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Abstract In this paper, the authors consider the mean field game with a common noise
and allow the state coefficients to vary with the conditional distribution in a nonlinear
way. They assume that the cost function satisfies a convexity and a weak monotonicity
property. They use the sufficient Pontryagin principle for optimality to transform the mean
field control problem into existence and uniqueness of solution of conditional distribution
dependent forward-backward stochastic differential equation (FBSDE for short). They
prove the existence and uniqueness of solution of the conditional distribution dependent
FBSDE when the dependence of the state on the conditional distribution is sufficiently
small, or when the convexity parameter of the running cost on the control is sufficiently
large. Two different methods are developed. The first method is based on a continuation
of the coefficients, which is developed for FBSDE by [Hu, Y. and Peng, S., Solution of
forward-backward stochastic differential equations, Probab. Theory Rel., 103(2), 1995,
273-283]. They apply the method to conditional distribution dependent FBSDE. The
second method is to show the existence result on a small time interval by Banach fixed
point theorem and then extend the local solution to the whole time interval.

Keywords Mean field games, Common noises, FBSDEs, Stochastic maximum prin-
ciple
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1 Introduction

Mean field games (MFGs for short) were proposed by Lasry and Lions in a serie of papers
(see [14-16]) and also independently by Huang, Caines and Malhamé [10], under the different
name of Nash certainty equivalence. They are sometimes approached by symmetric, non-
cooperative stochastic differential games of interacting N players. To be specific, each player
solves a stochastic control problem with the cost and the state dynamics depending not only
on his own state and control but also on other players’ states. The interaction among the
players can be weak in the sense that one player is influenced by the other players only through
the empirical distribution. In view of the theory of McKean-Vlasov limits and propagation of
chaos for uncontrolled weakly interacting particle systems (see [22]), it is expected to have a
convergence for N-player game Nash equilibria by assuming independence of the random noise
in the players’ state processes and some symmetry conditions of the players. The literature
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in this area is huge. See [3] for a summary of a series of Lions’ lectures given at the Collége
de France. Carmona and Delarue approached the MFG problem from a probabilistic point of
view (see [4-6]). There are rigorous results about construction of e-Nash equilibria for N-player
games, see for example [4, 8, 11-13].

In most studies mentioned above, the noises in each player’s state dynamic are assumed to
be independent and the empirical distribution of players’ states is deterministic in the limit.
See [7] on a model of inter-bank borrowing and lending, where noises of players are dependent.

The presence of a common noise clearly adds extra complexity to the problem as the em-
pirical distribution of players’ state becomes stochastical in the limit. Following a PDE ap-
proach, Pham and Wei [21] studied the dynamic programming for optimal control of stochastic
McKean-Vlasov dynamics; in particular, Pham [20] solved the optimal control problem for a
linear conditional McKean-Vlasov equation with a quadratic cost functional. Carmona and
Delarue [4] consider the mean field game without common noises. They use a probabilistic
approach based on the stochastic maximum principle (SMP for short) within a linear-convex
framework. Nonetheless, their arguments of using Schauder fixed-point theorem to a compact
subset of deterministic flows of probability measures, is difficult to be adapted to the case of
common noises. Yu and Tang [24] considered mean field games with degenerate state- and
distribution-dependent noise. Ahuja [1] studied a simple linear model of the mean field games
in the presence of common noise with the terminal cost being convex and weakly monotone.
The statistics of the state process occurs in the McKean-Vlasov forward-backward stochastic
differential equation (FBSDE for short) arising from the stochastic maximum principle as the
distribution conditioned on the common noise. Ahuja et al. [2] further consider a system of
FBSDEs with monotone functionals and then solve the mean field game with a common noise
within a linear-convex setting for weakly monotone cost functions. However, their state dy-
namics do not depend on the statistics of the state. The monotone condition usually fails to
hold for the conditional distribution dependent FBSDE if the state dynamic depends on the
conditional distribution of the state.

In this paper, we consider the mean field game with a common noise and allow the state
coefficients to vary with the conditional distribution in a nonlinear way. We use the sufficient
Pontryagin principle for optimality to transform the mean field control problem into existence
and uniqueness of solution of conditional distribution dependent FBSDE. We prove the exis-
tence and uniqueness of solution of the conditional distribution dependent FBSDE when the
dependence of the state coefficient on the conditional distribution is sufficiently small, or when
the convexity parameter of the running cost on the control is sufficiently large. To accomplish
this, we assume that the terminal cost and the running cost are convex and weakly monotone.
We develop two different methods to show the existence and uniqueness result.

The first method is based on a continuation of the coefficients, which is developed for FBSDE
by Hu and Peng [9]. With this method, Carmona and Delarue [5] solve a linear case without
common noises and Ahuja et al. [2] solve that mean field games with common noises within a
linear-convex setting when the state dynamic is independent of the conditional distribution of
state.

The second method, inspired by [1], is first to show the existence result on a small time
interval by Banach fixed point theorem and then to extend the local solution to the whole time.
Ahuja [1] showed the existence and uniqueness result for the particular MFG with common
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noises for the linear state dX; = oudt + odW; + 5th, where «; is the control, (W, W) is a
two-dimensional standard Brownian motion and (o,0) is constant. We shall consider a more
general model. All the coefficients of our state equation are allowed to depend on the control,
the state and the conditional distribution of state. More assumptions in the second method
are required to derive the existence result, while the probabilistic properties as well as the
sensitivity of the FBSDEs have their own interests.

The paper is organized as follows. In Section 2, we introduce our model and formulate
the main problem. In Section 3, we use the sufficient Pontryagin principle for optimality to
transform the control problem into an existence and uniqueness problem of a conditional distri-
bution dependent FBSDE. The existence and uniqueness result of the conditional distribution
dependent FBSDE is stated and proved with different methods in Sections 4-5. Appendices
containing the proofs of main lemmas are attached.

2 Problem Formulation

In this section, we describe our stochastic differential game model, and then formulate the
limit problem of the N-player game as a MFG with a common noise.

2.1 Notations

Let Z#(Q,.7,{%;,0 <t < T}, P) denote a complete filtered probability space augmented
by all the P-null sets on which a one-dimensional Brownian motion {W;,0 <t < T} is defined.
Let 7 = {Jt,O <t < T} be a subfiltration of .Z#. L(- |Jt) is the law conditioned at .Z, for
te0,T].

Let 132% denote the set of all .#;-measurable square-integrable R-valued random variables.
Let £%(0,T') denote the set of all F;-progressively-measurable R-valued processes a = (o )o<i<r

such that
T
E[/ |at|2dt} < 400.
0

Let 8% (0, T) denote the set of all .Z;-progressively-measurable R-valued processes 3 = (B:)o<t<T
such that

E[ sup |ﬁt|2} < 4o00.
0<t<T
We define similarly the spaces £z (s,t) and 8% (s,t) for any 0 < s <t < T.
Let P(R) denote the space of all Borel probability measures on R, and P(R) denote the
space of all probability measures m € P(R) such that

/J:Qdm(a:) < 0.

The Wasserstein distance is defined on Pa(R) by

1

Wa(ma, ms) = (Wepinf /R [w(wr) — awn) Pyl wn)) ) mi,ma € Po(R),

(m1,m2)
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where I'(m1,ma) denotes the collection of all probability measures on R? with marginals m;
and ma. The space (P2(R), Wa) is a complete separable metric space. Let M2(C[0,T]) denote
the space of all probability measures m on C[0,T] such that

Ma(m) ::/ sup |z(t)]*dm(z) < cc.
0<t<T
The measure on it is defined by

1

Do(mq,ma)= ( inf / sup |x(t,w1) — x(t, w2)|2d”y(w1,w2)) E, my,ma € Mo (C[0,T)).
YT (m1,m2) Jr2 0<t<T

The space (My(C[0,T1]), D2) is a complete separable metric space.

