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Continuity of Almost Harmonic Maps with the
Perturbation Term in a Critical Space
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Abstract The authors study the continuity estimate of the solutions of almost harmon-
ic maps with the perturbation term f in a critical integrability class (Zygmund class)

L2 log? L, n is the dimension with n > 3. They prove that when ¢ > % the solution

must be continuous and they can get continuity modulus estimates. As a byproduct of
their method, they also study boundary continuity for the almost harmonic maps in high
dimension.
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1 Introduction

Let B C R™ be an open ball and (N, k) be a smooth Riemannian manifold which is compact
and without boundary. We may assume that N is isometrically embedded into the Euclidean
space R™ by the Nash’s embedding theorem. Consider the Dirichlet functional

1
B(u) = = / Vul2dz.
2/B
Its critical points are called harmonic maps and satisfy the Euler-Lagrange equation
Au+ A(w)(Vu, Vu) =0, (1.1)

where A is the trace of second fundamental form of (N, h).

The study of regularity for harmonic maps has a long history which can be traced to Morrey
[12] for two dimension case and to Schoen and Unlenbeck [22] for higher dimensions. In the
two dimensional case, because of the conformal invariance property, the analysis for regularity
of weak solutions of harmonic maps was pioneered by Hélein [5-6] who proved that every
weakly harmonic map from a surface into a compact manifold is always smooth. Later, these
results were extended to higher dimensions by Evans [3] for the target manifold which is a
sphere, and Bethuel [1] for the general case, they proved partial regularity results for stationary
harmonic maps by using similar ideas of Hélein. Recently, Riviere [19] found a new approach
to study the regularity of the solution of conformally invariant two dimensional geometric
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variational problems, which include harmonic maps from two dimensional domain and the
famous Hildebrandt’s conjectures. In this new approach (see [19]), a key observation is that
system (1.1) can also be written as the following more general form

—Au=Q-Vu, (1.2)

where ) is an antisymmetric matrix and (1.2) is called as Riviére’s equation, please see [16] and
[24] for more details. In a similar way, Riviere and Struwe [20] extended this method to high
dimensional regularity of harmonic maps under the assumption of smallness of the solution in
some homogeneous Morrey space. This method also has some other applications (see [8, 16, 26]).
Another kind of elliptic systems sharing the structure like (1.2) are so called Dirac-harmonic
map, which is inspired by the supersymmetric nonlinear sigma model from the quantum field
theory, and is a natural and interesting extension of harmonic maps in an analytic literature.
Related studies for regularity of Dirac-harmonic map are referred to [2, 29].

Almost harmonic maps (Approximation of harmonic map), mean harmonic maps with a
perturbation (or a potential) term f:

—Au = A(Vu,Vu) + f (1.3)

in B, a bounded domain of R™. Here f : B — R™ is a vector function in some suitable
Euclidean space R™. Actually, to compare with (1.2), we can study more general elliptic
systems as Riviere’s equation by adding a potential term f:

—Au=Q-Vu+f, (1.4)

where 2 is an antisymmetric one form valued matrix and belongs to L2.

The study of almost harmonic maps, to our knowledge, comes from two aspects.

On one hand, from the definition of the harmonic maps, it is natural to find critical points of
the Dirichlet energy. However, the classical variational methods cannot be used to the Dirichlet
energy because F(u) does not satisfy the Palais-Smale condition. Sacks and Uhlenbeck [21],
Lamm [7] introduced a regularization of the Dirichlet energy to overcome this difficulty. Later,
Lin and Wang [10-11] used a Ginzburg-Landau approximation to regularize the Dirichlet energy
and proved the energy monotonicity formula in this case. In this paper, we consider the equation
in a bounded domain B,

Au+ A(u)(Vu, Vu) = f.

The energy functional F'(u) of this Euler-Lagrange equation is

for some V € CY(NV), in this case, f = VV (u).
On the other hand, it is well-known that for the functional E(u), the harmonic map heat
flow is the L? gradient flow. The corresponding equation is

ug — Au = A(u)(Vu, Vu). (1.5)
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Due to its restriction of weak solution, we consider some class of weak solutions which
satisfies an energy identity. Then it holds

E(u(tQ,-))+/tt2/B‘%fdxdtgﬂ(u(tl,.)).

