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1 Introduction

The present paper is interested in the boundary Hélder regularity for some class of degen-

erate elliptic equations in a general piecewise C?-smooth domain. Consider

n+m
(%(@ijaju) +b;0;u=f inQ=DB (O) ﬂ {gg > 0} C Rvtm (11)
o=n+1
for some g7 € C%(B(0)),0 =n+1,--- ,n+ m. Here we always use 4,7,k,--- to denote the
indices 1,2,3,--- ,n+m and o, 7,--- to denote the indices n + 1,--- ,n + m. Assume that
g7(0) =0, det(9;¢7)(0) #£ 0. (1.2)
For simplicity, we also denote ¢g* £ z;, i = 1,---,n and with Gj; = 9,,¢7 where i,j =
1,2,--+,n+m, (GY) is the inverse of the matrix (G;;). We also assume
I, O 1 /I, O
C, (0 Mm) > (aijaigkajgl)kylzl____7n+m > o (0 Mm) (1.3)

for some positive constant C, > 1. Here [,, is the n X n unit matrix and

gn-i-l 0 . 0
0 gnt? .. 0
M,, = (1.4)
0 0 e gn+m
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Moreover, b;0;9° = bs1 + byo and

n+m n+m n+m n+m

S Jag | + Z bl 4 D2 (orl +| Y G000

)<c.,
i,j=1 o=n+1 i=1 (15)
bo1 >0 ong? =0, |bo2| <Civg°, o=n+1-- ,n+m.

We have the following result.

Theorem 1.1 Let (1.2)—(1.5) be fulfilled. Suppose that u € C*(Q)NL>(Q) solves (1.1) with
f € LYQ) for some g > 2™, Then u € C*(N(0)NQ) for a neighbourhood N'(0) of the origin
and some constant « € (0,1) depending only on Cy, q and |g‘7|02(§), c=n+1- n+m.

We are going to reduce the proof for Theorem 1.1 to a model problem by the following

transformation.

The Coordinate Transformation Set

T:x%y:(yla"' 7yn+m):(x17"' 7xnagn+17"' ’gn-i-m)

and a;; = aOxg'dg?. A simple calculation yields that

By, (@ij0y;u) + bidyu = f  in N(0)NT(Q) (1.6)

for some neighbourhood A (0) of the origin 7(0), where
~ dg’ 0%gt Oxp Og
bi=biy— — ki 5
oxy, Ox,0xp, Oy, Ox;j
Foro=n+1,---,m, denote

~ 0%¢' Oxp 8g
bor =bo1, boz = by o — .
! ! o2 27 OxL0x), 8yl 8333
By (1.5) it is easy to see

|g<71| + |6y0501| < (.
and

5,,120 on g° =y, =0.

By means of (1.3) and (1.4), it follows that

2 l

g
<
|b02| Ci/yo + ‘ak] Dzr0mn 5yz axj
o 829l 8xh
= Ci/Yo + |akjpr0;9° | (Where P = ma—yl)
< Covlyo + /arjOrg” 9397 \/aeipib; < CCxv/Yor

for some constant C depending only on |¢7|c2 and m. In the sequel we also denote cC,
by C.. Tt is easy to see that (1.3)—(1.4) tell us

n+m n n+m

(Zf + Z Yi& )25@&&2&(2534- Z yiff), VE e RMT™,

1=n—+1 =1 1=n—+1
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Under the above coordinate transformation, we only need to consider the following model

equation
0i(a;j0;u) + b;Oiu= [ in Qnm(1), (1.7)
where @, m(r) is defined as
Qum(r)={z cR"™™ | r<z;<r,i=1,---,n, 0<a; <7’ i=n+1,--- ,n+m}

In the definition of @y (r), n = 0 is allowed and m > 1. Moreover, a;;, b; satisfy the following

structure conditions

(1)

n n-+m n n+m
(Y g+ Y wg) eyt <G (X €+ Y wg), WeR™ (1)
i=1 i=nt1 i=1 i=n+t1
(2) Fori=n+1,---,n+m, let b; = bj1 + bj2. Then we need
bi1 >0 onz; =0, |bio] <Ciy/zi, (1.9)
also

n+m n+m
Z |bs| + Z |0;bi | < C. (1.10)

i=1 i=nt1

The condition (1.8) implies

1 .
inﬁaiiﬁc*ffi, n+1<i<n+m,

laij| < Ciy/xj, 1<i<n, n+1<j<n+m,
la;j| < Cuy/Tizj, n+l1<i<n+m, n+1<j<n+m.

The study of the Holder regularity for uniformly elliptic equation dates back to the late
1930s due to its relation to the Hilbert’s 19" problem. The Holder regularity was first proven
by Morrey [9] in two dimensions in the late 1930s, and by De Giorgi [2] and Nash [10] in higher
dimensions in the late 1950s. Now the Holder regularity for uniformly elliptic equation is well
known.

