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1 Introduction

Let © be an open set in R”. A minimal graph u = (u!,--- ,u™) in R"*™ over Q) satisfies a
minimal surface system of m quasilinear elliptic equations, where m is the codimension. More
precisely, we have

U92u* =0 on Q, 1.1
g i

where (¢g%) is the inverse matrix of g;; = §;; + > O;u®d;ju” (see [15] for more details). One of

the classical problems in the field is the Dirichlet problem, that is, to find solutions to (1.1)
with

u® =9* on 0N (1.2)

for some given ¢ = (!, -+ ,9™). As it turns out, in order to obtain the existence and regularity
of solutions, some conditions on the geometry of the boundary of €2 and on the boundary data
are needed.

For m = 1, the problem is quite well understood in the classical paper [5] of Jenkins and
Serrin. For higher codimension, that is, for m > 1, the situation is more difficult and less
well studied. Compared with Theorem 13.7 in [4], one of main difficulties is that g*/ contains
Du',---,Du™, and the moduli of continuity of ¢ is unknown. A counterexample due to
Lawson and Osserman [10] tells us that the situation is fundamentally different from the case
m = 1.

It now turns out that a crucial analytical step in the solution of the boundary value problems
for C? data consists in deriving a global C17-estimate (for some v € (0,1)). An important
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step was taken by Thorpe [1] who showed (Lemma 5.2 in [1] which is formulated for maximal
spacelike graphs in Minkowski space, but also works for minimal graphs in Euclidean space) that
for C3-boundary data on a bounded smooth domain, a solution with small C*-norm satisfies
a C'1"7-estimate. It is more natural, however, to assume only a bound on the C?-norm of the
boundary data.

In this paper, using a different approach we therefore derive a uniform global C'7-estimate
for any solution u to the minimal surface system as follows (see Theorem 2.1 below).

Theorem 1.1 Let 2 be a bounded open set in R™ with C?-boundary, and ¢ € C?(Q,R™).
For each v € (0,1), let u = (u',--- ,u™) € O (Q,R™) be a smooth solution to (1.1) on Q with
u® = Y® on O for each o = 1,--- ,m. If the 2-dilation of u satisfies sup |A>du| < /2, then

Q

[t|14+,0 is bounded by a constant depending only on n,m, v, |Dulq, |¥|2,0 and ko (see (2.11)
for its definition).

In fact, the above C''"7-estimate still holds (depending on p) if 1 € C?(Q2,R™) is replaced
by 1 € W2P(Q,R™) with v < 1 — %. But, the condition on the 2-dilation cannot be removed in
view of the counterexample of Lawson and Osserman [10]. The proof of Theorem 2.1 relies on
Bernstein type theorems for minimal graphs over half-spaces and whole spaces, and a blow-up
argument that would lead to a contradiction if we have a sequence of solutions with unbounded
Holder norms for their derivatives. Here, the Bernstein type theorem over half-spaces holds
only under bounded gradient and linear boundary assumptions (see Lemma 2.2).

2 A Priori Holder Gradient Estimates for Minimal Graphs

Let R™ be the standard n-dimensional Euclidean space. For an open set Q@ C R”, let
u=(ul, -+, u™) beaC? (vector-valued) function on 2. The graph of u: {(z,u(z)) € R* x R™ |
x € Q} is said to be minimal if and only if

Z%( detgrig”) =0 forj=1,---,n,
i=1 "
- 2.1)
9 - ou®
M— = = N
Z or; (\/nglg 8%_) 0 fora=1,---,m,

4,j=1

m ..
where gi; = i + > 0,,u%0,;u”, and (g*) is the inverse matrix of (g;;). Writing U(z) =
a=1

(z,u(x)), then (2.1) is equivalent to

Z 8i_(\/detgklgij%—[;l) =0 fora=1,---,n+m,

ij=1 """

and hence (see [10, 15]), (2.1) is also equivalent to

n

- 82 et
E g”@xgx =0 fora=1,---,m. (2.2)
]

ij=1

Let R} be the half space defined by {(z1,---,2,) € R" | 2, > 0}. Let B,(y) denote the ball
in R™ with radius r > 0 and centered at y € R"™. We define

Pp,r = {($/,$n) ERn_l X R| |$/| <, O0<z, < p?”},
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Spr={(a',2,) eR" xR | |2/| <7, pr <z, < 2pr}

for all positive constants p, r.
Lemma 2.1 Let ¢ be a positive function in C*(P,3,) and

1

Npp2 L
7 det ay;

