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Abstract In this paper, the authors give a survey about A-hypersurfaces in Euclidean
spaces. Especially, they focus on examples and rigidity of A-hypersurfaces in Euclidean
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1 Introduction

Let X : M — R™*! be an n-dimensional hypersurface in the (n + 1)-dimensional Euclidean
space R"™. Let X(t) : M — R"™ t € (—¢,¢) with X(0) = X be a variation of X. The
weighted area functional is defined by A : (—e,¢) = R by

A = [ o au,
M
where dy; is the area element of M in the metric induced by X (¢). In 2014, Cheng and
Wei [17] introduced a definition of the weighted volume of M. The weighted volume function
V:(—e,e) = R of M is defined by

_1x12

V(t):/M<X(t),N>e = dp.

Cheng and Wei [17] studied a new type of mean curvature flow

X (t
220 (—amN ) +HE)
with special function «(t) and introduced the A-hypersurface, where N (t), H(t) and H(t) are

the unit normal vector, mean curvature vector and mean curvature of X (¢), respectively.

Definition 1.1 An n-dimensional hypersurface X : M — R in the (n + 1)-dimensional
Euclidean space R™ 1 is called a \-hypersurface if it satisfies

(X,N)+ H =\, (1.1)

Manuscript received February 28, 2022.

1Department of Applied Mathematics, Faculty of Science, Fukuoka University, 814-0180, Fukuoka,
Japan, E-mail: cheng@fukuoka-u.ac.jp

2School of Mathematical Sciences, South China Normal University, Guangzhou 510631, China,
E-mail: weiguoxin@tsinghua.org.cn

*This work was supported by JSPS Grant-in-Aid for Scientific Research (B) (No. 16H03937), the fund of
Fukuoka University (No. 225001), the National Natural Science Foundation of China (No.12171164),
the Natural Science Foundation of Guangdong Province (No.2019A1515011451) and GDUPS (2018) .



878 Q. M. Cheng and G. X. Wei

where N, H denote the unit normal vector and mean curvature of X, respectively. X\ is a

constant.

On the other hand, a variation X (¢) of X is called a weighted volume-preserving normal

variation if V(t) = V(0) for all ¢t and 6);t(t)hzo = fN. Cheng and Wei [17] proved that

X : M — R™*! is a critical point of the weighted area functional A(t) for all weighted volume
preserving variations if and only if X : M — R"*! satisfies (X, N) + H = ), that is, \-

hypersurface. Moreover, A\-hypersurface X : M - R"*! is equivalent to a hypersurface with
. [X] . . . .
constant Welzghted mean curvature H,, = e~ 3 H = \ in R equipped with the metric
_ X1
gap=e€~ " 04B.

Remark 1.1 The equation (1.1) also arises in the Gaussian isoperimetric problem. Borell

[7] proved that the half space minimizes the weighted boundary area (see also [55]).

Remark 1.2 In the probability theory, the equation (1.1) is natural in the study of sets
minimizing Gaussian surface area since the equation (1.1) holds if and only if M is a critical
point of the Gaussian surface area (see [41]).

Remark 1.3 If A\ =0, (X, N)+H = A =0, then X : M — R is a self-shrinkers. Hence,
one can consider that the notation of A\-hypersurfaces is a natural generalization of self-shrinkers
of mean curvature flow, which plays an important role for study on singularities of the mean

curvature flow.

2 Preliminaries

Let X : M™ — R"*! be an n-dimensional connected hypersurface of the (n+1)-dimensional
Euclidean space R"T!. We choose a local orthonormal frame field {e A}Z’;ll in R"*! with dual
coframe field {w A}T;ll, such that, restricted to M™, ey, -- , e, are tangent to M™. The following
conventions on the ranges of indices are used in this paper 1 <14, j,k,l < n. Then we have

dX = E wie;, de; = E wij€j + Wint1€nt1
i J

and
depy1 = anﬂiei-
i
When these forms are restricted to M™, we have
Wnt1 =0 (2.1)

and the induced Riemannian metric of M™ is written as ds3, = > w?. From (2.1), we get
5

Wint1 = E hijw;,  hij = h.
J
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The induced structure equations of M™ are given by

dwi = E Wij A Wy, Wij = —Wyi,
J

1
dwig =D wik Awj — 3 > Rijrwr Awi,
k ol

where
Rijri = hirhji — hahj (2.2)

denotes components of the curvature tensor of M"™. The second fundamental form and the

mean curvature vector field of M™ are given by

A= Z hijw; ® wj & eny1
i,
and

H=He,1 = Z hii€nt1,
i

respectively. Let S = > (h;;)? be the squared norm of the second fundamental form and
]

H = |H| denotes the mean curvature of M"™. From (2.2), components of the Ricci curvature of