For m =1, (1.7) is modelled by the following equation
Agu+ Yuyy +auy = f in R (1.11)

Usually, people call (1.11) Keldysh type degenerate elliptic equation. There is an interesting
phenomenon for Keldysh type degenerate elliptic equation. The coefficient a determines the
formulation of the well-posed problem. Exactly speaking, in C' (@), the well-posed problem
of (1.11) is distinguished into the following two cases.

(1) a < 1. We need prescribe boundary condition on y = 0.

(2) a > 1. We can’t prescribe boundary condition on y = 0.
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Such a phenomenon was discovered by Keldys in [8]. Later, Fichera [3-4] and Oleinik [11-12]
established general theory on second order linear elliptic equations with nonnegative character-
istic form. See also the book [13] and the references therein.

In the present paper, we are interested in the Holder regularity for the special degenerate
elliptic equation as in (1.7)—(1.10). For m = 1, the non-divergence form of (1.7) is investigated
in [1] which studies the free boundary problem associated to Gauss curvature flow with flat
sides. Under a slightly weaker condition

bn+1 (x', O)

>—-14+v 1.12
8n+la(n-|-1)(n+l)(‘Tlv0) ( )

for some positive constant v, the boundary Holder a priori estimates are established in [1] for
solution u € C?(Qn.1(1)). Also, for n = 1,m = 1, the boundary Holder a priori estimates
are established in [6] which studies isometric embedding of Alexandrov-Nirenberg surfaces. For
n > 2,m = 1, the boundary Holder estimates are established in [7] for a class of degenerate
semi-linear elliptic equations in general bounded domains. There are also many other related
studies for m = 1 which can’t be exhausted in the present paper.

For m > 2, to authors’ knowledge, the only known Hoélder estimates for this type of degen-
erate elliptic equation in polytope type domain are done by [15]. In [15], the non-divergence

form of (1.7) is studied for n = 0, m > 2. Under a similar condition as (1.12)

>—-14v onz; =0 (1.13)

for some positive constant v, the boundary Hoélder a priori estimates are established for u €

C%(Qo.m (1)) by some probability method.

Our main result is as following.

Theorem 1.2 Let (1.8)~(1.10) be assumed and f € LY(Qnm(1)) for some q > "2m.
Suppose u € C*(Qum (1)) N L¥(Qn.m(1)) satisfies (1.7). Then there exists some o € (0,1)
such that

u(e) — u(7)]

o - 1
< C’( sup( : lu| + ||f||Lq(Qnym(1))) |z —z|%, Va,T € Qn,m(g), (1.14)

where o and C' are positive constants depending only on q and Cy in (1.8) and (1.10).

Remark 1.1 Although, we don’t impose boundary condition for (1.7). Theorem 1.2 tells

us that we can Holder continuously extend the solution u from interior up to the boundary.

The domains we studied are much complicated than that in [1] and for Theorem 1.1 and
Theorem 1.2, no a priori regularity of solutions on the boundary is needed except the solutions
in L>(Q) or in L®(Qn m(1)). It should be emphasized that in [1, 15] under the assumption
(1.12) or (1.13), the solutions to corresponding problems might be not C?-smooth up to the
boundary. See the following two examples.



Boundary Hélder Estimates for Degenerate Elliptic Equations 723
Example 1.1 (see [14]) Consider the following degenerate elliptic equation

Ugg + Ylyy +buy =0 in R (1.15)

g

Let u(z,y) = F(
ODE

5 ) = F(z). Then a direct computation yields that F(z) solves the following

9

(1+25)F" 4+ (3—-2b)2F' =0 inR. (1.16)

A direct integration of (1.16) yields that

Py = [ e OB = [T )
0 0

solves (1.16) with F'(0) = 0, F’(0) = 1. Hence for b < 1, F(z) is a non-constant bounded
smooth function. This implies u(z,y) is bounded in R and is dis-continuous at (0,0).

Example 1.2 Consider the following degenerate elliptic equation
DUy + Ylyy + aty +buy, =0 in RT x R, (1.17)

Let u(z,y) = F(In (%)) = F(z). Then a direct computation yields that F(z) solves the
following ODE

—1 . (1-b)e?
F”+(f+ez+(1+e)f JF'=0 iR, (1.18)

A direct integration of (1.18) yields that

z e(l—a)s
F(z) = /0 e (1.19)

1+ es)2—a—b

solves (1.18). In the present case, we also know F(z) is smooth and uniformly bounded in
(—00, +00) for a,b < 1. This implies u(x,y) is bounded in RT x RT and is dis-continuous at
(0,0).

