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Abstract In this paper, the authors introduce a new effective method to compute the
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1 Introduction

Let S be the sphere spectrum localized at an odd prime p and A be the mod p Steenrod
algebra. To determine the stable homotopy groups of spheres 7,5 is one of the central problems
in homotopy theory. Up to now, several methods have been found to approach it. For example,
we have the classical Adams spectral sequence (ASS for short) (see [1]) Ext%'(Z,, Z,) based on
the Eilenberg-Maclane spectrum K Z,, whose E»-term is the cohomology of .A. Thus in order to
compute the stable homotopy groups of spheres with the classical ASS, we need to compute the
E>-term of the Adams spectral sequence. We also have the Adams-Novikov spectral sequence
(ANSS for short) (see [1, 11]) based on the Brown-Peterson spectrum BP.

From [8], we know that Ext"(Z,, Z,) has Z,-basis consisting of ag € Ext';'(Z,,Z,), h; €
Exti{plq(Zp, Zy) for all i > 0 and Ext%*(Z,, Z,) has Z,-basis consisting of as, aZ, agh; (i > 0),
gi (1>0), k; (i >0),b; (i >0)and h;h; (j > i+ 2,79 > 0) whose internal degrees are 2¢q + 1,
2, plg+ 1, q(pt 4+ 2p?), q(2p'T! + pt), p'tlq and q(p’ + p?), respectively. Aikawa [2] gave the
generators of Exti{*(Zp, Zyp) for p > 2.

Let ¢ =2(p—1) and M be the mod p Moore spectrum given by the cofibration

[N LN YN 57 ) (1.1)

Manuscript received January 7, 2020. Revised December 27, 2021.

IDepartment of Mathematics, Yanbian University, Yanji 133002, Jilin, China.

E-mail: Inzhong@ybu.edu.cn
2Sino-European Institute of Aviation Engineering, Civil Aviation University of China, Tianjin 300300,
China. E-mail: 39919203@qq.com
3Corresponding author. School of Mathematical Sciences, South China Normal University, Guangzhou
510631, China. E-mail: zhaohao@scnu.edu.cn
*This work was supported by the National Natural Science Foundation of China (Nos.12001474,
12171165), Guangdong Natural Science Foundation (Nos.2020A1515011008, 2021A1515010374)
and the “13th Five-Year” Science and Technology Project of Jilin Department of Education
(No. JJKH20200508KJ).



460 L. N. Zhong, J. G. Hong and H. Zhao
Let a: >, M — M be the Adams map and V(1) be its cofibre given by the cofibration
SIM %5 M - V(1) L netig (1.2)
Let V(2) be the cofibre of 8 : 3>PT9 V(1) = V(1) given by the cofibration
ne+Day (1) 25 V(1) 22 v(2) 2 nerDarty (), (1.3)
Let V(3) be the cofibre of 7 : Z(p2+p+l)q V(2) — V(2) given by the cofibration
220Dy 2) 25 v(2) 425 v(3) L w2’y (2). (1.4)
Especially, the composite
S+P _y 5 +Day (1) 25 Y (1) - DM — D728 (1.5)

is 1 € mpg—2S. In [3], Cohen showed that hob,—1 survives to Eo in the Adams spectral
sequence and converges to a non-trivial element (,, € mpng44—3S5. By the method of ANSS, Lee
[4] showed that S77"¢, is a non-trivial element of 7%S for n > 1, i.e., b5~ "hob,, is a permanent
cycle in the Adams spectral sequence and converges non-trivially to 87 “hoby,.

For s > 1, we define the a-element oy = joa®ip € msq—1.5, the S-element By = joj18%i170 €
7Tq(sp+(s_1))_23 and the y-element v4 = joj1j27°% 121100 € 7Tq(sp2+(s_1)p+(s_2))_33. In [13], it was
shown that these three families of elements are represented by the n-th Greek letter elements
aﬁ") in the Adams spectral sequence, where aﬁ") is

ol =TAT A ATy AJ € BxtH (Zy, Zy), (1.6)

S

where A denotes the Yoneda product and i = 1] ]1 € Extg{*(E(n—l), Zp), 7 =Qo-Qu_1] ]l €
Exti{* (Zy, E(n — 1)). By sending aé”’ back to the Fj-term of the May spectral sequence, we
see that

(n) s! s—n
al™ = = n)'a” P obn—11 P11, (1.7)

Where(sf—!n)!géOfors;‘éO,l,--- ,n—1 (mod p).
(n)