If some solution of (1.5) satisfies this inequality and the initial data has finite energy, we
have that almost any time slice satisfies

Au + A(u)(Vu, Vu) € L*(B; R").

From this result, it is of our interest to study the almost harmonic maps with perturbation
in the different spaces. Moser [14] considered the perturbation term f € LP, p > %, and proved
Holder continuity for weak solutions under a suitable smallness condition. Similarly, for the
same case, Sharp and Topping [24] used a type of “geometric bootstrapping” and iteration
method which can show that the solutions have regularity property in two dimension. Also in
high dimensions, Sharp [23] used the coulomb gauge to show the improved regularity. For p = %,
Moser [15] obtained an inequality in an Orlicz space belonging to a function with exponential
growth. Later, the regularity results were extended to higher dimensions with p € (1, 00), under
an appropriate smallness condition, a certain degree of regularity follows in [16]. Li and Zhu
[9] considered f € Lln™ L and proved the compactness of mapping from Riemannian surface
with tension fields which are bounded in LIn™ L. Later, Sharp and Topping [24] extended the
results of Li and Zhu and showed the stronger compactness results under the condition of f
merely bounded in LIn L.

For the almost harmonic maps in high dimensions, the proof holds always with the help
of a suitable smallness conditions. We know that the well-known monotonicity formula (see
[18]) can be applied to prove the stationary condition changing to smallness of the energy of
solutions, this way would not have an influence on the expected results. In general, there
is no monotonicity formula for the almost harmonic maps, however, Struwe [25] found that
monotonicity formula can be viewed as a parabolic version for the harmonic map heat flow.

In this paper, we consider the regularity properties for the weak solutions of almost harmonic
maps with perturbation in a critical Zygmund class, or specific Orlicz space L? log? L. We show
that we have this type of regularity which is similar to the regularity results of harmonic maps
under suitable smallness conditions.

Our main results are as follows.

Theorem 1.1 Let u € WH2(B, N) be a solution of almost harmonic map systems (1.3) (in
the sense of distribution). B is a bounded domain of R™ and (N, h) is a compact Riemannian
manifold with f € Lz log? L, q > 5. There exists g > 0 such that if ||Vullar, ,_,B) < €0, then
u s continuous in the interior of B.

We can also prove the following continuity regularity result up to the boundary.

Theorem 1.2 Let u € WH2(B, N) be a solution of almost harmonic map systems (1.3) (in
the sense of distribution). B is a bounded domain of R™ and (N, h) is a compact Riemannian
manifold with f € L% log? L,q > 5. Assume that the trace ulopp = ¢ is continuous. There
exists o > 0 such that whenever ||Vul|ar, o8y < €0, u is continuous up to the boundary of B.
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Remark 1.1 Here the exponent 3 is critical in the sense that even for linear equation,
Au = f, we cannot expect the continuity of the solution. In this critical exponent level, we
consider continuity problem by assuming that f belongs to a Zygmund space Lz log? L. Indeed,
we prove the related regularity result for system (1.4), see Theorems 2.1 and 3.1.
Throughout this paper, we use the convention of the summation. The standard Lebesgue

spaces are denoted by LP(B) (p > 1 and B is a domain of R"). B, (x) denotes the ball of radius
r > 0 around the center x € R™ and |B,(x)| denotes Lebesgue measure (volume). The mean

value of some function f(x) over B, (x) is defined as
] 1 (a)
B.(z) = Tp 7] x
@ 1B @) i)
Various constants arise in our paper unless indicated otherwise, they are always absolute con-

stants. The symbol C' denotes a generic constant and its value may change from line to line.

2 Interior Regularity and Proof of Theorem 1.1

At the analytical level, our motives, to derive the regularity property from the log part
integrability factor ¢, come from the following improved Morrey lemma.

