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Cartan’s Second Main Theorem and Mason’s Theorem for
Jackson Difference Operator*
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Abstract Let f: C — P™ be a holomorphic curve of order zero. The authors establish
a Jackson difference analogue of Cartan’s second main theorem for the Jackson g-Casorati
determinant and introduce a truncated second main theorem of Jackson difference operator
for holomorphic curves. In addition, a Jackson difference Mason’s theorem is proved by
using a Jackson difference radical of a polynomial. Furthermore, they extend the Mason’s
theorem for m + 1 polynomials. Some examples are constructed to show that their results
are accurate.

Keywords Jackson difference operator, Nevanlinna theory, Holomorphic curve,
Cartan’s second main theorem, Mason’s theorem, Polynomial
2000 MR Subject Classification 32H30, 30D35, 30C10

1 Introduction

In the 1980s, an intensive and somewhat surprising interest in the subject reappeared in
many areas of mathematics and applications including mainly new difference calculus, orthogo-
nal polynomials and variational ¢g-calculus (see [10]). In 1908, Jackson investigated the Jackson
difference operator (or called g-derivative) and studied the g-difference equations. These poly-
nomials, the Jackson difference operator and related topics have found numerous applications,
such as g-hypergeometric series (see [10]), boundary value problems of g-difference equations
(see [24]).

Recently, there has been a renewed interest in the difference analogues and Jackson dif-
ference operator. In 2006, Halburd and Korhonen [12] introduced the c-difference operator:
A.f = f(z+¢) — f(2), and got the c-difference analogue of the second main theorem for
meromorphic functions in the complex plane. In 2014, Korhonen and Tohge [13] extended
the results of c-difference analogue to holomorphic curves intersecting hyperplanes in general
position. Meanwhile, many scholars investigated the value distribution theory of ¢-difference

analogue in several complex variables (see [5-7]). For the Jackson difference operator, Li and
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Song [18] considered the functional and dynamical properties. Cao, Dai and Wang [4] studied
the Nevanlinna theory of Jackson difference operator and the solutions of g-difference equations.
In this paper, we study the Cartan’s second main theorem of Jackson difference operator and
a Jackson difference analogue of Mason’s theorem (see [14, 21]).

This paper is organised as follows. In Section 2 we will give some basic notations of Cartan
characteristic function and Jackson difference operator theory. Section 3 contains a Jackson
difference analogue of the second main theorem for holomorphic curves. Here we introduce a
Jackson difference counterpart of the radical, and use it to prove a truncated version of the
Cartan’s second main theorem for Jackson difference operator. In Section 4, we state a Jackson
difference analogue of Mason’s theorem and extend it for m + 1 polynomials. In addition, the

sharpness of the obtained results is discussed with the help of examples.

2 Preliminaries

2.1 First we recall some known properties of the Cartan characteristic function from [8,

11, 13, 17, 20]. The order of growth of a holomorphic curve g : C — P" with homogeneous

coordinates g = [go : - - - : gn) is defined by
log™ T,

o(g) = lim sup Llog i(T) : (2.1)
where log* # = max{0,logx} for all z > 0. If the functions g; (j = 0, - ,n) are entire functions
without common zeros, then g = [go : -+ - : gn] with n > 1 is called the reduced representation
of g. The Cartan characteristic function of g is

2w de
i
Ty(r) = / u(re )2— —u(0), u(z)= sup loglg;(2)|
0 g J€{0,1, n}
Moreover, if fo,---, f, are linear combinations of go,- - - , gn, and satisfy that any n + 1 of
the functions fy, - - -, f; are linearly independent over C, ¢ > n, then
r(r, ~Jf—“) <T,(r)+0(1), r— oo, (2.2)

where p and v are distinct integers in the set {0, - - -, ¢}. Especially, if n = 1, then (2.2) becomes
an asymptotic identity. For more detailed concepts of Nevanlinna theory and Cartan’s value
distribution theory, we can refer to [9, 13, 17, 20, 23].

2.2 The Jackson difference operator

qu(z):M, z€C,0< g <1 (2.3)

qz — 2z
was initially investigated by Jackson [15-16] in 1908. In [4], Cao, Dai and Wang studied the
Nevanlinna theory of Jackson difference operator on the complex plane. For a positive integer

k € N, the Jackson kth-order difference operator is denoted by

Dyf(2):= f(2), Dgf(z):= Dg(Dg~ f(2)),
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it follows from the equality [1, page 13],

k i(i—1 .
DEf(z)=(q— 1)z g7 Y (1) m ¢ f(gF ), (2.4)
j=0 q
where k »
I UL
L’L (@ 9i(@ Ok (a;q)0 =1
and

(a;Q)r =(1—a)1 —aq)1—ag®) - (1 —ag"™t), keN, aeC.