Based on the above results, we should naturally ask that whether the product element a5 "z
for some z € Ext’;"(Zy, Z,) converges to a nontrivial element of 7,.S or not. In [12], it was shown
that the product Bshobn_l (n>2,2<s<p-1)is apermanent cycle in the Adams spectral
sequence and converges to a nontrivial element of order p in 7,.S. In [13], Wang-Zheng verified
the convergences ofgshohn (p>5,2<s<p-1,n>2)and Yshoh, (p > 7,3 <s<p—1,n>3).
Recently, in [5-6], Liu verified the convergences of Bshohnbo (p>3,n>31<s<p-—2)and
Fshohnbo (p > T7,n > 4,3 < s < p—2). In order to detect more nontrivial product elements in
.S, we will apply a more effective computation method to generalize the corresponding results
in [5-7, 13-14] to obtain four families of nontrivial homotopy elements in 7,.S. Our main results
are stated as follows.

Theorem 1.1 (1) Let p > 5,k > 0,n > 3 and s > 1. Then Eshohnblg B<s+2k+2<p)
and Bshobn_1bE (4 < s+ 2k +3 < p) are permanent cycles in the Adams spectral sequence and
converge to nontrivial elements in m,S.
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(2) Let p > T,k > 0,n > 4 and s > 2. Then Fshoh,bk (4 < s+ 2k +2 < p) and
Fshobn_1bf (5 < s+ 2k + 3 < p) are permanent cycles in the Adams spectral sequence and
converge to nontrivial elements in 7,S.

This paper is organized as follows. In Section 2, after recalling some knowledge on the May
spectral sequence, we introduce a better method which is used to compute the generators of
FE;-term of the May spectral sequence. Then in Section 3, we use this method to give some
important results on Ext-groups which are then applied to give the proof of our main Theorem
1.1.

2 Detecting Generators in E;-Term of MSS

It is well known that the most successful method for computing Exti{* (Z,,Z,) is the May
spectral sequences. Let A, denote the dual algebra of mod p Steenrod algebra .A. Milnor [10]
showed that, as a Hopf algebra

A* :P[€17£27"']®E[T03Tla"']7

where P[] is the polynomial algebra and E| | is the exterior algebra. The secondary degrees
of & and 7; are 2(p’ — 1) and 2(p® — 1) + 1, respectively. The coproduct A: A, — A, ® A, is
given by

n—1

Al) =a®1+1086 + > & 06
i=1
and
n—1 )
Altp) =1 @1+10 7, + ng—i X 7.
i=0

Let ¢: A, — Z/p be the argumentation homomorphism and A, =Ker ¢ which is called the
argumentation ideal of A,. It then follows a bigraded cochain complex (C**(H*S),d) =
(C**(Z/p),d), where C**(Z/p) is the cobar construction with s-filtration

C**(Z/p) = A ® - ® A,

S

and the differential d: C**(Z/p) — C*T14(Z/p) is given by

dar @ @a)=> (1)o@ @A) -l -10m) @ Qa,  (21)
=1

where A(i) is the total degree of a; @ --- ® «, if Aloy) —; ®1—1® oy = Sa; @ a; (refer to
7 141 7 k3 k3 k3
[9]). For example, we have differentials d(¢ ) = &7 e € and d(&F) = 267 @ €.
According to the above statements, the cohomology of C**(Z/p) is

H*>'(C**(Z/p),d) = Ext}{'(Z/p,Z/p),
which is the Es-term of the ASS. From [8] we know that

a ={r}t, h={&"}, @w={260n+&3n}
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T N N O
b = {pf (f) [p(&@ " 0 e}

Jj=1

are generators of Exti{t(Z/p, Z/p).
Based on [11, Theorem 3.2.5], we can set a May filtration on A. by letting M(r;—1) =
Mg J) = 2¢ — 1. It induces a corresponding filtration

FOCFlCc...cFM-1CcFMC...C A,. (2.2)
It was shown that for the associated bigraded Hopf algebra
E°A, = EPFEM /FM,
there is an isomorphism
E°A. = Elrli > 0] @ T[¢ 31i > 0,5 > 0],

where T'[ | denotes the truncated polynomial algebra of height p on the indicated generators,
7; and &; ; are the projections of 7; and &’ L, respectively. Applying the filtration (2.2) to the
cobar construction C**(Z/p), we obtain a filtration

F*’*’O g F*7*71 g L g F*7*7M—1 g F*’*’M g . g 0*7*(2/]?) (23)

It follows an tri-graded exact couple which induces the so-called May spectral sequence (MSS
for short)
(B3t M d,} — Ext’;"(Z/p, Z/p),

where d,.: E30M — pstLHM=r g the rth differential of the MSS. Since the MSS converges to
the Fs-term of the ASS, the nontriviality of the elements in Ext’;"(Z/p,Z/p) is equivalent to
showing that its representation in the MSS is an infinite cycle.