Remark 1.2 Examples 1.1-1.2 satisfy all the assumptions of Theorem 2.1 in [1] and Corol-

lary 1.2 in [15] except that u € C?(Q,,.m (1)) apriorily. It is very interesting if one can construct
counterexamples for a > 1,b < 1 in Example 1.2.

2 The Proof for Theorem 1.2

In this section, we give a boundary Holder estimates for a class of degenerate elliptic equation
by De Giorgi iteration. Some ideas come from [6] and [7]. In [6], the proof is based on some
regularity of the solutions up to the boundary. In [7], additional regularity of the coefficients
a;j, b; is assumed. In the present case, we want to generalize these results in [6-7] to polytope
type domains.

In order to prove Theorem 1.2, we introduce a weighted Sobolve space W172(Qn7m(1)) which

is the completion of C*(Q,.m (1)) under the norm

n+m

(/ iu?—i— Z xiu?—i—qux)%.

nom (1) =1 i=n+1
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We first give the following weighted Sobolev embedding inequality and Poincaré inequality
which are generalizations of the corresponding inequalities in [6-7].

Lemma 2.1 (1) For all u € CY(Qn.m(1)) with u =0 on dQy (1) N (R™ x (RT)™), there

is a unwersal constant C independent of Qn.m/(1) such that

n+42m—2 n+m
(/ |u|i(+;§ %dx) <o (Zu + Z xluf)dx (2.1)
n,M( ) Qn, m (1) i=n+1
(2) For any € > 0, there exists a constant C. such that
n+m
/ u?dx < C. (Zu + Z xm?)dx (2.2)
71,771(1) Qn m 1) 1= n+1

for all u € CY(Qn.;m(1)) subject to [{z € Qn.m(1) | u(z) =0} > .
Proof Let G = Qp.m(1). Define a transform T : G — T(G) by
Tx)=vy, yi=x;5 1<i<n, yi=2yz, n+1<i<n+m.
Lift 7(G) in R**2™ by defining

—

T(G)={(y,2) eER"™ xR™: y € T(G), 0< 2; < Ynti, i =1,---m}.

Then
/G|U|de= (%)m/m) |uoT_1|P(:1j:lyi)dy: (%)m|\uoT—1||§p(T,(vG)) (2.3)
and
SR 1ym ,
[ 3wty ()" S5 [T e
= (3) 19 @ T2, s -

where V = (V,, V) is the gradient in R"+2m
Now let us consider the first part of the present lemma. Let u € C(G) with u = 0 on
oG N {x;i > 0}. Set

~ u(z) forz e G,
U(ZII) = n +\m
0 for x € R” x (RT)™\ G.

Then, define v(y) = u(z) and

w(y,z) = oY1, s Yns max{Yni1, 21}, - MaX{Yptm, 2m})  in R™ x (RT)?™

Then, we can extend w to R"2™ by even extensions first with respect to the plane y; = 0,
t=n+1,--,n+m and then to the plane z; = 0,7 =1,--- ,;m. By the Sobolev embedding
2(n+2m)
theorem, we have w € H(R"T2™) C Lotan=s (R™T2m) and

n+2m—2

(n+2m) n+2m =
(/ W 2dydz) U< o |Vw[2dydz.
Rn+2m

Rn+2m
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Therefore by (2.3) and (2.4), we obtain

2(n+2m) nitp 2 2(n+2m) e ~
(/ un+2Mf2dx) < (Cl/ w n+2m— 2dydz) <C |Vw|2dydz
G Rn+2m Rn+2m
_ n n+m
<’ /N |Vw2dydz = 2m0// (ZuiL + Z xiuii)daz,
T(Q) G i i=n+1

where C1,C and C” are universal positive constants, independent of w.
Next, we consider the second part of the present lemma. Suppose that u € C'(G) with
[{z € G: u(x) =0} > & > 0. Then, it is easy to see that

{y: v(y) =0} > Ce

and
{(y,2) € T(G) : w(y,z) =0} > Ce

for another universal constant C. By the well-known Poincaré inequality, we get
/N widydz < C. [ |Vw|?dydz,
(&) (&)

where C; is a positive constant depending only on . Then

/Gu2dx = (%)m/f(‘g) widydz < (%)mcs /Tf(\@ |6w|2dydz

n n+m
G i1 i=n+1

This completes the proof of the present lemma.

Now we begin to discuss the boundary Hélder regularity of u € L%°(Qp.m(1))NC?*(Qm (1))
which satisfies (1.7). As a first step, we show that such a solution u € W12(Q,, (1)), Vr €
(0,1), has no trace on the boundary z; =0, ¢ =n+1,--- ,;n 4+ m in general. So we need to

bypass this obstacle in the present circumstance.

