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Long-time Asymptotic Behavior for the Derivative
Schrodinger Equation with Finite Density
Type Initial Data*

Yiling YANG! Engui FAN!

Abstract In this paper, the authors apply 0 steepest descent method to study the Cauchy
problem for the derivative nonlinear Schrédinger equation with finite density type initial

data
Q(w70) = q0($)7
where 111}:1 go(z) = g+ and |g+| = 1. Based on the spectral analysis of the Lax pair,
r—too

they express the solution of the derivative Schrédinger equation in terms of solutions of
a Riemann-Hilbert problem. They compute the long time asymptotic expansion of the
€T

solution g(x,t) in different space-time regions. For the region { = Z with [£ + 2| < 1, the
long time asymptotic is given by

g(x,t) = T(00) "2qh(z,t) + Ot~ 1),

in which the leading term is N(I) solitons, the second term is a residual error from a 9
equation. For the region |£ + 2| > 1, the long time asymptotic is given by

q(x,t) = T(c0) "2qh (z,t) — t Zifis + Ot 1),

in which the leading term is N(I) solitons, the second =2 order term is soliton-radiation
interactions and the third term is a residual error from a 8 equation. These results are
verification of the soliton resolution conjecture for the derivative Schrédinger equation. In
their case of finite density type initial data, the phase function 6(z) is more complicated
that in finite mass initial data. Moreover, two triangular decompositions of the jump
matrix are used to open jump lines on the whole real axis and imaginary axis, respectively.

Keywords Derivative Schrédinger equation, Riemann-Hilbert problem, 0 steepest
descent method, Long-time asymptotics, Soliton resolution, Asymptotic
stability
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1 Introduction

The study on the long-time behavior of nonlinear wave equations which is solvable by the
inverse scattering method was first carried out by Manakov in 1974 (see [1]). By using this
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method, Zakharov and Manakov gave the first result for large-time asymptotic of solutions for
the NLS equation with decaying initial data (see [2]). The inverse scattering method also worked
for long-time behavior of integrable systems such as KdV, Landau-Lifshitz and the reduced
Maxwell-Bloch system (see [3-5]). In 1993, Deift and Zhou developed a nonlinear steepest
descent method to rigorously analyze the long-time asymptotic behavior of the solution for the
mKdV equation by deforming the original Riemann-Hilbert (RH for short) problem to a model
one whose solution is calculated in terms of parabolic cylinder functions (see [6]). Since then this
method has been widely applied to the focusing NLS equation, KdV equation, Fokas-Lenells
equation, short-pulse equation and Camassa-Holm equation etc. (see [7-12]).

In recent years, McLaughlin and Miller further presented a O steepest descent method
which combines steepest descent with d-problem rather than the asymptotic analysis of singular
integrals on contours to analyze asymptotic of orthogonal polynomials with non-analytic weights
(see [13-14]). When it was applied to integrable systems, the O steepest descent method also
has displayed some advantages, such as avoiding delicate estimates involving LP estimates of
the Cauchy projection operators, and leading the non-analyticity in the RH problem reductions
to a O-problem in some sectors of the complex plane which can be solved by being recast into
an integral equation and by using Neumann series. Dieng and McLaughin used it to study
the defocusing NLS equation under essentially minimal regularity assumptions on finite mass
initial data (see [15]). This O steepest descent method was also successfully applied to prove
asymptotic stability of N-soliton solutions to focusing NLS equation (see [16]). Jenkins et al.
studied soliton resolution for the derivative NLS equation for generic initial data in a weighted
Sobolev space (see [17]). Their work provided the soliton resolution property for derivative
NLS equation, which decomposes the solution into the sum of a finite number of separated
solitons and a radiative parts when t — oo. Its dispersive part contains two components,
one coming from the continuous spectrum and another from the interaction of the discrete
and continuous spectrum. For finite density initial data, Cuccagna and Jenkins studied the
defocusing NLS equation (see [18]). Recently, we further extended this method to obtain the
long-time asymptotics and the soliton resolution conjecture for some integrable systems (see
[19-23]).