The Ep-term of the MSS is C**(E°A,) = @F**M/F**M) and the Ej-term E; =
H*(EyA,,do) is isomorphic to

Elhij|i > 0,5 2 0] @ Plbs;li > 0,5 = 0] @ Plag|i > 0],

where v , _ _
1,2(p'—1)p’,2i—1 2,2(p' —=1)p’ 1 ,p(2i—1)
hi7j S El s bi7j S El

and v
1,2(p' —1)+1,2i+1
a; € By (p )+’l+.

In the filtrated cobar complexes, h; j, b; ; and a; are represented by

) p—1 ) )
£ (0) e el

k=1

respectively. It is known that the generators hi;, bi; and ao converge to h;, b;, ag €
Extj"*(Z/ p,Z/p), respectively. In the May spectral sequence, one has the r-th May differentail

dr(zy) = dr(z)y + (=1)"2d,(y)
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s,t,M st M’ : : : :
for x € EZ"* and y € EZ" > | The first May differential d; is given by

di(hij) = Z hiekkviheg, di(a;) = Z hi—gkak, di(bi;)=0.

0<k<i 0<k<i
There exists the graded commutativity in the F;-term of MSS:
Ty = (—1)(S+t)(s,+t,)y cx forze EYY andy € Els/’t/’*.

For each element x € Ef’t’M, we define dim x = s, deg = t. Then we have

dlm hi,j = dlm a; = 1,d1H1 bi,j = 27
deg hi; =2(p' = 1)p? = q(p™*/ 1 + - 4 p),

deg bij = 2(p' — p/™! = q(p"* + - + /1), (24)
degai:2pz—1zq(pz_l—i—----i-l)—f-l,
deg ap =1,

where ¢ > 1, 7 > 0.
In the follows, we introduce a new method to compute the generators of the Fj-term of
MSS. According to [15], we denote a;, h; ; and b; ; by x,y and z, respectively. By the graded

*, kK

commutativity of E]""", we consider a generator

g=(z1, ) (Y1, oY) (21, -, z) € BYTTELIDS

3

where t = (g +e1p+ -+ +C,p")g with 0 < <p (¢, >0),0<b<q.
We define the polynomial algebra

EP** = Plhijli > 0,7 > 0] @ Plbijli > 0, > 0] @ Plag|i > 0].

Then there is the obvious identification E}™** = Ef™**/ (h?;). Furthermore, if b; ; is replaced

by h; j+1, then we get
Fl*’*’* = P[CL1|Z > 0] ® P[h1,3|l > 0,] > 0]

By the graded commutativity of """, we can consider a generator

g = (1’1, e 7xb)(y17 e 7ym) S F]{)+m7t+by*7

where t = (o +C1p+ -+ +Epp")g with 0 < ¢ < p (¢, > 0),0 < b < q. Note that the degrees
of z; and y; can be uniquely expressed as:

deg x; = q(i0 +xiip+ -+ xinp") + 1,
deg yi = q(yi,0 + yi1p + -+ yind").-
Then the generator g determines a matrix

A B

Ti0 0 Tbo | Y10 0 Ym0 Co

11 oo Tual | Y11 0 YUmid C1
. . . (2.5)

Tin Tbn | Yim - Ym,n Cn,
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%

. o . HH
where (2,0, i1, ,%in)is of the form (1,---,1,0,---,0) and the transposition (1,---,1,0, -,
0)T represents a; in part A. Meanwhile, (y;.0,¥i1, " »¥in) is of the form (0,---,0,1,---,1,0,
i .
-,0) and (0,---,0,1,---,1,0,---,0)7 represents h; ; in part B.

kK

By the graded commutativity of F;"™", matrix (2.5) can always be transformed into a new

one by the interchange of columns in part A and B respectively, and the entries z; j, y; ; in the
new matrix satisfy the following conditions:

(1) 1 > @5 > -+ > apj,Tip > Ti1 > Ty for i < band j < n.