M'™ are given by

R, = Hh;j, — Z hijhj. (2.3)

J

Defining the covariant derivative of h;; by
Z hijrwr, = dhg; + Z hipwij + Z hijwii, (2.4)
k k k
we obtain the Codazzi equations
hijk = hikj' (25)
By taking exterior differentiation of (2.4), and defining
Z hijriwr = dhgjr + Z hijrwis + Z harwij + Z hijiwig, (2.6)
1 1 1 1
we have the following Ricci identities

hijkr — hijie = Z Pnj Ronirt + Z Rim Romjni - (2.7)

Let f be a smooth function on M", we define the covariant derivatives f;, fi;, and the

Laplacian of f as follows

df = Zfiwz-, Zfijwj =dfi+ ijwji, Af = an--
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The following elliptic operator £ introduced by Colding and Minicozzi in [26] will play a very

important role for studying complete A-hypersurfaces,
Lf=Af—(X,Vf), (2.8)

where A and V denote the Laplacian and the gradient operator on the A-hypersurface, respec-
tively and (-, -) denotes the standard inner product of R"*!. By a direct computation, we have

the following equations for A\-hypersurfaces in R"*1,

1

5L|X|2 =n—|X>+ MX,N), (2.9)

LH=H+S\—H), (2.10)

1 «

LS = D (h8)? + S(1—8) + Afs, (2.11)
i,7,k,a

where f3 = > hijhjrhp.

.5,k

3 Examples of A-Hypersurfaces

Besides the standard examples of A-hypersurfaces in R®*!: The n-dimensional Euclidean
space R”, the n-dimensional sphere S™(r) with A = % — r and the n-dimensional cylinder

Sk(r) x R"=* with A = £ —r, we give some non-standard examples.

3.1 O-hypersurfaces

0-hypersurfaces are just self-shrinkers. In 1989, by using the shooting method for geodesics,
Angenent [5] constructs compact embedded rotational 0-hypersurface, called “Angenent torus”,
whose profile curve intersects symmetry axis perpendicularly. In 1994, Chopp [24] finds several
new O-hypersurfaces. Later, Drugan, Lee and Nguyen [31], Drugan and Kleene [32] construct an
infinite number of complete, immersed and non-embedded rotational 0-hypersurfaces for each
of the topological types: The sphere, the plane, the cylinder and the torus. These examples
whose profile curves also intersect symmetry axis perpendicularly. Recently, Cheng and Wei [20]
numerically compute and find many interesting compact immersed rotational 0-hypersurfaces
whose profile curves do not intersect symmetry axis perpendicularly (see Figure 1).

In addition, Kapouleas, Kleene and Mgller [47] (also see [48, 56]) and Nguyen [57-59] con-
struct complete embedded 0-hypersurfaces with higher genus in R3.

3.2 A-hypersurfaces with A # 0

Some of them are embedded, some of them are immersed.

3.2.1 A-curves

There are no closed embedded 0-curves of mean curvature flow except circle with radius 1.
But for A-curves, their behaviors are different. For some A < 0, we can prove that there exist
closed embedded A-curves I'y in R2, which is not circle (also see [11]). Hence, for any positive
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Figure 1 The graph of profile curve of compact 0-hypersurface,
0-hypersurface and half of 0-hypersurface, here n = 2.

integer n, there exist complete embedded A-hypersurfaces, which are given by I'y x R*~! in
R+

3.2.2 \-torus

In 2015, Cheng and Wei [20] proved the following theorem.
Theorem 3.1 For n > 2 and X\ > 0, there exists embedding revolution \-hypersurface
X : 8t x §n=l — Rt jp RHL

Let (z(s),r(s)), s € (a,b) be a curve in the zr-plane with r > 0 and S"~*(1) denote the
standard unit sphere of dimension n — 1. Then we consider

X :(a,b) x S"71(1) — R

defined by X (s,a) = (2(s),r(s)a), s € (a,b), a € S"71(1). Namely, X is obtained by rotating
the plane curve (z(s),r(s)) around z axis, where the plane curve (x(s), r(s)) is called the profile

curves (see Figure 2).

Figure 2 The profile curves of A-hypersurfaces, here n = 2, A = 0.1.
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Lemma 3.1 X : (a,b) x S"1(1) = R"™ is a A-hypersurface if and only if (x,7) satisfies

(@) + () =1,
:EI/

-1
—— =ar' + (n —r)x’—I—)\.
r

,r./

06 -04 -02 02 04 o6

Figure 3 The graph of profile curve of A-torus, A-torus and half of A-torus,
here n =2, A = 0.1 and 7o =~ 0.343.

