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Existence in the Large for Pressure-Gradient System*
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Abstract In this paper, the authors use Glimm scheme to study the global existence of
BV solutions to Cauchy problem of the pressure-gradient system with large initial data.
To this end, some important properties of the shock curves of the pressure-gradient sys-
tem in the Riemann invariant coordinate system and verify that the shock curves satisfy
Diperna’s conditions (see [Diperna, R. J., Existence in the large for quasilinear hyperbolic
conservation laws, Arch. Ration. Mech. Anal., 52(3), 1973, 244-257]) are studied. Then
they construct the approximate solution sequence through Glimm scheme. By establish-
ing accurate local interaction estimates, they prove the boundedness of the approximate
solution sequence and its total variation.
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1 Introduction

In this paper, we study the following pressure-gradient system

Ut +pw = 07
1 (1.1)
(b 50%),+ G =0

Here u = u(x,t), p = p(x,t) are velocity, pressure, respectively. For smooth solution, it can be
simplified as

Ut +pz = 07

We will study the Cauchy problem of (1.1) and the initial condition is given by
u(z,0) = uo(x), p(z,0) =po(x), —oo<z<-+o00. (1.3)
System (1.1) can be obtained from the following 1-dimensional Euler equations

Pt + (pu)m =0,
(pu)t + (pu® + p)z = 0,

1 2 1 2
(p(—u +e) + (pu(—u +e) +pu) =0
2 t 2 x
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by deleting the nonlinear convective terms, in the case of only considering the effect of differential
pressure (see [1, 9]). Here u = u(z,t), p = p(x,t), p = p(z,t) and e = e(x,t) represent speed,
pressure, density and internal energy, respectively. Pressure-gradient system is an important
model in the theoretical research of conservation law system. We will study the existence of
global BV solution to problem (1.1), (1.3) for large initial data.

In 1965, Glimm [7] used the method of random choice to establish the global existence of
weak solutions of the hyperbolic conservation law system for small initial data. For the general
system of conservation law

Uy+FU), =0, —oco<z<oo, t>0 (1.5)

satisfying Diperna’s conditions, Diperna [4] considered the existence of global solutions for a
class of nonlinear hyperbolic system by studying the shock curve described by the Riemann
invariants of (1.5) and proved the existence of weak solution to the Cauchy problem. In the
same year, Diperna [5] proved the existence of solutions for a class of quasi-linear hyperbolic
conservation laws system with large initial data. Ding et al. [3] proved the global existence of
solutions of p-system with v > 1 by using Glimm scheme for a special class of large initial data.
Li et. al. [8] gave the existence of global entropy solutions to the relativistic Euler equations
for a class of large initial data.
As a special and important system of conservation law, the following p-system

{“t —uz =0, (1.6)

ut +p(v)z =0
has been studied by many authors. The initial data is given by
v(z,0) =vo(x), wu(x,0)=mwuo(x). (1.7)
Here v is the specific volume, v = %, p is the density and wu is the velocity of the gas. p is the
pressure satisfying p(v) = f—:, where v > 1 is a constant. For the p-system with v = 1, Nishida

[10] proved the global existence of weak solutions to Cauchy problem via Glimm scheme for
large initial data. In 1973, Nishida and Smoller [11] used Glimm scheme to obtain the global
existence of solutions to problem (1.6)—(1.7) when

(v = 1) - TV{wo (), uo(z)}

is sufficiently small. Frid [6] presented a periodic version of Glimm scheme applicable to p-
system (for v = 1) and proved that the global BV solution always exists in L= N BVoc(RX Ry).
This result was further improved in [12].

For pressure-gradient system (1.1), Zhang and Sheng [15] studied the one-dimensional piston
problem of (1.1). Yang and Sheng [9] studied the interaction of a class of waves of the aero-
dynamic pressure-gradient system. Xu and Huang [13] studied global existence of shock front
solution to piston problem of pressure-gradient system. Ding [2] studied stability of rarefaction
wave to the 1-dimensional piston problem for the pressure-gradient system. Zhang et al. [16]
studied interactions between two rarefaction waves for the pressure-gradient system.