(2) If y; j—1 =0 and y; ; = 1, then for all k < j,y; 1 = 0.

(3) If y; ; =1 and y; j+1 = 0, then for all k > j,y;, = 0. (2.6)
(4) Y10 > Y20 > == > Ym.0-

(5) I Y0 = Yit1,00Yi,1 = Yit1,1, " > Yij = Yit1,5> then ¥ i1 > Yigr j41-

By the properties of the p-adic number and the reason of the second degree, we have the
following equations

T1,0+ -+ oo+ Y10+ F Ymo =Co + Mip = Co
Ti1+ Tyt Ym1 =C— AL+ Aap = ¢

: (2.7)
Tin a1+t +Ton1+Yin1+  FVUnn1=Cr1— A1+ D =Cn1,
xl,n+"'+xb7n+y1,n+"'+ym,n:En_/\n:Cn7
where \; > 0, the integer sequence ¢ = (¢o,c1,- - , ¢, ) is determined by (¢o,¢1, -+ ,¢,) and the
carry sequence A = (A, Ag, -, \p).
We want to get the solutions of (2.7) which satisfy the conditions (2.6). Unfortunately,

Ei)+m,t+b7*

the matrix solutions do not always detect generators of . In order to achieve our

object, we introduce the following diagram which shows our manipulation during computing
the generators of E1-term:

b+
Fl

1 1
Frem % / N o \
£y

where *; denotes the resolution h;; — h;—k jtrhi; and a; — a;—jh;;—;, *2 denotes the

Fy, (2.8)

replacement h; j41 — b, k>0, m < s —b.

From the discussion above, the determination of E}’ t+byx

is reduced to the following steps:
S1: Express & a by the p-adic number, and then ¢t = (¢ +C1p+ - - - + €,p")g.
S2: List up all the possibles of sequence A in the corresponding sequence c.
S3: For each sequence ¢, we can solve (2.7) which satisfy the conditions (2.6). Thus, we get

all generators of FLTm-H0
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S4: Through replacement h; j+1 — b; ; and resolution

hij = hi-kjirhe; or ai— ai—jhj,—;j,

t+b
we can get all generators of E{*T"*,

In what follows, we will apply the above method to compute the generators of certain Fi-
terms of MSS. For convenience, we write t; = p"q + (s + k)pq + sq and to = p"q + sp*q + (s +
k—1)pg+ (s — 1)qg with k > 0.

Proposition 2.1 Let p > 5 and n > 3. Then we have
(1) fors>1,3<s+2k+2<pandl <r <s+2k+2, there is

Ef+2k+2—r7t1+(S—2)—(T—1)7* —=0;

(2) fors>1,4<s+2k+3<pandl <r < s+ 2k+ 3, there is

g2kttt -2 _ | Zp{as Phoohiihiohiablo}, =1,
! 0, others.

Proof (1) Consider the generator g € Ef+2k+2_r’t1+(S_2)_(T_l)’* for 1 <r < s+2k+ 2,

where t1 = p"q + (s + k)pg + sq with
(507"' 7571) = (575+k707"' 5071)'

Then we have dim g =s+2k+2—r and deg g =1t + (s —r — 1).

Ifs—1<r<s+2k+2 then s —r—1<0. So there are at least (s —r — 14 ¢) a;s in g,
by the reason of dimension, this is impossible. Now, we can assume that 1 < r < s — 1, which
follows s —r —1 > 0.

Since s+2k+2—1r < s—r—1+¢, the number of x; in g is (s—r—1). Consider the generator
g =121 Ts—p_1Y1 - Ym. From (2.7), one easily gets that the sequence A = (A1, Aa, -+, \p)
equals (0,0,---,0) and the corresponding ¢ = (s,s + k,0,---,1).

Case 1.1 r = 1. Solve (2.7) by virtue of (2.6), we get the following matrix:

s—2 s+k
1 111 1 0 0 0 0 S
1 111 1 1 1 1 0 s+k
0 0/0 0 O 00 0] O
0 010 0 O 0O 0 O 0
O --- 0|0 O O --- 0 0 O0] O
o -+ 0|0 O O --- 0 0 1 1.

Fls+k+1’t1+(s_2)’*. By the replacement h¥, —

s+2k+1,t1+(s—2),%
1 .