Lemma 2.1 Suppose that p > 1 and « > 1. There exists a constant Cy, depending only on

1

n,a and A, such that the following holds. Suppose u € WP (Baor(xo)) satisfies
/ |Vul[PdV < Ar" 7P —— (2.1)
B (z1) log™ =

for every x1 € Br(xo) and 0 < r < R. Then for almost all y1,y2 € Br(xo),
(2.2)

11—«
lu(y1) — u(y2)| < Co (1 + log m) ;

$0 u is continuous in Br (z0).
Proof First noting that the Holder inequality and (2.1) imply that
(2.3)

/ [VuldV < Cr ! ——
Br(ml) ]'Og r

is true. Now for any given pair of points y1,y2 € Br(wo), set ro = |y1 —y2| and § = 3 (y1 +y2).
Then from (2.3) and using the Poincaré inequality, it holds

o, oo
— U— —— u
MBTO(yl)l Brg (y1) |Bro(y2)| B (y2)

1

< crg—"/ |VuldV < C——
Bary (7) log” 5,5

Now letting r, = 2~ *rg, similarly we have
‘ 1 1 / ‘
_— U— U

|BTk (yl)l By, (y1) |Brk—1(y1)| By (y1)
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1
1\@?
(k —1)log2 + logﬁ)

o[ w0 25)
o1 (U1

and similar estimates hold for yo instead of y;. By Lebesgue’s differential theorem, we know

that for almost every y; (and similarly for almost every ys)

! / —u(y1) ask —
—_ u — u(y 00.
|BTk (yl)l By, (y1)

Then by summing up the above inequalities, we obtain

[u(n) — u(y)] = lim | ! w1 ul
1) — 2) — s 7 N N
koo |[Byr, (y1)| J,, () |Br. (92| JB,, (42
> 1
<C a
; (klog2 +1og%)
1 11—«
<c[1 1 —} . 2.6
< +logg - (2.6)

This implies (2.2) and completes the proof.

Let p > 1 and ¢ € R. We define the Orlicz norm as

£l r10g7 L) = A > 02 [N f]pp10g0 L) < 1}

and
o gt L) = / FIPlog?(e + | £1).

Lemma 2.2 Let f € L= log? L(Bg), n > 2, ¢ > 0 and ¢ € L>(Bgr). Then there exists
Ry > 0 such that when 0 < R < Ry, we have

n—2

R
fo < O s e s Il .1
Br (1+1log %)™ '

Proof By the well-known Hélder inequality for LPlog? L space (or the duality of Orlicz
space), we have

< n n
|l PP I .

< C|lx(Br) (2.8)

HL’“Miz log ™ 722 L(BR)”f”L% log? L(BR)HQPHLC’O'
here x(Bpr) denotes the characteristics function of Br. Now we look for the solution of the

equation

n 1
tn—2 ].Og_%(e + t) = m (29)
R

Let y(t) = tn-2 log_% (e +t), then

n 2q

n—2 n—2

t
log(e +t)——

() = 722 log— 7s t
y/(6) = 75 log ™ (o + 1) —]
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it is easy to see that there exist numbers a, b, 0 < a < b < oo such that when ¢ ¢ [a, ], it

holds that y(¢) > 0. Denote yp = sup y(t), and Ry is chosen so that \FT;I = yo. Then when
t€(a,b] 0
0 < R < Ry, (2.9) has only one solution ty. We claim that there exist C; and C3 such that

n—2

Ch (|B—lﬂ) " log™ (e+ ﬁ) <to < CQ(|BI—M)nT2 log (e+ ﬁ) (2.10)

n—2

Denoting by t* = W(L) "

29 1 . .
Bl log™ (e + W)’ 7 is a positive number, then

n

y(t) = ”yﬁ(

n—2 2q )

logn-z (e+7(‘B—1R|) " log™ (e+ IB—lR\))

_2q_
Ly et ety
|Br|

however it is easy to see that

hm = '}/7172

7ﬁlog% (e—|— ﬁ) L( n )%
= )
R—0 log% (e+'}/(|B—1R‘) " ].ngTq (e-i- ‘B—ll?|))

n—2

so by using the intermediate value theorem, we conclude (2.10) is true. Then by (2.8) and the
definition of Orlicz norm for x(Bg), we have

Rn—2
| 1801 £ O 1 g I
Br (1+1log &)™
this completes the proof.
Let B be a bounded domain in R", recall that a function f € L}OC(R") belongs to the space
BMO(B) if

lfllBmo = sup (/ |f—fBr(zo)mB|dx) < 0.
ro€B,r>0 B, (z0)NB

We need the following lemma by Unlenbeck [28] or Riviere and Struwe [20] (optimal gauge
transformation).

