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1 Introduction

Multiplier ideal sheaves have been playing an important role in several complex variables
and complex geometry, since its introduction in 1990’s (e.g., see [4, 17, 23-24]). The basic
properties of a multiplier ideal sheaf include its coherence, integral closedness and Nadel’s
vanishing theorem.

Later on, Demailly (see [4-5]) proposed the strong openness conjecture which asserts that a
multiplier ideal sheaf satisfies the strong openness property. The conjecture was also stated by
Siu, Y.-T. in [22] and many others. In 2013, the first author and the third author solved the
conjecture (see [13]).

In this paper, we study a more general openness property called stability for a multiplier
ideal sheaf. The paper was posted on arXiv (see [8]).

Let D C C™ be a bounded pseudoconvex domain, o € D be the origin of C" and ¢ € Psh(D)
be a plurisubharmonic function on D. The multiplier ideal sheaf .#(y) consists of germs of
holomorphic functions f such that |f|?e~% is locally integrable, which is a coherent sheaf of
ideals (see [5]).

Demailly’s strong openness conjecture (SOC for short) (see [4]) If (f,0) € Z(¥)o,
then there exists 6 > 0 such that (f,0) € Z((1+0)¥)o-

Here § seems to be dependent on the germ (f, 0), however, by the coherence of the multiplier

ideal sheaf, § is actually independent of the germ (f, o).
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Note that .# (), is finitely generated by (f;)j=1,.. ko- Let Z(©)o = (f1, -, fro). The truth
of SOC implies that there exists 6; > 0 such that (f;,0) € Z((1+ d;)¢), for any 1 < j < k.
Then, SOC is equivalent to the equality .7 (), = . ((1+d0)¥)o, where §g = 1gj1_i<nk0{6j} which
is independent of the germ (f,0).

As Z (14 60)p)o C 4 (0)o == U A((1 +0)p)o C F(¥)o, SOC is also equivalent to the
5>0
equality 7 (p)o = F4(¢)o-

Another reformulation of the strong openness conjecture is that {p € R : |f|?e~P% is locally
integrable} is open. When # (), is trivial, the so-called openness conjecture was solved by
Berndtsson in [2]. Such assertions originate from the fundamental fact in calculus: the set
{p eR: ﬁ = e~ P¥ is locally integrable at the origin} is open, which is actually = {p < %},
where ¢ = clog|z|,¢ > 0. This explains why openness and strong openness are named so.

In [13], Guan and Zhou proved the above SOC. Moreover, they also established an effec-
tiveness lower bound for ¢ in the conjecture in [14].

In the present article, we obtain the following stability of multiplier ideal sheaves.

Theorem 1.1 Let (p;)jen+ be a sequence of negative plurisubharmonic functions on D,
which is convergent to ¢ € Psh(D) in Lebesque measure, and I (p;)o C 7 (9)o. Let (Fj)jen+ be
a sequence of holomorphic functions on D with (F;,0) € 7 (), which is compactly convergent
to a holomorphic function F. Then, |Fj|?e™%i converges to |F|*¢™% in the L' norm near o.
In particular, there exists eg > 0 such that I (¢j)o = I ((1 4+ €0)pj)o = F(¢)o for any large
enough 7.

The last conclusion in the above theorem can be obtained by [14, Proposition 1.8] and by

the finite generation of & (),.

The following proposition can be deduced from [16, Theorem 4.1.8]. Here we give another

proof by using our main theorem.

Proposition 1.1 Let (¢;);en+ be a sequence of negative plurisubharmonic functions on
D. If p; is convergent to ¢ € Psh(D) in Lebesgue measure, then ¢; converges to ¢ in the
LZD

loc

(0 < p < o0) norm.

