ye]RN

virtue of (F1) and (F2), for e = ;% > 0, there exists a constant C. > 0 such that
2

F(x,u) <elul® + CcluP, V(r,u) € RN x RE.

Based on the above discussion, we have

1
limsup/ [—Fu(x,un) cuy, — Fx, un)} dx
v 12

n—r oo

3¢ 3¢ ,

_
-8
Thus,
1 /
e = ZLp(un) — §<Iu(un), un) +0(1)
1
= / [—Fu(x,un) Uy, — F(x,uy)|de + o(1)
v 12
< %y o),

which is a contraction. Then § > 0.
Passing to the subsequence, we may assume that there exists k, € Z" such that

5
[ k=3
Bl+\/ﬁ(0) 2

Set (n(x) = up(z + ky,), then

§
/ |G Pda > ~. (4.4)
BH\/W(O) 2

Due to the periodic assumption of V(z) and F(z,u), it follows that ||(,|| = ||u,|| and

Lu(Gn) = ey I1TL(GIA + NIGall) — 0. (4.5)

Thus, passing to the subsequence, suppose that ¢, — ¢ in E, ¢, — ¢ in L, ¢o(x) — ((z)
a.e.onRY. In light of (4.4), we see that ( # 0. For every ¢ € C3*(RY), by (2.2), we have
(Z,(0),0) = nh_)n;(j(IL((n), ¢) = 0. Hence, Z,,(¢) = 0, which implies that ¢ € N,,. Then, Z,,(¢) >
my,. On the other way, it follows from (F2), (F3), (F4), Lemmas 3.4, 3.7 and Fatou’s lemma
that
. 1
my > e = lim [T () = 5(T (un)un)|

n—r oo

1
= lim [EFu(x,un) cuy, — Fx, un)]dx

n—oo RN

1
> / lim [—Fu(x,un) cuy, — Fx, un)]dx
R 2

N N—00
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= o {—Fuu (@, upy) - uy — F(z,u,)|de

=Tu(uu) — %<IL(UN)’u“> = Lu(un),

which implies Z,, (u,) < m,. So Z,(u,) =m, = RfflfIN > 0. The proof is completed.

I3
Next we claim that u, # 0. Indeed, for 4 = 0, by Lemma 3.7 and the concentration
compactness arguments, it is easy to prove that Z; has a nontrivial ground state s;)l2ution
ug € Ny such that Zo(ug) = mg = inj\ff Zo. Now let us assume that 0 < p < < % and
ueNog -
consider
Qup) :={u=tup+w:we E~,t>0,|tuy + w| < R}.

Observe that, let t,ug + w, € Q(up), then passing to a subsequence we may assume that
t, — to, Wy — wo in £~ and L? (RN, ﬁ), and wy, () — wo(x) a.e. on RY. Hence t,ug+w, —
toup + wo € Q(ug) by the weak lower semi-continuous of norm, which implies that Q(zp) is

weakly sequentially closed. It follows from Fatou’s lemma that

limsup Z,, (tnuo + wy) < Z,(touo + wo),

n— 00

this shows that Z,, is weakly sequentially upper semi-continuous. Then Z,, attains its maximum
in Q(up). Assume that toug + wo € Q(up) such that

T, (touo + wo) = érg?x )Iu(u) > 0,
u uo

then toug + wo € N,,. Therefore by Corollary 3.1, we have
mo = Zo(uo) > Zo(touo + wo) > I, (touo + wo) > my > ¢y,

similar to the Lemma 4.3, we get u,, = u, in £, and so u, # 0. The proof is completed.

Proof of Theorem 1.2 Let u, € NV, be a ground state solution of Z, and 0 < p <1 <
272
%. In view of Lemma 3.8, there exist ¢, > 0 and w, € E~ such that t,u, + w, € Nj.

Then, by Corollary 3.1 we have

my = Ty(up) 2 Lty + wy)

K
1 ity (ug)i + (wp)il®
=To(tuzu +wy) — 5 ;/RN FE dz
— 2
> mo P / [t + wul” (4.6)
2 Jrw ||

this shows that conclusion (i) holds. Similarly, let ug € Ny be a ground state solution of Z,,.
By Lemma 3.8, there exist tg > 0 and wy € E~ such that toug + wo € N,. Then, by Corollary
3.1 we have

mo = IQ(UO) > Iu(touo + ’wo)

K
1 frlto(uo)i + (wo)il?
=17,(t =
1 (touo +wo) + D) ?:1: /RN |2

dx
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Iz [touo + wol?
> = ———d 4.7
ST Mt -

which implies that conclusion (ii) holds.