In addition, we can find more notations about Jackson difference operator in [4].
Let f(z) be a non-constant meromorphic function of zero order and ¢ € C\{0,1}. The ¢-
difference operator A, f(z) := f(qz) — f(z) is defined by Barnett [2]. Thus by the definition of

Jackson difference operator, we can easily show that

D,f(z) = %_(zz)’ z e C.

The Wronskian determinant is indispensable in the proof of the Cartan’s generalization of the
main second theorem. In [13], a ¢-difference analogue of Cartan’s result where the ramification
term has been replaced by a quantity was expressed in terms of the g-Casorati determinant of

functions which are linearly independent over a field. The ¢g-Casorati determinant (see [13]) is
defined by

9(2)  gi(z) - ga(2)
go(az)  gilgz) -+ gn(g2)
Cq(907"'7gn): : : . :
90(q"2) g1(q"z) -+ gn(q"2)
Similarly, we denote by
gO gl DY gn
Dng Dqgl T Dqgn
CJ(gO;"'agTL): : : - :
Dygo Dggi -+ Dggn
the Jackson ¢-Casorati determinant of gg, - , gn.

In fact, we can get the relationship between C,(go, 91, ,9n) and Cy(go, g1, - , gn):

CQ(f07"' 7f7’b):CJ(f07"' 7fn)'Ba

where
n(n+1)

B=z"72""-(¢-1)

n(n+1)
2

n(n—1)(n+1)
6 .

q
We will give it a concrete proof in Lemma 3.1.

2.3 Inorder to obtain a truncated version of the second main theorem for Jackson difference

operator, we introduce the following definitions.
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As in [9, 14], denote by ord¢(f) = p € Z the order of a meromorphic function f at ¢ € Cif

- f(2)

lim ——— ¢ C\{0}.

tim B e vy

As we all know, ord¢(f) > 0 implies that f has a zero of order ord¢(f) > 0 at ¢, and ord¢(f) < 0
implies that f has a pole of order —ord¢(f) at . We also adopt the notation ordé'( f) =
max{0,ord¢(f)} and ord; (f) = max{0, —ord¢(f)}. For the closed disc D(z,s) = {z € C :

|z — 20| < s}, we define
il (r 1) - 3 (ord+( ) — minf{ord? (), ord? (Dy(f)), - - - , ord} (D" ( f))})
J ’f _(0 : w w ’ w q ’ ’ w q
weD(0,r

as a Jackson difference analogue of the truncated counting function for the zeros of f. The

corresponding integrated counting function is defined as

~[nl/, 1 ~[n] 1
o, 1 TN (’5’7 —ny (0’7) ~[n 1
NB](T’ ?) :/0 ) - dt+n5](0,?)1ogr. (2.5)

where n € N, ¢ € C\{0,1}.

3 Jackson Difference Analogue of Cartan’s Second Main Theorem

Before describing Theorem 3.1, we give a few other remarks. Let f be a non-constant zero-
order meromorphic function, and ¢ € C\{0,1}. We denote by 772 the field of meromorphic
functions which have forward invariant preimages under f with respect to the rescaling 7(z) =
qz, that is f(qz) = f(z). In particular, if || < 1, then for any f € Py, f is a constant. Besides,

we set meromorphic function

_ fo-Dqfi-Difa-- Dl fn- frns1- fp

L
Ci(90,91," " 9n)

. geC\{0,1}. (3.1)

We are now ready to state the Jackson difference analogue of Cartan’s second main theorem.

Theorem 3.1 Let g = [go : -+ : gn] : C — P™ be a holomorphic curve with o(g) = 0,
9o, -+ s gn (n > 1) are entire functions without common zeros, linearly independent over Pg,
and z € C\{0}. Suppose fo,--- , fp are linear combinations of the functions go,- - , gn (p > n),
such that any n+ 1 of the functions fo,--- , fp are linearly independent. L satisfies (3.1), then

n(n+1)

(0 -mTy(r) < N(r, 1) = N, L) - logr+ o(Ty (r)) + S f),

where S(r, f) = o(T(r, fj)), 3 = 0,---,p and r approaches infinity on a set of logarithmic
density 1.