Proof It suffices to prove when p € NT. By scaling, we can assume the Lelong number
v(p,0) < 1. Thus, #(¢;)o C F(¢)o = Op. Then, the desired result follows from Theorem 1.1

and the inequality
1
= [ les = earn < [ e —eeian,
p-Jbp D

which follows from the inequality ;(a —b)P < (¢*=" —1)e” for any a > b > 0.
As an application of Theorem 1.1, we can conclude the following semi-continuity of complex

singularity exponents.

Corollary 1.1 (see [6, Main Theorem 0.2]) Let X be a complex manifold, K C X be a
compact subset and ¢ be a plurisubharmonic function on X. If ¢ < ck (@) (complex singularity

exponent of ¢ on K) and (¢;) is a sequence of plurisubharmonic functions on X which is con-
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1

L. norm, then e2“?i converges to e>*¢ in L' norm over some neighborhood

vergent to @ in L
U of K.

Indeed, by subtracting a constant, we can assume that ¢ is negative on K. As [ K PidAn <
Jx le = @jldAn + [} od),, we obtain that ¢; is also negative on K. Then, Corollary 1.1 is a
special case of Theorem 1.1 when .#(¢), = O,.

With the additional conditions ¢; < ¢ and F; = F, Theorem 1.1 reduces to the main result
in [18].

If ¢ = log|g| with |g|? := |g1|*> + -+ + |gs|? for holomorphic functions g1,---,g; on a
concentric polydisk A™ x A, then it follows that the following holds.

Corollary 1.2 (see [19, Main Theorem]) Assume that [, |g(z,0)|™° < oo. Then there
exists a smaller concentric polydisk A'™ x A’ so that the function ¢ — [y, |g(z,¢)|™° is finite
and continuous for c € A’ CC A.

2 Lemmas Used in the Proof of Main Results

Let L2,(D) be the Hilbert space of homomorphic functions on D with finite L? norm, i.e.,
13(D) = {r € 0D)| 171> = [ 17Pdr < oo},

whose inner product is defined to be (f,g) = [, f - gdAn, Vf,g € LE(D).
We are now in a position to prove the following lemma.

Lemma 2.1 Let I C O, be an ideal and (ey)pen+ be an orthonormal basis of
My = {feLEH(D) | (f,0) € 1},

a closed subspace of L% (D). Then, there exist a neighborhood UyCCD of o, an integer ko > 0

and some constant Cy > 1 such that

o) ko
Z lex|* < Co - Z lex|?  on Up.
k=1 k=1

Proof It follows from the strong Noetherian property of coherent analytic sheaves that the

sequence of ideal sheaves generated by the holomorphic functions

(en(2)en(@))p<n, N =1,2,--

on Dx D* is locally stationary, where D* := {w | w € D}.
Let BCCD be a ball centered at o. Then there exists ky > 0 such that for any N > kg, we

have (ex(2)ex(W))k<n = (er(2)er(W))r<r, on B X B.

Complete (ex) to an orthonormal basis (€,) of L5(D). Then, > |ex(z)|* is a subsum
k=1

o0
of 3" |€a(2)|?, which is known to converge uniformly on compact subsets by the theory of
a=1
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Bergman kernel. Thus, it follows from the inequality

> e < (Xl Y o)
h=p k=p k=p

Nl=

[ee]
that > er(z)ex(w) is uniformly convergent on every compact subset of Dx D*.
k=1

By_the closedness of the sections of coherent analytic sheaves under the topology of com-

(oo}
pact convergence (see [7]), > er(z)er(w) is a section of the coherent ideal sheaf generated

by (ex(z)er(W))r<r, over BxB. Then, there exist a smaller ball ByCCB centered at o and
functions ax(z,w) € O(ByxBy), 1 <k < kg, such that on Byx By,

o ko
> er(2)er(®@) =D an(z, wer(2)ex(®).
k=1 k=1

Finally, by restricting to the conjugate diagonal w = Z, we get
o0 ]CQ
Z lex|> < Co - Z lex|* on B.
k=1 k=1

In order to prove Theorem 1.1, we also need the following lemma (see the Appendix 4 for a

proof), whose various forms already appear in [10-12, 14].