In this paper, we use Glimm scheme and the methods proposed by Diperna in [4] to prove
the existence of weak solutions of problem (1.1), (1.3). The main theorem of this paper is as
follows.

Theorem 1.1 Suppose that the initial data Uy(z) = (uo(z),po(x))T of (1.1) and the total
variation of Uyp(z) are bounded. In addition, Uy(x) satisfies

2o = sup z(Up(x)) < wo = inf w(Up(z)).
zER TER
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Then problem (1.1), (1.3) admits a solution U(x,t) € L N BViec(R X Ry).

The rest of this paper is arranged as follows. In Section 2, we study the shock curves of
(1.1) and prove that the shock curves satisfy Diperna’s conditions in [4]. In Section 3, we use
Glimm scheme to construct an approximate solution sequence and prove that the sequence and
its total variation are uniformly bounded. Then we define the Glimm functional and prove its
monotonicity under Diperna’s conditions. In Section 4, we finish the proof of Theorem 1.1 by
combining the previous properties.

2 Properties of Shock Curves
Denote U = (u, p)T, then problem (1.2)-(1.3) can be rewritten as
U+ AU, =0, (2.1)
Uo(z) = (uo(), po(@))", (2.2)

where A = (2 é) System (2.1) is strictly hyperbolic for p # 0 with two eigenvalues A\; = —/p,

A2 = /p, and the corresponding eigenvectors are

r=(1,—vp)T, r=(1,yp". (2.3)
It is easy to verify that
1 1
DAy = (0, _ﬁ) (=BT =5 >0, (2.4)
1 1
D12 = (0, ﬁ) (VDT =5 >0, (2.5)

Thus both characteristics of (2.1) are genuinely nonlinear. 1-Riemann invariant w and 2-
Riemann invariant z of (2.1), which are defined as two functions satisfying Dw - = 0 and
Dz -ry =0, respectively, can be given explicitly as

w=u+2/p, z=u—2p (2.6)

The function pair (z,w) is also called Riemann invariant coordinates system. For the general
definition of Riemann invariant coordinates system, one can refer to [14].

For a given left state Uy = (ug,po)T, the i-rarefaction wave curve R;(Up) (i = 1,2) of
(2.1) is defined as all the right states U = (u,p)T that can connect Uy by an i-rarefaction
wave. These two curves in the (u,p) plane can be given explicitly by w(u,p) = w(ug, po) and
z(u, p) = z(uo, po), respectively, that is

R1(Ug) = wo +2y/po = u+2y/p, uo <u, po=>p, (2.7)
Ry(Uo) : uo —2y/po =u —2y/p, wuo <u, po <p, (2.8)

where the range of p and u in (2.7) and (2.8) can be obtained by (2.4) and (2.5).

For a given left state Uy = (ug,po)T, the i-shock curve S;(Up) (i = 1,2) of (2.1) is defined
as all the right states that can connect Uy by an i-shock wave. It can be given in the (u,p)
plane by Rankine-Hugoniot conditions, that is

s(u—uo) = (p — po), (2.9)



512 S. X. Zhang and Z. J. Wang

1

1
2u —Po — §uo2) = (PU —pouo)7 (2'10)

where s is the speed of the i-shock.
Eliminating s from (2.9), (2.10), we can obtain

(o

2
P+ po

Taking the Lax entropy conditions, that is, A1 (Up) > A1 (U) for S1 and A2 (Up) > A2(U) for Ss,
into account, we can give the equations of the two shock curves as follows

u=ug =t

(p — po)- (2.11)

2

S1(Uy) : uw=wug — —po), U > u, <p, 2.12

1(Uo) 0 p+p0(p Po);, U >, po < p (2.12)
2

So(Ug) : u=wug — —p), Uy > u, > p. 2.13

>(Uo) 0 ijpo(po p), U0 >u, po>Dp (2.13)

For a shock or rarefaction wave with right state U = (u,p)T and left state Uy = (uo,po)™,
we denote