In this paper, we study the long time asymptotic behavior for the derivative nonlinear
Schrodinger (DNLS for short) equation with finite density initial data

gt + qzo + iU(|Q|QQ)z =0, (1.1)

where hril qo(z) = q+, |g+| = 1. Since the solution space of (1.1) with 0 =1 and 0 = —1 is
T—rT o0

equivalently by the simple mapping ¢(x,t) — g(—=z,t), we only need to consider the case o = —1

in our paper. The DNLS equation as a completely integrable system was first proposed by Kaup
and Newell [24]. The DNLS equation is often used to describe various nonlinear waves. For
instance, DNLS equation governs the evolution of small but finite amplitude nonlinear Alfvén
waves which propagates quasi-parallel to the magnetic field in space plasma physics (see [25—
29]), sub-picosecond pulses in single mode optical fibers (see [30-32]). Moreover, DNLS equation
also describe weak nonlinear electromagnetic waves in ferromagnetic (see [33]), dielectric (see
[34]) and anti-ferromagnetic systems under external magnetic fields (see [35]). Either zero
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boundary conditions or nonzero boundary conditions for the DNLS equation have well physical
significance. For problems of nonlinear Alfvén waves, weak nonlinear electromagnetic waves
in magnetic and dielectric media, waves propagating strictly parallel to the ambient magnetic
fields are modeled by zero boundary conditions, while those oblique waves are modeled by
the nonzero boundary conditions. In optical fibers, pulses under bright background waves are
modeled by the zero boundary conditions.

Much work was done on the N-soliton solutions for the DNLS equation with zero/nonzero
boundary conditions on discrete spectrum by using inverse scattering transform (see [36-41]).
Tsutsumi and Fukuda established the local existence of the DNLS equation for initial value
go € H*(R),s > 3 by using a parabolic regularization (see [42]). Later, they used the first
five conserved quantities of the DNLS equation to establish the global existence of solutions
for o € H*(R) with small initial data in H!(R) (see [43]). Hayashi proved local and global
existence of solutions to the DNLS equation for gy € H!(R) with small initial data in L?(R)
(see [44]). For Schwartz initial value go(x) € S(R), we first used Deift-Zhou steepest descent
method to derive the long-time asymptotic for the DNLS equation (1.1) in soliton-free region
(see [45])

iz? s
qla,t) =t Fa(\g)e'tt VP00t L Ot~ og ). (1.3)

Later we further investigated the long-time asymptotic for the DNLS equation (1.1) with step-
like initial data (see [46]). Pelinovsky and Shimabukuro studied the existence of global solutions
to the DNLS equation with the inverse scattering transform method (see [47]). Recently, generic
initial data in a weighted Sobolev space defined by

H?2(R) = {f(x) € L*(R) | (1+[a]*)® f(x) € L*(R) for j = 1,--- 2},

applying O steepest descent method, Jenkins et al. obtained the following asymptotics for the
DNLS equation

q(z,t) = gsor(, t; Dy) + 172 f(a,1) + O™ 1), (1.4)

where gso1 (2, t; Dy) is the soliton solutions of (1.1) with modulating reflectionless scattering data
(1.1) (see [17, 48]).
In our present paper, for finite density initial data go(x) —q+ € H*2(R), we apply O steepest
descent method to obtain the following long-time asymptotic of the DNLS equation (1.1).
For £ = 2 with | +2| < 1:

q(z,t) = T(00)2¢ (z,t) + O(t™1). (1.5)
For [€ 4+ 2| > 1:
q(z,t) = T(00) 2¢h (z,t) — t2if11 + Ot~ 1), (1.6)