Lemma 2.2 Let B € (0,400) be arbitrarily given and to be a positive number. Let D C C™
be a bounded pseudoconvex domain containing the origin o. Let ) be a negative plurisubharmonic
function on D such that (o) = —oo and ¢ be a plurisubharmonic function on D. Then, for

any bounded holomorphic function F on {1p < —to} satisfying
/D %1{_t0_3<w<_t0}|F|2e—“’dAn < C) < +o0, (2.1)
there exists a holomorphic function F on D such that
]Q|ﬁ*—zm¢)FFe—w+”W°dAn5;(1-e—“0+BUcA, (2.2)

which implies
(F — F,0) € 7(¢)o,

where C1 > 0 is a constant, b(t) =1 — fioo L1{to—Bes<—toyds and v(t) = fot(l — b(s))ds.

It is clear that T{_t ctciooy <1 —0(t) < 1i_4—Botctoo}y and max{t,—to — B} < v(t) <
max{t, —to}.

The following lemma is well known in real analysis (see the proof of [15, Theorem 13.44]).

P
loc

Lemma 2.3 Let (f;)jen+ be a sequence of functions in L, (D) (p > 1), which is convergent
to f in Lebesgue measure. If there exists some constant M > 0 such that

1

([ pran)” <o
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then
/ If; — fldA, — 0, j — oo.
D

3 Proof of Main Result

Let I C O, be an ideal and ¢ be a negative plurisubharmonic function on some bounded
psedoconvex domain D C C" with ¢(0) = —oo. Choose e, ko, Up, Cp as in Lemma 2.1, Cy as

in Lemma 2.2 and put

ko

> fD 1{w<—to}|ek|2d)‘n 14

k=1 2}
ko(l _ e—a(to-i-l))cl )

O = C.(p) i= |(ko(1 — e==to+DyCuCy) "3 — 1 — (

where € € (0,1] and ¢y are two positive numbers. When choosing ¢y large enough and ¢ small
enough, C' could be positive.
At first, we obtain the following estimation of the weighted L? norm near the singularities

of plurisubharmonic weight related to SOC.

Proposition 3.1 Assume that Z(p), CI C O,. If C > 0, then

%) 2 _g,d)\n 02.
/[J°”{¢<—(to+1)} (Z|ek| )e <

k=1
Proof Thanks to the strong openness, replacing B, to, ¢, ¥ by €, eto, (14¢)p, ep respectively
for small enough ¢ > 0 (shrinking D if necessary) in Lemma 2.2, it follows that, for any
1 < k < ko, there exists a holomorphic function Fy, € O(D) such that

/ |Fr — blep)er|?e™%dN, < (1 — e =tot)0y. (3.1)
D

By Minkowski’s inequality, we obtain

ko N
ko . ko N
< (;/DIFk — blep)er/Pe 7N, )" + (;/Dw(w)edeAn)z. (3.2)

It follows from (3.1) and 0 < b(ep) < L,y that
(X [ 1mpar,)
k=1"D

ko 1
< (ko1 =+ (3 [ Lpeilenfar)” (33)
k=1

By Lemma 2.2, we know that (F), — ex,0) € (1 +¢€)p)o C F(p)o C I and (F,0) € I.

Hence, we have

oo
Fk:Za{Cej, aié@,lﬁkﬁko
Jj=1
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and
oo

2 _
/Dle| =Y

j=1

lal]?, 1<k < k.