It detects the generator a§_2hg,oh2,oh’fﬁlh1,n S

bk, we get the generator a3 >ha gha,obf ghi1,,, which is zero for h3, = 0 in E
Case 1.2 r > 2. Similar to Case 1.1, we detect the generator

—r—1 1.k s+k+1,t1+(s—2),%
ay " rhy g hyhag € Fy e
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By the replacement k¥, — bk, we get the generator ag_r_lhgjélb’iohlm, which is zero due to
h%)o —0in Els+2k+1,t1+(s—2),*'

Combining Cases 1.1 and 1.2 gives the desired result.
(2) Similar to (1), we consider the generator

k43—t —r—1),
g:xl"'xs—r—lyl"'ymEEf+ F3mmtit(a—r =)«

for 1 <r < s+ 2k+ 2, where t; = p"q+ (s + k)pg + sq with
(607"' 7En):(878+k707"' 7071)'

Then we have dim g = s+ 2k +3 —r and deg g =t; + (s — r — 1). From (2.7), one can easily
get the carry sequence
A= (Ala)\27"' 7)\71) = (0707 70)

and correspondingly ¢ = (s,s + k,0,---,0).

Case 2.1 r = 1. Solve (2.7) by virtue of (2.6), we get the generator
a3 2haphaohf by, € FyTEFHITIT2,
By the resolution hog — h1,1h1,0, we get the generator
a§_2h270h170h1fj1h17n c F18+k+27t1+s—2,*.
By the replacement h’fjl — b’f)o, we get the generator

5—2 k S+2k+2,t1+5—2,%
Qs h2,0h1,0h1,1b1,0h1,n S El ! .

Case 2.2 r > 2. Similar to Case 2.1, we detect the generator ag_r_lhgfglh’f,lhl,n €
Ff+k+17t1+(s_2)’*. By the replacement hf, — b5, and hao — hi1hio, we get the genera-
tor aS_T_lhaOhLlh170b7f70h17n, which is zero for h3 5 = 0 in Ef+2k+2’t1+(5_2)’*.

Combining Case 2.1 with Case 2.2 gives the desired result.

Proposition 2.2 Let p > 7,n >4 and s > 2. Then we have
(1) ford<s+2k+2<pandl <r<s+2k+2, there is

Es+2k+2—r,t2+(s—3)—(r—l),* _ Zp{&§_3h3,0h2,1h1,2h1,1h1,0h1,nb]f761}7 r=1
! 0, others.

(2) for5<s+2k+3<pandl <r<s+2k+3, there is

T2k (s=8)—(r—1)x _ Zp{a3 °hsoha1highiohinbf o}, 7 =1;
! 0, others,

Proof (1) Consider the generator g € F5 22l (=r=2)x 5 1 < < 54 9k + 2. Then

we have
(Co,- ,0n)=(s—1,s+k—1,50,---,0,1).

Meanwhile, we have dim g = s + 2k + 2 — r and deg g = t2 + (s — r — 2). One can easily get
s—r—22>0.
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Since s + 2k +2 —r < s —r — 2 + ¢, the number of z; in g is (s —r — 2). Thus we
can consider the generator g = @1 -+ Ts—p_2y1 - Ym. From (2.7), we get the carry sequence
A= (A1, A2, ,An) =(0,0,---,0) and the corresponding c = (s —1,s+k —1,s,0,---,1).

Case 1.1 r = 1. Solving (2.7) by virtue of (2.6) deduces three possible k—1 rows as follows:

s—3 s+k—1
1-.--11--111/210000---00---0\ s—1
1---117+.1112711111---11---1 s+k—1
1 - 11-.--111/211000---00---0 s o (1)
1---117.--110(1211100-:--020---0 - (2)
1.-.11.-100/211110---00---0 - (3)
1---10-.--00606(2110111--10---0 ---(k—l).

If we choose (1) as the third row, then we obtain the following matrix:

s—3 s+ k
1 1{1 1 0 O 0 0 O s—1
1 171 1 1 1 1 1 0 s+k—1
1 111 1 1 0 0 0 O s
0 0/]0 0 0 O 0 0 O 0
0 0|0 0 0 O 0 0 O 0
0 0|0 0 0 O 0 0 1 1

It detects the generator
a§_3h370h3,0h2,1h7f7_11h1,n S Fls+k’t2+(s_3)7*.
By the resolution hs o — hi2h2, we get the generator
_ _ k+1,t —3),%
a§ 3h3_’0h2_’1h2_’0h1_’2h11€_’11hl_’n S F13+ +lt2+(s=3) .
By the replacement h]f)_ll — b]f)Bl, we get the generator
a§_3h310h2_’1h2_,0h1_,2h1_,nb]f51 S Fls+2k7t2+(s_3)7*.
By the resolution ho g — h1,1h1,9, we get the generator
a§_3h3,0h2,1h1,1h1,0h1,2h1,nb1f51 € Ef+2k+l’t2+(s_3)’*.