where meanings of the notations ¢} (x,t), T(z) and fi; are shown in Proposition 3.1, Corollary
6.2 and (8.14), respectively. Our work is different from those [17, 45] in the following three
aspects. Firstly, for our case with finite density initial data, the corresponding phase function
and its phase points are more complicated. On the jump contour iR and R, there does not
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always exist phase point. And in the case that phase point absences on iR (or R), unlike usual
steepest descent method to open jump contour at phase points, we open the jump contour iR
(or R) at z = 0. And under this method, jump contour will decay to zero, and its non-analytical
component is transformed into a 9 equation. So we do not need to consider usual parabolic-
cylinder model. Secondly, from characteristics of two triangular decompositions of jump matrix
in the case of non-zero boundary conditions, one decomposition is used to open jump line on
the whole real axis, another is used to open jump line on the whole imaginary axis. Thirdly,
in the case of non-vanishing initial data, to avoid multi-valued function, we need to introduce
uniformization variables. This also results in extra singularities on two branch cut points +i,
which leads to some adjustments in the structure of standard matrix factorizations.

This paper is arranged as follows. In Section 2, we recall some main results on the con-
struction process of the RH problem with respect to the initial problem of the DNLS equation
(1.1) obtained in [38, 41], which will be used to analyze long-time asymptotics of the DNLS
equation in our paper. In Section 3, we introduce a function T'(z) to define a new RH problem
for M) (z), which admits a regular discrete spectrum and two triangular decompositions of the
jump matrix. In Section 4, by introducing a matrix-valued function R(z), we obtain a mixed
O-RH problem for M(?(z) by continuous extension of M) (z). In Section 5, we decompose
M®)(z) into a model RH problem for M*(z) and a pure d-problem for M®)(z). The M%(z)
can be obtained via a modified reflectionless RH problem M (") (see Section 6), local RH prob-
lem M'°(z) (see Section 7) and error function E(z) (see Section 8). In Section 9, we analyze the
O-problem for M (3)(2). Finally, in Section 10, based on the result obtained above, a relation
formula is found

M(z) = T(00)™* M@ (2) M ()R (2) 1T (2) 7,

from which we then obtain the long-time asymptotic behavior for the DNLS equation (1.1) via
a reconstruction formula.

2 The Spectral Analysis and a RH Problem

The DNLS equation (1.1) admits the Lax pair (see [24])
B, = Xb, & =T, (2.1)
where

X =ik’o3 + kQ,
T =—(2k* + Q)X —ikQ.03

with k& € C being a spectral parameter and

0 ¢ 0 1 0 —i 1 0
o G I O ) IR ()

By using the boundary condition (1.1), Lax pair (2.1) becomes

Oy~ Xi®y, Pupy~TiPy, wx— Foo, (2.2)
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where

X4y = ik20'3 +kQy, Ty = —(2k2 — I)Xi

_( 0 gz
Qi_(—ﬁi 0)'

The eigenvalues of the matrix X are +ik\, which admit

and

N =k +1.
To avoid multi-valued case of eigenvalue A\, we introduce a uniformization variable
z=k+ A
and obtain two single-valued functions
=3 ). -1 )
Define two domains D', D~ and their boundary ¥ on z-plane by

D™ ={z:Rezlmz <0}, D' ={z:Rezlmz > 0},
Y ={z:Rezlmz =0} = RUIR\{0},

which are shown in Figure 1.

Im z

Re z

Dt D~

Figure 1 The domains D™, D" and boundary ¥ = R UiR\{0}.

We derive the solution of the asymptotic spectral problem (2.2),

b~ Yvieik(z)k(z)mo'g7

1 ez
Yi:<iq_i i)

where

897
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By making transformation

py = Ppe A (2.8)
we further have

Ht ~ Yﬂ:v x — %00,
det[®4] = det[p+] = det[Yi] =1+ 272

1+ satisfy the Volterra integral equations

x

pe(z) =Ye + Vi A0 [V IAX L p (2))dy, 2 # +H, (2.9)
+o0

ji(z) = Ya + / T+ (2 — )Xo () AXeps(2)dy, ==+, (2.10)
+o0

where AXy = k(Q — Q4). It can be shown that the eigenfunctions 4 admit symmetries (see
[41]).