Lemma 2.2 Let the assumptions of Theorem 1.2 be satisfied. Then, u € ﬁfll’Q(Qn,m(r)),
Vr € (0,1) and satisfies

n+m

[ESOE R ST
1=n—+1
n+m
SCIIullio(/(w +Z%+ Z Tioi+ Y wlwz dx+1 +C/<p frda,
i=n+1 i=n+1

where C is a positive constant depending only on C. in (1.8) and (1.10) and 0 < ¢ €
Ce(R™ x (R*)™) subject to

1+r). (2.5)

=1 inQum(r), ¢=0 meLm( 2
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Proof Consider a smooth cut-off function 0 < y. < 1 such

0, 0<t<e,
Xs(t):

1, t>2¢
and c
k
|.D X€|7§_k7 k:1,2,
Let
n+m
= H XelZq
1=n—+1

We multiply (1.7) by —¢?n?u and integrate by parts. Then

/ e nasuiu; = —2 / nZpua; ity — 2 / @ neuai;u;0ine
Qn,m(l) Qn,m(l) 71,771(1)

+/ tp%ﬁubiui—/ Languf. (2.6)

Next, the Cauchy inequality implies, for § > 0 to be determined,
2 Sn2o? 1 2 2
2nZpuasjpiug < 0NZ @ aiguiu; + 5 Qi PPN
1
2775<p2uaij8m€uj < 6n§cp2aijuiuj + gg02u2aij8m€8jn€.

Also one has

n+m

/ | PPadmedmedr < OBl 3 / 2:(Bime)?d

i=n-+1 n m 1)

n+m

<Clulzlelz Y / Lz < o' ul2.

imna1 Y Quom (D)N{e<z;<2e} €

Therefore, by (1.8), one has

1 n+m
6(1—05 /nggo (Z“wﬁi‘ Z iU )
* i=n-+1
n+m
—/ Z% + D ek, )n§u2+/¢2n§ubiui—/wQWEUerCHUHio-
1=n—+1

Next, for the b;-term, i = 1,--- ,n, we have, by |b;| < C, in (1.10),

5 c:
}/ n2oubsu; Sg/nﬁw%” 5 /n?w%?

For the b;-term, i =n+1,--- ,n + m, one has

1
/ N2 buu; = 5/ N2 (u?) +/ N2 e biouu,
Qn,m(l) 71,771(1) 71,771(1)
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1
= _5/ Bi(nfcp2bi1)u2 +/ ﬁ?@Qbizuui.
Qn,m (1) Qn,m (1)

Therefore, by (1.10), for i =n+1,--- ,n+ m,

/ n2p2biuu;
n,m(l)

c3 §
<(c+ %) [P relobia +Cluli+ 5 [ e,
* JQn,m (1)

By a simple substitution and taking § small enough, then let ¢ — 0, we obtain the desired

result in the present lemma.

Lemma 2.3 Let u € W'2(Qym(1)). Denote

m -
Z‘/nm(l Y {@ni =0} (Zumk ;xn+]uzn+j).

Then

lim §A(5) =

=0t

Proof If it is not true, it follows that

Co
A9) = =

for some positive constant ¢y > 0. This implies

1
—|—oo:/ —d6</ A(0)dd < Cllulifg g, . 1))
o n,m

which yields a contradiction.

Lemma 2.4 Let the assumptions of Theorem 1.2 be satisfied. Then, for any ¢ as mentioned
in Lemma 2.2, there holds

n n+m
/th(Zuii + Z a:l-u%i)da:
=1 i=n+1
n+m n+m
<C/ w+2%7+ > il + Zwl%)u +/s0f2 (2.7)
1=n—+1 1=n—+1

where C'is a positive constant depending only on Cy in (1.8) and (1.10).

Proof By Lemma 2.2, one knows u € Wl’Q(Qn,m(r)), r € (0,1). We multiply (1.7) by
—@?u and integrate by parts. Let G C R™ x (RT)™ be a bounded domain such that ¢ = 0 in
R™ x (RT)™\ G. Set

Gs=G ﬂftﬁl {z; > d}.

/ 902(1””7',“] = / SDQUGijUjVi — 2/ PUA; P Uj +/ @2’11,[)7;’(1,1' —/ SDQUf
Gs 0G5 Gs Gs Gs

Then
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n+m

For the boundary integral, we first note ¢ = 0 on 0G5 (| {z; > ¢}. Next, on 0Gs N {zptm =
1=n+1

0}, v1 =+ =Vptm—1 = 0. One has

‘/ ‘qua(n+m)jujyn+m‘ < C«p”u”oo\/g Vajjlui|dS
OG5 {@nsm=5) 5

8G(sﬁ{wn+m: }
1
2

< Cllule( | IRE)
OG5 { Tt m=5}
Notice that
aj; <C, j=1,---,n, aj;<Czxj, j=n+1--- ,n+m.
By Lemmas 2.2-2.3, after taking a subsequence, we have