To prove Theorem 3.1, it suffices to introduce some lemmas. The first lemma is that the

relationship between C4(go, g1, , gn) and Cs(go, g1, , gn)-
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Lemma 3.1 Let go,--- , gn be entire functions, n > 1, ¢ € C\{0,1}. Then

Oq(g(),"' agn) :OJ(QOW" 7gn)'B7

where

n(n+1) n(n—1)(n+1)
6 .

B=(ez—2)"%" g

Proof It follows from the definition of C;(go, g1, - ,gn) and D’;g;.C that

Cy(g0,+ s 9n)

go(2) 91(2) o gn(2)
_ Dng(z) Dqgl(z) Dqgn(z)

Digo(z) Digi(z) - Diga(z)

) 90(2) 1 gn(2)
PPELEES)) 1 1), RV pELEEa)) 1 14,

ze e s | ] )
- B .

j=0 =

go(2)  g1(2) 9n(2)

g0(az)  91(q2) gn(qz)

= Bl . . ' 7
gO(qnz) g1(q"2) gn(qnz)
where
Bl - — = n(n —
i—o (4 — 1)kquk(k2 . (gz — 2) O i M
1

(g7 — 2 ICEShY qn(n—lﬁ)(nﬂ) )
set B = 5=, we obtain Cy(go, -+ 9n) = Cs(go, -+ 1 gn) - B.

For the classical Nevanlinna theory, we have the fact that entire functions fy, -, f, are
linearly dependent over C if and only if the Wronskian W (fo, - - , f,.) vanishes identically. Let
c € C, and let P! be the field of period ¢ meromorphic functions defined in C of hyper-order
strictly less than one. In general, we know (see [13]) that entire functions fo,- - , f,, are linearly
dependent over the field P! if and only if the Casorati determinant of C'(fo,-- , fn) vanishes
identically. Here we introduce the analogue of these results for the case of Jackson difference

operator.

Lemma 3.2 Let the holomorphic curve g = [go : -+ : gn] : C — P" satisfy o(g) = 0 and
q € C\{0,1}. Then Cj(go, - ,gn) =0 if and only if the entire functions go,- - ,gn are linearly
dependent over the field 773.
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Proof Suppose that gg,- -, g, are linearly dependent over ’Pg. Then there exist Ag, -+, Ap
€ 772 which are not all identically zero and satisfy Aoggo + - -+ + Angn = 0. This clearly implies
that

AOQO+"'+Angn:07

AoDygo + -+ ApDggn =0,
R ! (3.2)

AoDygo + -+ An Dy gn = 0.

The determinant of the coefficient matrix corresponding to system (3.2) is the Jackson ¢-
Casoratian determinant C';(go,- - ,gn). We notice that (3.2) has a nontrivial solution, hence
Cs(90;- -+ ,9n) = 0.

On the other hand, we will continue to prove it by induction. For n = 1, we assume that
Cy(g0,91) =0, and consider

AOgO + Algl = 07 (3 3)
AoDygo + A1Dyg1 = 0, '

where Ap, A; are meromorphic functions. Furthermore, (3.3) is equivalent to

Aogo + A1g1 =0, (3.4)
ApAqgo + A1Agg1 =0, '

and we have
{Aogo +A1g1 =0,

A1Cq(g90,91) = 0.
Since Cy(go, 91) = 0, by Lemma 3.1 we get Cy(go, g1) = 0, it follows that Ay = g—; and A; = —1

is a nontrivial solution of (3.3). Moreover, the usual order of Ag satisfies o(Ag) = a(i—;) <
o(g) = 0 by (2.2). Tt is clear that A; € PJ. To complete the proof in the case n = 1, we just

need to show that Ay € PY. From (3.4),
9o(qz) - DgAo =0,

which implies that AgAg = 0. Then Ay € PJ.

Forall j € {1,--- ,k—1} and k < n, suppose C;(go,-- ,g;) =0, then go, - - - , g; are linearly
dependent over Pg. We will prove that g, - - - , gx are linearly dependent when C(go, - , gx) =
0 over P). We consider the linear system

Aogo + -+ Apgr =0,
AODng + -+ Aqugk =0,

AODggo +-+ AkD];gk =0,

where Ag, - -+, Aj are meromorphic functions. According to (2.3) and (2.4) we have

k

g k(=1 |k iG—1) .
Dhgi(z) = (g—1)Fz"Fqg 72 Y (=1) [J] ¢ 7 gi(d"72),
j=0 q
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where i = 0, --- , k. Therefore
implies
Aogo(q™z) + A191(¢™2) + -+ Akgr(q™z) =0, m=1,--- k.
So the linear system (3.5) is equivalent to
Aogo + -+ Argr = 0,
Aogo(gz) + -+ Argr(gz) = 0,
Aogo(q"z) + -+ Argr(d¥z) = 0.