Lemma 2.3 There exist €(n) > 0 and C(n) such that, for every Q = (Qag)i<a,f<m in
L?(By,s0(n) @ R™) satisfying

HQHM2’"*2(B) < E(TL),

there exist £ € WH2(By, so(n) @ A"2R"™) and P € WY2(By,SO(n)) such that
1)
P71QP + P71dP = xd¢, (2.11)

&=0 on 0By,

IVE€llarzn-25y) + VP mzn-2(5,) < C(0)|IQ arzn-2(5,)- (2.12)
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First we notice that the harmonic map equation (1.3) can be rewritten as the elliptic system
(1.4), the details of these deductions we refer to [20] for codimension one case and [16] for
general case. So we just focus on proving the regularity of elliptic system (1.4).

We have the following result.

Theorem 2.1 Let u € WH2(B, N) be a weak solution of (1.4). B is a bounded domain of

R" and (N, h) is a compact Riemannian manifold with Vu € M?*"~2(B) and f € L= log? L(B),
q > 5. There exists eo > 0 such that if

1
sup — / 1Q? < o,
B.(z)cBT B, (z)

then u is continuous in the interior of B.

Proof The proof will be divided into several steps. Since the regularity is a local property,
we assume for simplicity that (B,g) = (Bi1,9o), where By C R" is the unit ball with the
standard Euclidean metric go in R™. Let u be a weak solution of (1.4),

—div(Vu®) = > (Q) - Vu’ + 2, (2.13)
B

here (23) is an (m x m) 1-form valued antisymmetric matrix. Let zo € By and Ry > 0 such
that Br,(x9) C By. For any z € By and R > 0 with Bag(z) C Bpry(20), and 0 < r < R,
applying the optimal gauge transformation on Bg(z), then the Hodge decomposition implies

P~ 'du = dF + *dG + h,

where F' € Wy?(Bgr(z)) and G € W,*(Bg(z), R™ ® A" ?R") and with a harmonic 1-form
h € L*(Bgr(z),R™ @ A'R"). From (2.13), it is easy to see that

{—AF — _div(P~'Vu) = +dé - P-'du + Pf,
Floprz) =0

and

{_AG = xd(P~'du) = *(dP~" A du), (2.14)

GloBr(z) = 0.

Fix a number 1 < p < -5 and let p’ > n be the conjugate exponent. Now we estimate the L?
norm of VF, VG and Vh, respectively. The estimate for G is similar to [20]. By duality one
has

1G]l < C sup [ e,
Wlxpl B S ART2RN2 Br(z)
pe W ( R(Z)v A )
el <1
Note that Wol’p/ (Bgr(z)) < Cl_ﬁ(BR(z)) and for ¢ € Wol’p/ (Bg) there holds
lelzee < CR™" @llwist Bz (2.15)

and also the Holder inequality implies

IVellL2(Br(z)) < CR? 2Vl Lo (512 (2.16)
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Then using integration by parts and the duality of Hardy space H and BMO space, we have

/ GMA@:—/ oAG
Br(z) Br(z)

= / @dP~1 A du
Br(z)

= _/ AP Adp(u — upp(.))
Br(z)

< C||dP||L2||d‘p”LP/ HU - uBR(Z)| Ls
S CR%_1€Q||U||BMO, (217)
here up, () represents the average of u over Bg(z), i.e., UBp(z) = ‘BR—l(z)' fBR(Z) u, €(n) is the

same number as in (2.3) and s satisfies % + 1% + % = 1. Hence

|Gl wir(Br(z)) < CeoR? " ull Bro(sa=))- (2.18)

Now we proceed to estimate || F'[|y1.»(Bg(z)). Using duality again, one has

[ Ellwie(Br(zy) < C  sup / (dF, dy),
Br(z)

llell,r <1

then from (2.14),

/ (dF. dy)
Br(z)

= —/ YAF
Br(z)

:/ god{/\P_ldu—i-/ P lfp
Brz) Br)
=I1+1L (2.19)

By using the integration by parts and combining with (2.12), (2.15) and (2.16),

1:/ edé A P~ du
Br(z)

=/’ (1 — ()A€ A d(9P ")
Br(z)

< CdE Ad(eP )|l lull Baro(s (e
< Cl|dg]|= (AP llell Lo + ldellL2) |ull Baro
< CeoR¥ 'ull pao(Bace)) (2.20)

and Lemma 2.2 implies that

1= / P lfp
Br(z)