In the same paper, Cheng and Wei [20] also proved the following theorem.
Theorem 3.2 Forn > 2 and small \, there are many compact immersed A-hypersurfaces
in R+,

Additional details on the behavior of the profile curves needed to be discussed and estab-
lished. Here are some numerical approximation of profile curves and A-hypersurfaces. The
horizontal axis is the axis of rotation. For small A\, compact immersed \-hypersurfaces can be
given by rotating a closed curve in the upper half plane around the horizontal axis; see Figure
4.

25

W

Figure 4 The graph of profile curve of compact A\-hypersurface, \-hypersurface
and half of A-hypersurface, here n =2, A = 0.1 and ro ~ 0.811.
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Moreover, we also found many compact immersed rotational A-hypersurfaces whose profile

curves do not intersect r-axis perpendicularly; see Figure 5.

16
14

10

06

Figure 5 The graph of profile curve of compact A\-hypersurface, \-hypersurface
and half of A-hypersurface, here n = 2, A = 0.1 and ro ~ 0.811.

3.2.3 Some other A\-hypersurfaces

In 2017, Ross [60] constructed closed, embedded A-hypersurfaces by using a “shooting
method”. He proved the following theorem.

Theorem 3.3 Letn > 1 and A < 0, then there exists a A-hypersurface X : M?"+T1 — R2n+2
which is diffeomorphic to S™ x S™ x S and ezhibits a O(n) x O(n) rotational symmetry.

In 2018, Li and Wei [54] proved the following theorem.

Theorem 3.4 Let n > 1 and small A\ < 0, then there exists an immersed, non-embedded
S™ A-hypersurface X : M™ — R*HL,

4 Rigidity Results of A-Hypersurfaces

4.1 Rigidity results of 0-hypersurfaces

For complete O-curves, Abresch and Langer [1] gave a complete classification about closed
0-curves and showed that the round circle is the only embedded 0-hypersurfaces.

For complete 0-hypersurfaces with dimension n > 2, the classification of smooth embedded
O-hypersurfaces X : M — R"*! in R"*! with mean curvature H > 0 began with [44], where
Huisken proved that round spheres are only compact ones. In [45], Huisken showed that the
generalized cylinders S™(y/m) x R™”™™ are only open ones with polynomial volume growth if
the squared norm S of the second fundamental form is bounded. Colding and Minicozzi [26]
completed the classification by removing the condition that S is bounded, they proved the
following theorem.
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Theorem 4.1 If X : M — R"*! is an n-dimensional complete embedded 0-hypersurface in
R with mean curvature H > 0 and with polynomial volume growth, then X : M — R is
the generalized cylinder S™(y/m) x R*™™ 0 <m < n.

Remark 4.1 From (2.10) and maximum principle, we know that H =0 or H > 0 in M.

In order to prove the theorem, one needs to compute L%, that is,

1,98

Loy = % > (hiyViH — hijpH)? — i<VH, vi>.

_ H H?

N

Furthermore, one wants to use Stokes formula. But in the case that X : M — R™t! is complete
and non-compact, Stokes formula does not hold in general. If X : M — R"*! has polynomial

volume growth, for functions S, log H and S %, namely, the following formulas

—/ (VS,Vlog Hye™ dv:/ SLlog He™ 3 dv
M M

and
| X

— [ (st vsheav= [ sicste ™ av
{
M M

are true. By making use of the above formulas, one can prove the theorem.

For O-hypersurfaces, the gap phenomenon for the squared norm of the second fundamental
form is interesting.

Le and Sesum [50] got the first gap theorem and proved that if X : M — R"*! is an n-
dimensional complete embedded 0-hypersurface in R"*! with polynomial volume growth and
with § < 1, then X : M — R"*! is R,

Cao and Li [10] proved the following theorem.

Theorem 4.2 Let X : M — R"*! be an n-dimensional complete 0-hypersurface with poly-
nomial volume growth in Euclidean space R™*1. If the squared norm S of the second funda-
mental form satisfies S < 1, then X : M — R is one of the followings:

(1) S=0 and X : M — R"*L is a hyperplane in R" T,

(2) S=1and X : M — R is either a round sphere S™(\/n) in R"*1 or a cylinder
Sm(ym) x R*™ 1 <m<n-—1in R

About the second pinching theorem, Ding and Xin [30] proved the following theorem.

Theorem 4.3 Let X : M — R™*! be an n-dimensional complete 0-hypersurface with poly-
nomial volume growth in Euclidean space R"T!, there exists a positive number § = 0.022 such
that if 1 <S5 <1+40.022, then S = 1.

Recently, Lei, Xu and Xu [52] proved the following theorem.

Theorem 4.4 Let X : M — R™*! be an n-dimensional complete 0-hypersurface with poly-
nomial volume growth in Euclidean space R™"TY, there exists a positive number 6 = 0.022 such

that if 1 < S <1+ %, then S =1.

