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A Hermitian Curvature Flow™
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Abstract A Hermitian curvature flow on a compact Calabi-Yau manifold is proposed and
a regularity result is obtained. The solution of the flow, if exists, is a balanced Hermitian-
Einstein metric.
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1 Introduction

On a compact complex manifold, several Hermitian curvature flows, including the pluriclosed
flow (see [13-15]), the Chern-Ricci flow (see [5, 17]) and the anomaly flow (see [9-11]), have
been introduced and developed.

In this paper a new Hermitian curvature flow is proposed on a Calabi-Yau manifold. A
Calabi-Yau manifold is a compact complex manifold M whose first Bott-Chern class c¢2¢ (M)
vanishes as a class in the Bott-Chern cohomology:

{¢ € Ag'(M) | dg = 0}
{i00f | f € AR(M)}

Here we take such a definition as in [16] due to need for integration by parts. So if M satisfies

Hpb(M,R) =

the 90-lemma, especially if M is Kéhler, then it is Calabi-Yau if and only if its first Chern class
¢1(M) vanishes.

A class of well-known examples of non-Kéhler Calabi-Yau threefolds are the complex struc-
tures on #;S% x S3 for k > 2 given by the conifold transition (see [1, 8]). They satisfy the
00-lemma (see [2]). On the other hand, J. Fu, J. Li and S.-T. Yau constructed a balanced
metric on #5593 x S3 (see [4]).

We are interested in the question (see [3]) whether there exists on such manifolds a balanced
metric w which is also a Hermitian-Einstein metric. Here a Hermitian metric w is Hermitian-
Einstein if its mean curvature K, i.e., the second Chern Ricci curvature, of the Chern connec-
tion satisfies equation

K, =\
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for a constant A which is zero if ¢ (M) = 0. A typical example is the Iwasawa manifold whose
natural metric is balanced and flat, i.e., R, = 0. Hence it is a Hermitian-Einstein metric.
Motivated by the above question, we consider on a Calabi-Yau manifold (M, &) a Hermitian

curvature flow

Ohw = —K, + |72w, w(0) =0, (1.1)
where 7 = > ngTp@dzp is the torsion 1-form of the metric w. The reason we consider this
flow is the following.

Proposition 1.1 Let @ be a Hermitian metric on a Calabi- Yau manifold of a complex
dimension n. Then there exists a positive T such that Hermitian curvature flow (1.1) has a
unique solution w(t) on [0,T). Moreover, if the long time solution exists and converges to a

Hermitian metric wso, then wso s a balanced Hermitian-FEinstein metric.

Proof The proof of the first conclusion is standard. As to the second conclusion, let w(t)

converge to weo along flow (1.1) if ¢ goes to infinity. Then
K, = |Twoo|¢2uoowoo'

Because of ¢P¢(X) = 0, the Ricci curvature ps of ws can be written as i00F for a smooth

function F' on X. So we have

Ny OOF = Ay Ko =nlru_[2,_.
By the maximum principle, F' is a constant and 7, = 0. Hence, w is a balanced Hermitian-
Einstein metric.

In this paper, as the first step to study flow (1.1), we provide several classical estimates
to its solution, including L°° uniform metric estimate (Theorem 3.1) in Section 3, Calabi-type
estimate (Theorem 4.1) in Section 4 and Shi-type estimate (Theorem 5.1) in Section 5. We also

first introduce some notations in Section 2.

2 Notations

Let w be a Hermitian metric on M and V be its Chern connection. In local holomorphic

coordinates (z!,---,2"),

Vi(5z) = Xt i) =0

I = Z 97O gis.

where
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The torsion of V is

= %ZTkde Adzt A dZ,

where
Tyiz = 97 — 9igs5-

Denote TP, = 3 g" T, 5. We have TP, = T —T'.. The torsion 1-form 7 of V is

kij*
T = Z Tidz' = Z gszikzdzi.

Then w is a balanced metric if 7 = 0.

The curvature of V is

P
ZRMW@dz ® dzF A d7!

for
RiG == " 00kg5+ Y 99" 0rg,50k91m
Denote R57 = >_ g,7R! -, and denote
kl kl
i Zg Ry, K= Zg Rz
The Ricci curvature and the mean curvature of V are
po=1» Rzdz'AdZ and K, =iy Kzdz' AdZ.

In some references, they are called the first and second Chern-Ricci curvature of V respectively.

For a Hermitian metric w, we have the following Bianchi identities (see [12]).

