Chinese Annals of

Chin. Ann. Math. Ser. B

43(3), 2022, 417-424 4 ]

DOT: 10.1007/s11401-022-0332-7 Mathematics, Series B
© The Editorial Office of CAM and

Springer-Verlag Berlin Heidelberg 2022

On a Supercongruence Conjecture of Z.-W. Sun*
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Abstract In this paper, the author partly proves a supercongruence conjectured by Z.-W.
Sun in 2013. Let p be an odd prime and let a € Z*. Then, if p=1 (mod 3),

L%paj (Qk)

Z ﬁ = (I%) (mod p?)

is obtained, where (—) is the Jacobi symbol.
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1 Introduction

In the past years, congruences for sums of binomial coefficients have attracted the attention

of many researchers (see, for instance, [1, 3-4, 6, 10, 12, 16-17, 19]). In 2011, Sun [17] proved

that for any odd prime p and a € ZT,
a

p—1
2k
Z = (p_) (mod p?).
k 3
k=0
Recently, Liu and Petrov [7] showed some congruences on sums of g-binomial coefficients.

Pan and Sun [13] proved that for any prime p=1 (mod 4) or 1 < a € Z™*,
L%PQJ (2k)

(—4)*

2
(—a) (mod p?).
k=0 p
In 2017, Mao and Sun [11] showed that for any prime p=1 (mod 4) or 1 < a € Z™,

(Qkk) = (;—al) (mod p?).
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In this paper, we partly prove Sun’s conjecture (see [15, Conjecture 1.2(i)]).
Theorem 1.1 Let p be an odd prime and let a € Zt. If p=1 (mod 3), then

L%PQJ (Qk)

Z # = (2%) (mod p?).

k=0

We shall prove Theorem 1.1 in Section 2. Our result is much interesting because of much

rarer are the examples where the upper limit of the sum is strictly between ”2;1 and p— 1, and
these congruences are much more difficult to handle.

2 Proof of Theorem 1.1

Lemma 2.1 (see [5]) For any prime p > 3, we have the following congruences modulo p

3 3
Higy=-2¢,(2), Hizj=-350%0), Hizj=-2¢(2)-560)

Proof of Theorem 1.1 In view of (1.1), we just need to verify that

—_
=R
T [—r

=0 (mod p?). (2.1)
k= Pa;rl

Let k and I be positive integers with k41 =p® and 0 <1 < %. In view of [13], we have

120\ (20— 1) .
5<l>:m§é0(modp) (2.2)
and
Zk) W (=112 2p” 2
(k -1 13
So we have
Lgp")  (2k L&p"] iyt k
—op@ —Ip® 6
(1—22 - @k = 165 mfa >, (medp?).
Nt w0 = B(T) et i)
It is easy to see that for k =1,2, - 7pa2_15
pa{l) (pa271) k=1 p*—1 . k—1 a
(7 Nk ) =] H 12 =1 (mod
2% - 1, 1 s 1 B p)' (2.4)
(—Z))k ) =0 24 o ( 20+ 1)
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Thus, by (2.1) we only need to show that

P“;?’ _4k
ot 3 L =6 modp)
ez (7 )

Now we set

then we only need to prove that

n—1 k
a 1 )\

=0 (modp).

k:m
Setting n = n — 1 in the last equation of page 3 in [18], we have

n—1l—m Am_,_k n—1l—-m—=k (_1)i(n—1—m—k)

n—1
2 - Z O+ DR 2 mid

k=m ; =0 i=0
A—i‘l k+1
A+1"+1Z k+1

It is easy to check that foreach 0 < k<n—1—-—m

T 1 —m—k (—1)¢
1 m-+i-+1

1n—1—-m—k e - .
= / (n L o k) (—x)'z™dx
0 = 7

1
= / (1 —z)" 1R = Bm +1,n —m — k),
0

419

(2.5)

where B(P, Q) stands for the beta function. It is well known that the beta function relates to

gamma function:

r(PIrQ)

BEO=5mrg)

So

Blm+1,n—m—k) = LT U =m=k)

F'n—k+1)
~mln—m—Fk—1)!
B (n—k)!

1

(m + 1) (m+1)
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Therefore
n—1 /\k "‘ijm )\m+k Z )\ 4 1 k+1
n—k n+1
k=m \ k k=0 )‘+1k+1( ) /\+1 " k+1
n " A=k nA" LA+
= 2 + 2
n— k n+1
m+1 k=m+1 (A+1) ik (m+1) (A+1)m* k=m+1 k

nA™ (/\m ~ (/\+1)k+ 2”: (/\+1)k).

