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The Ground State Solutions for Kirchhoff-Schrodinger
Type Equations with Singular Exponential
Nonlinearities in RY *

Yanjun LIU! Chungen LIU?

Abstract In this paper, the authors consider the following singular Kirchhoff-Schrédinger
problem

M(/RN Val™ + V(@) [ulYdz ) (~ A + V(@) u] ¥~ u) = @y my (B

||

where 0 < 7 < N, M is a Kirchhoff-type function and V(z) is a continuous function
with positive lower bound, f(z,t) has a critical exponential growth behavior at infinity.
Combining variational techniques with some estimates, they get the existence of ground
state solution for (P,). Moreover, they also get the same result without the A-R condition.
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1 Introduction

The research of nonlinear Kirchhoff equations has attracted a lot of attention and a classical
Kirchhoff equation is given by

—(a + b/ |Vu|2da:)Au = f(z,u) in 9,
Q
u=20 on 0,

(1.1)

where Q C RY is a bounded domain, a,b > 0 and f : Q x R — R is a continuous function. It
is related to the stationary analogue of the following equation

Upt — (a—l—b/Q |Vu|2da:)Au = f(z,u), (1.2)
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which was proposed by Kirchhoff in [21] as an extension of the classical D’Alembert’s wave
equation for free vibrations of elastic strings. The problem (1.1) is nonlocal since the appearance
of the integration term [, [Vu|*dz. In [28], Lions proposed an abstract framework for this kind
problems and after that, the Kirchhoff problem began to receive a lot of attention, see [3—4,
6, 8, 11, 32] and the references therein. For Kirchhoff type equation with a singular nonlinear
term, in [33], by proving the mountain pass structure of the related functional and using the
concentration compactness principle, the authors obtained the existence of a nontrivial solution
of the following polyharmonic Kirchhoff type problem

—M( |Vmu|%dx) Nu= f(@,u) in ,
Q m || (1.3)
u=Vu=Viu=---=V"ly=0 on 012,

where A, with p > 2 is the p-Laplacian operator, {2 C RY is a bounded domain with smooth
boundary, m is an integer and 2 < 2m < N, 0 < n < N, M(-) is a Kirchhoff-type function,
f(z,t) has critical exponential growth behavior at infinity. Moreover, they also discuss the
above problem with convex—concave type sign changing nonlinearity. All theses results are
based on Trudinger-Moser inequality (see [34, 36]) and critical point theory. In the case of
M =1 and 2m = N, it becomes to the following Polyharmonic problem
{(—A)mu = f(x,u) in Q,

1.4
u=Vu=Vu=---=V"1ly=0 on 0f2. (1.4)

When m = 1, the above problem was investigated in [1, 13, 15]. In [22], Lam and Lu studied
the above polyharmonic equation in both cases of f satisfying the well-known Ambrosetti-
Rabinowitz condition and without the Ambrosetti-Rabinowitz condition. One can also refer to
[24-25] for some relevant results.

A singular Schrodinger equation is written as

—div(|Vu|N 72Vau) + V() |[u|N 2u = , xRN (1.5)

where N > 2,0 <n < N,V : RY — R is a continuous function, f(z,s) is continuous in
N

RN x R and behaves like €51V ™" as [s| — co. When 5 = 0, (1.5) is a usual elliptic equation
with no singular term and it was first studied by Cao [7] for the case N = 2. It was studied by
Panda [35], do O [16] and Alves [5] for the general dimensional cases. When 0 < 5 < N, (1.5)
becomes an elliptic equation with a singular term. From the literatures one can see that to deal
with the singular Schrédinger equations is closely related to the singular Trudinger-Moser type
inequality (see for example [2, Theorem 1.1] or [14, Theorem 3]).
For the following perturbation problem
[, u)

—div(|Vu[N2Vau) + V(2)ju)N "2 = PO +eh(z), =RV, (1.6)

when 7 = 0, using Ekeland variational principle and mountain-pass theorem, do O et al [17]
got the multiplicity of solutions. When 1 > 0, the existence of nontrivial weak solution of the
problem (1.6) was proved by Adimurthi and Yang [2]. In [37], Yang derived some similar results
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for the equations with bi-Laplacian operator in dimensional four, and proved the existence and
multiplicity of weak solutions for N-Laplacian elliptic equations in his another paper (see [38]).
Lam and Lu [23] considered the existence and multiplicity of nontrivial weak solution for non-
uniformly N-Laplacian elliptic equations. Motivated by the work of Lions [29], do O et al. [18]
improved the Trudinger-Moser inequality in RY and obtained a ground state solution for the
quasilinear elliptic equation

—div(|Vu|¥2Vau) + [ulN " 2u = f(z,u), xRN (1.7)

with the function f(z,s) satisfying the so called exponential critical growth condition at +oo,
i.e., there exists ag > 0 such that

A {O, Ya > ay,

lim z, s)e IVt =
|s\—)oof( ’ ) 400, Va < ap.