2.2 N-Player stochastic differential games

Let T' > 0 be a fixed terminal time, W = {W;,0 < ¢t < T} and W' = {W},0 < t < T},
i = 1,2,---, N are one-dimensional independent Brownian motions defined on a complete
probability space (€2, P) satisfying the usual conditions. Consider a stochastic dynamic game
of N players. The i-th player regulates his/her own state process X; in R governed by

{dxg' = b(t, X}, ul,mM)dt + o (t, X{,ul, mN)AW] + 5(t, X ul, mN)dWe, te (0,T), 1<i<N;
X5 =&

via the control process u’ = {u},0 <t < T} € £%,(0,T), where
b,0,0:[0,T] x R x R x Pa(R) — R,

Z' is the natural filtration of (&5, W, W), and m{ is the empirical distribution of {X},1 <
i <NV, ie.,

N
1
my = N Z(Sxti(da:), te[0,T].
i=1

We assume that {£),1 < i < N} are independent and identically distributed, independent of
all Brownian motions and satisfy E[|¢]?] < oo for all 1 <4 < N. We call W a common noise
and W' an individual noise of the i-th player.

Given the other players’ strategies, the i-th player selects a control u’ € E?% (0,7) to
minimize his/her expected cost

T
T )se) = B[ [ 7t X ulmi e + g mi)].
0
where (u’);2; denotes a strategy profile of other players excluding the i-th player, and

Fi0,T]xRxRxPy(R) = R, g:RxPyR) >R

are assumed to be identical for all players.

Note that the strategies of other players have an effect on the i-th player through m", which
is the main feature that makes this set up a game. We are seeking a type of equilibrium solution
widely used in game theory setting called Nash equilibrium.



Mean Field Games with Common Noises and FBSDFEs 527

Definition 2.1 A set of strategies (u')1<i<n is a Nash equilibrium if u’ is optimal for the
i-th player given the other players’ strategies (u’);z;. In other words,
J(ut|(u)jz) =  min JY(u|(u?);2i), 1<i<N.
W00 = gpin @l 1SS
Solving for a Nash equilibrium of an N-player game is impractical when N is large due to

the curse of dimensionality. So we formally take the limit as N — oo and consider the limit
problem instead.

2.3 Formulation of the problem

We now formulate the MFG with a common noise by taking the limit of N-player stochastic
differential games as N — oo. When considering the limiting problem, we assume that each
player adopts the same strategy. Therefore, the players’ distribution can be represented by a
conditional law of a single representative player given a common noise. In other words, we
formulate the MFG with a common noise as a stochastic control problem for a single player
with an equilibrium condition involving a conditional law of the state process given a common
noise.

Let T > 0 be a fixed terminal time, W = {W;,0 < ¢t < T} and W = {Wt,O <t < T} be
one-dimensional independent Brownian motions defined on a complete probability space (€2, P)
satisfying the usual conditions. Let &y be a square-integrable random variable. We assume that
F ={%,0 <t < T} is the natural filtration of (fo,W,W) and .Z = {%,O <t < T} is the
natural filtration of W. Both of them are augmented by all the P-null sets. The problem of
MFG with a common noise is defined as follows.

Problem 2.1 For given measurable functions b,0,5, f : [0,7] x R x R x P3(R) — R and
g: R x Py(R) — R, find an optimal control u € £%(0,T) for the stochastic control problem

T
u € argmin J(ulm) ::E{/ ft, X[ ug, me)dt + g(X7, mr) |5
ueL%(0,T) 0

t t
Xtuzfo—l—/ b(s,X;‘,us,ms)ds—l—/ o(s, X ug,mg)dWy
0 0

t
—|—/ o(s, X us,mg)dWs, t€]0,7T];
0

me = LIXP|F), € €L,

3 Stochastic Maximum Principle

In this section, we discuss the stochastic maximum principle for MFG with a common noise.
The stochastic maximum principle gives optimality conditions satisfied by an optimal control.
It gives sufficient and necessary conditions for the existence of an optimal control in terms
of solvability of the adjoint process as a backward stochastic differential equation (BSDE for
short). For more details about stochastic maximum principle, we refer to [19] or [22]. In our
case, Problem 2.1 is associated to a conditional distribution dependent FBSDE with the help
of the sufficient Pontryagin principle for optimality.

We begin with discussing the stochastic maximum principle given an %-progressively-
measurable stochastic flow of probability measures m = {m,0 < t < T} € My(C[0,T]).
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We define the generalized Hamiltonian

H(t7 $7p7 q7 a? u’ m) = b(t7 '1:7 u? m)p + a.(t7 '1:7 u? m)q + 5(t7 I‘? u? m)a+ f(t7 '1:7 u? m)?
(t,2,p,q,q,u,m) € [0,T] x R* x Pa(R).

Now we state the first set of assumptions to ensure that the stochastic control problem is
uniquely solvable given m. For notational convenience, we use the same constant L for all the
conditions below.

(H1) The drift b and the volatility o, are linear in 2 and u. They read

(b(tv x,u, m) = ¢0(t7 m) + (bl (t)x + ¢2 (t)uv ¢ = b7 g, &7 ¢i = bia (oF %) 51'

for some measurable deterministic functions ¢g : [0,7] x P2(R) — R satisfying the following
linear growth:

ultm)) < 21+ ([ loPama) "),

and ¢1,¢2 : [0,7] — R being bounded by a positive constant L. Further, (o2,02) is bounded
by a positive constant B,,. For notational convenience, we can assume that B, < L by setting
L =max{L, B,}.

(H2) The function f(t,0,0,m) satisfies a quadratic growth condition in m. The function
f(t,-m): R xR — R is differentiable for all (¢,m) € [0,7] x P2(R), with the derivatives
(fzy fu)(t, x, u, m) satisfying a linear growth in (x, u, m). Similarly, the function ¢g(0,m) satisfies
a quadratic growth condition in m. The function g(-,m) : R — R is differentiable for all
m € Pa(R), with the derivative g,(z, m) satisfying a linear growth in (x,m). That is,

max{|f(¢,0,0,m)|,|g(0,m)]} < L(l + /R |x|2dm(x)>, m € Pa(R);

max xr 9 9 ) 9 u I 9 ) 9 x b) — 2 : k)
aﬂf@xume@xumHg@mm<LO+m+WH(AMwa))
(t,z,u,m) € [0,T] Xx R x R x Py(R).

(H3) The function f is of the form
f(t,x,u,m) = f()(t,il?,u) + fl(t,{l?,m), (t,x,u,m) € [OvT] XRXRX PQ(R)

The function fy is differentiable with respect to (z,u) and the function f; is differentiable with
respect to x. The derivatives (fouz, fou)(t,-,-) : R x R — R x R are L-Lipschitz continuous
uniformly in ¢ € [0, T]. The derivative f1,(t,,m): R — R is L-Lipschitz continuous uniformly
in (t,m) € [0,T] x P2(R). The derivative g,(-,m) : R — R is L-Lipschitz continuous uniformly
inm € Py (R)

(H4) The functions f1(¢,-,m) and g(-,m) are convex for all (¢t,m) € [0,T] x P2(R), in such
a way that

(fiz(t, 2" ,m) — fra(t,z,m)) (2’ —x) >0, t€[0,T], z,2" € R, m € Pa(R);
(gz(2',m) = go(z,m)) (2" —2) >0, z,2" €R, m € Po(R).
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The function fo(¢, z,u) is jointly convex in (x,u) with a strict convexity in u for all ¢ € [0, 77,
in such a way that, for some Cy > 0,

fo(t,d?/,u/) - fo(t,il?,u) - (.f()ma f0u)(t,:z:,u) ! (ZIJ/ - $,’U/ - u) > C(f|u/ - u|27
te[0,T], z,2',u,u’ € R,

The linear growth condition (H2) and Lipschitz condition (H3) are standard assumptions to
ensure the existence of a strong solution. The linear-convex conditions (H1) and (H4) ensure
that the Hamiltonian is strictly convex, so that there is a unique minimizer in the feedback
form. The separability condition in (H3) ensures that the feedback control is independent of
m. The following result is borrowed from [4, Lemma 1].