0z, (v/det aklaijamj ©) =0 on P, 3,

where (a'7) is the inverse matriz of (a;;) with the coefficients a;; satisfying

aij = aj; <A, ginf ) )(Iij&ﬁj > A¢[?
(e

n

on P, 3, for some constants 0 < X < A < co. Then, for any fixed p > 0 there is a constant
Cyoan > 0 depending only on n, p, A\, A such that

sSupgp < Cpan énf @ for each r > 0. (2.3)
P, por

Proof Let ¥ be a Riemannian manifold with the metric a;;(z)dx;dz; for each x € P, 3,.
Then ¢ is a harmonic function on ¥, and the metric of ¥ is bi-Lipschitz to the standard
Euclidean metric on P, 3,. By the famous De Giorgi-Nash-Moser iteration, we have Harnack’s
inequality for the harmonic function ¢ on ¥ (see the proof of Theorem 4.3 in [2] for instance).
Namely, for any ball Bas(z) C P, 3y, there is a constant Cy o > 0 depending only on n, A\, A
such that

sup ¢ < Cya inf .
B (z) By /a(z)

By finitely covering S, ., we complete the proof.
Now let us state a Bernstein type theorem for minimal graphs over half-spaces.

Lemma 2.2 Let l, be an affine linear function in R"~! for o = 1,--- ,m. Assume that
u=(u', -, um™) € CLRY,R™) N C>®(RT,R™) is a solution of the minimal surface system

W2y =0 on R”
{g K o fora=1,---,m, (2.4)

u® =, on JR’
where (g"7) is the inverse matriz of g;j = 6;; + Y. Ou*d;u®. If |Dul is uniformly bounded in
«
R, then u is affine linear.

Proof The proof uses the idea of the proof of Lemma 7.47 in [12] by Lieberman. From
[13-14], u is smooth in R’ . From the assumption, there is a constant A € (0,1) such that
I, < (gi5) < A7'I,, where I, is the unit (n x n)-matrix. Then A, < (¢%/) < I,. For any
vector £ = (&1, ,&0),n = (M1, -+ , M) € R™, from the Cauchy-Schwarz inequality

19 &ny < 1€] - Inl,

which implies |[g¥| < 1 for any i,5 = 1,---,n. Denote p. = AT For any fixed o €
{1,---,m}, let
my = inf 2 (w2 xn) — la(2), M,.= sup  z; ' (u(@,z,) — la(z)).
(2", 2n)€EPp, r (" xn)EPy, 1
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From Lemma 2.1, there is a general constant C' depending only on n,m and |Du| on R’} such
that

sup (u* (2", ) — lo(2') — meran)
(1/x1n)esp*,27‘
<C inf (u™ (2’ 2) — lo(2") — meray)

(2" ,xn)ESp, 2

<cr f u®(2',xy) — lo(a') — mgrxn.
(I,>mn)€Sp*,2r In

Combining this and Lemma 3.1 in the appendix, one has

sup (ua(xlv xn) - la(x/) - mﬁrxn)
(w,7wn)esp*,27~
<Cr f u®(z', xy) — lo(2') — meran,
(z",2n)EP,, r» Tn

< Cr(m, — me,). (2.5)

Similarly,
sup (Mgrzy, — u®(2',20) + lo(2))
(w/7wn)esp*,27~

<C inf  (Mgx, —u®(2,3,) + lo(2))

(2" ,xn)ESp, 2

Mgrxy — u®(2/,2,) + Lo (2))

<Cr inf
(1/=zn)€5p*,2r Tn
M rin T * l’ n la !
<Cr i orn Z U (@) Hla(@) o oppe g, (2.6)
(2" 20 )EPp, Ty
Combining (2.5)—(2.6), we have
MGT — Mer S C(MGT — Mer — Mr + mr)7 (27)
which implies
C-1
MT — My S (MGT — mgr). (28)

By iteration, there is a constant § € (0,1) depending only on n,m and |Du| on R’} such that
P 0
M, —m, < C(}—%) (Mg — mp) (2.9)

for all 0 < r < R < co. Since |Dul is uniformly bounded in R’}, from the Newton-Leibniz
formula, Mg, mpg are uniformly bounded independent of R > 0. Letting R — oo in (2.9)
implies

M, —m, =0 forall r>0. (2.10)

This means that z ' (u®(2’, z,,) — lo(2)) is a constant on R’} which completes the proof.