[Pl =p—po, [u] =u—uo, (2.14)
2] = w0 — 2B~ VBD), [l =u—uo+2(yB — v/F0). (2.15)

Combining (2.12)—(2.15) and by simple calculation, we can get the following lemma.
Lemma 2.1 On the shock curves S1(Up), S2(Uy), the changes of z, w satisfy
|[2]] = |[w]| for U € 51(Uo); (2.16)
2]l < [w]| for U € S2(Uo). (2.17)

Denote 0 = w + z, n = w — z, by using (2.6), we have

oc=w+z=2u, (2.18)
n=w-—2z=4p, (2.19)
2
g n
-2 =, 2.2
u=g. P= g (2.20)

Thus S1(Up), S2(Uy) can be rewritten as

1 7 _770

Sl (00,770) L 0=0p) — —= , n > No > O; (221)
V2 /2 + g
2

Ui/ S (2.22)

Sa(00,m0) U:UO—— )
V2 /2 + 1}

For any fixed state Uy, all states U that can connect Uy from the left by a 1-shock or 2-shock
also form a curve. We denote them as S Y(Up) and Sy L(Uy), respectively. Their equations can
be easily obtained as

770—77

S (oo, m0) 1 o=00 + —= , 0<n<np; (2.23)
\/—\/77 + 13
Sy (00,m0) 1 o=00 + —= P s s 0. (2.24)

\/—\/n ViR
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Lemma 2.2 On the shock wave curves Si(co,n0), S2(c0,m0), Sl_l(oo,no), 52_1(00,770),
there hold:

on Si(og,m0) : —1< 3_{; < —%; (2.25)
on Sa(og,m0) : % < 8—; <1 (2.26)
on S7 (oo, m0): 1< g—; < —%; (2.27)
on Sy (o9,m0) : % < g—; <1 (2.28)

Proof For a fixed state (og,n0) (see Figure 1), denote 6:%, then € > 1 on Sy. Along 51,
differentiating (2.21) with respect to 7, we have
ol 1 (*+3mmg) 1 g3+ 3¢

9 L |
MmN+ V2(E2+ 1)V +1

%(523%’ then along S;, we can easily verify that

Denote ¢(e) = —

3 21
d(e) = A - ——}
V2 (e2+1)Ve2 +1
That is, along S, ¢(¢) is monotonically increasing and satisfies —1 = ¢(1) < ¢(g). In addition,
direct calculation gives
1 54+3 1
lim ¢(e) = lim — S

€00 g0 E(EQ—i—l)\/a?—i—l :_E.
Thus we can get (2.25), and (2.26)—(2.28) can be similarly proved.

From the properties obtained above, in the (z,w) plane and on every curve of Si, Sa,
S and Sy, z can be looked as a function of w. For convenience, we denote them as z =
S1(w, z0,wp), z = Sa(w,z0,wo), 2 = Sy (w,z0,wp) and z = S5 (w, 29, wp), respectively.
Among them, z = 51 (w, zp, wp) and z = Sa(w, 20, wo) are convex functions, z = S’l_l(w, 20, Wp)
and z = S5 1(w, 20, wp) are concave functions. Figure 1 shows the shapes and positions of the
four curves in the (o,7n) plane.

n z
o w

Sa

Figure 1 Figure 2
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Lemma 2.3 On (z,w) plane, the curves S1, Sa, S’l_l, 5’2_1 satisfy:

0
on Sy —00< 22 < ~(V2+1)% (2.29)
ow
5 Oz
onSy: —(V2-12< = <0; (2.30)
ow
_1 0z 9
on ST —oco < = < —(V2+1)% (2.31)
ow
—1 2 02
on Syt —(V2-1)? < 50 <0 (2.32)
w
Proof From (2.18) and (2.19), we can get 92 = 1+ 2= 3—;7] =1— £2. Then we have g—;'] =
1492z . do _q o 1492
:ﬁ, g_w = %—%H' On the curve Sy, from ?1_77 € [— 1,—%], we can get —1 < iﬁ < _\/LE'
Thus we have g—j} < —(\/§+ 1)2. In addition, since nh—{go ‘3—‘; = —%, we can get
. 0z . ?1_77 B 2
lim —— = lim =—-(V2+1>2
n—oo Jw n— o0 d_U +1
n
Similarly, we can use the property of lim g—” = —1 to get
n—no 41
do
<2 -1
lim gz _ lim 22 = —00.