Then following the same method in [13, Lemma 3.2], we can get go, - - - , gk are linearly dependent

over qu.

Lemma 3.3 (see [2]) Let [ be a non-constant zero-order meromorphic function, and q €
C\{0}. Then

on a set of logarithmic density 1.

Lemma 3.4 (see [4]) Let f be a nonconstant meromorphic function with zero order and
g € C\{0}. Then

Dy f(2)
m(r,iq ):oTT,f
) = olT ()
on a set of logarithmic density 1.
Lemma 3.5 (see [8]) Let n > 1, z € C and let go, - ,gn be linearly independent entire
functions such that max{|go(2)|, - ,|gn(2)|} > 0 for each z € C. If fo,--- , fp are p+ 1 linear

combinations of the n + 1 functions go,- -+ , gn, where p > n, such that any n + 1 of the p+ 1
functions fo,---, fp are linearly independent, then there exists a positive constant A that does

not depend on z, such that
95 (2)| < Al fm, (2)],

where 0 < j < n, 0 <v < p—n and the integers my,--- ,m, are chosen so that

[fmo ()| 2 [y (2)] 2 -+ = [ fim,, (2)].

In particular, there exist at least p—n + 1 functions f; that do not vanish at z.

Proof of Theorem 3.1 We follow the reasoning behind the original Cartan’s second main
theorem (see [11]) and the difference analogue of Cantan’s second main theorem (see [13]).

Because the functions g, - -, g, are linearly independent over 738, by Lemma 3.2 we have
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Cy(g0, - ,9n) Z 0 and the function L given by (3.1) is well defined. The functions gg, - - , gn

are also linearly independent over C (since C C ’qu ), thus by Lemma 3.5 the auxiliary function

max 10g[faq(2) -+ fa, 1 (2)] (3.6)

v(z) =
{a;})=5 7 {0, p}

gives a finite real number for all z € C. Let {ao,--- ,ap—n—1} C{0,--- ,p}, and {bg,--- ,bn} =

{0,---,p\{ao, - ,ap—n—1}. Similarly, for n 4 1 linearly independent functions fu,,--- , fo.,
we get CJ(fboa o 7fbn) ?_é 0 and
Joo v Jon go - 9n Too -+ Ton
qubo qubn Dng Dqgn mTo - Tin
Dl fy, -+ DIfy, Dl'gy -+ Dlg, Tno 10 Tom
where 7, € C for all j,m =0, ---,n. Therefore,
Ci(g0,-++ ,9n) = A(bo, -+, bn)Cr(foos "+ fon), (3.7)

where A(bg, - ,b,) =: Ay, € C\{0}. By Lemma 3.1 and (3.1), we have

o Daft - D2fa Dy fu fuir s fy
CJ(907 e 7gn)
_ fO'qul'Dng"'Dgfn'fn+1"'fp
AbCJ(fboa fb17 T 7fbn)
D} f: Dy fn
N fofl"'fp(D}zlfl)( #o) - (5F)
AbCJ(fbo7 T 7fbn)
B M
— AC(frgs s fo,)
B M- B
Aqu(fb07 o 7fbn)
q f Dy fn n
Jao * 'fapfnq(Dflfl) ’ (quflbl) e ( ;n ) ’ (ng:lbfbn) B
Aufol2)-Folgz)Fo(qn2)Cq (L0 200 .. Ton )
( foo (Dqfoy ) (DF fo,,) )
a fi Dy fn n
fa() o 'faqfnfl (Dflfl)(quflbl) e ( ;n )(D‘;bfbn) ’ B
( Abcq(%,%ﬂ...ﬁ%) ’
oo/ 10 (T ) - (ke )

L

where
= i) i) ot (2) (BB () ()