Thus, we deduce from Lemma 2.1 that, on Uy,

ko

(Simar)' = (Sr) - ()’

> () () - (iilaﬂ?)%(gleklz)%
(( W'“ffgm (1)’
(

)
cio)é et Cy)t

Y

(
ko % 00 %
—(kZ_l /D 1{¢<_to}|ek|2dAn) )(geu?) . (3.4)

Denote by
N ko 1
. (CLO) 2 (ko(l _ e—s(t0+1))01)% — (kz_:l/ ]]‘{90< t0}|ek| d\, )2

Since C:(¢) > 0 and
ACelg) = (ho(L = e~ T )5 > 0,

it follows that A > 0.
Then from (3.4) we obtain

A2, / SN o
( {p<—(to+1)}NUo (§|ek| )e )
ko
Fi. - exl*)e™?d,
< /{‘/’<_(t0+1)}ﬁUo (kz_l| k ek| )e
ko

_ / |y — exl?e~?dA. (3.5)
=1 7 {e<—(to+1)}NUo

Note that
ko

2
Z|Fk_bw ex? }{¢< (to+1)}nUo Z|Fk_ek|
k=1

It follows from Lemma 2.2 that

ko

/ |Fl. — ex]?e™?d\,
k=1 7 {e<—(to+1)}NUo

ko
<> [ 1 - bepaferan,
k=1"D
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< ko1 —estot oy, (3.6)

Combining inequalities (3.5) and (3.6), we have

i |€k|2)e‘¢d)\ < kol — e sty
k=1

/{sa<—<to+1>}nUo A?

ko
kzl Jp Lip<—toylexl*dAn 1.2
—1—- ( ko(l . e—a(t0+1))Cl
= C2(p). (3.7)

N|=

- [(kO(l — e o) Cy)

For our proof of Theorem 1.1, it is necessary to prove the following result.

If I = #(p), for some negative plurisubharmonic function ¢ on D, then any orthonormal
basis of the L? space H?(D, ), which consists of holomorphic functions f on D such that
|f|?e~% is integrable on D, is contained in H;.

Since .#(y) is generated by any orthonormal basis of H2(D, ) (see [5, Proposition 5.7]),
we may assume that ex(1 < k < ko) are the generators of I = #(p), and bounded on D in
Lemma 2.1 (shrinking D and By if necessary).

k
Lemma 3.1 Let e (1 < k < ko) be generators of I = 7 (), with bounded ZOI lex| on D,
k=1
which is in the unit ball B(o;1) and

ko
Z/ le2e(1He0)ed),, < oo,
k=17D

Then, for any M > 0, there exists tg > 0 such that for any negative plurisubharmonic function
¥ on D with Z (), C F(p), and

ko ko
Z/ 1{J<—to}|ek|2d/\" < QZ/ Lig<—toylex*dAn, (3.8)
k=1"D i—1/D

we have
0 ~
2\~
(14e0) 14+ 52 (to+1) (E lex| )e dA, < M,
- =) —
Uon{lz|<e 2 } k=l
where

g0
2

loglz]  ~+
(I+e)(1+%) 2 ve

p=p+

El log ||
(I+e)(14+%) 2
Proof By Hélder inequality, we have

U

€0

_ —11++:70 _log]s] s
< (/ |F|2€ (1+60)<Pd)\n) 0 (/ |F|2€ 2 d/\n) o’
U U
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which implies & ((1 4+ £0)¢)o C & ((1+ %)), € 7 (2)o C I (#)o, ie.,
€0\ ~ o ~
2((1+3)?) = 7@ =7
As

ko
Z/ |ek|2e_(1+5°)9"d)\n < 0,
k=1"D

(§) <2-C(3) by (38).

m‘o

there exists to>0 such that 0<C's ((5)<@, and 0 < C-

Since 1; < 2

T2 ) log |z| on D, we have

(1420) 1+ 2)(tp+1)

{lzl <e H }C{d < —(to+ 1)}

Then, by Proposition 3.1, we obtain that

oo

N
(14e0) 1+ 5D (1o +1) ( lex| )e YdA,
- 0

=1

Uon{|zl<e S y ok

3 |ek|2)e—@dxn < 0% (4) < M.
)} =1 ?