Rz}kz - Rk;zl Vi Tk]’ (21)

vaijki z]pl Z RzgmlTk;D (22)
3 L°° Uniform Metric Estimate

In this section, assume that the initial metric @ is a Chern Ricci-flat Hermitian metric (see

[16, Proposition 1.1]). Similar to [15, Theorem 1.3], we consider the equation
Orp = Ay +tr,w —n, ¢(0) =0. (3.1)

Clearly, there exists a unique solution ¢(t) to this flow in [0,p). Our result is the following

theorem.
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Theorem 3.1 Let w be the solution of curvature flow (3.1) in [0,t0). If there exist positive

constants Kk and i such that the equalities
p<Fk and |72 <k (3.2)

hold in [0,tg), then there exists a positive constant & depending on (M,®), k and k such that
the following inequalities hold.
G < w < KD.
Proof Since @ is Ricci-flat, inequalities (3.2) imply
n

(0 — A)log % = —n|7]> + Aups > —nk.
By the maximum principle, we have
w™n .
ﬁ(x,t) <e™t (x,t) € M x [0,tp). (3.3)
Then the arithmetric-geometric mean inequality implies
tr,@(x,t) > ne” ™ (z,t) € M x [0,t).
Combined with equation (3.1), we have
(0 — A)(p +ni~te ™ 4+ nt) > 0.
By the maximum principle, we have
—ntg <nk 1 —e ) —nt < p(x,t), (x,t) € M x[0,tp). (3.4)
On the other hand, it is easily checked that
(0 — A)trod = = Y 57 g "1V 1G5V aG,; + Zgﬁgkzﬁim = [P tr.o.
So there exists a constant C depending on (M,®) such that
(0 — A)log trod = ﬁ( P+ S g7 Ry

|Vtr,o)? G pie ~ o~
+ ﬁ _ ?jgklgpqngiqvkgp;)
w

< —|7? + Ctro@, (3.5)

where the inequality holds because

Vtr, 5|2

—~

> 379" 9" VG Vid,; — p—
w

- R _ Otr,w . . Optr,@
= > 379"9" (Vi — G ) (Vad =) =0

— Jig = — 9,7 =
T tr,o PI tr,,w0
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Take a test function

Gy = logtr,w — Asp,

where the constant A > 0 will be determined later. Combining (3.1) and (3.5) implies
(8 — A)Ga < —(Ag — O)try,@ + nAs.
Let G5 take the maximum at (z2,t2) and to > 0. Take Ao =1+ C. Then we have
tro@(xa, t2) < n(1+ C).
Combined with inequality (3.4) we have

tro@(z,t) < n(l+ C)exp((1 + C) (% + nto)).

Combined with inequality (3.3), we also have

Hence the conclusion holds.

4 A Calabi-Type Estimate

Introduce the tensor ¥ whose components are ¥¥, =T% — ffk It is easy verified that
Vgl => 979" 9"V 9,7 V70,5 = V|2

In this section, we deduce the Calabi-type estimate of the solution w of flow (1.1).

By the direct computation, we have
002 = 2Re( D" 974" ga0 WHIT) — |7 w2
+ D (K99 g5 + 97 KM gy — 97 9 Ko W50, (4.1)
Since 9, V%, =3 gP"V(0rg:iw), the first term of the right hand side is equal to
~2Re( Y 979"V Kg 0 ) + 2Re( Y gMopirPw, ).
On the other hand, by the direct computation we also have
Al = 2Re(z gﬁg’“zgpagm"vmvn@fk‘l’_?l) + VP 4 [V

+ 979" 95V 0" Vi, Va] U7,
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where

> gV, VU = =Y WK+ Y UIRS + > WK,
and by Bianchi identity (2.2),
Y 9TV Vel = ~ViK? + Y g (Vi Rl — RE ST
Combined all together, we have
(@0~ AP = (VB V02— (Pl 4 2me( Y g 0w
+ 2Re( Z gijgkigmﬁRiqrﬁTkrm\I!_q.l)
- 2Re( Zg”gklgm”g 7Vm Rllm\llgl) (4.2)
Proposition 4.1 Let w be the solution of curvature flow (1.1) in [0,tg) such that
1O <w< kG (4.3)

for a positive constant k. Then there exists a constant 6,1 depending on (M,®) and k such that

the following estimate hold.
(0 — AP < —%(IV’\PI2 + |VIOP) 4+ Cu (1 + [OP + [T T).
Proof We first deal with the third term in the right hand of (4.2). By the definition of 7,
we have
oflr* = 3 g7 (R, — B )Ty + T(Vi¥, — Vi) + ViT))
=2 g"(R ol EZJ)TJ'
+ T(VL — VU ) + VT, - T,00),
and hence we can estimate
2Re( 3 Mor?W,) < Cult + 1]+ V0] + 9] [T]| ]
1

< (VP +[VIEP) + Cu(L+ TP + TP[0P),

where the constant C,, depends on (M, %) and &, and is used in the generic sense.
Using the identity R _ = =RP_— V0P