Cheng and Wei [16] considered the second gap for the squared norm of the second funda-
mental form and proved the following gap theorem for 0-hypersurfaces.
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Theorem 4.5 Let X : M — R™! be an n-dimensional complete 0-hypersurface with poly-
nomial volume growth in R™L. If the squared norm S of the second fundamental form is
constant and satisfies S <1+ %, then X : M — R™*! is one of the followings:

(1) The n-dimensional hyperplane R™,

(2) the cylinder R*™™ x S™(y/m) for 1 <m <n—1,

(3) the round sphere S™(\/n).

Since the subject of 0-hypersurfaces in the Euclidean space are closely related with the
theory of minimal hypersurfaces in the sphere. For minimal hypersurfaces in a unit sphere,
there is the following famous Chern conjecture.

Chern conjecture Let M be a compact minimal hypersurface in the unit sphere S™*1(1).
If M has constant squared norm of the second fundamental form, then the possible values of

squared norm of the second fundamental form of M form a discrete set.
Hence, it is nature to consider the similar problems for 0-hypersurfaces.

Conjecture 1 Let X : M — R"! be an n-dimensional complete 0-hypersurface in R"**.
If the squared norm S of the second fundamental form is constant, then X : M — R"*! is one
of the followings:

(1) the n-dimensional hyperplane R™,

(2) the cylinder R~ x S™(y/m) for 1 <m <n —1,

(3) the round sphere S™(y/n).
For n = 2, Ding and Xin [30] studied 2-dimensional complete 0-hypersurfaces with polynomial
volume growth and with constant squared norm S of the second fundamental form. They

proved the following theorem.

Theorem 4.6 A 2-dimensional complete 0-hypersurface X : M — R3 with polynomial
volume growth and S constant is one of the followings: (1) R?, (2) S*(1) x R, (3) S?(v/2).

On the other hand, Halldorsson in [39] proved that there exist complete O-curves I' in R?,
which are contained in an annulus around the origin and whose images are dense in the annulus.
Furthermore, Ding and Xin [29], Cheng and Zhou [23] proved the following theorem.

Theorem 4.7 A complete 0-hypersurface X : M — R™*1 has polynomial volume growth if

and only if it is proper.

Thus, the condition on polynomial volume growth in [45] and [26] is essential since these
complete 0-curves I' of Halldorsson [39] are not proper and for any integer n > 1, ' x R"~! is
a complete 0-hypersurface without polynomial volume growth in R™"*+!,

In order to study complete O-hypersurfaces with polynomial volume growth, one often uses

an elliptic operator £ introduced by Colding and Minicozzi in [26],
12 1x |2
Lf=Af—(X,Vf)=e72 div(e~ 2 V) (4.1)

and the following integral formula.
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Corollary 4.1 Let X : M — R"*P be a complete hypersurface. If u, v are C? functions
satisfying

2
/ (luVo| + |Vu||Vo| + |u£v|)e_%du < 400, (4.2)
M
then

1x|?

/ u(ﬁv)e_‘xfdu:—/ (Vu, Vu)e™ & dp (4.3)
M M

holds, where A and V denote the Laplacian and the gradient operator, respectively.

If one does not assume the condition polynomial volume growth for complete O-hypersurfaces,
the following generalized maximum principle for L-operator on 0-hypersurfaces which were

proven by Cheng and Peng in [15] plays a very important role.

Lemma 4.1 (Generalized maximum principle for L-operator) Let X : M™ — R be
a complete 0-hypersurface with Ricci curvature bounded from below. Let f be any C?-function
bounded from above on this 0-hypersurface. Then, there exists a sequence of points {p,,} C M™,
such that
lm_ f(X(pn) =supf, I [VF|(X(p)) =0, limsup £f(X(pn)) < 0.

m—r oo m— 00

In [15], without the assumption of polynomial volume growth about 0-hypersurfaces, Cheng

and Peng proved the following theorem.

Theorem 4.8 For an n-dimensional complete 0-hypersurface X : M™ — R™*1 with inf H? >

0, if the squared norm S of the second fundamental form is constant, then M"™ is one of the
followings: (1) S™(v/n), (2) S™(y/m) x R*~™ C R™F1,

Cheng and Ogata [13] removed both the assumption on polynomial volume growth in the
above theorem of Ding and Xin [30] and the assumption inf H2 > 0 in the theorem of Cheng
and Peng [15] for n = 2. Cheng and Ogata [13] got the following theorem.

Theorem 4.9 Let X : M — R3 be a 2-dimensional complete 0-hypersurface in Euclidean
space R3. If the squared norm S of the second fundamental form is constant, then X : M — R3
is one of the followings: (1) R?, (2) the round sphere S*(\/2), (3) the cylinder S*(1) x R.