n—no OW  n—no g—‘; +1

Therefore, we have —oo < g—; < —(v2+1)% So we can get (2.29), and (2.30)—(2.32) can be
similarly proved. On (z,w) plane, the shock wave curves Sy, Sa, S’l_l, 5’2_1 are shown in Figure
2.

Let (z9,wp) and (Z,w) be two points in the (z,w) plane. Denote Az = |[z]|=|z — 20,
Aw = [[w][=[w —wo|, A" = [[Z]|=|" =Z|, Aw’ = |[v']|=|w" —w].

Lemma 2.4 Along the four curves Si, Sa, 51—1’ 52_1, there hold

(i) if z = S1(w, z0,wp), 2’ = S1(w',Z,W), and Az = Az, then Aw' < Aw;

(i1) if z = Sa(w, z0,wp), 2/ = Sa(w',Z,W), and Aw = Aw’, then Az’ < Az;
(iit) if z = Sy H(w, 20, wo), 2’ = Sy (W', Z,W), and Az = AzZ', then Aw' < Aw;
(iv) if z = Sy H(w, 20, w0), 2’ = Sy (W', Z,W), and Aw = Aw', then Az’ < Az.

Proof We only prove (i) since the proofs of the others are similar. The property (i) is
shown in Figure 3.

(20, wo) So

(007 o
S

(z,w) S, (2, wl) n—"o (0, 77)

Figure 3 Figure 4
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To prove (i), we only need to prove w' —w < w—wy. Since Az = Az’ we have zo—z =Z—2/,
and by (2.18)—(2.19), we only need to prove ' —7 < n —ng. If it is not true, we can suppose
7 > 1o, that is n’ — 7 > 1 — ny. From the convexity properties of shock curves, we see that
there exist a point (cr”,ﬁn”) on ¢’ = o(n,7,7) such that ” — 7 < n —no, and k(og,n0;0,1) =

= =~ /! : o—o' __ op—0O
k(Uﬂ?aU » 1 )a 1.e., " —7 . n—mno " Therefore,
/!
T]T =1 = e>1,
n o

and we have j(e — 1) =" =1 < np—mng = no(e — 1) or 7 < no, which contradicts with the
hypothesis. The proof is complete.

Denote
Q(z0,wo) = {(z,w) | 2 < zg,w > wp}, (2.33)

where zg = sup z(U(z,0)), wy = iIelwa(U(x, 0)). Then Q(zo,wp) has the following property.
z€ER z

Lemma 2.5 (see [4]) IfU(x,t) = (u,p)T is a solution to the Riemann problem (2.1), then
(z,w) £ (2(u, p), w(u,p)) € Q(20,wo).

By (2.6), Lemmas 2.2-2.4, the pressure-gradient system satisfies the following Diperna’s
conditions.

(A1) Vw-r1 =Vz-19=0,Vz-711 >0, Vw-re > 0.

(A2) In the (z,w) plane, shock curves satisfy:

on Sy: —oo < g—z) < —1; (2.34)
on Sy: —1< g—z) <0; (2.35)
on S;t: —oo < g—z < —1; (2.36)
onSyt: —1< 3—2 <0. (2.37)

(A3) If z. = S;(wy; z,wy), then Si(w; 2z, w;) < Si_l(w;zr,wr), i=1,2, w € [w,,w]. That
is, Si_l is at the top of S;.

(A4) Let (z,w) € Q(z0,wp), along the shock curves Sp, Sy respectively, then there hold

(1) if z = S1(w, 20, wp), 2/ = S1(w',Z,w) and Az = Az’, then Aw’ < Aw;

(2) if z = Sa(w, 20, wp), 2/ = Sa(w’,Z,w) and Aw = Aw’, then Az’ < Az.