- ., we find that the forth term of the right hand side
n (4.2) is less than

1 N
Z(|v'\11|2 + [V"U2) 4+ Co (1 + |T)? 10 )).

The last term of the right hand side of (4.2) is less than

Cu(1+ |
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since
vWRfkﬁ = v’”Rfkﬁ + Z Rzrkﬁqum - Z Rfkﬁ :m - Z Rfrﬁ Zm
Substituting the above all estimates into (4.2), we get the conclusion.
Next we compute the evolution equation of tryw. Clearly,
Ostrow = — Z?EKZ; + |7 Ptrpw.
By the direct computation, we also have
Atrgw =Y 579" g" V19,V kgia = Y _GIK 5+ 95" 951,
Hence,
(0p — A)trgw = — Z@\“g“gﬁvzgﬁwgia + |7 trpw — nglﬁmgﬁR;kr (4.4)

Proposition 4.2 Let w be the solution of curvature flow (1.1) in [0,t0). If inequalities (4.3)
hold, then
(0 — A)trow < —k 1 T|2 4 C,. + nk|T)?,

where the positive C,. depends on (M,®) and k.

Proof The conclusion is directly from formula (4.4) since under condition (4.3) we clearly

have trgw < nk, and

where C,, depends on (X, ) and x, and
— > 599" 9" V19,5V hgig < —KTHVglL = M

Now we can prove the following theorem.

Theorem 4.1 Let w be the solution of curvature flow (1.1) in [0,t). If there exists a

positive constant k such that in [0, o),
k1O <w< ki and |T|2 < K,
then there exists a positive constant C, depending on (M,®) and k such that
B[? < Cy.

Proof Take a test function

Gl = |\I/|2 + Altr@w,



852 J. X. Fuand J. X. Yang

where the positive constant A; will be determined later. By Propositions 4.1-4.2, we have
(8, — A)G1 < —(k " A1 — (14 K)C)|P)? + (14 41)C, + nk2Ay.

Assume that G; takes the maximum at (x1,¢1) and without loss of generality assume ¢; > 0.

Take A1 = (14 (1+ £)C,). Then at (z1,t1), we have
0< (80— A)Gy < —|¥ + C..

Hence

0|2 < —Aytrgw + Cr < C

for a generic constant C...
5 Shi-Type Estimates

Proposition 5.1 Let w be the solution of curvature flow (1.1) in [0,t9). The evolution

equation of its curvature tensor is

k k
0, VFRm = AVFRm + ) " V'T« V*"'"'Rm + >~ V'Rm * V- "'Rm

1=0 1=0
ki k+2
+ZZVT*W T+ V¥ 'Rm+ ) VT« VH27IT, (5.1)
i=0 1=0 1=0
Proof When k& = 0, we have
Z]kl Zatgp.] -V Vk(atg”)

V-V, K K -R 2p 2
TV kS Z pj f/d 7l ikl K |kigi7'
By Bianchi identities (2.1) and (2.2), we have

ViViK5 =Y ¢"Vi(Vy R0 + RinaTok)
=Y "V VaR + > " (Vo(RignTi) + Vi(RignaTik))
+Zg Vi, Vil Riig
= ngv VR +Zg (V Rz]kn gl T Viligmg Do)
"'ZQM Rygig s + Bigmg B — Rinig B jip) ZRWWK

Combining the above two equalities implies formula (5.1) holds when k = 0.

Then by the inductive proof of [14, Lemma 7.1], we can prove equality (5.1) for all .
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Proposition 5.2 Let w be the solution of curvature flow (1.1) in [0,t9). The evolution

equation of its torsion tensor is

k k
VFT = AVFT + 3 V!IT« VT 4+ Y " V'Rm « V'R
=0 =0
k i
+ 3 N VT« VT RIT (5.2)
1=0 (=0

Proof When k& = 0, we have

815 pzj = 8;0(815913) - 81(81591)5) = v (8tg1§) 8tgp] Zatgk] ip
== le V K + Z Kkj |T|pglj |T|7,2gpj |T|

pij

By Bianchi identities (2.1) and (2.2), we have

ViK,; = VpKy; = ngnv’”(Rzﬁiﬁ — Rigpm) + Z 9" (Ryjrm T + Rz Lim)
= ngnv Vm sz] + Z gmn p]rnT;;n + Rz]rnT;:;m)

Combining the above two equalities implies formula (5.2) holds when k = 0.

Then by the inductive proof of [14, Lemma 7.2], we can prove the equality (5.2) for all k.

Now by evolution equations (5.1) and (5.2), and the proof of [14, Theorem 7.3], we have the

following theorem.

Theorem 5.1 Let M be a compact complex manifold of complex dimension n and w be the
solution of curvature flow (1.1) on M. Then for each a > 0 and k € N, there exists a constant

Cy depending only on M, k and o such that if
for all t € [0, K ~1], then for each t € (0,aK 1],
IVFRm|,, ) + [V*HIT o) < CpKE 3. (5.3)

Remark 5.1 Because of Shi-type estimates (Theorem 5.1), we can use the method in [7]

to generalise Hamilton’s compactness theorem (see [6]) for Ricci flow to one for flow (1.1).
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