Lemma 3.1 Under assumptions (H1)—(H4), given m € P2(R), for all (t,z,p,q,q) € [0,T]x
R x R x R x R, there exists a unique minimizer u(t,z,p,q,q) of the Hamiltonian. Moreover,
the map (t,z,p,q,q) + u(t,z,p,q,q) is measurable, locally bounded and L(2Cy)~'-Lipschitz
continuous in (z,p) and B,(2C)~!-Lipschitz continuous in (q,q), uniformly in t € [0,T].

In fact, under assumptions (H1)—(H4), if we take derivative of H with respect to u, we know
that u(¢, x, p, q,q) satisfies

bQ(t)p_'—UQ(t)q_F&Q(t)a_'_ fOu(tvxva(tazap7Qva)):05 te [OvT]v xvpaqvgeR' (31)

We know from Lemma 3.1 that @ is Lipschitz continuous with respect to (z,p, ¢, q) uniformly
int €[0,7]. We define

a°(t) == 1(t,0,0,0,0), t€][0,T].
Now we give a bound of 7°(¢). From (3.1) we know that u°(t) satisfies
fou(t,0,7°(t)) = 0.

Using the convex assumption (H4), we have that

fO(tv 0, a()(t)) - fo(t, 0, O) - fOu(
fO(tv 0, O) - fO(tv Ovao(t)) + fOu(

which imply
— fou(t,0,0)a°(t) > 2C¢|a"(t)|*.
The above estimate and assumption (H2) show that
[a°(t)| < L(2Cy) " (3.2)

We are ready to state the stochastic maximum principle for a given stochastic flow of
probability measures m = {m;,0 <t < T} € My(C[0,T]). We define the control problem Z2™:

T
i argmin B[ / 7t X e mo)d + g(Xgmr)|,
uelZ(0,T) 0

t t t N
X! =& +/ b(s, X, us,mg)ds —|—/ o(s, X2, us,mg)dWy —|—/ (s, X us,mg)dWs,
0 0 0
€(0,T], & € L%, .
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Note that ™ is a classical control problem with the random coefficients (b, o, 7, f)(t, -, -, m4)
for t € [0,T] and g(-,mr). We have the following stochastic maximum principle.

Theorem 3.1 Suppose that assumptions (H1)—(H4) hold. For a given flow of probability
measures m = {my,0 <t < T} € My(C[0,T]) and & € L, , if the following FBSDE

dXt = b(t7 Xta /’U\/(t, Xt7pt7 qt, @)7 mt)dt + U(t7 Xta a(ta Xtapta qt, at)a mt)th
+5(t,Xt,a(t,Xt,pt,Qt,at),mt)th, te (OvT]7

dpr = —0uH (t, Xy, pry qu, Go, Uty Xo, pr, qi, Gt ), me)dt + qdWy + dWy, ¢ € [0,T); (33)
Xo=2¢&, pr=9:(X7,m1)
has an adapted solution {()?t,ﬁt, @,Z}), 0 <t<T} such that
T
B[ swp (R0m + [ @ a0 < oc, (34)
0<t<T 0

then, U = {a(t,)?t,@,@@),o < t < T} is an optimal control of the control problem ™.
Furthermore, for any u € £L%(0,T), we have the following estimate

J(@lm) + cfE[/OT g — %] < Julm). (3.5)

In particular, u is the unique optimal control.

Proof The proof is standard and we refer to [19, Theorem 6.4.6]. The estimate (3.5)
requires strict convexity in u of fy. The proof can be found in [4, Theorem 2.2].

We now show FBSDE (3.3) is uniquely solvable, which implies that problem £™ is uniquely
solvable. We state the slightly more general result for a random terminal function and an
arbitrary initial and terminal time, which will arise in a subsequent section. It is an immediate
consequence of [18, Theorem 2.3], concerning the existence and uniqueness of a solution to a
monotone FBSDE.

Theorem 3.2 Let 0 < s <7 <T and £ € L7 . Suppose that (H1)—-(H4) hold. Suppose that
v:Rx Q= R is an F,-measurable C,,-Lipschitz continuous function satisfying the following
monotonicity condition

(v(2',w) —v(z,w)) (@ —2) >0, =2 €R, we. (3.6)

Then, for a given flow of probability measures m = {my,s <t <7} € Mao(C[s, 7)), there exists
a unique adapted solution {(X¢,pe, qt,qt),s <t <7} to FBSDE

dXt = b(tv Xt7 a(ta Xtvptv qt, at)v mt)dt + U(ta Xta ﬂ(t, Xtapta qt, gt)a mt)th

+a(t7Xtaa(taXtaptaqtaailf%mt)dwta te (877-];

dpt = _awH(ta Xtapta qt, (,jta a(ta Xtapta qt, (,jt)v mt)dt + Qtth + attha te [87 T);

Xs = 57 Pr = U(XT)
such that

B[ sup [(Repol + [ 1@ 3R] < CEE? + O + Ma(m)] 1) (1)

s<t<t

for some constant C' depending on (L, T, Cy,C,).
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Note that this theorem implies that there exist a unique adapted solution {(X¢, pt, ¢, G), 0 <
t < T} to FBSDE (3.3) by setting s = 0, 7 = T and v(z) = g.(x,mr). Assumptions (H3)
and (H4) ensure that g,(z,mr) is L-Lipschitz continuous with respect to x and satisfies the
monotonicity condition (3.6). If we further assume that E[Ms(m)] < oo, then from (3.7) and
the linear growth assumption (H2), we have the estimate (3.4). Then, as a consequence of
Theorems 3.1, problem ™ has a unique optimal control given by u; = u(t, X¢, pt, ¢, Gt )-

Now we turn to Problem 2.1. It states that given the stochastic flow of probability measures
m € May(C[0,T]), the state process X*" corresponding to the optimal control «™ of the
problem 7™ satisfies the following consistency

my = ﬁ(X,;um |yt)
Plugging this into Theorem 3.1, we have the stochastic maximum principle for Problem 2.1.

Theorem 3.3 Suppose that assumptions (H1)—(H4) hold. For & € L2 o+ if the following
FBSDE

dXt = b(ta Xt7 a(tv Xtvpta qt, qt)? E(Xd%))dt + U(ta Xta a(ta Xtaptv qt, gt)a
E(Xt|yt))th + &(t7 Xta a(ta Xtaph qts th)a E(Xt|yt))th’
t e (0,7];
(0,71 o B N . (3.8)
dpt - _8IH(ta Xtapta qt,qt, u(tv Xtapta qt, qt)7 E(Xt|jt))dt + qtth + qttha
tel0,T);
Xo =6, pr=g.(Xr, L(Xr|Fr))
has an adapted solution {(X:,Dr, th,;]i), 0 <t <T} such that
A~ T ~
B[ swp |(R0p + [ 1@ 3] < oc, (39)
0<t<T 0

then, u, = u(t, )?t,ﬁt,@,;]i) is an optimal control of Problem 2.1.

In the rest of this paper, we discuss the existence and uniqueness of the solution of FBSDE
(3.8). We will give two different methods under the following additional conditions on the
dependence of (bg, 09,00, fiz,g=) on the measure variable m.

(H5) (Lipschitz continuity in m) The functions (bg,c0,00)(t, ) : P2(R) — R are Ly,-
Lipschitz continuous uniformly in ¢ € [0,7]. The function fi,(¢,x,-) : P2(R) — R is L-Lipschitz
continuous uniformly in (¢,2) € [0,7] x R. The function g.(z,-) : P2(R) — R is L-Lipschitz
continuous uniformly in = € R. That is,

|bo(t, m’) — bo(t, m)| + |Uo(t, m') — Uo(t, m)| + |50(f, m') — 50@, m)|
< Lp,Wa(m,m’), te€][0,T], m,m" € Pa(R);
|f1$(ta €T, m/) - flm(t7 xz, m)| + |g1($a m/) - gi(:z:a m)|
< LWsa(m,m'), te€[0,T], x € R, m,m’' € Py(R).
For notational convenience, we assume that L,, < L by setting L = max{L, L,,}.