For Kirchhoff-Schrédinger type equation, Li and Yang [26] studied the following problem

([, 096l & v@lul)r) Ayt Vil 20 = 2@l ~2u + 1w,
u € WHN(RN),

(1.8)

where Ayu = div(|[Vu|¥N=2Vu), k> 0,1 <p< N, V: RN — (0,00) is a continuous function
with positive lower bound and coercive, A > 0 is a real parameter, Q(x) is a positive function
in LN (RY) and f(t) satisfies exponential growth condition. Recently, Furtado and Zanata
[20] studied the following Schrodinger-Kirchhoff type equation

M(/R [Vul? + V(epude) (~Au + V(@)u) = A(x)f(u) in B (1.9)

where M (t) is a Kirchhoff-type function and V(z) may vanish on a set of positive measure and
may take negative values in somewhere. The function A(x) is locally bounded and the function
f(t) has critical exponential growth. Applying variational method, they got the existence of
ground state solution. Moreover, in the local case M = 1, they also got some relevant results.
In [12], the existence and multiplicity of solutions were investigated for the elliptic systems
involving Kirchhoff equations.

In this paper, we consider the following singular Kirchhoff-Schrodinger

M(/N V™ + V(x)|u|Nda:) (—Anu+ V(2)|ulVN2u) = f?i[nu) in RY, (1.10)
R
where N > 2, 0 <n < N. The potential V' is a continuous function with positive lower bound,
f(z,t) has a critical exponential growth behavior at infinity. Let 9(¢) = fot M (s)ds, we always
assume that M : Rt — RT is a continuous function with M (0) = 0, and satisfies

(M) for any d > 0 there exists k := k(d) > 0 such that M (t) > & for all ¢t > d;

(Msy) for any tq, to > 0, it holds

Mty + ta) > M(t1) + M(t2);

(M3) there exists € > 1 such that It\/ﬁ? is decreasing in (0, 00).
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Remark 1.1 A typical example of M (t) is given by M(t) = a + bt’~! for all ¢ > 0 and
some @ > 1, where a,b > 0 and a + b > 0.

Remark 1.2 By (Ms), we can obtain that 09U(¢t) — M (¢)t is nondecreasing for ¢ > 0. In

particular,
OM(t) — M(t)t >0, Ve>0. (1.11)

Since it is concerned with nonnegative weak solutions, we require that f(x,t) = 0 for all
(z,t) € RN x (—00,0]. Furthermore, we assume the function f satisfying:

(fo) f is a continuous function and f(x,t) > 0 for all t > 0 and z € RV,

(f1) There exist positive constants tg and My such that

t
0.< Fla,t) = / Fla,s)ds < Mof(x,1),  V(z,1) € RY x [to, +00).
0
(f2) There exist constants g, c1, ca > 0 such that for all (z,t) € RY x RT,

_N
f@,t) < etV 7! + eV — Sn o (e, B)],

where
N-2
Sn—2(ao,t Z
k=0
(f3) There exists p > ON such that
0 < pF(z,t) <tf(xz,t), F(x,t) / f(z,s)d (1.12)

where z € RY and t € RT.
(f3) is the well known Ambrosetti-Rabinowitz condition (A-R condition, for short).
We also give the following conditions on the potential V' (x):
(V1) V is a continuous function satisfying V(z) > V, > 0.

Define a function space
E = {u e WHNRN) / (IVulN + V(2)|uV)dz < oo}
RN
equipped with the norm
%
fule = ([ (9l + Vio)hul*)az)
RN

The condition (V1) implies that E is a reflexive Banach space. For any p > N, we define

D - 1)
ueE\{0} (f]RN |“‘ dil?)p
. Jullg”
u
Ap = in W

weB\{0} [ dz

NEER
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The continuous embedding of £ < WLHN(RN) «— LP(RY) (p > N) and Holder inequality

imply
P
/ [ul” o,
RN |27

N 1 T
§/ |u|Pdx + / |u|P" dz / ——dx
ESH ( {Jz]<1} ) ( {zi<1y || )

< Clluli

where 2 + 1L =1 and ¢ > 1 such that nt < N. Thus we have S, > 0. We now introduce the

following conditions.