Lemma 2.6 Let z = S;(w,z0,wp), 2z’ = S;(v',z,w), i = 1,2 (or equivalently, z =
Si_l(w,zo,wo), 7 = Si_l(w’,i, w), i = 1,2). Suppose that (Z,w) € Q(z0,wp), then we have

(i) ifi=1, and Az < Az, then Ao < Ad’;

(i) ifi =2, and Aw < Aw', then Ac < Ad’.

Proof Here we only prove (i) (the proof of (ii) is similar). At this place there hold z =
S1(w, z0,wp), 2/ = S1(w',Z,w). We take Z = z (the case of Z < z¢ can be similarly proved),
then (Z,W) € Q(z0,wp). On the curve z = Sy(w, zp,wp), we choose a point (z,w) satisfying
Z— 20 = 2 — 7z It follows from Lemma 2.4 that 0 < v’ —w < w — wyg. Now we have
0<zo—z=Az<AZ =2 —% z>7Z it follows from (2.16) that 6 —o =w—w+2z—2 <0,
namely, ¢ < o. Therefore

Ac=ocpg—0c<oc—0=2z0—2+wy—w
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=z—Z 4w —w<z-—Z4+w-—v

=5—0 =Ad.

Thus we can get Ao < Ao’

3 Construction of Approximate Solutions

We use Glimm scheme to construct an approximate solution sequence, which is denoted
as {U"(x,t)} for t > 0. Fix a spatial mesh-length [ = Az > 0 and a temporal mesh-length
h = At > 0 satisfying the Courant-Friedrichs-Lewy condition

A <1, (3.1)

where A = sup |\;(U)|. Denote z,,, = ml, t,, = nh and denote the time strip s, = {(x,t) :
i=1,2

nh<t<(n+1)h},n=0,1,2,---,and > = U si.
n k=1
Let ap(n =1,2,--+) be a random point in (—1, 1) and denote Yy, n = (Tm + ap)l, where m

is an integer, and m + n is an even number.
For t = 0, {U"(x,0)} is defined as

1 (m+1)1
UM, 0) = / Up(z)de, (m—1)<a<(m+Dl, m=+1,43--.  (3.2)
(m—1)1
Obviously {U"(x,0)} satisfies
. .
}llli% 2—1/0 (U"(x,0) = Up)da = 0, (3.3)

where U = £ [* Uo(z)dz. Obviously, {U"(x,0)} satisfy

21 JO
Jim U"(-,0) = Uo("), (3.4)
TVU"(- ,0) < TVUy(-), (3.5)
sup z(U"(-,0)) < sup 2(Up(-)), (3.6)
inf w(U"(-,0)) > inf w(U(-)). (3.7)

n
Assuming that {U"(z,t)} has been constructed in J s, we continue to construct approximate
k=1
solution {U"(x,t)} in s,41. Define

UM(z,nh) = U"(ymom, nh—0), (m—1I <z < (m+1)l, m+nisodd. (3.8)

Then we solve Riemann problem (2.1), (3.8) in ¢ > ¢,,, and the solution in between ¢,, < t < t,,41
is defined as {U"(x,t)} in s,41.

In order to prove the convergence of the sequence {U"(z,t)}, we need to prove that there
exists some positive constant C, such that

sup |Uh(x,t)| <C sup |Uo ()], (3.9)

zE(—o00,+00) z€(—00,+00)

TV (U ()| oot00) < TVUR ) oy 0t < oo, (3.10)
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“+o0
/ UM (2, 11) — U, )| da

— 00

< O(|t1 — t2| + h)TV(U()()”(_OO)_i_OO), Vi1, to € [0, +OO). (3.11)

Thus due to the Helly’s theorem, as h — 0, there exists a convergent subsequence of {U"(z,t)}.
Denote the limit function as U(x,t), then by standard process we can verify that U(x,t) is a
weak solution to problem (2.1)—(2.2).