(H6) (Weak monotonicity in m) For any v € Pa(R?) with marginals m and m/’,

/Rz[(fli(tvxvm) - flm(tvya m/))(z - y)]’}/(dzv dy) >0, te [OvT]v m, m' € PQ(R);
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[ letem) = 0. ) = ) (dody) = 0, . € Pa(R),
Equivalently, for any square-integrable random variables £ and £’ on the same probability space,

E[(flw(taglv 5(5/)) - flw(tagv 5(5)))(5/ - 5)] > 07 te [07 T]7
El(92(&', L&) — 92(& LION(E = &] = 0.

4 Solvability of FBSDE (3.8): Method One

In this section, we give the existence and uniqueness result of the solution to FBSDE (3.8)
by the method of continuation in coefficients. We have the following main result.

Theorem 4.1 Suppose that assumptions (H1)-(H6) hold and & € L%, . There exists § > 0
depending only on (L,T) such that FBSDE (3.8) is uniquely solvable when LmC'f_1 <.

In this section, we always suppose that assumptions (H1)—(H6) hold. To prove the above
theorem, a natural and simple strategy consists in modifying the coefficients in a linear way
and proving that there is the existence and uniqueness when coefficients in the FBSDE are
slightly perturbed. To avoid heavy notations, we use the following conventions. The notation
{0;,0 <t < T} denotes a process {(X¢, ug,my),0 <t < T} with my = E(Xt|<;‘5‘vt). The notation
{©4,0 < t < T} stands for a process of the form {(0, ¢, ¢t,Gt),0 < t < T}. We denote by S the
space of processes {©,0 < t < T} such that {(X, ut, pr, g¢,q:),0 < t < T} is Fy-progressively-
measurable, and

1

6 = (B[ s 105wl + [ weauiPar) < 4o

sup |
0<t<T
We call an input for FBSDE (3.8) a five-tuple
= ((If,If,If,If)ogth,I%)

with (Z?, 77,77, Itf Jo<t<T being four square-integrable progressively-measurable processes and
T4 being a square-integrable .Zp-measurable random variable. Such an input is specifically
designed to be injected into the dynamics of FBSDE (3.8). Denote by I the space of all inputs,
endowed with the norm

1
2

T
7l = B[R + | 1@ 7,27 TRl

Definition 4.1 For any (v,&) € [0,1] x E?% and any input T € 1, denote by E(v,&,Z) the
FBSDE

dX; = (yb(t,0;) + IP)dt + (yo(t,0;) + I7)dAW; + (vo(t, 0;) + If)th, te (0,7); (4.1)
dpe = —(VHy(t, ©¢) + I} )dt + qud Wy + G:dW,, ¢ € [0,7) '
with my = L(X,|F,),
Uy = ﬂ(t,Xt,pt,qt,a/t), te [O,T], (42)

Xo = ¢ (initial condition) and pr = vg,(X7, mr) + I (terminal condition).
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Whenever {(Xt,pt,q:,G),0 < ¢t < T} is a solution, {(X¢, ut, me, pe,qt,q),0 < t < T}
is referred to as the associated extended solution. Note that the forward and the backward
equations in (4.1) are coupled via the optimality condition (4.2). When v = 1, Z = 0 and
& = &, the pair (4.1)—(4.2) coincides with FBSDE (3.8). For notational convenience, we set the
following deninition.

Definition 4.2 Given v € [0,1], we say that property (S,) holds true if, for any & € E?%
and any T € I, FBSDE £(v,&,T) has a unique extended solution in S.

Our aim is to show (S1) holds true. The following lemma is proved in Appendix A.

Lemma 4.1 Suppose that assumptions (H1)—(H6) hold. Let v € [0, 1] such that (S,) holds
true. Then, there exist 6 > 0 depending only on (L,T), and a constant C independent of v,
such that for any &',€2 € E?% and IT',I? € 1, the respective extended solutions ©' and ©2 of
E(v, €L, TY) and E(v,£%,17) satisfy

0! — ©2|s < C([El¢" — €22]2 + |T' — T2||y),

when Lme_l < 4.
We now give the following lemma, which plays a crucial role in the proof of Theorem 4.1.

Lemma 4.2 Suppose that assumptions (H1)—(H6) hold. There exist § > 0 depending only
on (L,T) and ng > 0 such that, if Lme_l < § and (S,) holds true for some v € [0,1), then
(Sy4n) holds true for any n € (0,n0] satisfying v+n < 1.

Proof The proof follows from the contraction of Picard’s mapping. Consider v such that
(Sy) holds true. For n > 0, any & € 52%) and any Z € I, we aim to show that the FBSDE
E(v+n,£,7) has a unique extended solution in S. To do so, we define a map ® : S — S, whose
fixed points are solutions of (v +n, &, 7).

The definition @ is as follows. Given a process © € S, we denote by O’ the extended solution
of the FBSDE &(v,&,Z') with

T =b(t,0,) + I, te[0,T);

7 =no(t,0,) +I7, te0,T];

I = no(t,0,) + 7, te0,T);

I} = nH.(t,00) +If, te[0,T];

17 = nge(X7,m7) + I7.
From the assumption that (S,) holds true, ©' is uniquely defined, and it belongs to S, so that
® : © +— © maps S into itself. It is then clear that a process © € S is a fixed point of ® if
and only if © is an extended solution of E(y 4+ 1,&,Z). So we only need to illustrate that @ is

a contraction when 7 is small enough.
In fact, for any ©', 02 € S, we know from Lemma 4.1 that

I2(0%) — ®(0")[ls < C||IT” — " < Cn|©* — €75,

where C' is independent of v and 7. So when 7 is small enough, ® is indeed a contraction.
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Proof of Theorem 4.1 In view of Lemma 4.2, we only need to prove that (Sy) holds
true, which is obviously true since there is no coupling between the forward and the backward
equations when v = 0.

5 Solvability of FBSDE (3.8): Method Two

In this section, we prove the existence and uniqueness of the solution of FBSDE (3.8) with
an alternative method. In the first subsection, we use the weak monotonicity assumption to
deduce the uniqueness result. And in the second subsection, we first show the existence result
on a small time interval [r,T] and then extend the local solution to the whole time interval
[0,T]. More assumptions are required than the first method. However, the intermediate result
can better demonstrate the probabilistic properties as well as the sensitivity, which are worthy
of study.

5.1 Uniqueness

We have the following uniqueness of the solution of FBSDE (3.8).

Theorem 5.1 (Uniqueness) Suppose that (H1)—(H6) hold and &, € E?%. There exists § > 0
depending only on (L, T) such that FBSDE (3.8) has at most one solution satisfying (3.9) when
Ln,C7' <6.

Proof Let {(X!,5%,3,4,),0 <t < T} solve FBSDE (3.8) such that (3.9) holds with initial
o € LY, for i =1,2. We set

mi = L(X}|.F,), i=1,2.
Recall that 2; and 47 satisfy
bQ(t)ﬁ+02(t)a;+a2(t);];t = _fu(ta)?tiaai)ﬂ le [OaT]v i= 172 (51)

Let AX, = X2 — X} and Ap; = p? — p! for ¢ € [0,T]. By using Ito’s lemma for ApAX,, we
get

E[AprAXT] — APoAX
= E[/OT(bo(ta my) — bo(t, M) APy + (oo(t,M7) — oo(t, My ))AG:
1 (Go(t,m2) — Go(t, M)A, + (ba() AP, + 02 () AGs + 52(t)AG,) ATy
~ (fou(t, R ) = fou (t, X TD)AK: = (fralt, X2, 7) = fralt, X}, 1) AKdt]. (5.2)
We know from (5.1) that

(b2(t) APy + 02 () AT, + F2(t)AG) ATy — (fou(t, X2, 02) — fou(t, X1 01)AX,
= —[(fows fou) (t, X2, 02) — (fou, fou) (6, X1 0D)] - (AXy, ATy), ¢ € [0,T). (5.3)