(f1) limsup ng(egf\;t) < 9M(1)A, uniformly in RY.
t—0+

(fs) There exist constants ¢ > N and C, such that for all (z,t) € RV x (0, 00),
fla,t) > Cqt?,
where

C, == inf {c >0: gMEVSY) - NCt? < qzm(((1 - %)%)N_l)}

(f6) ﬂ(ﬁfz is strictly increasing in ¢t > 0.

Our main results can be stated as follows.

Theorem 1.1 Suppose V satisfies (V1) and f satisfies (fo)—(fs). Then problem (1.10)
possesses a positive ground state solution.

Remark 1.3 The main difficulty is how to obtain a strong convergence subsequence from
a (PS) sequence and prove that the limit is a ground state solution of problem (1.10), which
can be overcome by the concentration compactness principle and the singular Trudinger-Moser
inequality.

Now instead the conditions (f1) and (f3), we assume that

(f1) there exists constant ¢ > 0 such that F(z,t) < c[t|?V +cf(z,t) for all (z,t) € RN x R*.

$)  lim &95) = +o00 uniformly on z € RV,
3 1t Soo 1t

Theorem 1.2 Suppose V' satisfies (V1), [ satisfies (fo), (f1), (f2), (fi) and (f1)—(fs).
Then problem (1.10) has a positive ground state solution.

Remark 1.4 In Theorem 1.2, we study the ground state solution of Kirchhoff-Schrodinger
equation without the A-R condition. For Schréodinger equation with exponential growth and
singular term, the A-R condition was weakened in [31]. Instead of using the mountain-pass
theorem of (PS) sequence, we use the mountain-pass theorem of Cerami sequence and obtain
the boundedness of Cerami subsequence for the energy functional.

The rest of the paper is organized as follows. In Section 2, some preliminary results are
introduced. In Section 3, we study the functionals related to (1.10). In Section 4, we give a
proof of Theorem 1.1. In Section 5, we give a proof of Theorem 1.2, which is a key step to
prove the boundedness of (C). sequence.
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2 Preliminaries
In this section, we give some preliminaries for our use later.

Lemma 2.1 (see [39, p.5]) Suppose ¢ > N and 0 < n < N. Then E can be compactly
embedded into LY(RY, |x|~"dx).

Notice that 0 < nn < N, we have the singular Trudinger-Moser inequality.

Lemma 2.2 (see [2, p.2397]) Foralla>0,0<n <N, andu € WHNRN), N > 2, there
holds

N
ol T g
/ £ N 2(Oé’u)dac<—i—oo. (2.1)
RN

Furthermore, for all a < (1 — %)aN and T > 0, there holds

alu| N=1
sup / Sy—a(u) dz < +o0, (2.2)
RN ||

flell,-<1

1
where ||ull1,r = (fpn (VY + 7]uN)dz) V.

Lemma 2.3 Let 8> 0,0 <n < N and ||u||g < M such that BM™T < (1—%)an and
q > N, then

N
Blu|N=1 _
[, =B s < 5 M)l
RN

|["

N
Proof Set R(B,u) = A"~ — Sy _5(B,u), by using the Holder inequality and Lemma

2.1, we have
R(pB,u) . \# / ul” |\
x) ( dx)
el Ry |27

(L.
g(/ pﬂj‘ﬂn R )  ul
o,

R(B,u)

Ry |27

|u|?da <

where u = m and p > 1 is sufficiently close to 1 such that BpM% < (1 — —)aN, St L=1.
The last estimate is a direct consequence of Lemma 2.2 since ||u]|1,, < |||z = 1 for any pos1t1ve
T < W.

Next, we claim that from the condition (fs) one can get the following condition.

(f6) H(z,t) = tf(x,t) — ONF(z,t) is strictly increasing in ¢ > 0. In fact, we have the
following lemma.

Lemma 2.4 If (f) holds, then for all x € R, we have that tf(x,t) — ONF(x,t) is strictly
incereasing in t > 0.