2
‘ / YU UV
0G5

By Cauchy inequality, for € > 0 to be determined, one has

=o(l), asd—0.

n n+m
1
—(1—8)/ SDQ(ZUEM—’— Z xlui)
C. Gs i=1 i=n+1
C n+m
g?/ (Z‘Prf" Z xchm )u +/ g02ubiui—/ ©*uf +o(1)
i=n—+1 Gs

and
203
S| [ et s g 3 [ ot 2 [ e
i<n Gs Cu i<n Gs € Gs

On the other hand, for i =n+1,--- ,n+ m, one has

1
/ cpzbiuui = —/ @Qbilﬁi(uQ) +/ gozbigu(?iu
G5 2 G& Gzi

1
= ——= 81'(@21)1'1)’&2 +/ (,021)1'1’&2% +/ thbigu&-u.
2 Gs Gs

Gs 0

For fixedi=n+1,--- ,n+m, on z; =, v; = —1, by (1.10), one has
bit (1, i1, 0, Tig 1, s Tpgem) — bin (X1, -, 2i—1,0,ig1, -+, Tpgem) = —CO0. (2.8)

Hence

/ ©?biuly; < C su? = O(6). (2.9)
IGs 8G(sﬁ{wq—§}

Therefore, by (1.10),

1
/ ©2buu; < O(68) — 5/ (©20;bi1 + 20pibi )u? + C. O/ Tu|ug|
Gs Gs Gs
03
§O(5)+(O*+—*)/ (tp2+<p|g0nu+— Orriu
€ G(s Gé
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By a simple substitution and taking ¢ = %, then let § — 0, we obtain

n n+m
/@2(Zuii+ Z xlui)
=1 i=n+1
n+m n+m
<0/ o +Z%L+ > wit Y el )l +02/<p Juf].
i=n+1 1=n+1

Another application of the Cauchy inequality implies the desired result.

Lemma 2.5 Let (1.8), (1.10) be assumed and f € LYQn m(R)), for some R € (0,1] and
q > % Suppose u € C?(Qn.m(R)) N L®(Qn.m(R)) satisfies

Then, for any 6 € (0,1),
1 3 1 3
+ 2 2 q
sup  u' < u + R f 2.11
Qn,m(eR) {(|Qn m( )| Qn 7n ) (|Qnm( )| Qn 7n | | ) } ( )

where C' is a positive constant depending only on q, 0 and C.

Proof For simplicity, we assume R = 1. Let ¢ be a smooth cut-off function as mentioned
in Lemma 2.2, and set = (u — k)* for some k& > 0. Multiply the differential inequality (2.10)
by —?u and integrate in Q,, ,»(1). Proceeding as in the proof of Lemma 2.4, we have

n+m

(s 5 w)
i=n+1
n+m n—+m
<C/ gp +Z¢zl+ Z 07 + Z <p|g01)u +/g0 uf
i=n-+1 i=n-+1
and then
n n+m
[ (e + Y w2
i=1 i=n+1
n+m n+m
<C/ @ +Z<pml > owei+ Yy wl%)u +/<puf
i=n+1 i=n-+1

Lemma 2.1(1) implies

2m—2
2ntam)  2nt2m) \ g
( S0n+27nf2ﬂn+27nf2)
n+m n+m

<C/ ¢ +Z<pml+ > et Y elail )@ +/<puf

i=n+1 i=n+1

By the Holder inequality, we have

[ < ([om#R2) T [op) o 4 oyt
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1 2(n+2m) nizmmz
< L [gmypeizn)
2
and hence
_20ntem) \ e
( ((pu)n+2mf2)
n+m n+m

J. X. Hong and G. G. Huang

n4+2m-+2 2

||f||Lq|{<ﬂu # 0| mrem

n+2m+42 2

<o f (s *Z% S wt+ Y loil)B + Il o £ 0}

1=n—+1 1=n—+1

By the Holder inequality again, we have

+2m—2

[om? < ([ems) T g2 oy

and hence

n+2m-+4

-2
[ & <l 0y 83

n+m

n+m

+Clga O [(P4 6t + 3wt t Y o)
=1

i=n+1

In the following, we take

Ezmin{ ,
n+2m n+2m ¢

Then

[ ¢ <Ilalton £ oy

n+m

9 4 9
——}>0

1=n+1

n+m

+Clfgn 20} [ (¢ +Z%+ S w4 Y led)7

i=n+1

Set, for any r € (0,1] and k& > 0,

Ak, 7) = {2 € Qua(r) = u(z) > k}.

i=n+1

For any 0 < r < R < 1, we take a cut-off function ¢ such that ¢ =1 in @, n(r) and ¢ =0 in