Remark 4.2 According to the results of Cheng and Ogata [13], one knows that the con-

jecture 1 was solved affirmatively for n = 2.

Recently, Cheng, Li and Wei [12], under the assumption f4 constant, we solved this conjec-

ture 1 for n = 3.
Theorem 4.10 Let X : M3 — R* be a 3-dimensional complete 0-hypersurface in R*. If the
squared norm S of the second fundamental form and fy = > A} are constant, then X : M3 — R*

is isometric to one of the followings:
(1) R?,
(2) S1(1) x R?,
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(3) S?(v2) x RY,
(4) S*(V3).

In the proof of the above theorem, we need to compute V,,V; f3, V; ViV f1 and V,, V., ViV f4,
where fg and f4 are defined by fg = Z hijhjkh]ﬂ' and f4 = Z hijhjkhklhli.
i,j,k i,5,k,1

4.2 Rigidity results of A-hypersurfaces with A # 0

In 2014, for A-curve, Guang [35] proved the following theorem.

Theorem 4.11 Any smooth complete embedded \-curve in R? with X > 0 must either be a

line or a round circle.
For entire graph, Guang [35] proved the following theorem.

Theorem 4.12 If a A\-hypersurface X : M — R™! is an entire graph with polynomial
volume growth, then X : M — R™*! is a hyperplane.

In the paper [36], Guang expected that one may remove the condition of polynomial volume
growth (see Remark 1.6). In 2015, Cheng and Wei [18] solved Guang’s problem and proved the

following theorem.

Theorem 4.13 Let X : M — R"! be an n-dimensional entire graphic A-hypersurface in
the Euclidean space R" ™. Then X : M — R"*! is a hyperplane R™.

Remark 4.3 In the case of 0-hypersurfaces, Ecker and Huisken [33] proved that X : M —
R™*! is a hyperplane if it is an entire graphic O-hypersurface with polynomial volume growth
in R"T1. Recently, Wang [63] removed the assumption of polynomial volume growth (see also
Ding and Wang [28]).

In [35], Guang also proved some rigidity theorems for complete embedded A-hypersurfaces
in terms of the norm of the second fundamental form.
In 2014, for complete A-hypersurfaces, Cheng and Wei [17] proved the following theorem.

Theorem 4.14 Let X : M — R"! be an n-dimensional complete embedded \-hypersurface
with polynomial area growth in R" . If H — X > 0 and

A(fs(H—=X) = 5) =20,

then X : M — R"*! is isometric to one of the followings:
(1) S™(r) with A =% —r,
(2) R,
(3) SF(r)yx R**, 0 <k <n,

where S =Y hfj is the squared norm of the second fundamental form and f3 = > hijhjrhg.
@] .5,k

Remark 4.4 The condition
Mfs(H—=X)—85)>0

is essential. In fact, for any positive integer n, complete embedded A-hypersurfaces I'y x R?~!
in R"*! do not satisfy this condition, where I'y is a closed embedded A-curve in R2.
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Later, Peng and Wei [64] proved the following rigidity result.

Theorem 4.15 If X : M — R™"! s an n-dimensional complete \-hypersurface with poly-

nomial area growth and bounded S satisfies
H(H —\)S < H?, (4.4)

then M is one of the followings:

(1) a round sphere S™(r),

(2) a cylinder S¥(r) x R"F 1<k <n-—1,

(3) a hyperplane R™,
where H is the mean curvature of M, S is the norm square of the second fundamental form of
M.

Remark 4.5 The theorem is a general generalization of Cao and Li [10] and Le and Sesum
[50).

In [62], Wang, Xu and Zhao proved that if the L™-norm of the second fundamental form of
the A-hypersurface X : M — R™*! with n > 3 is less than an explicit positive constant, then
M is a hyperplane.

In [67], Zhu, Fang and Chen considered the volume comparison theorem of complete bounded
A-hypersurfaces with bounded S and got some applications of the volume comparison theorem.
They also got some estimates for the intrinsic diameter and the extrinsic radius.

In particular, for A-surfaces, Guang [34] obtained the following theorem.

Theorem 4.16 Let X : M? — R? be a 2-dimensional compact \-surface in R with A > 0.
If the squared norm of the second fundamental form S is constant, then X : M? — R3? is a

round sphere.

The proof of his theorem has two ingredients. The first ingredient is to consider the point
where the norm of the position vector |z| achieves its minimum. This will give that the genus
is 0. The second ingredient is an interesting result from [40] that any smooth closed special

W -surface of genus 0 is a round sphere.
In [34], Guang proposed the following conjecture (see [34, Page 74], also see [35]).