Proof of Theorem 1.3 Since p; > 0, we get by (4.7),
mo > my = L, (uy), (4.8)

and by Lemma 4.1 we have {u,} is bounded if  — 0%. We take a sequence p™ — 0t and
denote uy, 1= u,m . If

limsup / |u|?da = 0,

n—o0 yeRN JB(y,1)
then by Lions’ concentration compactness principle, we get u” — 0 in L for 2 < p < 2*. Thus,
from w,, € N, , it follows that

K (n) ) +
||u:||2=z/ MM/ Fule,uy) - utda — 0,
=1 /RN |z|? RN

which shows that limsupZ, ) (u,) < 0, this implies a contradiction with Lemma 3.4(i). There-
n—oo

fore, there exist o > 1 and {y,,} C Z" such that

n—r oo

liminf / lu|?dz > 0,

B(yn,e)
then passing to a subsequence, we find u € E such that u} (- +y,) — ut in L2 and ut # 0.
Moreover, we may assume that w, (-+y,) = win E, u,(z+y,) — u(z), vl (z+y,) — vt (z) a.e.
on RN, Let t,u, +w, € Ny and t,, > 0,w, € E~. By (F6), we have f(x,u)-u—2F(z,u) > 0.
Then

W, |2 1
ot = o+ F2 g [ 7 bt ) - e+ 00}
F(x,t,(u, + %=
Z‘u;+& 2/ ( (2 t”))dx, (4.9)
128 RN tn

Wn

72| is bounded. Hence we may assume that u, + 7> — w(x) a.e.
on RY for some w € E~. Now we claim that ¢, is bounded. If not, then |t,u,(z) + wy(z)| =
t‘u; + 1;’—:| — oo provided that ™ + w(z) # 0. Tt follows from (F4) and Fatou’s lemma that

which implies that ||u; +

/ F (@, tn (un + 52))

e = dx — oo,
n

which contradicts (4.9), thus ¢, is bounded. Then |/t,u || and ||t,u;, + w,]| are bounded, by
the Holder’s inequality and (2.4) we get

K
i=1

Therefore, (4.6), (4.8) and (4.10) imply that conclusion (i) holds.
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Next, we will verify that (ii) holds. Let {u, } be a sequence of ground state solutions
of Z,m), and we take a sequence u(") — 0T and denote u,, := w,m . It follows from Lemma
4.1 that {u,} is bounded, then passing to a subsequence, we may assume that u, — ug in F,
up — ug in LY for 2 < p < 2* and u,(z) = up(z) a.e. on RV,

Define @, (x) = un(x + z,), then ||u,| = ||lu,|. Passing to a subsequence, &, — u in
E, @, — up in L (RN), Vs € [2,2%), @, — ug a.e. on RY. For each ¢ € C5°(RY), set
On = &(x — yn), In view of the Holder’s inequality and Lemma 4.2, we have

hmZ/ (un)i(¢ nz:z::().
2 fon T TP

Noting that V;(z) and f(z,u) are periodic in z, it follows that

loc

(T4 (), Z/RN (Un)i Vi + Vi(x)(uy) (bzdx—/ flz,uy,) - oda

_ ; /R V@)V (Gn)i + Vi) )i ()i ) — /R ) - i

B Eon) + 3 [ B as

Thus, we have T (ug) = 0, which implies that ug is a nontrivial critical point of Zy. We will
claim that ug is a ground state solution of Zy. Since p > 0, it is to show that m, = Z,(u) is

2
non-increasing on g € [O, %l%). Then we obtain

mo > limsup m,, = limsupZ,, ) (un)
. 1
= limsup|Z,,, (un) = 5(Z,,, (un), un)|
n— 00

= limsup/ F(z,up)dz = limsup F(x, Uy )dz
RN

n—00 n—00 RN

> liminf/ F(x,ﬂn)dx
RN

n—oo
> / F(x,u)dz = To(ug) > my.
RN
This implies

lim F(x,t,)dz = / F(x,up)dx.