From the strict convexity of fy as assumed in (H4), we have that for ¢ € [0,T],
Jot, X2.05) = fot, X2, @) — [fou(t, X @) AX, + fou(t, X, @A) > Ol AT

et A A A (5.4)
f()(t,th,’UJ%) - fO(thzaUg) + [fOz(taXtQaut)AXt + fou(taXtQau?)Aut] Z C(JC|A’U’15|2
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From (5.4), we have

[(fo: Fou) (6 X7, 0F) = (fou, fou) (0, X 0))] - (AXe, ATy) = 207 A, t€[0,T].  (5.5)
From the weak monotonicity assumption (H6), we know that

E[AprAXT] = El(g: (X7, m7) — 9.(Xp, 7)) AX1] 2 0;

E[(f1o(t, X2, m2) — fia(t, X}, m))AX,] >0, te]0,T]. (5:6)

Plugging (5.3), (5.5) and (5.6) into (5.2), using the Lipschitz continuity assumption (H5) and
the average inequality, we have

T T
2@1@[/0 AP’ g]E[/O (bo(t, 2) — bo(t, ML) AB: + (o0 (t, 2) — oo (t, ML) AT,
+ (ot 7) — Go(t, M) ATt
3L, T > Ly, o N ~
< E| sup |AX,5|2} + —IE[/ |AD:? 4 |AG]? + |Aqt|2dt}, (5.7)
2 0<t<T 2 0

where we have used the following estimates

EWa (i, )?) < E[E|AX2|Z]) = BIAK ] <E[ sup |AX?], te0,7)
T

0<t<

By standard estimates for SDEs and BSDEs, there exist two constants C; > 0 and Cy > 0
depending only on (L,T), such that

T
E[ sup |A%P] gclE[/ A, P (5.8)
0<t<T 0
T R N T
E[ sup |A@|2+/ |A@|2+|Aq~t|2dt] SCQE[ sup |AXt|2+/ |Aat|2dt]. (5.9)
0<t<T 0 0<t<T 0

From (5.7)—(5.9), we have

4cf1E[/OT AP] < Ln(Co(L+C(T +1) + 3T01)E[/0T ).
The constant
§:=2(Co(14+ C1)(T +1) +3TCy) !
depends only on (L, T). If Lme_l <4, then u' =4? in £%(0,7).

5.2 Existence

Next, we prove the existence result of the solution of FBSDE (3.8). The idea is to show the
existence result on a small time interval [r, T] firstly and then extend the local solution to the
whole time interval [0,7]. In this subsection, we always suppose that assumptions (H1)—(HG6)
hold.

The lemma below is an immediate consequence of [2, Theorem 3|. Similar results can be
found in [17, Theorem 6.7] and [22, Theorem 1.1].
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Lemma 5.1 Let 0 < s < 7 < T. Soppose that assumptions (H1), (H2) and (H5) hold.
Given @ € L% (s,7) and n € L7, there exists a unique solution {X;,s <t <71} € 8% (s,7) to
SDE:

t t
Xt:n—i-/ b(r,XT,aT,ﬁ"LT)dr—i—/ o(r, Xp, Uy, My )dW,
tS - B S
—|—/ o(r, X, Uy, m)dW,, t € s, 1], (5.10)

where my = E()A(t@i) fortels,].

We now construct a map so that it has a fixed point as a solution to FBSDE (3.8). Let
0<s<7<T,neLl%p andv:RxL% xQ— R satisfies, for P-a.s.,

(v(z', €, w) —v(x, &,w))(z' —x) >0, z,2 €R, £& € L3 = (5.11)
o', €,) — (o, &) < Culle’ — 2 + EI(E - 15w, o)
z,2' €R, ¢ €L
and
E[|v(0,0, )] < +oo. (5.13)

We define @577V : L% (s,7) — L% (s,7) as follows. Givenu € L% (s,7), Lemma 5.1 shows that
SDE (5.10) has a unique solution X = {X;,s <t < 7} € 8% (s,7) with initial value n € L% .
We set m; = L()?A%) for t € [s,7] and denote by {(X¢, pt, qt,qt),s <t < T} the solution of
the following FBSDE

dX¢ = b(t, X¢, ug, me)dt + o (t, Xe, ug, me)dWy + 7 (8, Xy, ue, mt)d/W/tv t e (s,7];
dpt = _81H(t7Xt7pt7qtaatuutumt)dt+qtth +atdwt7 le [877—); (514)
Xs =1n, Pr :’U(X‘ra)?r)

with the optimality condition
up = u(t, X¢, pr, qt,Gqt), t€E[s,7],
or equivalently,
bo(t)pe + o2(t)qr + 02 (t) Gt + fou(t, Xe,ur) =0, t € [s, 7],

such that

B sup [(4ep0P + [ 1) ] < oc, (515)

s<t<t

We set
(I)s,r,n,v(a) =y = (ut)s§t§r~

Conditions (5.11)—(5.13) and Theorem 3.2 ensure that w is uniquely defined. Moreover, both
inequalities (5.15) and (3.2) and Lemma 3.1 yield that u € £%(s,7). Thus, @77 : U+ u
maps £% (s, 7) into itself. Furthermore, the fixed point of ®%7¢0:9= is the solution of FBSDE
(3.8). The lemma below gives a solution on a small time interval.
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Lemma 5.2 Let 0 <7 <T andv:Rx L% xQ— R satisfies (5.11)~(5.13). Suppose that
assumptions (H1)—(H5) hold. If

B,C;' < (24LC,)7Y,
then, there exists v > 0 depending on (L, T,Cy,C,) such that, for any non-negative s € [T—-y, T)
and n € LY, there exists u>™"" € L% (s,T) such that

(I)s,‘r,n,v(as,ﬂn,v) — AS,T,?],’U.

The proof is given in Appendix B. Assumptions (H2)—(H5) ensure that g, satisfies conditions
(5.11)—(5.13). Suppose that

B,C;t < (24L%) 7 (5.16)

Then, there exists v > 0 depending on (L, T, Cf) such that, for any non-negative t € [T'—~,T)
and n € L%, there exists a9 € L% (t,T) such that

et 9« (at7T7n79m) = b7 9a (5'17)

Let T' be the set of ¢ € [0,T] such that the following statement holds: For any 7 € £2 ., there
exists utTm9: € £2.(t,T) satisfying (5.17). From the above we know that T'—~ € I'. If 0 € T,
then we have completed the proof of the existence of the solution of FBSDE (3.8). Suppose
not, let ty = inf T (¢y can still be zero), 7o > 0 be sufficiently small so that tg + v < T — %,
and 7 € [to,to +v0) NT.

Since 7 € T, for any initial 7 € L% , there exists a fixed point & = {aptme s <t<T}e
L% (7,T) of the map ®7T""9=. We denote by

ST Tnge ~Tge ~mTn,ge 215092
O e e P ), T <t<T)}

the solution of the following FBSDE,

d)A(tT,T,n,gz =b(t X—tnTﬂhgm ﬂtT’T’"’g’ ﬁltT’T7"7g“”)dt
) ) )
v In.90 7,1 ~7,T
+O'(t,XtT ngx’u;', ,n,gzvmz, ,n,gz)th

~ vr.ITn9: »7.T0.90 ~7.T10.92\ 1717
+o(t, X"y I AW, t € (s, T

pony ;T; sJa % 7T7 2Ju A7T7 G ’\7T7 2Ju /,;T7T77]7gm " ;T; G 2N ;T; 9o (518)
app e = o, H (¢, X Tz prTmge grlmg. o arTmge mrTmnoeqy
~ 7, T,z —=
+q AW, + g AW, te[s,7);
v,T F AaTaaz_ A>T)>IA1T112
XrTmge = p  prTmge = g (XnTmge mrlnge)
where
ﬁlT,T,n,gz _ L()?T’T’"’gﬂ;:) <t<T
t - t t)s T = 9
and with the optimality condition
=, T,1,9x T Tge | = (S DG TTTn,9: AT T,92y _
ba(t)py + o2(t)q; + o2(t)q, + fou(t, X/ LUy )=0, te]s,7],
such that
T Tm,9s =7 T1,9x\ |2 g . Ty,ge ST 92 19
B[ sup (X770 prTmo 4 [ (@ g TPt < 4o (5.19)
T<t<T .
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We then denote by

(XN pTomn g Ten Gram) = [( X0 phn qma gnaiy o<y < T

€S%(1.T) x 8% (1, T) x L% (1,T) x L (7, T)
the solution of the following FBSDE

AX; = b(t, X¢yue, My "9 At + o (t, Xy, ue, iy 97 ) AW,
+5(t, X, ug, ’fl\’L:,‘FﬂhgGC )th, t e (T, T],

_ R o~ (5.20)
dpt = _azH(tv Xtapta gt qt, Ut, mZ>T>77>gx)dt + qtth + qtth’ te [T’ T)’
XT =, P = gw(XTa m;ngm)
with the optimality condition
bg(t)pt + Ug(t)qt + 52@)(“]; + fou(t, Xt, ’U,t) = 0, te [T, T] (521)

We define v : R x L% x Q — R as
v(z,nw) =pr*(w), zER, nE LG

From Theorem 3.2, {(X;"", p; ™" ¢;"", q;""),7 <t < T} is uniquely defined, and thus v is
well-defined. We have the following estimates of v, whose proof is given in Appendix C.