Therefore

fag"'fa —n—1

[ = 2% Japon-1

AG ’
where o
G=—
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Fog S
( cq(f;’—oof%f;’—;) )(qubl),_,(qubn)
G — U/ (Dy R @2) - (D R @) T I Ton .
L= qul qun ( : )
( I ) e ( Fn )
Set
w(z) = max log |ApG(2)|,
(=) 165} 5=0C{0, - .p} | 2
it follows that
2 ) 27 ) 2 .
/ v(rel?)df = / log | L(re'?)|d6 +/ w(rel?)ds. (3.9)
0 0 0
Suppose {co, - ,cp—n—1} is the set of indexes that make (3.6) have the maximum value for a
specific z € C. Then by Lemma 3.5, it is not difficult to see the inequality
log|g;(2)| <log|fe, (2)[ +log A
holds forall0 < j<nand 0<v<p—n-—1, and
1 27 .
(0~ mT(r) < 5 / v(re®)do + O(1), 7 — oo. (3.10)
T Jo

Since the function G; in (3.8) consists purely of sums, products and quotients of fractions of
ICE)
( f; (a'z) )
Q

I
Lemmas 3.3-3.4 that

the form

’ D‘?ch_j and f]fj(((t;)’ where [ € {17 e 7n}a jvk € {07 e ap}' We deduce from

n(n+1)
- log |G| — ———1 o(
“ {bj}?:ronca{)éy” P} { 08 | 1| 2 ogr + ( )}7
1 2m 0 p P fi n(n n 1)
- i < Ji ~n(n+1) | |
o ) w(?“e )d9 = E ZO(T(T, fk)) 5 logr + O(T(T‘, f])) (3 11)

as r approaches infinity on a set of logarithmic density 1. It yields from (3.11) and (2.2) that

1 2m ) 1
py. w(re'?)dd = o(T,(r)) — n(nT—i—) logr + o(T'(r, f;)) (3.12)
m™Jo )
as r tends to infinity on a set of logarithmic density 1.
Finally, by Jensen’s formula
1 2w i 1
= [ log|L(rel®)|dg = N(r, —) — N(r,L) + O(1) (3.13)
27T 0 L

as r — 0o. Combining (3.9), (3.10), (3.12) and (3.13), it yields out
1
L
where S(r, f) = o(T'(r, f;)), 7 =0,--- ,p.

Furthermore, we obtain the following result about a truncated second main theorem of

n+1)

(- Ty() < N(r 1) = N L)+ o) ~ " rogr 4 500, ),

Jackson difference operator for holomorphic curve.
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Theorem 3.2 Let go, - --
independent over 773, and gn+1 = go+ -+
C — P™ satisfies o(g) =0, then

n+1

)<Y R gi) +o(Ty(r), g€C\{0,1}
2 ;

as r — oo on a set of logarithmic density 1.

Proof We define
L =

go - Dgg1---

H. X. Dai, T. B. Cao and Y. Z. Li

,gn (n > 1) be entire functions with no common zeros, linearly

+ gn. If the holomorphic curve g = [go : -~ :

Dggn *gn+1

C1(g0

where Cj(go,- -

zero of L, we assert that

n+1

ord (L) < Z(Ord;r (95) —

Jj=0

Sincen > 1, go, - - -

go+ -+ gn. We have gny1(2) # 0 for all z € C. To illustrate that (3.15) is correct, we write

)

,gn) is the Jackson g-Casoratian determinant of go, - - -

min {ord} (D
E{O," }

, gn, are linearly independent over 773 with no common zeros, and g, 41 =

. Suppose w is a

1 g1 In

Dqgl Dggn

Dqgo 1 Dqgn

1 90 Dign
L gnyr | : :
Digo  Dggi 1

9o Dgg1
D! z D! z D! z .
Note that the zeros of L are the poles of some of g90(2)  Dyon(z) ;’lg"( ) 1<4<n.
go(2) 7 Dqgi(2)’ > D gn(2)’

The maximal order of poles among the first column in the determinant above is given by

max {ord+(go) {ord (D (g0))}-

. ma {ord5 (Dj(a0))}} = ord5 (o) ~ _min

It is worth noting that ordI(Dg (9p)) <ord}(g,) (=2,

order of poles among the j column in the determinant above is given by

,n;p=1,---,n), thus the maximal

max {0rd+ (D!gy) —

ic{0,.- {ord (D3 (9p))}} < ord;(g,) — o in

| ordS (Dl (g}

Hence for all z € C, the inequality (3.15) holds and we get

o) = X ()

Then by applying Theorem 3.1 and integrating (3.16), we obtain (3.14).

(3.16)
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4 Mason’s Theorem with a Jackson Difference Radical

Mason’s theorem is a counterpart of the abc conjecture in number theory. We state it here

as follows.

Mason’s Theorem (see [14, 19, 24]) If relatively prime polynomials a, b and ¢, not all
identically zero, satisfy

a+b=c,

then deg ¢ < degrad(abc) — 1, where the radical rad(abc) is the product of distinct linear factors
of abe.