(ym,n—i-la tn-i—l)

(xm—latn—l) (ym,n—latn—l) (xm-l-latn—l)

Figure 5

As shown in Figure 5, let D,, ,, be a “diamond” with (Ym—1.n,tn); (Ymmn—1,tn—1)s (YUm+1.ns
tn),; (Ym.n+1,tns1) as its vertices. All of these “diamonds” cover the upper half of (x,t) plane.
The elementary waves issuing from (2,1, t,—1) and entering D,, ,, are denoted as o = (g, az).
The left, middle and right states of waves (a1, ag) are denoted by Uy, U1o and Us, respectively.
The waves issuing from (2,11, tn,—1) and entering D,, ,, are denoted as 8 = (81, 52). The left,
middle and right states of waves (1, 32) are denoted by Us, Uss and Us, respectively. The
elementary waves issuing from (2,,,t,) are denoted as v = (v1,72). The left, middle and right
states of waves (71,72) are denoted by Uy, Uiz and Us, respectively. Every elementary wave
may be a shock wave or a rarefaction wave. Denote |a| = |ai| + |as|, |5] = |B1] + |f=2| and
[v] = |71] + |12]- Due to (2.18), we define o, = w(Up) + 2(Up), and define the strengths of a,
Qo as

[on(a)]" = (on(Ur2) — on(U0))",  [on(a2)]™ = (00 (U2) — on(Ui2)) ™.

The strengths of 81, B2, v1, 72 can be similarly defined. The symbol “4” means the positive
part of a number, that is, a* = max{a, 0}.

A mesh curve, associated with U”, is a polygonal graph with vertices that from a finite
sequence of sample points (Y, nystny)s <= s (Ymyong, tny)- A mesh curve J is called an immediate
successor of the mesh curve I when J\I is the upper boundary of some diamond, and I'\J is the
lower boundary of diamond. Thus J has the same vertices as I, save for one, (Ym n—1,tn-1),
which is replaced by (Ym,n+1,tn+1). This induces a natural partial ordering in the family of
mesh curves: J is a successor of I, denoted J > I, whenever there is a finite sequence, namely,
I = Iy, I, ---,I, = J of mesh curves such that [; is an immediate successor of I;_;, for
=1 ,n.
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On the mesh curve J, define the Glimm functional as follows

F(J) = {Z [on ()] : a crossing J}. (3.12)

Since oy, = w(Uy) + 2(Uy), it is known from (2.25)—(2.26) that crossing a shock curves Sy, Ss
there holds [o4]T = (0y—0,)" > 0. From (2.18) that crossing a rarefaction wave curves Ry,
Rs, we have [03|T = (0,—0,)T = 0. Thus, F(J) represents the total variation of the shocks
crossing J.

The following proposition gives the monotonicity of the Glimm functional defined by (3.12).

Proposition 3.1 If J > I, we have
F(J) < F(I). (3.13)

Proof When a mesh curve J is an immediate successor of I, which is shown in Figure 5,
we need only to prove [0 (7)]" < [on(@)]T + [0n(8)]T. As shown in Figure 5, o, s, f1, 82, 71,
7o are shocks or rarefaction waves. When v, and o are both shocks, whatever the incoming
waves are, (3.13) always hold. When ~; and ~» are both rarefaction waves, we can easily get
0= F(J) < F(I). We need only consider the case when v; is a 1-rarefaction wave and s is
a 2-shock wave. According to [4], the waves a1, as, 81, B2 can be divided into 16 cases. In
the following S or R is used to represent that ai, as, 51, B2 is a shock or a rarefaction wave,
respectively. For example, when a4 is a shock, denote o as S. In addition, denote o1 = o(Uy),
o12 = o(Uy2), and so on.

(1) Cases RRRR, RRRS, RSRR and RSRS. These four cases are obviously impossible.

(2) Case SRRR. On the curve Si, by Lemma 2.1, we have |wia — wi3| < |212 — 213]. Since
212 = 29 < 293 = 23 = 213, we have w13 < wiz. Thus wis — w13 + 212 — 213 < 0, and then

F(J)—F(I) = (01 —013) — (01 — 012) = w12 + 212 — 213 — w13 < 0,

which is exactly [op,(7)]T < [on(a)]T + [o1(B)]T. The proofs of cases SSRR, SRRS, SSRS,
SRSR and SRSS are similar.