Lemma 5.3 Let assumptions (H1)-(H6) and (5.16) be satisfied. Then, there exists 6 > 0
depending only on (L,T) such that v defined above satisfies, P-a.s.,

(w(@',n) —v(z,n) (@ —2) >0, z,2 €R, nn € ELQ%; (5.22)

o(@’,n) — vz, n)]? < Colla’ — 2l + Elly’ — | Z]), =2’ €R, n €Ly, (5.23)
when Lme_l <6, with the constant C, = CL7T(1 + %)4; where Cp, 1 is a constant depending
only on (L,T).

We now attempt to extend the solution further. If we suppose that
B,Cr 1+ Cp Y <min{(24L%) 7, (24LCL 7)1},
then we easily get
B,C; ! <min{(24L%)7, (24LC,) "'}

When LmC'f_1 is small enough, Lemma 5.3 and (5.19) ensure that (5.11)—(5.13) hold. Let
s € [0,7) to be determined and n € L% . Consider the map ®*7"" as defined above. From
Lemma 5.2, there exists a constant 7 > 0 depending only on (L,T,Cy) such that, for any
non-negative s € [7 — 4/, 7), there exists u*™"" € L% (s, 7) such that

(I)s,‘r,n,v(as,ﬂn,v) — aS,T,n,’L}.

We denote by {X;7" s <t<7}e 8% (s, 7) the state process corresponding to u*™"?. We
construct the following control %79 by letting

~8,T.1,9x _ {afmmvj ifs<t<m;

uy =

X8 Ti1,0
~T X2 gy

u, , ifr<t<T.
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Since u* 7Y € L% (s,7) and a7 """ 9= € £2(7,T), we have u*T"9 € £%(s,T). From

the definition of ®, we have

o519« (as,T,n,gz) — 35 T1:9=

We have shown that s € I'. From Lemmas 5.2-5.3, we know that 7’ depends only on
(L,T,CYy), which is independent of 7. Therefore, we can select 7y sufficiently small and moreover
Yo < v/, s0 that 7 — ' <tg+v — 7 < tg. Thus, we can select s to be strictly less than tg or
s = 0 to give a contradiction to our assumption that 0 ¢ T and ¢y = inf I'. Therefore 0 € T,
and we have the following existence theorem.

Theorem 5.2 (Existence) Suppose that assumptions (H1)~(H6) hold and & € L%, . Then,
there exists & > 0 depending only on (L,T), such that FBSDE (3.8) has a solution satisfying
(3.9) when

max{B,C; ' (1+C; Y, L Cy '} < 6.

Appendices

A Proof of Lemma 4.1

We set AX; = X? — X}. The differences Auy, Ap;, Ag and Ag; are defined in a similar
way. Then, {(AX:, Aps, Agr, Aqr),0 < t < T} satisfy the following FBSDE

dAX; = [y((bo(t,m?) — bo(t,mi)) + br () AXe + ba(t) Auy) + ATyt
+[y((o0(t,m?) — ao(t,m})) + o1(t) AX; + o2(t) Auy) + AZZ|dW,
+[7((Go(t, m2) — Go(t,md)) + 51 () AX, + G2 (t) Auy) + AZZ|AW,,  t € (0,T);
dAp;, = —[y(bi () Apy + o1 () Age + T AG, + (folt, X2 uF,m?) — folt, X} ub,m}))
FATI)dt + AgdW, + AGdW,, ¢ € [0,T);
AXo= AL, Apr =7(9:(X7,m7) — 9:(X7,m7)) + AL7

with the condition

ba(t)Ape + 02(t) Agr + T ()AG + (foult, X7, uf) — foult, X[ ug)) =0, t€[0,T]. (A1)
First we note the fact that

E[Wo(mi,m?)’) < EE|AX, | 7] = E|AX") <E[ swp [AX,P], te.7].  (A2)

Under assumptions (H1), (H3), (H5) and the estimates (A.2), by standard estimates for SDEs
and BSDEs, there exist two constants C; > 0 and C3 > 0 depending only on (L, T), such that

T
E[ sup |Axt|2} gclE[|Ag|2+/ 7|Aut|2+|(AI§’,AI{,AI{)|2dt}; (A.3)
0<t<T 0

T
]E{ sup |Apt|2+/ |(Aqt7A(7t)|2dt}
0<t<T 0

T
gCgE{W sup |AXt|2+|AI;}|2+/ v Aug|? + |AZ] Pdt|. (A.4)
0<t<T 0
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Applying It6’s lemma on Ap; AX; and taking expection, we have
E[AprAXy] — E[ApoA¢]
= E[/OTW[(bO(L‘a mi) = bo(t,m;)Ape + (00(t,mf) — o0 (t,my))Agy

+ (G0(t,m7) — ao(t, my ) Ag]

+ [(b2 () Aps 4 02 (£) Ags + T2 () AG) Ay

- (fw(tﬂ Xt27 u%? m?) - fw(tﬂ th, u%, m}))AXt]

+ (AP AT + A ALY + AGATT — AX,ATT)dt|. (A.5)

By using the Lipschitz-continuity assumption (H5) and the average inequality, we have
T
B [ 2l00(t.m2) — bo(t. ) A + (o0t 2) — oult. ) Ag
0
+ Golt,m?) — Go(t m}) AG )t

T
<B[ [ ALaWami, m?)(Ap] + | Aq] + AT )]
0

3TL,, TL,,
< PYIE{ sup |AXt|2} t— IYIE{ sup |Apt|2]
0<t<T 0<t<T
L T .
+ T”]E[/ |Agi|? + |Aqt|2dt] (A.6)
0

From (A.1) and the convex assumption (H4), we have

(bZ(t)Apt + UZ(t)Aqt + E(t)A(Ajt)Aut - (wa(tv Xt27 utz) - me(t, th, u%))AXt
< —20¢|AT %, te0,T). (A7)

From the weak monotonicity assumption (H6) and the fact that mi = £(X}|.%,), we have

E[(f1$ (tv tha m?) - f1$ (tv thv m%))AXt]
= E[E[(f1o(t, X2, m?) — fio(t, X}, m})AX,|F]] >0, te0,T]; (A8)
E[AprAX7] = Ely (g, (X2, m2) — go(Xh,mb)AX7 + AXp ALY > E[AX7ATY).