Qnm(1) \ Qn,m(R). Then

n+m n+m

o +Z<prl+ > owei+ Yy oled < g

i=n+1 1=n+1

and hence

1
/A(lw) (u— k)" < O{ (R—r)? /A(kﬁ) (=

For any h > k > 0, we have

/ (u—h)zs/ (u— k)?
A(h,R) A(k,R)

R2A(K, R)F + | fI3l Ak, R) .
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and

- . B ot u—k)?
[A(h, R)| = |GrN{u—k>h—k}| < (h—k)? /A(kR)( g

Hence,

1
u—h)?<C 7/ w—h)2+ || f||2.|A(h, R)| }|A(h, R)|f
Jo @< [ A R A, B)
1 1 1 1+e
<C 7 p——— —k)?) .
= {(R—r)2+(h—k)2||f||L}(h—k)%(/A(m)(“ ?)
In summary, we obtain, for any 0 <r < R <1 and 0 < k < h,

1 1 1 _
[(w—=h)* L2, < C{m + m”f”m(c?n,m(l))}mﬂ(u k) I ke

For any 6 € (0,1), a standard iteration yields

QSUP(G)qu < C{llut 22 @nm(r)) + 1l L3(@nm ) }-

This is the desired result.
Next, we shall give a lower bound for positive supersolutions.

Lemma 2.6 Let (1.8), (1.10) be assumed and f € LY(Qn (1)) for some ¢ > 27 Sup-
pose u € C*(Qpn.m(1)) N L®(Qn.m(1)) is positive and satisfies

Bi(aijuj) +biu; < fin Qnm(1).

Then, for any € € (0,1), there exist constants 6 > 0 and C > 1, depending only on ¢, € and C,
n (1.8) and (1.10), such that, if

1
{2 € QunV): u@) = 5} = 2Qum(]
and
||f||Lq(Qn,7n(l)) S 67
then
Fous (2.12)
inf u>— .
Qum(y) — C
n+m
Proof Let ¢ be a nonnegative smooth cut-off function with support in Q. m(1) U {z;=
1=n—+1
n+m
0}. Let Gy = Qu,m(1) () {z:i > ~}. Then
1=n—+1
/ ;Ui L5 —/ biuigo —/ Q5 PU; V5 2 —/ ng (213)
G, G, aG., G,

By Lemma 2.3, one knows

n+m
/ a;j PUjV; = Z / aijcpuj —0, asvy—0.
9] 12}

G i=nt1 7 OGN {zi=
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If f is not identically zero, we take 6 = || f| L«(p,). Otherwise, we take an arbitrary § > 0.

Replacing ¢ by ¢/(u + 9) in (2.13), we have

—/ aij Uin2<P+/ aijL@j_/ biLQOE_/ / @+ 04(1).
G’Y (’LL 5) G’Y U+5 G’Y ’U/+5 qu—|—5

Here we use 04(1) denote o(1) as v — 0. Then setting

1 1
v=Ilo ,
Suto
we get
f
- ai-viv-tp—/ ai-vitp-—l—/ bwith—/ @+ o0y(1).
LWJ j g, e G uto v

In particular, v satisfies

/
ai»vicp»—/ bivigpg/ —— ¢+ o04(1).
/G VP o qu+5 y

Y Y

The choice of ¢ implies || f/d]|za(q, ,.(1)) < 1. Then, letting v — 0, for any 6 € (3,1), Lemma
2.5 implies

sup (vh)? < C{/ (vT)? + 1}, (2.14)
Qn,m(3) Qn,m(0)

where C' is a positive constant depending only on ¢, § and C, in (1.8) and (1.10).

(u—1|—5 B 1)+¢2'

Now, replace ¢ in (2.13) by

Then, we have

/ aijOvtoutp? < 2/ (1—u—2¥8)Ta;;0m" g,

/ 1 —Uu— )+bi6i’l}+

) +0,(1).

We now consider the b;-term for i =n+1,--- ,n + m and write

/ ©*(1 —u—0) b0t = / ©*(1 —u—0)Tbyow™ + / ©*(1 —u — 8)Thpdiv™
G, G, e

§/ <p2(1—u—5)+bi18iv++s/ <p2xi(8w+)2+€/ ©°.
G G € Ja,

Also

/GW ©*(1 —u—8)Thydw™ = /GW @2bi18i{(log u—li-5)+ —(1—-u- 5)+}
L wnl(eyyavea]
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—i—/an <p2bi1[(logui5)+ (1 —u—=5)]

Note that ¢ =0 or v; =0 on 0G, \ {z; =0} and for u+ 4§ < 1,

(logui5)+ > (1—u— o). (2.15)

By (1.9) and (1.10), similar to (2.8) and (2.9), one has

/BG7 ©2bi1 [(IOg - —li— 5)+ —(1—u-— 5)+} v < 0(7).