Let Q be a bounded open set in R" with C%-boundary, and let k1 o(z), -+, kn—1.0(x) be
the principal curvatures of 92 at each x € 9. Denote

= ; . 2.11

i = e k() 2.1

Let us recall the local W?2P-estimates for elliptic differential equations (see Theorem 9.4.1 and
Theorem 11.3.2 in [9] for instance).
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Lemma 2.3 Let L = aijagﬂj + b'0,, + c. Assume L is uniformly elliptic with \I,, <
(") < AI, for some constants A > X > 0, and there is a continuous function w on RT such
that |a¥ (x) — a¥(y)| < w(|z — y|). Assume |w| < cq on RY, b + |c| < pg on Q for some
constant pug > 0. Then for each f € LP(Q) with 1 < p < oo, there is a unique solution
w € WOQ’p(Q) to Lw = f a.e. on Q. Moreover, there is a constant co > 0 depending only on
n,p, \, A, R, ko and pg such that for any x € 09

lwllw2r@nBr@) < colllwllr@nBar@) + 1fllLr@nBar@)))- (2.12)

We recall the standard Holder norms. For any v € (0, 1], and any (vector-valued) function
f defined on €2, we set

flha@ = sup LW ZJ@I

for any x € €,
yeo\(z} |y — a7
and [f]y,0 = sup[fly,a(z). Denote |flo = sup|f(z)|. For each nonnegative integer k, each
zeQ zeQ
constant v € (0,1] and each point = € €2, we set

[flera(@) = > D' fl(x) + [D*fly0(), (2.13)

0<i<k

and |f|x4+y.0 = sup | f|r4y.0(2).
TES

For any vector-valued function f = (f1,---, f™) € C1(2,R™), we define the 2-dilation of
f on Q by

sup [A’df| = sup [A%df(x)| = sup  pl@)ps(@),
Q €9 €N, 1<i<j<n

where {u(x)}7_, are the singular values of df(z) (see [3] for more results). Now we derive a
priori C'!+7-estimates for minimal graphs with arbitrary codimension.

Theorem 2.1 Let Q be a bounded open set in R™ with C%-boundary, and ¢ € C?(Q,R™).
For each v € (0,1), let u = (u',--- ,u™) € CYH(Q,R™) be a smooth solution of the minimal
surface system

f =1,.-- 2.14
u® =P on 0f) ore e ( )

{gij@%uo‘ =0 on
with gij = 8 + Y. Oudyu®. If sup [A%du| < /2, then |ul144,0 is bounded by a constant
« Q
depending only on n,m, vy, |Dulq, |[¢|2,0 and kq.

Proof Without loss of generality, we assume () is connected. Let us prove it by contra-
diction. Assume there are a sequence of domains €, with limsup kg, < oo and a sequence of
k

solutions uy € CHY(Q, R™) to (2.14) with boundary data v, satisfying lim sup [tx|2.0, < 00
k

so that sup | Duy| < ¢, sup |A%du| < /2 for some ¢ > 0, and |ug|14+.0, — 00 as k — oo. Thus

k k

[Durly,o, = sup |z —y|7"|[Dug(x) — Duk(y)| = A}
x,Yyey

for some sequence of numbers A, converging to co. There are points z, € Q, such that

[Dug]y.q,(z1) = (1 — k=)L
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Set
T

up(x) = Ay (Uk(/\k + Zk) - Uk(zk))a br(x) = N (W (/\ik + Zk) - ¢k(2k))7

and (Tk = M (2 —2;). For any § > 0, there are points y, € Qj such that |Dug (yx) — Dug(2x)| >
(1—(1+6)k )X |lyx — 2k|”. So we have

| Dug (A (yi — 21)) — Dug(0)] = [Dug(yx) — Du(2x)|
> (1= (1+e)k )N yr — 2" =11 — (L +e)k™ ) Nlyr — 2)[7- (2.15)

For any &, n, € ka’

D) — D) = [Dun (3 + ) — D (2 42|

<X3E - ] =l - ml (2.16)
Hence we have
D], 5 (0) > (1= k1)
and
DiiR), g (2) < 1

for each z € ﬁ; In particular, uy satisfies the minimal surface system with uy = z//;; on aka.
It is clear that € converges to a domain )., which is R™ or

Ry, £{z e R" | (z,w) < 7}

for some (w,7) € S" ! xR C R" xR. Here, R, , is a half space perpendicular to the w direction.

Denote Mj, = graph = {(z,ux(r)) € R" x R" | x € 5;} We use |Mg| to denote the
multiplicity one varifold associated with My, i.e., the n-rectfiable varifold with the support My,
and the multiplicity one on Mj. By the compactness of varifolds (see [11] for instance), there is
a subsequence |M;, | of | M},| converging to a stationary varifold T in the varifold sense, whose
support can be represented as a graph over Q. with the C'" graphic function us, such that
|Duocla.. < ¢ [Dusc)y,0. <1, sup [A%dus| < V2 and ue = (uly, -+ ,u™) is linear on 9.

o0 oo
oo

By the Schauder estimates (see [4] for instance), uo is smooth on Q. If Qo = R}, | for some
(w,7) € S"! x R, then uy is a linear vector-valued function according to Lemma 2.2, and wu;,
converge to uc in the sense of C'-norm. From (2.7) in [7], det(d;; + 0;u d;u) is a strictly
subharmonic function on graph,,__. If Qs = R™, then u. is also a linear vector-valued function
from Theorem 7.1 in [3].