Plugging (A.6)—(A.8) into (A.5), and using the average inequality, we have for any ¢ > 0,

T
2Cf7E{/O |Aut|2dt}

T
< E[|Apo | A¢| + [AXrI| AT + /O (APAT! + AGATY + AGAT] — AX,AT] )dt]

TLy, Lo, T _
E{ sup |AX,5|2} + VE{ sup |Apt|2} + —%E[/ |Agi|* + |Aqt|2dt}
0<t<T 2 0<t<T 2 0

3T L,y
+ 2

37TL,, TL,,
< ( J +€)E{ sup |AXt|2} + (—7 +5)E{ sup |Apt|2}
2 0<t<T 2 0<t<T

T
(5 )] / A + [AG dt] + (T, ) EI|AEP + AT
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Here, the notation C(T,¢) stands for a constant depending only on 7" and e. Plugging (A.3)
and (A.4) into above, we have

ZC'f’yE[/OT |Aut|2dt}

T
< C(L T ) E[AG) + |AZ[E) + (C1Ca+ Cr + CoeB[ [ |AuPa
0

T 1,T 1 !
N 3TCy +maX{27 3+ )OQLmWE[/ |A“t|2dt]

The constant
8 :=2(3T7C} + max{1,T}(Cy + 1)Cy)~*

depends ounly on (L,T). If Lme_l < ¢, then, we choose

€= G
2(C1C2 + C1 + Cy)
to get
T
+E| / |Auf?dt] < C(L,T,Cp)(EAEP] + | AZ|R). (A.9)

Plugging (A.9) into (A.3) and (A.4), respectively, we have
B s 11650 8008 + [ (B APl < O T.0p(E]AEP + 1ATIR)

From Lemma 3.1 we know that
|Aus| < C(L, Cp)(|AXe| + [Ape| + [Age] +1AG]), t<[0,T]
So we eventually have

8" — 0% < C(L,T,Cp)(E[" — P+ 17" - Z°|3).

B Proof of Lemma 5.2

Let n € L% and @',0* € L% (s, ) We denote by {X},s <t < 7} the state process corre-
sponding to ﬂi as in (5.10) and set mi = L(Xi|Z,) for t € [s,7] and i = 1,2. We then denote by
{(X},piqi,ql),s <t <7} the solution of FBSDE (5.14) corresponding to {m¢, s <t < 7} for
i=1,2. Weset AX; = X? — X} for t € [s,7]. The differences (Aps, Aqt, Agy, Aug, Aliy, AXy)
are defined in a similar way. Then {(AXy, Ap:, Aqr, Ag:),s < t < 7} satisfy the following
FBSDE
dAX, = [(bo(t,m3)) — bo(t,mf) + by (t) AXy + bo(t) Auyldt

+(oo(t,m?) — oo(t,m})) + o1 () AX: + oo (t) Aug)dWs

+[(Go(t, M2) — Go(t,MmD)) + 51 () AXy + G2(t) Aug]dWy,  t € (s,7];
dAp; = —[b1(t)Apy + 01 () Ags + 01 (1) AG: + (fou (t, X2, u?) — fou(t, X} ut))

+(fra(t, X2, M2) — fra(t, X2, m)]AE + AqdW; + AGedW,, ¢ € [s,7);
AX =0, Ap, =v(X2X2) - (X}, X))
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From Lemma 3.1 we know that

B,
| Ay < |AXt| + |Apt| + (|AQt| +[Ag|), te]l0,T], (B.1)

and recall that B, < L. From (B.1) and assumptions (H1), (H3) and (H5), we have

E| sup |AX,5|2]

s<t<rt

< (r— )O(LTE|[ sup |(AK AX)P + / Aufdt] + 6B2E / A

s<t<rt
< (T—S)C(L,T,cf)E[ sup (AKX, AXy, Apy)[? +/ (Age, AG)| dt}
s<t<rt

6B2L2
_|_

/ |(Agt, Agy)| dt} (B.2)

Here, the notation C(L, T, Cy) stands for a constant depending only on L, 7" and C/, and we
have used the following estimates

EW, (i}, m})?) < EE[AX, |7 = EIARP <E[ swp [AX], telo.7]
0<t<

Similarly, by using Doob’s inequality, Cauchy’s inequality and (B.1), we have

E| sup |Apt|2}

s<t<rt
< 2E[|o(X2, X2) — v(X}, X})|?] + SE / b1 (r) Apy| + |01 (1) Agy| + (51 () AG |
U X202, 2) — folr, X b b)) |
< (r-s)C(L,T, Cf)IELiliETKAXt,AXt,Apt )2 —|—/ [(Ags, AGy)[2dt
+4C§1E[ sup |(A)?t,AXt)|2] (B.3)

s<t<t

We also have from (B.1) that

/|AqtaAqt)| dt /AQtth /AQtth

—5[[80 - .+ [ O8p o+ 080+ 50T,
2
o (falt X2 u ) = fult, X0 ud )| |
< (7= 9C(L,TCE| sup (AR, AXe, AP +/ (Age, Ag) Pt
s<t<Tt

+6E[ sup |Apt|2] (B.4)

s<t<Tt
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From (B.2)—(B.4), we deduce that

E{ sup |AXt|2]

s<t<rt

WIBPCE 4 (7= 5)C(L, T, Cy, Cu)

7 ~
< E AXy, AXY)P;
= 1—(r—s)C(L,T,Cy,Cy) L;&g“ 6 AX)| }
E[ sup IAptIQ}
4CS2StS(T )O(L,T,Cy,C,) B9
T—S fs SN2
< E AXy, AXy)|;
—(r—9)C(L,T, cf,c) Li?ET'( nATP);
/ | AqtaAqt
24C2 + (1 — s)C(L T,Cy,Cy) >
<= VR s AX, AXY)P.
= T 1-(7-9)C(L,T,Cy,Cy) LZ‘?EJ( B AX
From the condition
B, 1
L B.
Cf - 24LCU’ ( 6)
we have that when (7 — s) is small enough,
1 v o2
E[ sup |AX,| } 511%:[ sup |AX| } (B.7)
s<t<t s<t<t
From (B.5), (B.7) and (B.1), we deduce that when (7 — s) is small enough,
48L202 -
/ ] E[ sup |AK[?]. (B.S)
s<t<t

Similar as the above, we have

> 6B2 + (1 —s)C(L,T,Cy,C,
E| sup |[AX 2] < 2= ’ A t B.
L;‘j‘;' d } = 1-(r=s)C(L,T,C;,C, / Al (B-9)

From (B.6), (B.8) and (B.9), we deduce that

C(L,T,CrCo) i [T
[/ [Auiae] < ij((T ))C((/{:;c;c; [/ ]

It follows that when (7 — s) is small enough,

e ~ 3
9@ - 0@ . = E[ [ 18uPar] < 312 - 212

As aresult, we get a contraction map for sufficiently small (7—s) depending only on (L, T, C,, Cf)
as desired.

C Proof of Lemma 5.3

In this section, we give the proof of (5.22) and (5.23), respectively. From the condition
(5.16) and Lemma 5.2, we know that v is well-defined.
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C.1 Proof of (5.22)

Let n € L% and x1,22 € R. We denote by {()?t,@,at@),f < t < T} the solution of
FBSDE (5.18) with initial condition X, = 7, and set @y, = L(X|.F) for ¢t € [r,T]. We
then denote by {(X!,p!, ¢!, ql), 7 <t < T} the solution of FBSDE (5.20) corresponding to
{My, 7 < t < T} with initial conditions X! = z; for i = 1,2. We set AX; = X? — X} and
Ap; = p? — pi for t € [7,T]. By applying Itd’s lemma to Ap;AX; from 7 to T and taking
expectation conditional on %, (denoted by E.[-]), we get

E [AprAXr] — Ap, Az

T
B[ [ 02089 + o080+ 520 A7) A
_(wa(taXfaut) wa(t Xtvut))AXt
— (ot X2, 0) = fra(t, X}, ) AX . (C.1)

From the optimal conditions (5.21) of u! and u?, we have
b2(t)Apt+0_2(t)Aqt+52(t)Aat = _(f(Ju(taXt?aut) fOu(t Xtaut))Auta le [Ta T]

From the convexity assumption (H4), we have

(b2(t) Apy + 02(t) Agy + T2(£) AgGe) Auy — (fou(t, X7 uf) — foo(t, X[ up)) AX,
= —((fow, fou) (t, X7, u7) = (fous fou) (6, X[ up)) - (AXy, Auy)
—2C|Awf?,  te [, T); (C.2)
(fra(t, X2, ) — fra(t, X3 me))AX, >0, t€[r,T);
AprAXr = (9(XF,mr) — g(Xp,mr))AXT > 0.