In [14], we know that the Fermat’s last theorem for polynomials is an elementary application
of Mason’s theorem. For any polynomial p(z) € C[z], the usual radical rad p(z) (see [3, 14]) is
defined by

radp(z) = [ (= - w) ),
weC

where
d(w) = ord,(p) — min{ord,(p),ord, (p")} € {0,1}.

Similarly, we define the g-difference radical rad,(p) and the Jackson difference radical rad(p)

of the polynomial p(z).

Definition 4.1 Let ¢ € C\{0, 1}, we define the g-difference radical rad,(p) and the Jackson
difference radical rad j(p) of the polynomial p(z) as

rady(p(2)) = [ (= - )™,

weC
rad;(p(z)) = H (z — w) (),
weC
where
dy(w) = ord,,(p) — min{ord, (p), ord, (p(g=))},
dj(w) = ord, (p) — min{ord, (p), ord,, (Dq(p))}

with ord, (p) > 0 being the order of zero of the polynomial p(z) at w € C.

Definition 4.2 We denote ny(p) = degrad,(p) and n;(p) = degrad,(p), more precisely,

fig(p) = ) (ordu,(p) — minford,, (p), ordu, (p(42))}),
weC

fis(p) =Y _ (ord,(p) — min{ord,(p), ord,(Dg(p))})- (4.1)

weC
Remark 4.1 In fact, we obtain the following properties for 7;(p):
(1) 77 (p) < degp for any p(z) € C[z];
(2) ny(p™) = m-ny(p) for any p(z) € C[z] and m € N;
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n n -1
(o) {NJ(p)+ 7(h), 0 ¢ (ph)~'(0),

for any p(z), h(z) € C[z], where the equality holds exactly when both p(z) and p(qz), p(z) and
h(gz), h(z) and p(gz), as well as h(z) and h(gz) are relatively prime.

As we all know, for any a;(z) € C|[z], the differential operator D = —z satisfies
deg(D’ a;(2)) = degai(z) —j, 0<j < degas().

To better interpret the proof of Theorem 4.2, we need to introduce some notations.

Definition 4.3 The corresponding q-difference radical and Jackson difference radical of
truncation level m is defined by
ai(z)
ged{ai(2), Agai(2), Aai(z), -+, Afai(2)}
a;(z)
ged{ai(2), Dyai(z), D2a;(z),- - -, DMai(z)}

rad[qm] (ai(2)) =

rad[Jm] (a;(2)) =

Remark 4.2 When 0 ¢ {a;(2)71(0)}, we deduce that
radl} (a;(2)) = a:(2)
ged{a;(z), Aqai(z), Agai(z), cen ,A;"ai(z)}
= rad[m] (ai(2)).
iy ai(2) = degrad ) (ai(2))
> (orduas(z) — jomin {ord,(Dja;(2))})

weC\{0} sismed
= Z (ordya;(z) — Imn {ord (ai(¢’2))})
weC\{0} O=s=m=

= ﬁt[zm_l] (ai(2)).

Here, we will use the Jackson difference radical rad;(p) to prove the Jackson difference
analogue of Mason’s theorem. Furthermore, we extend the Jackson difference analogue of

Mason’s theorem for m + 1 polynomials. We get the following theorems similarly as [14].

Theorem 4.1 Let ay, aq, as be relatively prime polynomials in Clz] such that
a1 + as = as, (4.2)
a1, az, az are not all constant and 0 ¢ {a;*(0)}, i = 1,2,3. Then
max{degay,degas,degas} <ny(ar) +nys(az) +nyas) — 1, (4.3)

where ¢ € C\{0, 1}.
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Theorem 4.2 Let aj, - ,amy1 be pairwise relatively prime polynomials in C[z| such that
ar+az+ -+ am = Ay,

where ay, - -+ , ay are not all constant and linearly independent over C. In addition, 0 ¢ ai_l(()),
i=1,---,m+1. Then
m—+1
max {dega;} < Z ﬁf}”_” (a;),
i=1

1<i<m+1

where we denote

> (ordy(a;) — Osjn%ig_l{ordw(ai(qu))}) (4.4)

weC\{0}
and g € C\{0,1}.

Lemma 4.1 Suppose that p(z) # 0 is a polynomial in C[z], ¢ € C\{0,1}. Then

p = ged(p, Dyp) - rad, (p),
degp = deg ged(p, Dyp) + 1y (p).