Conjecture 2 Any complete A-surface in R3 with constant S=constant is either R?, or

St(r1) x R, or S%(rg) for some positive constants r1 and ro.

By using of the generalized maximum principle introduced by Cheng-Ogata-Wei [14], Cheng
and Wei [21] confirmed the conjecture of Guang [34]. More precisely, we proved the following.

Theorem 4.17 Let X : M? — R? be a 2-dimensional complete A-surface in R3. If the
squared norm S of the second fundamental form is constant, then either S = 0, or S =
M, or S = w and X : M? — R? is isometric to one of

(1) R?,

(2) LA X R,

(3) §2(FAHLHE),
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Proof In the proof, we should use the following lemma and theorems.

Lemma 4.2 Let X : M? — R? be a 2-dimensional A-surface in R3. If S is constant, we

have
1
N i,5,k,l 0,5,k i,9,k,1,p
-3 Z hijrhijihrphy + 32 Z hijrhijihi (4.5)
1,5,k,L,p i,7,k,l

and

1

3£ > (hije)?

i3,k
3 2 3 3 3 2 3 3 2

Theorem 4.18 For a 2-dimensional complete \-surface X : M? — R?® with constant
squared norm S of the second fundamental form, we have either

(1) A28 =(S—1)?2 and sup H?> = S, or

(2) A28 =2(S — 1)? and sup H? = 28, or

(3) \2S = M and sup H? = 25.

Theorem 4.19 Let X : M? — R? be a 2-dimensional \-surface. If either \2S = (S —1)2,
or A28 = 2(S — 1)2, or 9X2S = 2(S — 1)2, then the mean curvature H satisfies H # 0 on M?2.

Theorem 4.20 Let X : M? — R3 be a 2-dimensional complete \-surface with constant
squared norm S of the second fundamental form. Then either \2S = (S —1)? and inf H?> = S,
or A28 =2(S — 1) and inf H? = 25.

If A # 0, from Theorem 4.20, we know that A\2S = (S —1)2? or A\2S = 2(S —1)2. It is easy to
check that A28 = (S —1)% and A\2S = 2(S — 1)? do not hold simultaneously. If \2S = (S — 1)2,
we have inf H? = S = sup H? from Theorem 4.18. Hence, H is constant. If \2S = (S — 1),
we have inf H2 = 2S5 = sup H? from Theorem 4.18, H is also constant. Thus, we conclude
that X : M? — R? is an isoparametric surface. By a classification theorem due to Lawson [49],

X : M? - R3is SF(r) x R27* k = 1,2. By a direct calculation, we conclude X : M? — R3 is
either S* (L 5)‘2+4) x RL, or 52(_)‘4'7 5)‘2+8)

There are some other rigidity results about A-hypersurfaces (see [2—4, 6, 8-9, 19, 22, 25, 27,
37-38, 41-43, 46, 51, 53, 61, 65-66]).

References

(1] Abresch, U. and Langer, J., The normalized curve shortening flow and homothetic solutions, J. Differential
Geom., 23, 1986, 175-196.

[2] Ancari, S. and Igor, M., Rigidity theorems for complete A-hypersurfaces, Arch. Math., 117, 2021, 105-120.

[3] Ancari, S. and Igor, M., Volume estimates and classification theorem for constant weighted mean curvature
hypersurfaces, J. Geom. Anal., 31, 2021, 3764-3782.

[4] Andrews, B., Li, H. and Wei, Y., F-stability for self-shrinking solutions to mean curvature flow, Asian J.
Math., 18, 2014, 757-777.



890

[5]

[6]

[9]
(10]

(11]
(12]

(13]
[14]

[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]

(23]
[24]

[25]
[26]
[27]
28]
[29]
130]
[31]

(32]
(33]
(34]

Q. M. Cheng and G. X. Wei

Angenent, S., Shrinking Doughnuts, in Nonlinear Diffusion Equations and Their Equilibrium States,
Birkhaiiser, Boston-Basel-Berlin, 7, 21-38, 1992.

Barbosa, E., Santana, F. and Upadhyay, A., A»-Hypersurfaces on shrinking gradient Ricci solitons, J. Math.
Anal. Appl., 492, 2020, 124470, 18 pp.

Borell, C., The Brunn-Minkowski inequality in Gauss space, Invent. Math., 30, 1975, 207-216.

Brakke, K., The motion of a surface by its mean curvature, Math. Notes, 20, Princeton University Press,
Princeton, N.J., 1978.

Brendle, S., Embedded self-similar shrinkers of genus 0, Ann. of Math., 183, 2016, 715-728.

Cao, H.-D. and Li, H., A gap theorem for self-shrinkers of the mean curvature flow in arbitrary codimension,
Calc. Var. Partial Differential Equations, 46, 2013, 879-889.