Proof Let 0 < t; < t2 be fixed. It follows from (fs) that

to
tif(x,t1) —ONF(z,t1) < ];E;f\;ﬁ) tIN —ONF(z,t2) + ON f(z, s)ds. (2.3)

2 t1



The Ground State Solutions for Kirchhoff-Schrédinger Type Equations 555

On the other hand,

to t to t
ON f(z,s)ds < ON J;E)g]c\;_ﬁ) / s9N=1ds = J;E)g]c\;_ﬁ) (5N — ). (2.4)
t1 2 t1 2

From (2.3)—(2.4), we derive that
tif(z,t) —ONF(z,t1) < taf(z,t2) — ONF(z,t2).

This completes the proof.

3 Functionals and Compactness Analysis

We say that u € F is a positive weak solution of problem (1.10) if v > 0 in R, and for all
ek,

M) [ (Va2 Vave+ V@Y Pugds — [ f%’:) oz = 0.
RN RN
Define the functional I : E — R by
1 N F(x,u)
1) = gl - [ St (31)

where F(x,t) = f(f f(z,s)ds. I is well defined and due to the Trudinger-Moser inequality
I € CY(E,R). A straightforward calculation shows that

(). ) = M) [ (720006 + V@)Y 2ug)da - | ! (ﬂ’,}‘) ode  (3.2)

|
for all u,¢ € E. Hence a critical point of I defined in (3.1) is a weak solution of (1.10).

Next, we will check the geometry of the functional I.

Lemma 3.1 Assume that (V1), (f2) and (f1) hold. Then there exist positive constants &
and r such that

I(u)>46  for||ullg =r.
Proof From (f4), there exist o,e > 0, such that if |u| < e,

DA, —
F(z,u) < %M‘W
for all z € RY. On the other hand, using (f2) for each ¢ > N, we have

c S
F(z,u) < 9—]1VIUI9N + ealul[e™ " — Sy _s (a0, w)]

S (j|’U,|q[€o‘O‘u|m — SN_Q(OéO,U)]

for |u| > ¢ and x € RY. Combining the above estimates, we obtain

F(z,u) < WM@N + Clu|?[e® ™™™ — Sy _o(ag,u)]

- N
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for all (z,u) € RY x R. Furthermore, (1.11) gives M(t) > M(1)t?, ¢t € [0,1]. Fix r € (0,1)
such that aer™1 < ay (1—4). For any u € E with |lul|g = r, then by Lemma 2.3 we have

1 F(z,u)
I(u) = —=Mm(r™) — :
(u) Nim(r v el dx
N
_ oN qlpolul V=T _
SN YR Sx-s(a0, )] |
N N gy |2[7 RN ||
1 DA, — oN
2 9:n( )TON o 9:n( )/\77 U/ |U| do — CHquE
N N RN |Jf|"7
M) o = M)A, — 0 ON
> _ (O
> = el —cr
__9 6N _ (ua
= N)\nr Cre,

We now choose sufficiently small » > 0 such that

9 6N 9 6N
—Crt > .
Nx, =Ny,

So we derive that

I(u) > &7V :=§ >0 for ||ul|g =1
This completes the proof.

Lemma 3.2 If the condition (f3) is satisfied, then there exists e € E with |le||g > r such
that

I(e) < inf I(u),

llulls=r

where r is given in Lemma 3.1.

Proof From (1.11), we have 9(¢) < 9MM(1)t?, ¢t > 1. Let u € E \ {0}, u > 0 with compact
support Q = supp(u) and |Jul]|g = 1. From (f3) or (1.12), for u > 6N, there exist C1,Cy > 0
such that for all (z,t) € Q x RT,

F(x,s) > Citt — Cs.
Then for all t > 1, there holds

M(1)toN
N

ul"
|2 — Olt“/Q P g + Gl

I(tu) < ]

Hence, I(tu) — —oo0 as t — co. Setting e = tu with ¢ sufficiently large, the proof of Lemma 3.2
is completed.
From Lemmas 3.1-3.2, we get a (PS). sequence {u,} C E, i.e.,
I(up) = ¢>0 and [I'(u,)—0 as n— oo, (3.3)

where

= inf I(~(t 3.4
¢ = inf max (v(?) (3-4)
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and
L= {yeC(0,1] : E) : v(0) = 0,7(1) = e}.