(3) Case RRSR. In this case z3 = 213 = 293 < 21 < 212 = 2. We can divide it into
two subcases: wisz < wes (see Figure 6) and wis > woz (see Figure 7). When wis < wog,
z1 — 213 < 29 — Zo3, from Lemma 2.6, we can get 01 — 013 < 03 — 093, which implies that

F(J)— F(I) = (01 — 013) + (023 — 02) < 0. Thus [o(7)]" < [on()]T + [o1(8)]T holds.

. (Z12,’LU12) _ (227w2) (z12,w12) (ZQ,’LUQ)
. (21, w1) ‘ (20, wo)
(21, w1) \
( \

(223, Wog ==

S1
z13,w13) (23, w3) (223, wa3) (213, w13)

Figure 6 Figure 7
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Next we show that w3 > wag is impossible. If wy3 > wo3 and z13 = 223, we have 093 = wo3+
293 < w1z + 213 = 013. Choose a point (2o, wp), satisfying zop = 21 and 2935 = Sfl(wgg, 29, W3).
Since (213, w13) € Q(z23,w23) and zg — za3 = 21 — 213, we see from Lemma 2.1 that w3 —w; <
waz — wo. NOW, w13 > wez implies wi; — wy > w1z — wagz > 0, which is a contradiction since we
have wy < wg. Cases RRSS, RSSS and SSSR can be treated analogously.

(4) Case RSSR. In this case, we have z3 = 213 = 203 < 21 < 212 < 22, then 21 — 2153 <
Zo — Zo3. Suppose wiz < wag, then from Lemma 2.6 we know that o1 — 013 < 09 — 023. By
using of Lemma 2.1, we have 015 — 02 = wis — wa + 212 — 29 > 0, that is, o192 > 09, thus

01 — 013 < 02 — 093 < 012 — 023. Therefore, we can get

[on(N]T = [on(@)]T = [on(B)]" = (01 — 013) — (012 — 02 + 02 — 023)

=01 —013 + 023 —012 < 0.

If wyz > was, it is obvious that [op, (V)] < [on ()] + [on(8)]T holds.
(5) Case SSSS. This case implies wa3 > w13, which is impossible for the similar reason to
case (3).

Therefore, from Proposition 3.1, we have F(J) < F(0), where “0” is the unique I-curve
between the two lines t = 0 and ¢ = s.

In the following we study the strength of the waves for Riemann problem (2.1)—(2.2), where
U, U, €Q,Q={U € R%2(U) < z,w(U) > wp}. For simplicity, we use (U;,U,) to denote
the solution of Riemann problem (2.1)—(2.2). According to Lemma 2.5, there is an intermediate
state U,, with U; as the left state and U, as the right state.

Define the strength of elementary waves for the solution (U, U,) to Riemann problem (2.1)—

(2.2) in two different ways. The first one is
dU,U) = (01 — o)t + (00 — o) T (3.14)

From the discussion in Section 3, we know that for rarefaction waves, (o — or1+1)" = 0, and

(3.14) only records the strengths of shocks. The second definition of the strength is
E(Ula Ur) = (u — um)+ +(m _pm)+ + (Um — ur)+ + (Pm _pr)+~ (3'15)

It also records only the strengths of the shocks.

Lemma 3.1 Denote U = (u, p)T as the solution to the Riemann problem (2.1) and (1.3),

then there exists some positive constant c, such that
d(U;,U,) < cd(Up, U,). (3.16)
Proof From (2.18), (3.14) and (3.15), we have

d(U,U.) = (o1 —om) " + (0 —0p) T

=2(up — )T+ 2(up, — up) "
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< 2[(U[ - Um)+ + (um - ur)+ + (Pl _pm)+ + (pm _pr)+]
=2d(U;,U,).
Take ¢ = 2, then the lemma is proved.