Let us deduce the contradiction for the case of Qo = R,  first. For any R > 4max{c, 1},
sup | Duy| < sup |Duy| < ¢ implies
! o

Qp
—~ —~ —1
[Dukl, 6 0Bp0)(0) = [Dukl, 6.(0) = (1 — k7).
Since [D{L\E],Y a <1 |1Z; |5, are uniformly bounded and the maximal principal curvature
kg, — 0, by Lemma 2.3 and the uniqueness theorem (see Theorem 8.1 in [4] for instance),

un € W2P(Qy) with p = 12_—”7, and |%|W2~P(QNMBM(O)) is bounded independent of k from (2.12).
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Then the Sobolev imbedding theorem implies that there is a constant 0 < €, g < 1 independent

of k£ such that 1
[kl 12 G B (0) < e R

Up to a choice of e, g , there is a sequence of points &, € QN Bgr(0) \ Be, ,(0) such that
| D () — Dur(0)] = (1 — k)& (2.17)

However, (2.17) contradicts to that u;, converges to a linear function in the sense of C'-norm.
Hence Qo # R ..

For the case of oo = R™, we can also get the contradiction from the above argument. This
suffices to complete the proof.

For any vector-valued function f = (f*,---,f™) € C%*(Q,R™), set vy deonte the slope
function of f defined by  /det (6;; + > 9;f0;f*). With the Bernstein theorem in higher

codimension (see [6-8]), from the argument of the proof of Theorem 2.1, we immediately have
the following result.

Corollary 2.1 Let Q be a bounded open set in R™ with C?-boundary, and ¢ € C%(Q,R™).
For each v € (0,1), let u = (u',--- ,u™) € O (Q,R™) be a smooth solution of the minimal
surface system on Q with uw =1 on 0. If supv, < 3, then |u|i4.0 is bounded by a constant

Q

depending only on n, m, v, |Dulq, [¢¥|2.0 and kq.

3 Appendix
Let
Pyr={(,z,) eER"I X R| 2| <7, 0 <z < pr},
Spr={(a',2,) ER" xR |2'| <7, pr <z, < 2pr}

for all positive constants p, r. The following lemma is essentially the same as the elliptic version
of Lemma 7.46 in [12].

Lemma 3.1 Let Ly, be an elliptic operator of the second order defined by
Lyp = bijﬁfjgo on RY
for any ¢ € C?(R7) with the coefficients b;; satisfying
bij < A, . inf . )bijizfj > Nef

=(&1, ,&n

on RY for some constants 0 < A < A < oo. Suppose Lyp < 0 with ¢ > 0 on P,, 4 with

ps = 5=y x- Then
inf x,_Ll 2 xn) < 4 inf x,_Ll 2 x). 3.1
(1/x1n)esp*,27‘ (p( ) (1/@71)613;1*,7‘ (p( ) ( )
Proof For any fixed r > 0, let ¢(2/,z,) =z, (1 + ‘f:f - %) with 2’ = (z1, - ,Tp_1) €
R ! and ,, > 0. Then ¢ > 0 on {z,, = 0} or {x, = 2pr}, and ¢ > 4x, on {|z'| = 2r}. Let
te = inf 2, Yo(2', 2,). Then

(wlan)esp*ﬂr

1
© — tex, + Zt*¢ >0 ondP,, o (3.2)
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From the assumption, b,, > A. Then on P,_ s,

Lyp = r_2bij3i2j(|x/|2xn) —p i

n—1 n—1
=272 by + 272 (bin + bni)ai — po v b
=1 i=

=1
n—1
<4(n—1)r"TAp. +4r72A Z lzs| — ptr A
i=1
<4n =171 Ape +8Vn — Ir A — py N <0, (3.3)

where we have used p. = j \/ij% in the last inequality. Since Ly(p — tizy,) < 0, we get

Ly(¢ — tsxy + $t.¢) < 0 on P, . Utilizing (3.2) we have

1
@ — taup + Zt*gb >0 on P, o (3.4)
from the maximum principle. With ¢ < 3x,, on P,_,, it follows that
1 3 1
0<p—tixn+ Zt*¢ <@—tiz, + Zt*xn =p— Zt*xn (3.5)

on P, ., which finishes the proof.
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