n—oo RN RN
Applying Lemma 4.4 to F(z,u), we have ||&,, — uoll2 = 0. Since |f(z,u)| < ¢1|u| for some

c1 > 0, we deduce that

lim f(@, ) - (W —uf)dz = 0.
n—r oo RN

Thus

[y = ug |l = (T}, (@), w5 = ud) = (u', ] —ug)

»n
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+Z/ ol ) g [ st = i

-
=o(1) (4.11)
and
[ay, — ug || = (Z,,,, (@n), Uy —ug) — (ug , Uy — ug)
+Z/ il - I;InQ “0) 4y + [ i) - (i )
— o(1). (4.12)

It follows from (4.11)—(4.12) that @, — wo in E, which implies that (ii) holds. The proof is
completed.

5 Asymptotically Periodic Case

In this section, we always assume that V(z) satisfies (V1’). We define functional J, as
follows

K K
| 1 i
Tulw) = Z/RN(WW'Q U ha)r — 5> :/N TxIQ dz /RN Pz, u)dz
=1 i=1

1 _ piu?
e Z [ e [ Fes

RN

Then (V1°), (F1’), (F2)-(F5) imply that 7, € C*(E,R) and

pitlivi g
Z (Vu; - Vo, + Ui(z)uiv;)d Z/RN |x|2 — /]RN f(z,u) - vda.

Similar to Lemma 3.3, we have the following lemma.

Lemma 5.1 Assume that (V1’), (F1’), (F2)~(F5) are satisfied. Then for all k > 0,u €
E7<: (<17<27"' aCK) Sl S

1,y 1 )
Tu(w) 2 Tu(ru+¢) + 5I<] —55 /RN Wi(x)¢F dz
vt

— K2
T3 Z/ SRR (T (), u) — k(T (u), C). (5.1)

N |;C|2 2

Lemma 5.2 Assume that (V1’), (F1’), (F2)—~(F5) are satisfied. Then any sequence {u,} C
E satisfying (4.1) is bounded in E.

Proof To prove the boundedness of {u,}, arguing by contradiction, we suppose that
|lun|| — oo. Let v, = m Then ||v,]| =1 . By Sobolev imbedding theorem, there exists a
constant Cy > 0 such that ||v,||2 < Cy. Passing to a subsequence, we have v, — v in E. There
are two possible cases: (i) v =0 and (ii) v # 0.
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Case (i) v=0,ie, v, = 0in E. Then v/ — 0 and v, — 0in L{ (RY). By (V1’), it is

loc

easy to show that

lim Wi(z)(v)?dz = lim W;(z)(v; )3dx = 0. (5.2)

n—r oo RN n—oo RN H

If
0 := limsup sup / lo;|?da = 0,
Bi(y)

n—oo yeRN
then by Lions’ concentratlon compactness principle, v;7 — 0 in L3(RY) for 2 < s < 2*. Fix
R > [2(1 + ¢,)]7. By virtue of (F0) and (F1), for ¢ = %(RC&;) > 0, there exists C. > 0 such
that

limsup F(z, Rv})dz < limsup[eR?|[v]}||3 + C-RP||v; [|]
n—00 RN n—00
1
< e(RCy)* = T (5.3)
Let nn = H Hence, by virtue of (4.1), (5.2)—(5.3) and Corollary 3.2, one can get that

cu +o(1) = T (un)

772 2 1 - 772 /
> B = [ Fooma)de + 2 @ ) )
RN

2 K

T ) ) + 5 37 [ W@ ()] = () )Pl
=1
R? Rut 1 R ,
2 _/RNF(‘T HunH)d vt (2 2||un||2)<IM(“”)’“”>
R 12 —\2
R2
- 7‘/ F( T nn)d =+ oll)
2
> % —i-i—o(l) > Z—i—cu—i-o(l).