If we choose (2) as the third row, then we get the following matrix:

s—3 s+k
1 --- 1 111 1 0 0 O 0 0 s—1
1 --- 1 111 1 1 1 1 1 0 s+k—1
1 .-~ 1 01 1 1 1 0 0 0 S
0O --- 0 0|0 O O 0 O 0 0 0
0 0O 0|0 O O 0 O 0 0 0
0 0O 0|0 O O O O 0 1 1
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It detects the generator
ag_?’h370h310h270h210h1f1_12h1_’n S Ff+k7t2+(s_3)’*.
By the resolution ho g — hi,1h1 o and hz o — ho,1h1,0 or hi2hs o, we get the generator
a§_3h370h271h270h]f7_11h1,0h1,0h1,n € F15+k+2’t2+(5_3)’*

and
-3 2 k—1 s+k+2,t2+(5—3),*
a3~ "haohsghi2hiy hiohi,, € Fy e

which are both zeroes due to h?, = 0 and h3, = 0 in TR g such g s

impossible to exist.
Similarly, if we choose (3)—(k-1) as the third row, respectively, it is easy to know that g does
not exist either. ,
s—r—
Case 1.2 r > 2. Since >, x; <s—r—2<s—4<7¢ =s— 1, the first equation of (2.7)
i=1
has no solution. Thus such g is impossible to exist.

Combining Cases 1.1 and 1.2 gives the desired result.

(2) Consider the generator g € E; 2R3l (s=r=20% g ) <1 < 54 9k + 2. Then we have

(o, ,Cn)=(s—1,s+k—1,50,---,0,1). Meanwhile, there is dim g = s + 2k +3 — r and
deg g =ta+(s—r—2) with s—r—2>0. Since s+2k+3—r < s —r—2+q, we know that the
number of z; in g is (s —r — 2), thus we can consider the generator g = o1+ Zs—r—2Y1 *** Y-
From (2.7), one easily gets the carry sequence A\ = (A1, A2, -+, \,) = (0,0,---,0) and the
corresponding ¢ = (s — 1, s + k — 1,5,0,--- ,1).

Case 2.1 r = 1. Similar to Case 1.1 in Proposition 2.2(1), solving (2.7) by virtue of (2.6)
follows the generator
a§_3h370h370h271h’f31h17n S Fls+k’t2+(s_3)’*.

By the resolution hs o — hi1,2hoo — hi,1h1,0h1,2, we get the generator
— k—+2,t —3),%
a§ >hsoh2,1h2h1 ohf 1han € FHT e

By the replacement hf ; — bf o, we get the generator

_3 k s+2k+2,t24(s—3),*
a; h3,0h2,1h1,2h1,0h1,nb170EEl e ) :

s—r—2
Case 2.2 >2. Since >, x; <s—r—2<s—4<7¢ =s— 1, the first equation of (2.7)
=1

1=
has no solution. Thus such g does not exist.
Combining Case 2.1 with Case 2.2 gives the desired result.

3 Proof of Theorem 1.1

In this section, we give some results on Ext-groups which will be used in the proof of the
main theorem. For simplicity, we still let t; = p"q + (s + k)pq + sq and to = p"q + sp?q + (s +
k—1)pq + (s — 1)qg with k > 0.
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Lemma 3.1 Letp >5,n>3 and s > 1. Then we have

(1) when 3 < s+2k+2 < p, then Extf4+2k+2 tt(e=2) (Zy,Z,) contains one nonzero element
hohnbk B, and Exts+2k+2 miH(e=2)=(r= 1)(Z Z,) becomes trivial for r > 2;

(2) when 4 < s+ 2k+3 < p, then Ex ts+2k+3 f1H(e=2) (Z,,Z,) contains one nonzero element
hoby— 1boﬁS and Ex ts+2k+3 mt(s=2) = (r= (Zp,Z ) becomes trivial for r > 2.