Rn—l—ﬁ
S Oﬁ”f”[,% log? L(BR(Z))
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Rv»~!
=C
(1 + log R)

2q HfHLg logq L(BRO(wo)) (221)

Finally we establish the estimate for the harmonic 1-form h in a standard way by using the
Campanato estimates result for harmonic functions of Giaguinta, see [4, Theorem 2.1 on p. 78],
which yields for any 0 < r < R,

r n
P < o2 / IhJP. (2.22)
/BT(z) (R) Br(z)

Then combining (2.18), (2.20) and (2.21) together, we obtain

/ Vul < C, / P+ G, / (14fP + dgl?)
B, (2) B.(

<o(3) /B Y / (147 + ldgP)

T n—
(}—%)/ VulPdV + CeoR™ P ullyrso5n0)

R”_p
+ O I fI} 5

L log? L(Br, (z0)) (2.23)
(1+log %) " s o0

Multiplying by rP~™ and, for brevity, denoting by

1
D(z,r) = e / [VulP
B, (z)

and

1
I e L2
p.n—p(Br(zo)) o= Br(xo) P p B,(2)

p<r—|z—ux|
then (2.23) implies that
7 \P P
o(z1) <O(5) @R +C(5)  collullzuo

T \P" 1 »
+C(E) (1+logR) L ) (224

On the other hand, we can estimate the term ||u|| paro(Br(z)) by a well-known fact, see [20],
sup||ull Brro(Br(z) < ClIVUllM, ., (Bry (0))- (2.25)

Hence we obtain

1

(E)p % 117y 9 L(Bry (20))’
(1+log R) B s Folto

r\P r\pP—n
o) <O(5) 2R +C(F) 2ol Vully, o
+o(=)

(2.26)
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Now, pick some 0 < )y < % to be fixed later and set 7 = 6y R, from (2.26) we have

(2, 00R) < C1O8(1+ 05" [Vullhy ooy

1
= |/l

+Co"
(1 +1og ) & FE e KBl

(2.27)

Choosing 6y small enough to ensure C1605 < 4, and then choosing £y small enough such that
g0 < 0§, we get the estimate

1
®(z,00R) < §||VUH1;\4M,,)(BRO(10))

1
NS S 2.28
+ (pa 0) (1 +10g ) pq HfHL2 logq L(BR ( )) ( )
R

for all z € By and R > 0 with Bag(z) C Bg,(z9) C B;. Taking the supremum over all those z,
r such that B(z) C By , (20), then from (2.28) we obtain
2

IVully, IIVuHM

p,n—p BRg(rO))

1
C(p, o) ——————7 IF117
+ (p, 0) (1+10gl)27)‘1 ”fHLz log? L(BRg(z0))
Ro

Mp n— pBTO (10))_2

(2.29)

for all xo, Ry with BRO (xo) C By.

Now we proceed to get a decay type estimate by using a standard iteration tricks. For
brevity denoting by 92—0 = 0y, for any 0 < r < Ry, let i € N (the set of all natural numbers) be
chosen such that

O'(i)+1R0 <r< aéRo

is satisfied. Hence from (2.29) and the monotonicity property of ||Vu|\1;wp o o(Br(wo)) With the
variable r, it holds

1\?
p p
Vel oo < (3) IVl 8 g o)

) i: 1 (l)l—l
O3 ogo 1 (o)) 7= (1+ log ag’llRo)qu 2
< 2008) IVl By o)
1
1+ C (ret) E 117 5 log? L( By (z0))
< 2(R ) IVullpg, . (Brg (so))
+ CWU“; log? L(Bry (o))’ (2:30)

. . log -
here the positive number « is chosen as a = 4—5- > 0.
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With this decay estimate (2.30) of the Morrey norm HVUHIJ)\%,WP(BRO( ) in hand, finally we

xr
can conclude the continuity of the solution of (1.3) or (1.4). We cannot u(;e the Morrey lemma
or Lemma 2.1 directly, because the right hand side of (2.30) consists of two ingredients with
different scales. However, this can be handled by the same argument as in the proof of Lemma
2.1. For any given pair of points x1,z2 € B%, set rg = %|:z:1 — a9 and T = %(xl + 22). Then

from (2.30) and using the Poincaré inequality we have

i, T e
—_— U— = u
‘|BT’0($1)| Bry(e)  |Bro(2)l /B, (22)