Chang, J.-E., 1-Dimensional solutions of A-self shrinkers, Geom. Dedicata, 189, 2017, 97-112.

Cheng, Q. -M., Li, Z. and Wei, G., Complete self-shrinkers with constant norm of the second fundamental
form, Math. Z., 300, 2022, 995-1018.

Cheng, Q. -M. and Ogata, S., 2-Dimensional complete self-shrinkers in R3, Math. Z., 284, 2016, 537-542.

Cheng, Q. -M., Ogata, S. and Wei, G., Rigidity theorems of A-hypersurfaces, Comm. Anal. Geom., 24,
2016, 45-58.

Cheng, Q. -M. and Peng, Y., Complete self-shrinkers of the mean curvature flow, Calc. Var. Partial
Differential Equations, 52, 2015, 497-506.

Cheng, Q. -M. and Wei, G., A gap theorem for self-shrinkers, Trans. Amer. Math. Soc., 367, 2015,
4895-4915.

Cheng, Q. -M. and Wei, G., Complete A-hypersurfaces of weighted volume-preserving mean curvature flow,
Calc. Var. Partial Differential Equations, 57, 2018, 32.

Cheng, Q. -M. and Wei, G., The Gauss image of A-hypersurfaces and a Bernstein type problem, arX-
iv:1410.5302.

Cheng, Q. -M. and Wei, G., Geometry of complete A-hypersurfaces, Sci. Sin. Math., 48, 2018, 699-710
(in Chinese).

Cheng, Q. -M. and Wei, G., Examples of compact A-hypersurfaces in Euclidean spaces, Sci. China Math.,
64, 2021, 155-166.

Cheng, Q. -M. and Wei, G., Complete A-surfaces in R3, Calc. Var. Partial Differential Equations, 60,
2021, 46.

Cheng, Q. -M. and Wei, G., Stability and area growth of A-hypersurfaces, to appear in Comm. Anal.
Geom., arXiv:1911.00631.

Cheng, X. and Zhou, D., Volume estimate about shrinkers, Proc. Amer. Math. Soc., 141, 2013, 687-696.

Chopp, D. L., Computation of self-similar solutions for mean curvature flow, Ezperiment. Math., 3, 1994,
1-15.

Colding, T. H., lmanen, T. and Minicozzi II, W. P., Rigidity of generic singularities of mean curvature
flow, Publ. Math. Inst. Hautes Etudes Sci., 121, 2015, 363—-382.

Colding, T. H. and Minicozzi II, W. P., Generic mean curvature flow I; Generic singularities, Ann. of
Math., 175, 2012, 755-833.

Ding, Q., A rigidity theorem on the second fundamental form for self-shrinkers, Trans. Amer. Math. Soc.,
370, 2018, 8311-8329.

Ding, Q. and Wang, Z. Z., On the self-shrinking systems in arbitrary codimensional space, 2010, arX-
iv:1012.0429.

Ding, Q. and Xin, Y. L., Volume growth, eigenvalue and compactness for self shrinkers, Asian J. Math.,
17, 2013, 443-456.

Ding, Q. and Xin, Y. L., The rigidity theorems of self-shrinkers, Trans. Amer. Math. Soc., 366, 2014,
5067-5085.

Drugan, G., Lee, H. and Nguyen, X. H., A survey of closed self-shrinkers with symmetry, Results Math.,
73, 2018, Art. 32, 32 pp.

Drugan, G. and Kleene, S. J., Immersed self shrinkers, Trans. Amer. Math. Soc., 369, 2017, 7213-7250.
Ecker, K. and Huisken, G., Mean curvature evolution of entire graphs, Ann. of Math., 130, 1989, 453-471.

Guang, Q., Self-shrinkers and translating solitons of mean curvature flow, Thesis (Ph.D.)-Massachusetts
Institute of Technology, 2016.



Complete \-Hypersurfaces 891

(35]
(36]
(37)

(38]
(39]

[40]
[41]

[42]
[43]

[44]
[45]
[46]
[47]
(48]

[49]
[50]

[51]
[52]

[53]

[54]
(55]

[56]
[57)

(58]
[59]

[60]
[61]

(62]

[63]
[64]

[65]

Guang, Q., Gap and rigidity theorems of A-hypersurfaces, Proc. Am. Math. Soc., 146, 2018, 4459-4471.
Guang, Q., Gap and rigidity theorems of A\-hypersurfaces, 2014, arXiv:1405.4871v1.

Guang, Q. and Zhu, J. J., Rigidity and curvature estimates for graphical self-shrinkers, Calc. Var. Partial
Differential Equations, 56, 2017, Art. 176, 18 pp.