Proof (1) It is known that hq g, h1,n(n > 0), 51,07 (Sf—g)!as_zhgohm € E™" are permanent
cocycles and converge nontrivially to ho, h,(n > 0), b5 and Bs € Ext’;"(Zy, Zy), respectively. Tt
follows that |

hl,ohl,nb]f . s! &§_2h2,0h1,1 c Ef+2k+27t1+(8_2)7*

P(s—2)!

is a permanent cocycle in the May spectral sequence and converges to
hohnblBs € Ext 220727, 7).

According to Proposition 2.1(1), we have

Es+2k+1,t1+(s—2),* -0
1 — Y
which follows EST2kH1ti+(=2)% 4o trivial for > 1. Thus the permanent cycle

|
K S -2 2k+2,t —-2),
hl,Ohl,nbl 07&3 h2,0h1,1 S Eﬁ—i_ T2t14+(5-2),%

P(s—2)!

cannot be hit by any differential in the May spectral sequence. Thus
h()hnbggs % = Eth4+2k+27t1+(S_2) (Z ,Z )

s+2k+2—rt14+(s—2)—(r—1),x

When r > 2, by Proposition 2.1(1), we see that Ej is trivial. It

follows that
s+2k r s—
Ext? +2k+2—rt1+(s—2)—(r— )(ijzp) -0

(2) In the May spectral sequence h1 0, b1,n—1, b1 07 7 ,a,2 2hs oh11 € E"™" are permanent

cocycles and converge nontrivially to hg, b,_1, bs, ﬁs € Ext " (Zy, L) for n > 0, respectively. It
follows that

|
k S -2 s+2k+3,t1 +(5—2), %
hl,()bl,n—lbl)oi(s — 2)'0:3 h2,0h1,1 S El 1 )

is a permanent cocycle in the May spectral sequence and converges to

hobn_1bEBs € Ext®F2F 302z 7.

According to Proposition 2.1(2), Ef+2k+2’t1+(s_2)’* contains one generator

—2 k
ay” “haohioh11b7 ghi .

Since
dr(a§_2h2,0h1)0h1)1b]f)0h1)n) =0 forr Z 1,

the permanent cocycle hl,obl,n_lb’f)o(Sf—;)!a:}_zhz,ohl,l € E3t2k+2%% does not bound in the

May spectral sequence. It follows that hgb,,_1b% is nonzero in the Ext? 2k 30 +s=2) (Zy,Zp).

When r > 2, by Proposition 2.1(2), we see that ES+2k+3 P =D G rivial, Tt

follows that
Ex ts+2k+3 it +(s—2)—(r— )(Z Z,) = 0.
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Lemma 3.2 Letp >7,n >4 and s > 2. Then we have

(1) when 4 < s+2k+2 < p, then Ext8+2]’C+2 tH(s=9) (Zy,Z,) contains one nonzero element
hohnbf7s and Eth+2k+2 it (s=3)=(r= 1)(Z Zy) becomes trivial for r > 2;

(2) when 5 < s+ 2k +3 < p, then Ex ts+2k+3 fH(s—3) (Zyp,Zy)
hobn_1bF7s and Ext8+2k+3 rii1 (s =8)=(r=

contains one nonzero element
2y, Zy) becomes trivial for r > 2.

Proof (1) It is known that hi1 9, hin(n > 0), bk 0 T 3 hg oh2,1h12 € E7™" are per-
manent cocycles and converge nontrivially to hg, hy,(n > O), bk and 7, € Ext’ A “(Zp,Zy), respec-
tively. It follows that

s!
hi Ohl nbl 0( 3)' h3 th 1h1 2 € E*’*’*

is a permanent cocycle and converges to hoh,bf7ys € EX‘DZ*(ZP,ZP) in the May spectral se-
quence.
According to Proposition 2.2(1), there is one generator

“3hs.oha.1h12h1 1h1 0l nbl 0 € E5+2k+1 oto+(a=3)

Since
dr(ag_ghg,ohz1h1,2h1)1h1)0h1)nb]1€’61) = 0 fOI‘ T Z 1,

the permanent cocycle hiohi nbl 0T 3),0,3 h3,0h2,1h1,2 c E7§+2k+2,*,* does not bound in the
May spectral sequence. It follows that

hohnbfTs # 0 € Ext®T2F 2t e=3 g 7.

For r > 2, according to Proposition 2.2(1), we have

Ef+2k+2—r,t2+(s—3)—(r—1),* —0.