<

/Uom{ql<—(to+1

Proof of Theorem 1.1 As every sequence which is convergent in Lebesgue measure has
a subsequence which is convergent almost everywhere, it is sufficient to prove the result for the
case that ¢; is convergent to ¢ almost everywhere.

By the truth of SOC, there exists 9 > 0 such that & (¢) = #((1+¢¢)¢) on a neighborhood
D of 0. Without loss of generality, we may assume that the unit ball B(o;1) D D.

Since F} is compactly convergent to a holomorphic function F', by shrinking D, we can
assume that [, |Fj[*d\, is bounded with respect to j.

Let ey, 1 <k < ko, be as in Lemma 3.1. Then, we infer from (F},0) € .#(¢), and Lemma

o0 (oo}
2.1 that there exist complex numbers a¥ such that F; = kzl akey, and kzl b2 = [, |Fj[2dA,

is bounded with respect to j.
Since ¢; is convergent to ¢ almost everywhere, it follows from the dominated convergence
theorem that

ko ko
Z/ 1{$j<—to}|ek|2d)\n < 22/ 1{¢<—t0}|€k|2d/\m
k=1"D k=1"D

= log | 2|

Where@:@j‘i‘(l_i_ao)(l_i_%)) 2
By Lemma 3.1, there exists a neighborhood VyCCD of o and M > 0 such that

/ > lexefid, < M.
Vo

k=1

Let ¢ € (0,20). By replacing ¢ with (1 + £)¢ and ¢; with (1+ £)¢;, we have

D leslPem AN, < M
Vo k=1
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for some neighborhood ‘70 S 0 and some constant M which are independent of ;.

o0
As > |a;’?|2 is bounded with respect to 7, by Schwarz inequality, it follows that
=1

5 j2e_ 3)¢ej W< ak1?) . er|?)e”(H2)eign,
/|F| (5025 q\ </ (D 1ab2) - (D lewl?)emrDaan
k=1

Vo Vo k=1
is bounded with respect to j.

1

ive Dorm on Vy, as

Then, by Lemma 2.3, we obtain that F;e™ %7 converges to Fe™¥ in the L
j goes to infinity.

By replacing ¢; with (1 + £9)¢p;, we obtain the second assertion from the first one.

4 Appendix

For the sake of completeness, this section is devoted to the proof of Lemma 2.2.

4.1 L? estimates for some O equations

For the sake of convenience, we will recall some known facts on L2 estimates for some 0

equations. Here, 9" means the Hilbert adjoint operator of 0.

Lemma 4.1 (see [20], see also [1]) Let & CcC C" be a domain with C*° boundary bS2,
® € C>®(Q), Let p be a C™ defining function for Q such that |dp| = 1 on bS2. Let n be a smooth
function on Q. For any (0,1)-form o = Y oquj € Domg(8°) N C("gl)(ﬁ),

~ :

j=

/n|5;a|2e_q’d)\n+/n|5a|2e_q’d/\n
0 0

= Z /77|5ja5|2d)\n+ Z/ n((?igjp)az—.a_jfe_q’ds
Q b

i,j=1 i,5=1
+ Z /n(ﬁigjq))a;a_je_@d)\n—i— Z / —(aﬁjn)a;a_jfe_q’d)\n
ij=1"% i =174
+ 2Re(Dp e, o (1)) 0.5, (4.1)

where d\,, is the Lebesque measure on C*, and a(9n) = o;0;1.
J

The symbols and notations can be referred to [26] (also [20-21, 25]).

Lemma 4.2 (see [1], see also [26]) Let Q CC C™ be a strictly pseudoconver domain with

C> boundary bQ) and ® € C>(Q). Let X be a 0 closed smooth form of bidgree (n,1) on Q.

Assume the inequality
—
(sl <€ [ Bral i, <.
Q K

where i is an integrable positive function on Q and C is a constant, holds for all (n,1)-form

o € Domq(d") N Ker(d) N C("z’l)(ﬁ). Then there is a solution u to the equation Ou = X\ such
that

/ lu|? pe=*dN, < C.
)
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4.2 Proof of Lemma 2.2

For the sake of completeness, let us recall some steps in our proof in [11] (see also [10, 12])
with some slight modifications for a proof of Lemma 2.2.