Let DV(z(U"(t))) and DV(w(U"(t))) be the decreasing total variation of z(U"(t)) and
w(U"(t)), respectively.

Lemma 3.2 For any fized t € [nh,(n + 1)h), we have

DV (w(U"(#))) + DV (= ) < Z{I ]+ [l O (3.17)

where Y is taken over all shocks at time t.
a,p

Proof From the analysis of Section 3, we know that w(U"(¢)) and z(U"(t)) can only
increase or remain unchanged when they cross a rarefaction wave, and they can only decrease
when they cross a shock. When two states U; and U,, are connected by a 1-shock, there hold
w(l;) < w(Up), 2(Un) < 2(U;). By (2.19) we have

Nm — M = Wm — W+ 2] — Zm-

Therefore,

IN
w

(Ul) — Z(Um) + w(Um) — w(Ul)
=1 —m = |[n(O)]| < |[e@)]] + )]

Similarly, it can be shown that when U, and U, are connected by a 2-shock, (3.17) still holds.

4 Proof of Main Theorem

To prove Theorem 1.1, we need only to prove that the approximate solution sequence
{U"(x,t)} constructed in Section 3 satisfies (3.9)-(3.11). We complete the proof by several

lemmas and a main theorem.

Lemma 4.1 Suppose that there exist some positive constants ¢, pg such that p < pg, then
TV(U"(2,t))|j0,00) is uniformly bounded for t > 0.

Proof Combining Lemmas 3.1-3.2, Proposition 3.1 and Lemma 2.2, we can get

TV(U™ (2,1))j0,00) < 5up(1 + VBTV (w(U" (&, 1)) 0.0 + TV ((U" (2, 1)) j0.00)
< 2(1+ Bo)(DV (w (U% H)lio.00) + DV (U (2,1)))j0.50))
<201+ yP0) Zﬂ O + 1l (211}

<201+ \/p—O)(l +V2)DV (o (U" (t))l0,00)
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= 2(1+ po) (1 + V2)F (U (1)) < 21+ Vo) (1 + V2)F (U"(0))
< 2¢(1+ v/po)(1 + V2)TV(U"(0)) 10,50
< 2¢(1 + /po)(1 + \/§)TV(U0)|[0700)7

where ¢ is the same as in Lemma 3.1. The proof is complete.
Lemma 4.2 For any t > 0, we have
10 (@, )0 < 1Ulloe + TV (- 00y U (@). (4.1)
Proof For any t > 0, by Lemmas 3.1 and 4.1, we have
IU" (@, )z = I0o(2)l| 2 < U (2,t) = Uo(2)l[z~ < F(J) < F(0) < TV|Us.

Thus (4.1) follows.

Theorem 4.1 For any ty,ts > 0, the approvimate solution U"(x,t) satisfies

+oo
/ U (2, 41) — UMz, £2)| da < C([t1 — ta] + ), (4.2)
where C' depends only on ¢, pg.
Proof By Lemmas 4.1-4.2, we can get
UMz, t1) — UM (2, t0)| < |UMa,t1) — UMz, 7)| 4+ |[UM(a, t2) — UM(z,7)|
< CTV(U(+t1),[x = Nl,x + Nl]) + CTV(U(-, t2), [z — NI,z + NlJ),

then in combination with (4.1), we can get (4.2), where N = max [%] 4+ 1,i = 1,2.
From Lemmas 4.1-4.2 and Theorem 4.1, according to Helly’s theorem, there exists a con-
vergent subsequence {U"m (x,t)} of {U"(x,t)}, such that

Uhm(z,t) — Uz, t)  as hy — 0, ace.

By standard procedure, we can verify that U(z,t) is a global weak solution of (2.1)—(2.2).
(3.9) can be obtained from (4.1). (3.10) can be obtained from Proposition 3.2 and Lemma 4.1.
Finally, (3.11) can be obtained from Lemma 4.1 and Theorem 4.1. Thus, we have proved that
U(z,t) is a weak solution to the problem (2.1)—(2.2).
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