Proposition 2.1 Jost functions admit two reduction conditions on the z-plane:
The first symmetry reduction:

ui(z) = Ugui(f)Ug = Ului(—E)Ul. (2.11)
The second symmetry reduction:
i _
par(2) = —px (=2 NoaQa. (2.12)

For z € X9 = X\ {+i}, there exists scattering matrix which is a linear relation between ®_
and ¢_,

D, (x,t,2) =D_(x,t,2)5(2), (2.13)
where
a(z)  —b(z)
S(z) = _ , det[S(z)] =1 2.14
(2) <b(z) ) ) et[S(z)] (2.14)
with symmetry reduction:
S(z) = 018(=Z)o1 = (03Q-) ' S(—2")o3Q . (2.15)

And the reflection coefficients are defined by

p(z) = % ) = @) (2.16)
with symmetry reduction:
p(2) = 7(—7) = L= p(-27Y). (2.17)
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(2.13) also gives

Wr(®L, %)

Wr(®L, L)
1+ 272 '

a(z) = 14272

, b(z)= (2.18)

Although a(z) and b(z) has singularities at points +i, |p(£i)] = 1. The uniqueness and exis-
tences of Lax pair come from [41].

Proposition 2.2 If ¢(z) — ¢+ € H*?(Ry), the fundamental eigenfunctions u defined by
(2.9)—(2.10) exist uniquely. Define py = (uk, ) with pl and p3 denoting the first and second
column of uy , respectively. Then ML and 2 are analytic on the DV, and continuous in DT; pub
and ;% are analytic on the D™, and continuous in D~. Moreover, from (2.18), a(z) is analytic
on the DT, and continuous in D\ {£i}. Further, Aa(z) is analytic on the DY, and continuous
in DF. b(z) and \b(z) are continuous in X° and X, respectively.

Proof We give the detail of the first column of Y+_1 t+. The other case can be proved in
the same way. The analyticity and continuity of a(z) and b(z) come from (2.18). For brevity,
we denote it as w(z;xz,t). It satisfies the Volterra integral equation:

1 2(22—1) [*
w(z;x,t) = <0> + 22+ 1) . G(z;z,y, t)w(z;y, t)dy. (2.19)
Here
Gi(z;y,t Ga(z;y,t
G(zi2,y,1) = : 1 L . 25 5,0) (2.20)
_621k>\(w—y)G2(E;y’t) _62116)\(1—11)(;1 (z;y,t)
i _ _
Gi(z39,t) = —(a+7(y, 1) +a(y,1)74 — 2), (2.21)
1
Galziy,1) = aly:t) — ar — 543a(y,1) — a4 (2.22)
We define a series of recursive functions for n =10,1,---, by
0 _ (1 n+l) (. Gl VY ) n)(,.
w® = (O) e = 25 [ GG @2

By using (2.23), we construct a Neumann series
+oo

w(z;x,t) = Zw(”) (z;2,t), (2.24)
n=0

and show that w(z; x, t) is a uniquely vector-type analytical solution of (2.9) in D*. Tt is simply
obtained by ¢ — ¢+ € L*(R) that w(z;x,t) exists for any z € DT. Then we complete the proof
N
from two aspects. Firstly, we prove that for any compact subset Dy of D*, > w(™ (z;z,1)
n=0
2
converges uniformly to w(z; z,t). For compact subset Dy, ‘%| is bounded with a constant
C1. For any z in Dy,

2 x
n-+1 . Z(Z B 1) . n .
oD e, < [ 35| 16wy 0l Gy, Dl (2.25)
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In the above inequality, [e?# #=%)| < 1 for 2 € D™, so there also has