This leads to a contradiction, so § > 0. Without loss of generality, we suppose the existence of
s
k,, € Z" such that f31+m(0) |w;F|?dz > §. Denote wy () = vp(x 4 ky), then

]
/ |, [2de > —. (5.4)
Bl+\/ﬁ(0) 2
Put Uy (x) = un(x + ky), m = W, then ||w,|| = 1. Passing to a subsequence, we may assume

that w, — won E, and w, — w on L _a.e. on RY. It is evident that (5.4) implies that w # 0.
Thus, by virtue of (F4) and Fatou’s lemma, we see that

1
0= lim LO(Q)
n—oo  |lupy||

L, (un
= lim ()

oo [|ug 2
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Tim [t 2~ oz 1) Z/ W) (0):)?da

K
1 il (un)i|? F(x,uy
-y 2/ uI(UQ)Idx_ (qu)dx}
23l Juw o] an Jn]
) _ F(x,up)
_ + 12 n
= tim_ S0 I oz 1) Z/ Wilo)()ode - [ o, fda
1 F "
<1 timine [ @) 12,

n—oo Jpn  |Up|?

= —007
which is a contradiction. Hence the statement of Lemma 5.2 is proved.

Case (ii) v # 0. In this case, we can also deduce a contradiction by a standard argument.
Cases (i) and (ii) show that {u,} is bounded in E.

Proof of Theorem 1.4 Applying Lemmas 3.7 and 4.1, we deduce that there exists a
bounded sequence {u,} C E satisfying (3.4). Passing to a subsequence, we have u,, — u in E.
Next, we prove u # 0.

Arguing by contradiction, suppose that v = 0, i.e., u,, — 0in E, and so u,, — 0in L?

N
IOC(R )7
2 <s<2%and u, — 0 a.e. on RY. By (VI’), (F1) and (F5), it is easy to show that

lim Wi(z)u?dz =0, lim Wi (z)unvde =0 (5.5)
n—oo RN n—oo RN
and
lim H(xz,uy,)dz =0, lim OuH (z,up) -vdx =0, YveE. (5.6)
n—oo JpN n—oo JpN
Note that
K
1 2
Tu(uw) =T, (u) — = Z/ Wi(x)u;dz +/ H(z,u)dz, YuekFE (5.7)
2 =1 /RN RN
and
(T (u),v) = Z x)ugvde + O H(z,u) - vdz, Yu,ve E. (5.8)
RN
From (5.5)—(5.8), one can get that
Ly (un) = cus 1T (un) | (1 + [lun]]) — 0. (5.9)

Analogous to the proof of Theorem 1.2, we can prove that there exists k,, € Z" such that

)
/ lut Pde > —.
Biyv(kn) 2
Denote vy, (x) = v, (2 + ky,), then
+12 g
vy [“dx > 7 (5.10)

By (0)
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Passing to a subsequence, we have v,, — v in E, v, — vin Lj (RY), 2 < s < 2* and v, — v
a.e. on RY. Obviously, (5.10) implies that v # 0. Since U;(x) and g;(z,u) are periodic in z, by
(5.9), we have

Tu(on) = ey [ T(wa) |1+ Jlonll) = 0. (5.11)

In the same way as the last part of the proof of Theorem 1.2, we can prove that j;i (v) =0 and
Tu(v) < cp
It is easy to show that v™ # 0. By Lemma 3.8, there exist ko = x(v) > 0 and wy = w(v) €
E~ such that kov 4+ wqg € Nw and so Z,(kov + wp) > m.
K
Hence, from the fact that H(x,u) — Y Wi(x)ui > 0, for (z,u) € By, /x(0) x RF\ {0}, we
i=1

have

Y

my > ¢ > Ju(v)
1—r2
2

4 /RN (G (x, kov +wo) — G(z,v)]dx

= Tulsow + wo) + llwoll? + 5 (T(0), )  ro{L(v), wo)

1— k3
+ [ Gu(z,u) - u— kGy(x,u) - (|dx
v L 2
1
> Ju(kou + wo) + §Hw0|\2

1
= §Hw0H2 +Z,(koV + wo)

K
1
+ / H(z, kov + wo)dz — = Z Wi () ((kov + wo);)*dx
RN 2 = Jr¥
> L, (Kov + wo) > my,

since v(z) # 0 for z € B, /7/(0). This contradiction implies that u # 0. In the same way as the
last part of the proof of Theorem 1.2, we can certify that Z) (u) = 0 and Z,,(u) = m = ij\r/_lf Z,.

This shows that u € E is a solution to (1.2) with Z,,(u) = ianIM > 0. The proof is completed.
n

Similar to the proofs of Theorems 1.2-1.3, we can prove Theorems 1.5-1.6, we omit the
proof process.
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