Guang, Q. and Zhu, J. J., On the rigidity of mean convex self-shrinkers, Int. Math. Res. Not., 20, 2018,
6406-6425.

Halldorsson, H., Self-similar solutions to the curve shortening flow, Trans. Amer. Math. Soc., 364, 2012,
5285-5309.

Hartman, P. and Wintner, A., Umbilical points and W-surfaces, Amer. J. Math., 76, 1954, 502-508.

Heilman, S., Symmetric convex sets with minimal Gaussian Surface area, Amer. J. Math., 143, 2021,
53-94.

Heilman, S., The structure of Gaussian minimal bubbles, J. Geom. Anal., 31, 2021, 6307-6348.

Huisken, G., Flow by mean curvature convex surfaces into spheres, J. Differential Geom., 20, 1984, 237—
266.

Huisken, G., Asymptotic behavior for singularities of the mean curvature flow, J. Differential Geom., 31,
1990, 285-299.

Huisken, G., Local and global behaviour of hypersurfaces moving by mean curvature, Differential geometry:
partial differential equations on manifolds, Los Angeles, CA, 1990, Proc. Sympos. Pure Math., 54, Part 1,
Amer. Math. Soc., Providence, RI, 1993, 175-191.

Huisken, G., The volume preserving mean curvature flow, J. reine angew. Math., 382, 1987, 35-48.

Kapouleas, N., Kleene, S. J. and Mgller, N. M., Mean curvature self-shrinkers of high genus: non-compact
examples, J. reine angew. Math., 739, 2018, 1-39.

Kleene, S. and Mgller, N. M., Self-shrinkers with a rotation symmetry, Trans. Amer. Math. Soc., 366,
2014, 3943-3963.

Lawson, H. B., Local rigidity theorems for minimal hypersurfaces, Ann. of Math., 89, 1969, 187-197.

Le, Nam Q. and Sesum, N., Blow-up rate of the mean curvature during the mean curvature flow and a
gap theorem for self-shrinkers, Comm. Anal. Geom., 19, 2011, 1-27.

Lee, T., Convexity of A\-hypersurfaces, Proc. Amer. Math. Soc., 150, 2022, 1735-1744.

Lei, L., Xu, H. and Xu, Z., A new pinching theorem for complete self-shrinkers and its generalization, Sci.
China Math., 63, 2020, 1139-1152.

Li, H. and Wei, Y., Lower volume growth estimates for self-shrinkers of mean curvature flow, Proc. Amer.
Math. Soc., 142, 2014, 3237-3248.

Li, Z. and Wei, G., An immersed S™ A-hypersurface, arXiv:2204.11390.

McGonagle, M. and Ross, J., The hyperplane is the only stable, smooth solution to the isoperimetric
problem in gaussian space, Geom. Dedicata, 178, 2015, 277-296.

Mgller, N. M., Closed self-shrinking surfaces in R via the torus, 2011, arXiv:1111.7318.

Nguyen, X. H., Construction of complete embedded self-similar surfaces under mean curvature flow. I,
Trans. Amer. Math. Soc., 361, 2009, 1683—1701.

Nguyen, X. H., Construction of complete embedded self-similar surfaces under mean curvature flow. II,
Adv. Differential Equations, 15, 2010, 503-530.

Nguyen, X. H., Construction of complete embedded self-similar surfaces under mean curvature flow. III,
Duke Math. J., 163, 2014, 2023-2056.

Ross, J., On the existence of a closed embedded rotational A-hypersurface, J. Geom., 110, 2019, 26.

Stone, A., A density function and the structure of singularities of the mean curvature flow, Calc. Var.
Partial Differential Equations, 2, 1994, 443-480.

Wang, H., Xu, H. and Zhao, E., Gap theorems for complete A\-hypersurfaces, Pacific J. Math., 288, 2017,
453-474.

Wang, L., A Bernstein type theorem for self-similar shrinkers, Geom. Dedicata, 151, 2011, 297-303.

Wei, G. and Peng, Y., A note on rigidity theorem of A-hypersurfaces, Proc. Roy. Soc. Edinburgh Sect. A,
149, 2019, 1595-1601.

Xu, H., Lei, L. and Xu, Z., The second pinching theorem for complete A\-hypersurfaces, Sci. Sin. Math.,
48, 2018, 245-254 (in Chinese).



892 Q. M. Cheng and G. X. Wei

[66] Zhu, Y. and Chen, Q., Classification and rigidity of A-hypersurfaces in the weighted volume-preserving
mean curvature flow, Houston J. Math., 45, 2019, 1037-1053.

[67] Zhu, Y., Fang, Y. and Chen, Q., Complete bounded \-hypersurfaces in the weighted volume-preserving
mean curvature flow, Sci. China Math., 61, 2018, 929-942.