Proof Let a; # 0 be the roots of p(z) with multiplicities a; respectively, and not all of a;

equal to zero, where i = 1,2,--- ,m, that is
p(z) =c(z —a1)" (z — a2)® - (z — o),

and thus
p(gz) = c(qz — a1)" (qz — a2)* -+ (gz — am)®™, q € C\{0,1}.

We will prove the lemma by distinguishing two cases:

Case 1 If the origin is not the root of p(z), we have

ged(p, Dgp(2)) = ged(p, plgz) — p(2)) = ged(p, p(q2)),

b1 . bm

ged(p,p(gz)) = c(z —a1)™ -+ (2 — am)™™,

where b; = min{ord,,p(z),ords,p(q2)}, i =1,2,--- ,m.
Since

rads(p) = H (z — ai)d"("”),

a; €C

it leads to

dj(a;) = dg(i) = ordg, (p) — min{ordy, (p), orda, (p(g2))}
= a; — bi, (45)
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hence

p(z) = ged(p(z), Dyp(z)) - rad s (p(2)). (4.6)
Case 2 Let the origin be the root of p(z) and the multiple be m, then

p(z) =c2™(z — 1) (z — )™ - (2 — am)*™,

p(gz) = c(qz)™(qz — a1)" (qz — a2)* - -+ (g2 — am)*",

ged(p, Dgp(gz)) = c2™ 1 (2 — an)? -+ (2 — am) ",

where bl = min{ordaip(z), ordaip(qz)}, = 17 27 U
While

rad;(p) =z- [[ (z—a)®,
o; €C\{0}

so combine with (4.5) in Case 2 we still have (4.6).
Therefore by Cases 1-2, it gives

degp(z) = deg ged(p(2), Dgp(2)) + degrad, (p(2))
= deg ged(p(2), Dgp(2)) + 115 (p)-

Proof of Theorem 4.1 Without loss of generality, we may assume that
max{dega;} = degas, i=1,2,3.

From (4.2) we see that
Aq(ll + Aqag = Aqag,

Clearly,

alAqal + alAqag = alAqag, (47)
alAqal + (lgAqal = agAqal. (48)

By subtracting (4.8) from (4.7), we have
alAan — a,QAqal = alﬁqag — agﬁqal.

It is easy to see that ged(a;, Aga;) are factors of a1 Agas — bAga.
Notice that ay, az, as are relatively prime, it means that ged(a;, Aga;) are relatively prime.
Therefore,
ged(ar, Agar) ged(az, ANgas) ged(as, Agas)

is a factor of a1 Agas — aaAgaq. By calculation, we get

deg ged(ar, Agar) + deg ged(ag, Agas) + degged(as, Agaz) < degai + degas — 1. (4.9)
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We claim that a1 Agqas — asNgar # 0. Suppose for the contrary that
alAqag — agAqal = 0, (410)

then a1Agas = aslNga and ap is a factor of bAgai. Since a; and as are relatively prime
polynomials, we get a; is a factor of Aja;. This is only possible if Aja; = 0. Similarly, it is
easy to deduce Agas = 0 and Agas = 0. Thus, it contradicts the hypothesis of the theorem.
Hence (4.9) is valid.

According to

deg ged(ag, Nga;) = degged(ag, Dga;), ©=1,2,3. (4.11)
By adding deg as to both sides of (4.9) and reorganizing the term, we obtain
degas < degay —degged(ay, Dyaq)+deg az —deg ged(az, Dyas)+deg az —deg ged(as, Dyas) — 1.

So (4.3) holds by Lemma 4.1. This finishes the proof of Theorem 4.1.

Example 4.1 Set ai(z) = (%z + a)(z + ), az(z) = —(éz + B)(z + B), az(z) = (a —
B)(%z +z+a+ B), where a, 8 € C\{0}, a # 8 and o + 5 # «(1 + q). Clearly, a1, as, ag are
relatively prime polynomials in C[z] and satisfy a; + as = a3. Besides, none of the differences
Dgar, Dgaz, Agas are identically zero. By calculation we get max{dega1, degas,degas} = 2,
ny(a1) =1, n5(a2) =1, ny(as) =1 and ny(a1) + ny(az) + ny(az) —1 = 2. The example shows

that the assertion of Theorem 4.1 is sharp.