Lemma 3.3 Suppose that the condition (f5) is satisfied, then for the min—maz level ¢ defined
in (3.4), there holds ¢ € (07 %Sﬁ(((l _ %)Q_N)N—l))'

o
Proof Firstly, we claim the best constant S, defined in (1.13) can be achieved at an element
ug € E. In fact, since

Sq = glfo Hﬂf 3
WP\ ([ )

3

we can choose u,, such that

q
/ [un dz=1 and |u|g— S, as n— oo,

SO u, is bounded in E. From Lemma 2.1, there exists ug € F such that up to a subsequence
Up — up in B, u, — ug in LYRY | |z|~"dx) and u,(r) — ug(r) almost everywhere in R™V. This

q q
/ [uol dz = lim / [ dx = 1.
Ry 2|7 n—oo Jpn ||

We also have ||ugl|p < lim |lun||lg = S, thus |ug||g = Sy. With this uy € E, by condition
n—oo

implies

(f5) and following the argument in the proof of Lemma 3.2, we see that there exists a positive
number ¢y such that I(tgug) < 0.

The inequality ¢ > 0 can be easily proved as in the proof of Lemma 3.1. From the definition
of ¢, take v : [0,1] — E,~(t) = te, where e = toup with I(toup) < 0 as explained above. We
have v € T and by using the condition (f5), we have

MENSY) 1 1 n\an\V1
< < ) < (-9)%) )
o< i 1) < s L) < s (T =) < (- 9) G

The proof of Lemma 3.3 is completed.

Lemma 3.4 Suppose that the conditions (V1), (f1)—(f1) and (fs) are satisfied. Let {u,} C
E be an arbitrary (PS). sequence of I. Then there exist a subsequence of {u,} (still denoted
by {un}) and u € E such that

fxun) o fzu)

strongly in Li (RY),

loc

| |
F n F(x, .
(|x,|11: ) |(a:|nu) strongly in L*(RMN).
x T

Proof Let {u,} C E be an arbitrary (PS). sequence of I, i.e.,
I(up) = ¢>0 and I'(up)—0 as n— oo. (3.5)

We shall prove that the sequence {u,} is bounded in E. Arguing by contradiction, suppose
that {u,} is unbounded in E. Then up to a subsequence, we have |u,||p — oo and d :=
1]f;f1 lun || ¥ > 0. Since u > 0N, combining (1.11) and (M;), we have

c+o(1) +o(1)||unl &
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> I(up) — %<I’(un)aun>

_ 1 N 1 N v 1 P (@, un) — fz,un)un

= ) = M Gl ol = [ o da
i_l N N_l/ MF(CE,’U/n)_f(iC,un)’u,n

> (g3 = ) MUl ) lunl =5 | R da

> (57 = = Jllual

Divide the above inequality by ||u,||% and let n — oo, we have

which is impossible. Therefore {u,} is bounded in E.
It then follows from (3.3) that

de < C, —dx < C
RN |z]” RN |]"
By [13, Lemma 2.1, p. 143], we get
f(@, un) [z, u) o7l N
iz — iz strongly in L . (R"Y). (3.6)

By (f1) and (f2), there exists C' > 0 such that

F(x,up) < Clug|®N + Cf(x, un).
From Lemma 2.1 and the generalized Lebesgue’s dominated convergence theorem in [27, p. 20],
arguing as [39, Lemma 4.6, p. 13], we derive that

F(x,up) . F(z,u)

strongly in L*(R™). 3.7
|| |

This completes the proof of Lemma 3.4.

4 Proof of Theorem 1.1

Proof of Theorem 1.1 By the process as in the proof of Lemma 3.4, we have that
the (PS). sequence {u,} is bounded in E. We claim that I(u) > 0. Indeed, suppose by
contradiction that I(u) < 0. Then uw # 0, set r(t) := I(tu), t > 0, we have r(0) = 0 and
r(1) < 0. As the proof of Lemma 3.1, for ¢ > 0 small enough, it holds 7(¢) > 0. So there exists
to € (0,1) such that

r(ty) = trél[%ﬁ]r(t)’ ' (to) = (I'(tou), u) = 0.

By Remark 1.1 and Lemma 2.4, we have

ON

1
= S (toul]™) = 5 M (ol ™) toull

e < I(tou) = I(tou) — L(I'(tou), u)
1
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1 f(a:, tou)tou — ONF(z, tou)
+ N EE dx
1 N N N
<Nsm<||u|| )~ Ml )l
1 f(x, w)u — ONF(x,u)
— dz.
TN ] v

Furthermore, by the weak lower semi-continuity of the norm and Fatou’s lemma, we have