Thus
s+2k+2 rito+(s—3)— 7. 7

(2) In the May spectral sequence h1 g, b1 ,,—1(n > 0), b’f70, (Sf—g),ag—%g,ohg,lhl,z) € E] are
permanent cocycles and converge nontrivially to ho, b,—1(n > 0),b5 and 5, € Ext’{"(Zy,Z,),
respectively. It follows that

!
k S -3 k¥
hl,Obl,n—lbLoFa h3oho,1h12 € B

3%

is a permanent cocycle and converges to hobn_lblgﬁs € Exti{*(Zp,Zp) in the May spectral
sequence.
According to Proposition 2.2(2), there is one generator

h3 Oh21h1 2h1 Ohl nb10 c Es+2k+3 to+(s— 3)*

Since
dr(a§_3hg,ohg,1h1,2h1,0h1,nb]f)0) =0 forr Z 1,
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the permanent cocycle h170b17n_1b’f70(Sf—g)!ag_3h3,oh2,1h1)2 S Ef+2k+3’*’* does not bound in the

May spectral sequence. It follows that
hobn—lbg:?s #0¢€ Extf4+2k+3’t2+(s_3) (Zp,Zp).

For r > 2, according to Proposition 2.2(2), we have

Ef+2k+3—r7t2+(s—3)—(7‘—1)7* —0.

Thus
Extf4+2k+3_r’t2+(s_3)_(T_l)(Zpa Z,) = 0.

In what follows, we give the proof of our main theorem.

Proof of Theorem 1.1 (1) It is well known that by € Exti{pq(Zp, Z,) is a permanent cycle
in the Adams spectral sequence and converges nontrivially to the f-element 51 = joji5i1ip €
Tpg—2S. From [3], (ig)«(hohy) € Extipanrq(H*M, Z,) is a permanent cycle in the Adams
spectral sequence and converges to a non-trivial element &, € mpng+q—2(M). Therefore the
following composite

k .
én 61 1

s
" atkpgtq—2—2k g M A

$-say (1) 29 s-setDatat2g

V(1)
is represented up to nonzero scalar by
.. nse . s+2k+2, 5—
(]0]16 1110)*(h0hn)b§ S EXtA+2 +2tit(s—2) (Zp,Zp)

in the Adams spectral sequence.
By using the Yoneda products, we know that the composite

(i170)

Exti* (Z:m Zp) Exti* (H*V(l), Zp) M) Exti*+s;l74+(s—l)q+(s—2) (Zp, Zp)

is a multiplication by
o s,s s—1 s—2
B, € EXt_A Pa+( Ja+( )(Zp, Zp).

Hence (joj1/3%i1i0)«(hohn)BY is represented by
hohnbfBs € Ext i F 20+ =2) 7, 7.

in the Adams spectral sequence.

Moreover, from Lemma 3.1(1) Extf4+2k+2_T’t1+(S_2)_(T_1)(Zp,Zp) =0 (r > 2), it follows
that highy, bk B, can not be hit by any differential in the Adams spectral sequence. Thus hghy, bk 3
survives non-trivially to a homotopy element of 7,.S.

Similarly, by the virtue of the convergence of hob,—1 (see [3]) and Lemma 3.1(1), we can
get that hob,_1b5 B; survives non-trivially to a homotopy element of 7, S.

(2) Consider the following composite

s

" atkpatg—2-2k g Enhl M 2 V(2) il E*S(P2+p+1)qv(2) J0I192 E*S(p2+p+1)q+(p+2)q+35

is represented up to nonzero scalar by

(jajoq1y izirio)s (hohn )bl € Ext 22024 0=8) 7, 7,
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in the Adams spectral sequence. By using the Yoneda products, we know that the composite

(i21140)

Xty (Zp, Zp) Exty” (H*V(1), Z,) 2200 ggoprtorar (- Dpat(o-2ato=3(z, g )

is a multiplication by ,
o € BxtP q+(s—1)pq+(s—2)q+s—3(Zp7Zp).

Hence the composite (joj127%i2i170)«(hohn)BY is represented by
hohnbl7s € Extiy F 2009z, 7,)

in the Adams spectral sequence.

Moreover, from Lemma 3.2(1) Ext’f** 2 nf2t6=2=0=Dz 7.5 — 0 (r > 2), it follows
that hoh,bE~s can not be hit by any differential in the Adams spectral sequence. Thus hoh,,b57s
survives non-trivially to a homotopy element of 7,.S.

By virtue of the convergence of hob,_1 (see [3]) and Lemma 3.2(2), we see that hob,,_1b57s
survives non-trivially to a homotopy element of 7,.S.
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