This implies

/ ©*(1 —u — ) h0w™
G

~

C
< [ oot +e [ nor?+S [ o),
G G

G’Y vy Y

and hence

/ aijﬁiv+3jv+<p2 < —2/ o1 —u—26)7 ;0 vt v + Z/ (1 —u—08)"b;00"
G G,

~

+/ |8i(g02bi1)|v+ +<€/ gpri(aier)Q
G,

~

cro, L f .
= 1—u—6)*.
—I—E/thp +O(7)+/Gw(pu+5( u—90)

By proceeding as in the proof of Lemma 2.4 and v — 0, we have

n n+m
[+ Y wwh)?)de
=1 i=n+1
+n+m n+m

{/(w +Z‘P17+Z$1<pz Z/%HI% oo +/ 2f}

The choice of § implies ||f/d|La(q, (1)) < 1. Hence, for any 6; < 6 < 1, we take ¢ = 1 in
Qnm(01) and ¢ = 0 in Qu (1) \ Qn,m(02). Then, for any 7 € (0, 1) to be determined, we have

n n+m

/Qn,m(el) (Z(U;)Q + Z 5131(11;)2) < ﬁ +7-/Qn’m(92)(v+)2. (2.16)

i=1 i=n+1

Note

Hz € Qum(01): vt =0}

>z € Qum(1): utd > 1} = |Qnm(1)] +@nm(61)]

> |Qn,m(01)| - (1 - €)|Qn,m(1)| = ( 017—L+2m)|Qn m(01)| > _E|Qn m(91)|
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by taking 6; such that

1 /1 —e\wrom
GOEmax{§,( ) }<91<1.

1_¢
2
Then Lemma 2.1(2) implies
n n+m
/ whH?r <o ( (vh)?+ Z xi(U;)Q) for all 6; > 6. (2.17)
Qn,m(el) Qn,nl (‘91) =1 1=n—+1

It must be emphasized that C in (2.17) depends on ¢ through 6y, and is independent of 6;. By
combining (2.16) and (2.17), we have

C,
(vH)?P< —T— + OT/ (vh)2.
/Qn,M(Gl) (92 - 91)2 Qn,M(92)

Now choose 7 such that C7 = ; We obtain, for any 6y < 67 < 6> < 1,

C, 1
Oty [ @R
‘/;Qn,m(el) (92 - 91)2 2 Qn,m(02)

A standard iteration yields, for any 0y < 6 < 1,

/.Q)n,m(e)(v+)2 = (1—06)% (2.18)

By combining (2.14) and (2.18) and fixing 6 € (6, 1), we obtain

sup (vh)? <C,

Qn.m(3)
and hence
inf u+d6>eC.
Qnom(3)
We note that the constant C' above is independent of §. If f = 0, we simply let § — 0.
Otherwise, taking § = C;C, we have the desired estimate.

Now, we are ready to prove the Holder regularity up to the boundary.

Proof of Theorem 1.2 Set, for any r <1,

M(r)= sup u, m(r)= inf wu,
Qn,m(T) Q71,7n(r)

and

We now claim, for any r <1,

+2m

T _TL
w(g) < O’w(T) + Crl="= ||f||Lq(Qn,m(’r‘))a (2'19)

where 0 € (0,1) and C' > 1 are constants depending only on ¢ and C, in (1.8) and (1.10). If

. . . . 1
(2.19) is true, then by a simple iteration, we have, for any » < 3,

w(r) < Cr*{w(®) + 1 fllza@n..an}s
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where o € (0,1) and C' > 1 are constants depending only on ¢ and C, in (1.8) and (1.10).

We now prove (2.19) for » = 1. The general case follows from a simple scaling. Let € = 3

and ¢ be determined as in Lemma 2.6. If

ow(1) < N fllza(@u.m(1))s

then

1 1
w(§) <w(l) < =l flLa@um(1))-

Next, we assume
1l La(@um (1)) < S (D).

We note that ﬁ satisfies

0; (aijaj (%)) + biai(%) = % in Qnm(1).
Hence f
Hm‘ LU(Qn,m (1)) =

by the previous assumption. We consider the following two cases:

{o € Qunl)s ot > 11 2 51Qum ()
and
{r€ Qunl)s 2t 2 11 2 51Qum(

u—

If (2.21) holds, we apply Lemma 2.6 to ﬁ% and get

1

m(%) —m(1) > Z(M(1) = m(1)).

If (2.22) holds, we apply Lemma 2.6 to % and get

M(1) — M(%) > Z(M(1) = m(1).

Since m(%) > m(1) and M (1) < M(1), we have in both cases
(3)-m(2) = (1 Y-,

and hence

for some constant o € (0,1). We have (2.19) by combining (2.20) and (2.23).