It suffices to consider the case that D is strongly pseudoconvex domain, ¢, are plurisub-
harmonic functions on an open set U containing D and F is a bounded holomorphic function
on UN{Y < —tp}. Then it follows from inequality (2.1) that

/ P2 g/ P2 +/ P2 < 400, (42)
{<—to}ND {v<—to—Z3}InD {—to—B<v¥<—to}ND

Then it follows from method of convolution (see e.g. [3]) that there exist smooth plurisub-
harmonic functions v, and ¢,, on an open set U C D decreasing convergent to 1 and ¢

respectively, such that

supsup ¥, <0 and supsup @, < 4oo.
m D m D

Let € € (0,1B) and {vetee(o,2 ) be a family of smooth increasing convex functions on R,
which are continuous functions on R U {—oco} such that

(1) ve(t) =t for t > —tg — €, ve(t) = constant for t < —ty — B + ¢;

(2) v/ (t) are pointwise convergent to %]1{—150—3,—@}, when ¢ — 0 and

2
0<v/(t) < E]]-{—tg—B+5,—t0—5}

for any t € R;
(3) vL(t) are pointwise convergent to 1 — b(t), which is a continuous function on RU{—o0c}),
when e — 0 and 0 < v.(t) <1 for any ¢t € R.

One can construct the family {’UE}EG(O,% p) by setting

Us(t)::/_t (/tl (Bi461{_t0_3+2€)_t0_2€}*p%s)(s)ds)dtl

(o] — 0o

- /O (/t (5 - L toBi2eta-20) * Py ) (8)ds ) dta, (4.3)

— 00 — 00

where p1_ is the kernel of convolution satisfying Supp(p1.) C (—1e,1e). Then it follows that

1
U;/(t) = B_ 45]‘{—150—3-1-267—750—25} * p%s(t)

and

t
1
U;(t) = / (B — 46]1{—to—B+257—t0—2a} * pis)(s)ds.

— 00

It suffices to consider the case that
1 —w—
| Bl peve-mlFPe - dh, < 4o (4.4
D

Let n = s(—ve(¢¥m)) and ¢ = u(—ve(y,)), where 0 < s € C°((0,400)) and u € C*((0,
+00)) with , HI—‘P u(t) = 0 satisfy u”s — s > 0 and s’ —u's = 1. Tt follows from sup > ¢, <0
—+00 m D
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that ¢ = u(—ve (1)) are uniformly bounded on D with respect to m and ¢, and u(—wv-(¢)) are
uniformly bounded on D with respect to €.

Now, put ® = ¢ 4+ ¢, and let o = 3 a;dz7 € Domp(d ) N Ker(d) N 0(05’1)(5). By
=1 7
Cauchy-Schwarz inequality, it follows that

MRe(Taa, ar (Tn))p.o > —/ g Tsal?etdA,
D

+ Z / (9;m)0km) ogage” A, (4.5)

7,k=1

Using Lemma 4.1 and inequality (4.5), since s > 0 and t),,, is a plurisubharmonic function

on D,, we get

/(n+g‘1)|a af?e~d\, > Z/ (=050 + n0;90® — g(@;m)drn)azage” A
]k 1

= / (=0, + 10,916 — (@) Dum)aie *dha,  (46)
7,k=1

where ¢ is a positive continuous function on D. Next, we need some calculations to determine

qg.
Since

3j5k77 = _SI(_U€(¢m))aj5k(Us(¢m)) + S/I(_Us(¢m))ajvs (d’m)gkvsw)m) (4.7)

and

8j5k¢ = —u'(—, (d’m))ajgkvs (Ym) +u" (—ve (d’m))ajvsw)m)gkvs (¥m) (4.8)