From (C.1) and (C.2), we deduce that

[v(z2,m) — v(z1,n)](T2 — 71) = Ap- Az > 0.

C.2 Proof of (5.23)

Let x1, 22 € R and 71,72 € L% . We denote by {()?g,ﬁg,a‘;,ﬁ)ﬁ < ¢ < T} the solutions of
FBSDE (5.18) with initial conditions X’ = ;, and set mi = £(X|.%,) for t € [r,T] and i = 1,2.
We then denote by {(X},p!, q},q), 7 <t < T} the solution of FBSDE (5.20) corresponding to
{mi,7 < t < T} with initial conditions X! = z; for i = 1,2. We set AX; = X? — X}
The differences Aps, Aqe, Agy, A)A(t, ADy, Ay, Aa't, Az, An are defined in a similar way. Then
{(AX], Apt, Agi, AGl), T < t < T} satisfy the following FBSDE

dAX = [(bo(t,m7) — bo(t, M) + b1(t) AX¢ + ba(t) Aue]dt

+(oo(t, m7) — oolt, my)) + o1 () AXy + o2 (t) Aug]dW,

+[(Go(t, M2) — Go(t,MmD)) + 51 (1) AXy + G2 (t) Aug]dWy, t € (7,77
dAp: = —[b1(t)Ape + 01(t) Age + 51 (6) AGe + (fou (t, X7, uf) — fout, Xi's )

+H(frat, X2, 2) — fra(t, X}, b))t + AqudWy + AGd Wy, ¢ € [, T);
AX, = Az, Apr = g,(X%,m%) — g (X5, ML)
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with the condition
bQ(t)Apt + O'Q(t)AQt + 52 (t)A&t + (f()u(t, XtQ, u?) — fou(t, th, u%)) = 0, te [T, T] (03)

Applying It6’s lemma to Ap; AX; from 7 to T and taking expectation conditional on 5“; (denote
by E,[]), from (C.3), the convexity assumption (H4) and the Lipschitz assumption (H5), we
have

E.[AprAXy] — E.[Ap, Az]

< —2C4E, [/

T

T T
(Sufat] + L5, [ [ Wah m)(AX] + [p] + | Aa] + AT (C.0)

From assumptions (H4) and (H5), we have

E.[AprAXr]
> LB, [Wa (i}, m3)|A Xz (€5)

Plugging (C.5) into (C.4) and using the average inequality, we have for any € > 0,

ET[/TT|Aut|2dt] < C(%’?T)(mxﬁ +ETL?§§T|A&|ZD

T
+5ET[ sup |AXt|2+|ApT|2+/ |Apt|2+|Aqt|2+|A§t|2dt}, (C.6)

T<t<T

where we have used the estimates
E, [Wa(inf, m})?] < E,[E[|AX[*| 7)) = B, [|AX: ), te[rT).
By standard estimates for SDEs and BSDEs, we have

IET{ sup |AXt|2]

T<t<T
_ =N _ T
gC(L,T)(|Ax|2+]ET[ sup |AXt|2]+ET/ |Aut|2dt); (C.7)
T<t<T -
_ T
B[ sup [ApP+ [ |Aaf + |AG[a]
T<t<T T
_ . T
gC(L,T)IET[ sup |(AXt,AXt)|2+/ |Aut|2dt}, (C.8)
T<t<T -

where C(L,T) stands for some positive constant depending only on L and T'. From (C.6)—(C.8)
and (C.6), we deduce that when ¢ is small enough,

ET[/TT Aufat] < oL, 7)(1+ Ci?) (180 + . sup [8%,7]). o)

Now we plug (C.7) and (C.9) into (C.8) to get

E, | ap ) < C(L.1) (1 + Ci?) (180 + B[ sup [a%0P]). (C.10)
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Next, we aim to give the estimate of E, [ sup |A)A(t|2]. Note that {(AX?, Api, A, Aﬁ), T
T<t<T
<t < T} satisfy the following FBSDE

dAX, = [(bo(t, M2) — bo(t,M})) + by () AX; + bo(t) ATy ]dt

+ [(oo(t, m2) — ao(t, ML) + o1 () AKXy + oo (1) Al | AW,

+ [Go(t,m2) — Golt,mD)) + 61() AXy + G2(t) AT AW, ¢ € (7, T);
dAp; = —[bi(t) APy + o1 (t )Aat +51(t)AG, + (fou(t, X2,03) — fou(t, X}, 01))

+ (f1o(t, X2, M ) (t XL mh)]dt + AGAW; + AgdWs,  t € [7,T);
AX, = Az, Apr = go(X3, %) — 9o (X}, k)

with the condition
b (t)ADy + o2 (t)AG: + 52(t)A§t + (foult, )?f, a7) — foult, th, u;)) =0, te[r,T]. (C.11)
As above, by standard estimates for SDEs and BSDEs, there exist two constants C; > 0 and

Cy > 0 depending only on (L, T), such that

T
E[ sw |AR,P] < C(L.TIE|ay ]+011ET[/ a2 (C.12)

r<t<T -

T T
IET[ sup |Apt|2—|—/ |A@|2+|A§t|2dt} §CQET[ sup |AXt|2+/ |Aat|2dt]. (C.13)

T<t< T T<t<T T
From the weak monotonicity condition (H6), we have
B [ApraXy] = E[(92(XF, %) — g2 (X}, 1)) AXr]
= E[E[(9. (X7, M%) — g0 (Xt 7)) AX 1| Fr]|. 7] > 0

E-[(fio(t, X7, 77) — fro(t, X} 1)) AX]
= B[E[(f1a(t, X2, m2) — f1a(t, X}, M) AKX, F)|F2) >0, te[r,T) (C.14)

Applying It6’s lemma to AﬁtAX} from 7 to T and using the average inequality, from (C.11),
(C.14), the convexity condition (H4) and the Lipschitz condition (H5), we have

- ET[AﬁTAT]]
T
SB[ [ (bolt,) — bolt,1)AP: + (on(t,) — oot ) AG

+ (Go(t, m?) — Go(t, M) AG, + (ba(H)AB; + 02(8)G: + G2(1)7,) Aty
— (fou(t, X2, 02) — fou(t, X&ﬁl))Axtdt}

IN

204K, | / |AT|2dt] + Lo, | / EAK) (185 + 1AG] + A7 )at]

™ ’ ~ 12 T Ly = v 12
_2cfET[/ aa ) + T2 [ sup AR
. 2 T<t<T

IN

3Ly~ 1 [* . . =
+ "B, [/ (|1AD)? + |AG* + IAthQ)dt}-
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By applying average inequality for Ap,An, we have for any ¢ > 0,

TL,,

ic; ET[ sup |A)A(t|2}

T<t<T

o T 2 1 w 2
T
B[ [ 1awPa < oz S8+

3Ly, = ~ 12 ’ ~12 =2
+ (— —I—E)(T—l— I)ET[ sup |Ap| —|—/ |AG® + A dt|. (C.15)
4C5 F<t<T -

Plugging (C.12) and (C.13) into (C.15) and recall that L,, < L, we have

ET[/T G ]

1 1 ~
<OLD(1+ 5 + ot e )E-[|anf]
f

TC, +3(T +1)(Cy + 1)C. S
f o

The constant
§=2(TCy + 3(T +1)(Cy +1)Co)

depends only on (L,T). If LmC'f_1 < ¢, we choose

1
CTHT (O 10
Then, have
[ [ ] s w1+ 2+ B sl 00
. Cy  C3
Plugging (C.16) into (C.12), we have
E. Li‘%miﬂ < O(L,T)(l + cif + %)ET[IAWIQ]- (.17)

Now we plug (C.17) into (C.10). If Lme_l < 6, we have

B/ |89 < C(L.T) (14 &) (1Al + -0,

or equivalently,

1\4 —
[ow2,) = vl m)? < CLT) (14 &) (2 = + Bl — 1 52)

as desired.
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