ER i Ny & N N
¢ <timint (IR (unl) ~ 7 M (] ¥) 0]V
1. . flz,up)uy, — ONF(z,u,)
+9—Nhnrr_1)1£f x EE dx
1
< . . o ! _
< limint (1) = gyl ) ) =

which is impossible. Thus the claim is true.
Now we show that I'(u) = 0 and I(u) = ¢. In fact, from the lower semi-continuity of the nor-
min E, we have |jullg < lim |ju,|r. Suppose, by contradiction, that ||ullg < lm |ju,|z = ¢&.
n—oo n—00
Set vy = A and v = ¢, then v, — v weakly in E and lvlle < 1. From I(u) > 0 and
Lemma 3.4, we have

M) = lim M(fu, ) = lim N(H%H/RN [ da)
F(z,u) N
— Ne+ N 2] dz = Ne+ M(||lullg) — NI(u)
RN

<on(((1- ) %2) ") +omqa)
cm(((1-2)22) "+ ).

Here, we have used the condition (M>) in the last inequality. By (M), it holds &V < ((1 —
%)%)N_l + |lu||N. Notice that

_ & ullE

eV = -
1— oIV

Thus N1
(%))
1— vl &

Choosing ¢ > 1 sufficiently close to 1 and £y > 0 such that for large n,

N <

(1 - %)aw

N
qoollun|| gt < fo < ——F——.
(1= |olIF) ™

By using concentration compactness principle (see [19, p. 230], [39, p. 3]), together with singular
Trudinger-Moser inequality, it holds

_N
edeolunl M1 G 5 (gay, |u"|)dx
RN ||
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N
60‘U71‘N71 _
<[ ¢ Sn-2(fo; [oal) 4, (4.1)
RN |[7
From (f2) and Holder inequality, there holds
} J (@, up) (up — u) d:z:‘
RN ||
ON | N1 _ 6N L
Scl(/ [n] dx) v (/ de) oN
Ry |2]" RN ||
N
L. (/ |Un _ u|q dx)q_ll (/ edoolun| ¥=T _ SN—2(q0‘07 |Un|)d$)% (4 2)
2 RN |x|n RN |x|77 s .

where % + % = 1. In view of Lemma 2.1, combining (4.1) with (4.2), we obtain

f(z, un)(un —u)

. o dz — 0. (4.3)
Since I’ (uy,)(uy — u) — 0, there holds
M (||un|| ) /RN(|Vun|N_2VunV(un — ) + V(@) |un Y "2 un (un — u))dz — 0. (4.4)
On the other hand, by u, — v in E, we have
M([[un|¥) /RN(|Vu|N_2VuV(un ) + V(@)Y 2u(un — u))dz — 0. (4.5)

(4.4) minus (4.5) and applying with the next inequality
227NV, — VulN < (|Vu,|N 2V, — |Vu|N 2Vu, Vu, — Vu)

and
22_N|un — u|N < <|un|N_2un — |u|N_2u,un — u),

we can derive
Jim. M ([un || 2)lJtn = wll %
<2V M (unll¥) [ (Vun 2V = ) 4V @t = )
]RN

+ 2N 2 M (|| ) /RN (IVulN72VuV (uy, — u) + V(@) |ulY " ?u(u, — u))dz = 0. (4.6)

It is in contradiction with the fact |ullg < nh_}ngo lunllg = & Thus, we have ||ullg = £ =
nlgréo ||un|| . Since {uy} is bounded in E, we can apply Brezis-Lieb lemma to obtain u, — u
strongly in E. Since I € C'(E,R), we have I’(u) =0 and I(u) = c.

Next, we show that u is nonzero. If u = 0, since F(z,0) = 0 for all # € RV, from Lemma
3.4, we have

s ot <on((1- 2)22)"), an
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N—1
NT - 50) for all n > n,.

Thus, there exist ¢g > 0 and n, > 0 such that Huan

( an

ag
Choose g > 1 sufficiently close to 1 such that qaoHuan < (1= #)an —eoap for all n > n,.
By (f2), there holds

| (@, un )| < exlun ™ + colug|[e 17 — Sy s (a0, ual)].

Thus by using singular Trudinger-Moser inequality, it holds

RN ||

ON ao|un | V=T
coi [ My [ bl T —Srson
Ry |T[" RN |7

| anN

N
<ec / Y dx + 02(/ ¢ Sn-2(g00, |un|)dx) ! (/ _|un| dx) ¢
Ry 2|7 RN || Ry |2["

ON q 1
Sclf [unl da:+C(/ [ ] dx)q -0,
gy |z|7 gy |z|7

here we have used Lemma 2.1 in the last estimate. From I’ (u,)u, — 0, we have

T M ([Jun ) lfun ¥ = 0. (48)

From the condition (M), we can get |lu,|| — 0. Then I(u,) — 0, which contradicts the fact
that I(uy,) — ¢ > 0, so u is nonzero.
Finally, we are ready to show the existence of positive ground state solution for (1.10).
Setting
m = inf I( ), A:={ue E\{0}: I'(u)u=0}.

u€A
Let ¢ be the mountain-pass level, obviously m < c.