for any 1 < j,k < n, we have

> (=0;0km + nd;0kd — g(din) k) oz

1<j.k<n
= (s — su') Z 5j5kva(¢m)a§a_E
1<4,k<n
+ ((u"s — 8" Z 05 (—ve (Y ) Ok (— Us(‘/’m))o‘jo‘_E
1<j,k<n
=(s'—su') > (VL (W) 0Ot + VL ()0 () Ok (o) 05T
1<4,k<n
+ ((u"s—s" Z 0;(—ve (¥m)) Ok (—ve () ) o707 (4.9)
1<j,k<n

We omit composite item —v. (1) after s — su’ and (u”’s — s ) gs'? in the above equalities.
Let g = ““525" (—y (4b,)). Tt follows that n+g~! = (54—u,,S 5//)(—Us(1/)m))- By inequalities
(4.6), we infer from vl >0 and s’ — su’ =1 that

/ (n+9™ " )0gal’e™ AN, = / (02 © ¥m)lan (Bpm)FPe ™ dNn. (4.10)
D D
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As F is holomorphic on {1 < —to} DD Supp(v.(¥m)), then A := 9[(1 — v.(¢y,))F] is
well-defined and smooth on D. Combining the definition of contraction with Cauchy-Schwarz

inequality and inequality (4.10), it follows that

(X @)p.al® = |0 () dmF, a)pa|?
!

V() F, a0 )F) ol
S/Dv” VF2e™®dN, / " ()| oL (Ot ) 2e =T d N,

/Dv;’(wm)|F|2e_q>d)\n)(/D(n+g_1)|3¢oz|2e_q>d)\n). (4.11)

INA
—~

Let p:= (n+ g~ !)~!. Using Lemma 4.2, we have locally L' functions w,; /. on D such
that gum,m/,s = )\ and

[ WP+ 97) e %, < [ @G [P A (412)
D D
Assume that we can choose 7 and ¢ such that e’s°¥me® = (n + ¢g~1)~!. Then inequality
(4.12) becomes
/ [ttt o 267 0 =2m A, < / ()| PP . (4.13)
D

Let Fromr e := —Um,m e + (1 — v.(r))F. Then inequality (4.13) becomes
/ |Fonmr e — (1= 0L (1hn) ) F|PetPm)=#mr d ),
D
< [ @r@a)IFRe e, (4.14)
D

Considering a compactly convergent subsequence of Fy, ./ - (also denoted by F, m/ c), and
taking limits
li li li F
m’ l>H-il-oo 5—}%){11-0 m—l>I-r|-loo m,m’.e
(denoted by F'), one can obtain

/ |F — b(y)F|2e’™=%d), < (Supe_“(_”(w)))Cl. (4.15)
D

4.3 ODE system

It suffices to find 1 and ¢ such that (n+g~1) = e_wMe_<Z§ on D. Asn = s(—v:(¢,)) and
6 = u(—v2(tb)), we have (5 + g~ (P)e? = (s + 22 jete o (v ().

Summarizing the above discussion about s and u, we are naturally led to a system of ODEs
(see [9-12]):

u—t _ 1
(S + u’s — s”>e ’ (4.16)
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where t € [0, +00) and C = 1.
It is not hard to solve the ODE system (4.16) and get u = —log(1 —e~*) and s = —t— — 1.

1—e—t

It follows that s € C*°((0, +00)) satisfies s > 0, , hIJP u(t) = 0 and u € C°°((0,4+00)) satisfies
)
u’s—s" > 0.
As u = —log(l — e™?) is decreasing with respect to ¢, then it follows from 0 > v(t) >

max{t, —tg — Bo} > —tg — By for any t < 0 that

supe W) < qup e = sup (1—et)=1—e (oFB), (4.17)
D t€(0,to+B] t€(0,to+B]

Thus, we conclude the proof of Lemma 2.2.
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