SCT&‘”/ |Vl
B2TO(5)

< c(rg—" /B e |vu|p)%

1 o
< 20(5) NVUllay o (Barg @)

1
+C N ||f||L% log? L(Bary (%)) " (2.31)
(1+log %) "
Similarly letting 7, = 2~ %rq, we have
‘ 1 " 1 / "
|B7’k ($1)| By, (1) |Brk,1($l)| By, (z1)
1
< c(r;’:'; / |Vu|p)p
Brk,l(rl)
1 ka
<20(5) " IVullaty 0B @)
1
+C 2q H.fHL% log? L(Buayry (T))’ (232)

((k—1)log2 + log %) B

and similar estimates hold for zo instead of z1. By Lebesgue’s differential theorem we know
that for almost every 7 (and similarly for almost every x2)

.
_ u— u(ry) ask — oo.
|Brk(x1)| By, (1)

Then summing up above inequalities together and using (2.30) again, we obtain

|u(z1) — u(z2)| = lim } ! u o u}
1) —u(z2)| = T —
koo |[By, (21)| JB,, (21) |Br,.(%2)] /B, (22)
o0 1 ka
< ClVullp, By @) Z (5) !

k=1
1

+C||f||LﬂloqLB z Z 2q
* 1087 £{Baro ))kzl (klog?—i—log%)T

< Cla,p)IVullas,, o (Barg ()

1— 24

1 n
—|—C|:1+10g 2_7’.0:| HfHL% loqu(Bl)



596 M. Rahman, Y. S. Li and D. L. Xu

To
< CHVUHMz n—2(BR; (@)(R )

2q

1 1—
+O[110 5] 112 g 2y (2.33)

(2.33) is satisfied for all 71 x5 € By, 4rg < Ry, and Bp, (z) C Bj. Because 22 > 1, (2.33)
implies that u is continuous on B 1 and this completes the proof.

3 Continuity Estimate up to the Boundary and Proof of Theorem 1.2

In this section, we establish the regularity of the solution of (1.3) or (1.4) up to the boundary.
To derive the continuity of v up to boundary we first need to get the following variant Dirichlet
type growth theorem, which gives an appropriate estimate for the modulus of continuity for w.

Proposition 3.1 Let u € W12(By,N) be a solution of (1.3) or (1.4) (in the sense of
distribution). By is the unit ball of R™ and (N,h) is a compact Riemannian manifold with
f€L%log? L(By),q > 5. Let xg € By, 0 < 1o <1 such that B, (wo) C By and 1 < p < -5,
then there exists g > 0 such that if Vu € M ,_2(B1) and ||Q|ar,,,_, < €0, the inequality

Ju(z) = u(®)] < C(n, @) (IVullaty By o) + 1112 10g3 1.5 (00)) (3:1)

holds true for any x y € B%o (xo).

Remark 3.1 Indeed, we can prove this result by using similar argument as in the proof
of (2.30) by combining with the argument for the proof of Lemma 2.1, however, here we use a
technique from Morrey in [13], which is also used by Miiller and Schikorra [17] for proving the
boundary regularity result for similar problem in the two-dimensional case.

Proof For any z € B,,(x¢), we have

lu(z) —u(y)] < fu(z) — u(z)| + |uly) — u(z)],

hence
[u(z) —u(y)|
1
<= uw(z) —u(z)|dz + —— u(y) — u(z)|dz.
B Ji o " T O B G S )

Denoting by z; = x + t(zo — z) for ¢t € [0, 1], a direct calculation and using (2.30) we obtain

@il
_ u(z) —u(z)|dz
B (70)] m(ml () — u(z)]

< C— Vu(x 4+ t(z — x))|dtdz
n—1 )

1

1 1 5 n(p—1)
<C n_l/ (/ [Vule + 1z~ )[Pdz)"ry * i
0 Br0(10)

1 1
<o [ Ees (/ Vul?) " dt
0 Bryt(zt)
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-5 _n n—p
<C/ Pt (rot) P [Vullag, (B )yt

:C/ t_lHvu”Mp,nfp(Brot(wt))dt

- 7‘075 »
<c/ (g ) 9l ot

1

-1
e / ‘ 1115 g s o
0 (1 + IOg 2r0t’Y)

1
< 0/0 7S A Vullar, - (Barg v (00))

1

+CIA ardt

2r(1)t”f ) "

1
L% logd L(Bzrq (20)) /0 : (1 + log
1

< OHvu”Mp,n—p(B2T0($0)) +C 2¢ HfHL% log? L(Bar, (0))’

(1+1log5-) ™
here we choose 0 < v < 1, so rot < 2rot” for all ¢ € [0, 1], which implies (3.1).