Example 4.2 Suppose a;(z) = (%z)z, as(z) = —(%z +B8)(z + B), as(z) = (—ﬁ)(%z +z4
B). On account of that a1, ag, as are relatively prime polynomials in C[z], we have 8 # 0.
When 0 € a; *(0),i = 1,2,3, we get deg ged(a;, Aga;) = degged(ai, Dya;) + 1. Combining the

inequality (4.9) yields
deg ged(ar, Dyaq) + deg ged(ag, Dgas) + deg ged(as, Dgas) < degai +degas —2.  (4.12)
By adding deg as to both sides of (4.12) and reorganizing the term, we have
max{degay,degag,degas} <ny(ar) +nys(az) +nylas) — 2. (4.13)

However, by calculation we get max{degay,degas,degas} = 2, ns(a1) = 1, nyj(az) = 1,
ny(as) =1and ny(ar)+ny(az)+n (as) —2 = 1, this contradicts (4.13). So the example shows
that the condition of 0 ¢ {a; '(0)} (i = 1,2,3) in Theorem 4.1 cannot be simply dropped.

Proof of Theorem 4.2 Through the introduction of the second part, we know that
Cy(2) # 0 is the g-Casorati determinant of a1 (2), - -+ , am(2). Let zo # 0 be a zero of some a;(2)
with 1 < ¢ <m+ 1. Obviously, z = 2 is also a zero of Cy(z) with multiplicity not smaller than

(g
max fords, (as(a’2))).
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Since aq, -+, a;,my1 are pairwise relatively prime polynomials, we get

m—+1

= I scd(ai ai(az), - ai@ =)
=1

is a factor of Cy(z), and there exists a polynomial p(z) € C[z] such that C,(z) = p(z)q(z).
Combining with (4.4), we deduce that the degree of ¢(z) is not less than

m+1 m+1
SO min {ord ai(qu))}:Z{ 3 ordw(ai)—ﬁ([zm_l](ai)]
=1 weeyqop SI=m i=1 weC\{0}

On the other hand, the degree of Cy(2) is never beyond any sum of distinct m of the dega;(2)
(1 <i<m+1). That is

m—+1
i . N [m=1]/, .
i, T ez Y e i)
1<i<m+1,i#k i=1  weC\{0}
m—+1

_Z[ Z ord, (a;) [m 1]( l)}

i=1  weC\{0}

Hence

m—+1
dega;} < S alm=Ug,).
o o) < 3l )

The following example shows that Theorem 4.2 is accurate when m = 3.

Example 4.3 Take

(#5 -a) (v -5).

az(z) = (q(z;— ) + a) ((z +1)+ %),

a3(2) = —q(z +1)%, aa(z) = ?,

a1(z)

and ¢ € C\{0,1}, o € C\{0}. Thus a1, as, as,as satisfy the equation a1(z) + a2(2) + az(z) =

a4(z) and the condition of Theorem 4.2. This example gives 11£1a<x4{deg a;} =2 and

4

Z ey =2+2+2=6.
=1

Remark 4.3 In Theorem 4.2, we assume that the origin is not a root of a;, i = 1,--- ;m+1.

Otherwise, suppose that 0 € a;'(0), we can get the relationship between ﬁg}n_” (a;) and

ﬁ,[]m 1}( i). Denote by ordg(a;) the order of polynomial a; at the origin. Combining the defini-

tion of Dya; and rad[Jm] (a;), we easily verify that if ordg(a;) > m — 1,

A e = Y (ordu(a) — _min {ordu(Dj(a:)})

weC\{0} 0=j<m—1
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+ (ordp(a;) — O<r_nin 1{0rd0(Dg(ai))})

<j<m—

= ﬁ([zm—ll (a;) +m —1.

If ordg(a;) < m — 1, then rad[Jm] (a;) = rad[qm] (a;) + ordg(a;). Unfortunately, this situation may
not hold for Theorem 4.2.

Finally, we propose an interesting problem deserved to be further studied.

Problem 4.1 Factorial polynomial is defined as
"=ttt +1)---(t+n—1).

Ishizaki-Korhonen-Li-Tohge [14] introduce the notation for the factorial of a polynomial p(z)
in C[z] as
()] = p(2)p(z + £) -~ p(z + (n = 1)k),

where the shift x € C\{0}.

If we extend this notation for the factorial of a polynomial p(z) in C[z] as

[p(2)]7 = p(2)Dgp(2) - -- Dy~ 'p(z),

where ¢ € C\{0,1}. What about the existence of polynomial solutions to a Jackson difference

Fermat equations such as

[P1(2)]7 + [p2(2)]5 + - + [pm (DT = [Pt (2)]5?
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