On the other hand, for any u € A, there holds u > 0. In fact, denote «~ := min{w, 0}, from
I'(u)u™ =0, we get |[u”|| = 0. Since f is nonnegative, by applying the Harnack inequality, we
have u > 0 in RY. Define h : (0,+00) — R by h(t) = I(tu). We have that h is differentiable
and

O Y e e A e O Y
From I'(u)u = 0, we get
R (t) = I'(tu)u — N =11 (w)u,
S0
h/(t) _ tGN—lHuH%N{ M(tNHuHN) _ (HUHN)}
- 0—1)N o—1)N
HODN ull 0Nl

oN—1 flaw)  flztu) \ oy
+t /]RN (ueN—l - (w)eN_l)u dx.
By (Ms), (fs) and u > 0, we conclude that A/(t) > 0 for 0 < ¢ < 1 and A/(t) < 0 for ¢ > 1.
From A/(1) = 0, we have

I(u) = max I(tu).
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From the above argument, we see that h/(t) < 0 is strongly decreasing in t € (1,+00), so
h(t) = —oo as t — 4o00. Now, define v : [0,1] — FE, (t) = ttou, where ty is a real number
which satisfies I(tou) < 0, we have v € I', and therefore

c< trén[(@)a)%] I(v(t)) < 3(I(tu) = I(u).

Since u € A is arbitrary, we have ¢ < m, thus ¢ = m. This ends the proof of Theorem 1.1.

5 The Ground State Solution Without the A-R Condition

In this section, insteading the conditions (f1) and (f3), we assume following condition on
the function f.
(f1) There exists constant ¢ > 0 such that F(x,t) < c|t|V +cf(x,t) for all (z,t) € RN x RT.

(f4) ‘ Ili Ttﬂﬁzé) = oo uniformly on z € RY, where F(x,t) fo z,s)ds.
t|——+

We will use a Cerami’s mountain pass theorem which was introduced in [9-10]. For readers’
convenience, we give a brief introduction here.

Definition A Let (E, ||-|g) be a real Banach space with its dual space (E*, ||-|g+). Suppose
I € CYE,R). For c € R, we call {u,} C E a (C). sequence of the functional I, if

I(up) = ¢ and (1 +||up|2)| I (un)||gx = 0 asn — .

Proposition A Let (E, ||-||g) be a real Banach space. I € C*(E,R), I(0) = 0 and satisfies:
(i) There exist positive constants § and r such that

I(u) > for|ullg=r

and
(ii) there exists e € E with |e|lg > r such that

I(e) <0.
Define ¢ by
= inf I(y(t
¢ = Inf max (v(1)),
where

= {yeC(0,1] : E) : v(0) = 0,7(1) = e}.
Then I possesses a (C). sequence.

In order to prove Theorem 1.2, along the line of the proof of Theorem 1.1, we get into
two steps. Firstly, we check the mountain pass geometry of the functional I under the weak
condition. Secondly, it is the key step to establish that any (C). sequence is bounded.

Lemma 5.1 Assume that (V1), (f2), (f3), (fa) hold. Then
(i) there exist positive constants 0 and r such that

I(u) >0  for||ullg=r.

(i) there exists e € E with ||e|]|g > r such that



The Ground State Solutions for Kirchhoff-Schrédinger Type Equations 563

I(e) < inf I(u).

lullz=r

Proof The proof of (i) is similar as that in Lemma 3.1. From (M3), we have Mi(t) <
M(1)t?, t > 1. Let u € E\ {0}, u > 0 with compact support = supp(u), by (f3), for any
L > 0, there exists d > 0 such that for all (z,s) € Q x RT,

F(z,s) > Ls"N —d.

Then
MY oy on [ ulY
() < T 4N — Lt /Qde +0(1)
ML) )| Jul Y
<V (ZEE L e+ 0(1).
. N o 7 7) oW
Now choosing L > %, it implies that I(tu) — —oo as t — oo. Setting e = tu with ¢
Q Talm

sufficiently large, the proof of (ii) is completed.