1

(2.20)

(2.21)

(2.22)

(2.23)

First we consider m = 1. Consider two points 7,7 € Qnm (3) and |[T—Z|+Tn 41+ T << 1.
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(1) 72 = |T — |3 > max(Tni1,Zns1). Then

T+ 7

T,T € Gn(i’;i/ 0= {x €Qnm(l) | |2 — <r,0<zpy < 7"2}.

By (2.19), one knows
u(@) — (@] < Cr* (@) + 1 fllLo@n.. 1)) < C@@) + 1fllLa(@n 1) =TI

(2) |z — fﬁ < max(Tp41, Tnt1) = Tnt+1 < o for some €y small enough to be determined
later. Then one knows

En-i-l 2 fn-l—l - |%n+l - En+1|

Y

Tpt1 — |E - E|
1
> (1—ed)rpis > (§>Tn+1

==/ ~/
T +x

for ep small. Let A = T,,41 and v(y) = u()\%y’ + T2 Myng1). Then v(y) solves

0,(@i; (v)05v) + bi(y) v = f(y), (2.24)

where

N N 1 N 1
aij(y) = aij(2),  Citns1)(¥) = T+ (T)y Ayt (V) = TAnt1) (1) (T),
A2 A

gl(y) = )‘%bi(x)v bn-‘rl (y) = bn-‘rl (:E), f(y) = /\f(x)v 1<4,5<n.

Then by (1.8)—(1.10), one knows (2.24) is a uniformly elliptic equation with bounded measurable
coefficients in ¥ = {y | [¢/| < 4,3 < ynt1 < 8}. Then by [5, Theorem 8.24], there exists
B(C*,n) € (0,1) such that

lllos sy < Clllvllz) + 1 lLas)) (2.25)

for some constant C = C(C*,n,q) and ¥’ = {y | |¢/| < 2,1 < y, < 4}. The assumption
|Z — 7|7 < Ty = A implies

/|2

. L
T -7 > T Am . -7 > Fnts = Fna " Af”“' .
Hence,
|u(T) — u(7)| [u(T) —u()|
————s < C — — 5
[T —7|3f AT =22 + A 2Tpg1 — Tnaal?)
[v(@) —v(y)] =
=Co————=5— < C(lvllr2x) + If o))
17— 1l
_nt2
< Cr(lull e (@) + A2 [l La(@n (1)) (2.26)

The above arguments complete the proof of Theorem 1.2 for m = 1.
Now we prove the present theorem by induction. Similarly, consider two points T,z €

Qnm(3)- Also we use z = (2/,2”), where @’ = (1, ,2p) and " = (Tnq1, -, Trgm)-
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(1

2 — |7 — 7|7 > max(|z"|,|Z"]). Then

~—

r

, T +7
2

T, T € GT’(E’;:E/ 0) = {ZIJ S Qn,m(l) |

‘<T,O<$n+i<’l”2, i1=1,--- ,m}.
By (2.19), one knows

ju(@) — (@] < Cr* (@) + 1 fllLo@n.. 1)) < C@@) + 1l La(@n (1) =TI

(2) |z — Z|7 < max(|7"],|7"|) < eo for some positive £y small enough. A similar argument

as in m = 1 implies
1 ~I =/ ~I
SI7 < 7] < 2.
Let A =[] and v(y) = u(A2y/ + #, Ay”"). Then v(y) solves

(@i (y)9;v) + bi(y) v = f(y), (2.27)
where

- - 1 o
aij(y) :aij(li), aiJ(y) = )\_%aiJ(x)a 1 SZ,] Sna 7’L+1§ J§n—|—m,

~ 1 ~
CL[J(y):XaIJ(ZI;), n+1<I,J<n+m, biy)=Abx), 1<i<n,

bi(y) =bi(@), n+1<I<n+m, f(y)=\(o).
Without loss of generality, we may also assume T, ;1 > \/—%W’ |. Then by (1.8)-(1.10), one

knows that (2.27) is an elliptic equation with bounded measurable coefficients such that n and
m are replaced by n + 1 and m — 1 respectively in (1.8)—(1.10) in

a 1
E:{y||y/|<478_<yn+1<870<yn+l<87z:277m}
m

Then by our induction assumption, there exists 5(C*,n,m) € (0, 1) such that

[0l ooy < CIlz2es) + 1 fllzacs)) (2.28)
(")

for some constant C' = C(C*,n, m,q) and

a 1
E:{y||y/|<2a m<yn+l<4v O<yn+i<47 222,,771}

By the assumption in this case, one knows

[u(@) — u(@)] () — u(@)]
~ 3 S CO -
|T—$|ZIB ()\—1|E/_§/|2_|_/\—2|g//_fl/|2)§
lv(@) —v(®)| -
- W < C(HUHL2(§) + ”f”Lq(i))
_ n+2m
< Cr(lullze (@) + A2 fllna@n ))- (2.20)

This ends the proof of the present theorem.
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