T O Unt 1 Ne(F )

k=m+1 m+1

Hence, by (2.6), we just need to show that

n

. k
pol A Z A+ 1" = _po-! Z (A+1) (mod p). (2.7)

m+1 k= )\k (m+1) k=m+1

It is obvious that

where

Jj=m-+1 k=j (mﬁ-l)7
w1 ()
¢ = . J
2,2, 0
By the following transformation
() Kt DIk —m -1 (mt Dk —m -G —m 1) _ (T
(o g1k — J)tk! k= DI —m —1)! ERR
we have

[ R (o) I = kj—m—1
DN N I z( )

=j j=m+1

=

In view of [2, (1.48)], we have

and it is easy to check that

(Zm) _ (n—m)m+ DI —m -1 _nt1 (})

(mi-l) Jin—H 7 —m)! _j_m(:zill).
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Thus

_n+1 - (?)
By 2 (j—

() 2 G =m0

Now we calculate €. First we have the following transformation

B R+ Dk-m-1)  m+Dk-m—Dm—j+1 (")

(m'il)_ Ik —j)'k! B 1k — D m—j+1)! _(mli;il)'
Hence,

N~ (mHly 1 1 & (mA) 1

Q_JZ_;( i )(‘4)jk_zml (%) Z;( j > 2:: kjnmjilﬂ)

With the help of package Sigma (see [14]), we find the following identity:

1 i N+1
2 T G0y

k=0 i

which can be easily proved by induction on N.

Substituting N =n —m — 1,7 =m + 1 — j into the above identity, we have

m—1

m+1 m+1—j n—m . Ly
€= J_0< > 4)j( m—j (m_j)(nj;j_l))ﬂ +1)( 4) ;k'
It is easy to check that
=m)(")  m+Dn-mlm+1-j)  (m+Dn-m) +1)(})
("l d=)me1-5t  Jle—-H)t (2T
Therefore
Z(m—Fl)mX_:l () .—n+1mz:1 n) +(m+1)(—1)mn_ml.
=0 (m —5)(=4)’ (::rll =0 —4) Yook
Hence

That is
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One can easily check that

1n— 19 _ (_a.n
= —3/ (—3z)*de = —3/ 1= (=3a)"
0 0 143z

4;: <Z> (1) 'dy

= 3/01 g: (Z) (—1)F(1 + 32)*'dz = /1
-2 (e

and (the following identity can be found in [2])

B[ E Qe[

1n—1 —
__/0 Z_:ykdy_ Zk+1

These yield that

dx

)" —1

1
_ n_q

7dx:/y d
€ o 1—y

"1
2

YL oy o (n + Ha.
k=1 k=1 k=1
Replacing n by m in the above equation, we have
m k_ m VLY m—1
pt k —\i/) = \J /) (m=j)(=4)
Hence .
i(xﬂ)k:(_@mm‘ G oy
2k 2 =) (—4y
So

G.-S. Mao

(2.9)

(2.10)
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Since p =1 (mod 3), by [8, Lemma 17(2)], we have

<:L) # 0 (modp).

These, with (2.7)—(2.10) yield that we only need to prove the following congruence:

pt! Z ) Gy = 0 (mod p). (2.11)
:0

Now n = 2L m = pa—_l, so, by Fermat’s little theorem we have

2 0 6

n n pa_1 n n _4j
P 12 ) T = _3(—1)"7 po! Z (3)(7) (mod p).

pard (—4) = 37+1
m Jj#En—m

S,

There are only the items 35 + 1 = p*~1(3k + 1) with k =0,1,-- -, % and k # p—gl, so, by [9,

Theorem 1.2] and Lucas congruence, we have

p—1 a—1, po 11
n n p—1 i 4)kp + k
a—1 (]) o p®—1 2 ( pa— 1+p 1 1)(
— = —3(—1) 2
P G = T i1
zm KA
a—1 —1 p—1
_ e e (Y () v EYE
= 3(-1) T (—4)" <k )(pal_l > T =0 (modp)
3 k=0
s

Therefore the proof of Theorem 1.1 is complete.

Acknowledgement The author would like to thank the anonymous referees for helpful

comments.
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