From Lemmas 3.1, 5.1 and Proposition A, we get a (C). sequence {u,} C E, i.e.,

I(up) = c¢>0 and (14 [Jun||e) | (uy)]

g~ — 0 as n— oo. (5.1)

Lemma 5.2 Suppose that the conditions (f2), (f5) and (fs) are satisfied. Let {u,} C E be
an arbitrary (C). sequence of I. Then {uy} is bounded up to a subsequence.

Proof Let {u,} C E be a (C). sequence of I, i.e.,

N
n F )y n
Mllunllz) _ de%c as n — 0o (5.2)
N Ry 2|7
and
A+ [[unll )L (un), ©)| < Tullelle  for all ¢ € E, (5.3)

where 7,, — 0 as n — oo. We shall prove that the sequence {u,} is bounded in E. Indeed,
suppose by contradiction that
[unllp — +o0
and set
Un,
Uy = ———.
lunlle
Combining with Lemma 2.1 and the similar argument as in [30, Lemma 5, p.12], we can get
vt —0in E.
Let t,, € [0, 1] be such that
I(tyuy) = max I(tuy,).

te[0,1]
N N—-1
For any given A € (0, (=22X) ¥ ), for the sake of simplicity, let
N (%5}
1— 1)
€= ( JYV) N ag > 0.
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N—-1
In the following argument we will take A — (% %) ¥ and so we have ¢ — 0.

By condition (f2), there exists C' > 0 such that

F(z,t) < CIt|"M + eR(ap + ¢, |t]), VY(z,t) € RN xR, (5.4)

s

where R(a, s) = e**" " — Sx_s(a,s). In fact, from condition (f2), there holds

c
Fla,t) < 2 + 1| Rlao, 1),

By using Young inequality, for % + % =1, p,q > 1, there holds

CLp _gbq
ab<e— 4+ p—.
p q

So we have

c . ”
F(x’t)§N|t|0N+M+E_%u

Now we take p = °‘0+5

and ¢ = 222 > 9N. One can see that near infinity [¢|? can be estimated
from above by R(ao —i—a |t]), and near the origin [¢|? can be estimated from above by [¢|?, thus

we obtain (5.4). We also have ||u—A|| € (0, 1] with sufficient large n, so by using (5.4), we have

A M(AN) F(x, Avy,)
I(ty,uy) > I ——u, | = I(Av,) = - ——dx
() 2 1 ([mun) = 1(4w) = == = | =75
_ M(AN) B / F(x, Av,‘f)dx
N RN ||
N +|ON +
2 mt(A ) o CAHN/ |vn | dr — R(Oéo + €, Avn)dx
N ry |T[" RN |[7
N +|6N N1 ot
2 mt(A ) _CAHN/ |vn| de — ¢ R((QO+E)AN 7Un)dx
N Ry |T[" RN ||
N 110N 1_ 1 +
> M(ATY) _OAeN/ |vat | dx—s/ R(( N)aN’U")dx.
N Ry |z[7 RN |z |7

Since v;7 — 0 in E and the embedding E < LI(RN,|z|~"dx) (¢ > N) is compact, by using

the Holder inequality, we have fRN dx — 0. By smgular Trudinger-Moser inequality,

Irl”
fRN de is bounded. When A — (N i ‘f‘;;) v , from Lemma 3.3, we can show

lim inf I (t,u,) > %zm(((l - ﬁ) a—N)N_l) > e (5.5)

n—00 N/ ag

Since I(0) = 0 and I(u,) — ¢, we can assume t,, € (0,1), and so I' (t, up )tpu, = 0, it follows
from Lemma 2.4 and Remark 1.1,

ONI(tpun) = ONI(tyun) — I'(tyun )ty un
([t V) — eN/ Pl tuun)

[, thup ) tpun,
||

— Mt |l + / do
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Loy, — ONF (2, thuy,)
||
Up — ONF(x,u,)

|["

dx

= O30t ) = MtttV [ L)

< Ot V) = Ml ||V + / Hed d
- GNI(un) - I/(un)un

=0ONI(up)+ 0,(1) =0Nc+ o,(1),

which is a contradiction to (5.5). This proves that {u,} is bounded in FE.

Proof of Theorem 1.2 From Lemma 5.2, we have that the (C). sequence {u,} of I

is bounded in E. Applying the same procedure as in proof of Theorem 1.1, we derive that

I'(u) = 0 and I(u) = ¢. Moreover, we also get that u is positive and v is a ground state
solution of (1.10).
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