Now we are in a position to give the proof of Theorem 1.2. Similarly as for interior regularity,
we prove the following theorem for system (1.4), then Theorem 1.2 can be deduced as an
application.

Theorem 3.1 Let u € WH2(By, N) be a solution of almost harmonic map system (1.4)
(in the sense of distribution). By is the unit ball of R™ and (N, h) is a compact Riemannian
manifold, f € L= log? L(B1),q > 5. Assume that Vu € My, _o(B1) and the trace ulpp, = ¢
is continuous. Then there exists eg > 0 such that if for all x € By,

1
sup n—2 / |(2|2 S €0,
B, (z)nBT B, (z)NB

then u is continuous up to the boundary of B;.

Proof We use the spherical coordinate, for any « € B; denoting = (r,0), r = |z| and
O=17¢€ St re10,1]. Let

u(x) = u(r, ©).

By assumption of theorem, representation of the trace ulgp, = ¢(0O) is continuous. Let us fix
x9 = Og € OBy and let 21 = (r1,©1) be an interior point in By. Let 2* = (ry,©*) € Bs2(x1),
where ©* will be chosen later and § = 1 — r1. Denoting by

*
Th=—— = 0" cdB
|2*] ’

then we have

lu(zr) = d(wo)| < |ulz1) — u(a®)| + [u(z") — ¢(xp)| +[6(0") — ¢(x0)|
=T+ 11 + 111
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It is easy to see that for small enough ¢ and small |©¢ — ©1], the term III becomes small. From
Proposition 3.1 and (2.30), we have

I=|u(zy) — u(z™)]
= C(Hvu”Mpmfp(Bzﬂ (z1)) + ”f”L% log* L(Bz52($1)))
o 1
S 0(5 ||VUHM2JL,2(B5($1)) + ﬁ”f”[l% log? L(Bl))’
(1 + log 3) "

this implies that, for small 6 = 1 — ry, the term I also becomes small. Now we prove that II is
small when ¢ is small enough. First we need to choose specific point z* = (r1,0*), which can
be chosen in a similar way as for the two-dimensional case elliptic systems boundary regularity
problem, see for example [27]. Denoting by E(0) = f1—6§|w|§1 |Vul?, it is easy to see that

1
/ / lup [2r"=1drd© < E(5),
sn-1J1-s

so we have

/Sni1 /1—5 lu,[2drd® < % (3.2)

Hence for any positive number 0 < 1 < w,—1 = f gn-1 dO, we argue that there exists a set
U(n) € S™~! with positive (n — 1)-dimensional Lebesgue measure satisfying

! E(9)
w2 (r, 07 )dr < ————— 3.3

/1—5 fur ¢ ) (L=08)""1n (3:3)
or a cU(n). 1s can be done by contradiction. Setting = |;_<|ur|“(m, T an
for all ©% € U Thi be d b dicti Setting G(© 115 2(r,0)d d
U(n) = {0 € 5" 1,G(0) < 728 1 otherwise, we have

S T
1
E
/ / |u, |2drd® > Awn_l
(sn-n\U(m)} J1-s (L=08)""1n
E(6)
T

this contradicts with (3.2). Hence we have

I = |u(z") — ¢(zp)]

= [u(z®) — u(zp)|

1
< / lun (r, ©%)dr

T1

< 5%(/1 |ur(r,®*)|2dr)%

<63 (%)é. (3.4)

Setting 7 = 2 and choosing ©* € U($), from (3.4) we obtain that

E(9)

W)E—)O &S(S-)O,

ng(

and this completes the proof.
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Remark 3.2 When dimension is two, similar problems for the study of (1.3) and (1.4) were

investigated widely, for example see [9, 17, 23], however we cannot use our results directly to
the case dim = 2, this is due to that in Lemma 2.2 we need the condition § > 1. We study the
regularity up to boundary and its global compactness properties of (1.4) in two dimensional

case in a forthcoming paper.
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