1G(z52,y, )] < Cala(y,t) — g4
Thus,
w0t (252, 0)]| < Clcz/ lay, ) — 4+ [w™ (29, )| dy. (2.26)
“+oo
Through mathematical induction we deduce that,

(CZOCO fioo |q(y7t) - q+|dy)n

(n+1) /.
) 5., 8)] < X

, (2.27)

which means the integral in (2.23) converges and is finite, then from analyticity of w(©® and
G(z; x,y,t), we obtain w(™ | n > 1 are analytic by mathematical induction. Noting that for all
x € RT and z € Dy, we have

(€10 [} aly, ) — a4 ldy)”
n!

lw ™| < (2.28)
Therefore w(z; x, t) defined by (2.24) absolutely and uniformly converges with respect to x € R
for z € Dy. So w(z;x,t) is holomorphic in DT. Next we prove that the solution of the Volterra
integral equation is unique. By using (2.23)—(2.24), we have

“+o0
-1
w(z;:lr,t):w(o)—kgw("):w(o ;—i—l / G(z;z,y,t Zw”)zy,

0) 2(2* = 1)

O B Gttt |
TP

Gz, y, thw(zy, 1)dy, (2.29)
which means w(z; z, t) defined by (2.24) is a solution of (2.25). In addition, w(z; x, t) is analytical
in DT. Next we give the uniqueness of w(z;x,t). If there has an another solution h(z;z,t) of
(2.25), let H(z;x,t) = w(z;x,t) — h(z;x,t). Then it admits

Heot) = 25 =D [ Gy 0 H (2. 0)d (2.30)
s by _2(22+1) oo LY, 3 Ys Y. .
In a similar way, we deduce that
[1H(z;z,t)]| < 0102/ lq(y, t) — a4 [l H (2, 1)[|dy. (2.31)
+oo

Then by Bellmann inequality we have H = 0, which means w(z;x,t) defined by (2.24) is the
unique solution of (2.25).

The zeros of a(z) on X are known to occur and they correspond to spectral singularities.
They are excluded from our analysis in this paper. Let Zy be a subset of H?2?(R) such that
a(z) has N simple zeros in the first quadrant. Zeros of a(z) are assumed to be simple in order

o0
to simplify our presentation. This is not a restricted assumption because the union J Zy is
N=0
dense in space H??(R) thanks to the classical results of Beals and Coifman [49]. Therefore to
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deal with our following work and make p(z) have smoothness and decaying property, we assume
our initial data satisfy this assumption.

Assumption 2.1 The initial data ¢(z) — ¢+ € H**(R) and it generates generic scattering
data satisfying that
(1) a(z) has no zero in X.

(2) a(z) only has finite number of simple zeros.

Suppose that a(z) has N; simple zeros z1,- -+ ,zy, on DT N{z € C:Imz > 0,|z| > 1}, and
Ny simple zeros wy, - -+ ,wy, on the circle {z =ev:0<p< %} The symmetry (2.15) implies
that

a(£2,) =0 & a(£z,) =0 = a(£2, 1) =0
@a(izgl)zov TL:17---,N1,

and on the circle

a(twn,) =0 a(£wW,,) =0, m=1,---,No.

So the zeros of a(z) come in pairs. It is convenient to define {,, = zn, Co+nN, = —2n, Cutan, =
=1 —] _ . _ _ _
Z,  and Cpian, = —Z, forn =1,--- Ni; Gnyan, = Wy and Guaan, 4N, = —Wy, for m =
1,---, Ns. Therefore, the discrete spectrum is
_ 7 14N1+2N>
Im z
-z, o2Zn
— Wy, f/ 1 L ’ ‘\ Wm
// \\
i ! Re z
\ 1
3 1 1 /
—Wm % z Zn A Wy,
—Zn* ©Zn

Figure 2 Distribution of the discrete spectrum Z. The red curve is unit circle.

with ¢, € D and (,, € D~. The distribution of Z on the z-plane is shown in Figure 2.
As shown in [41], the zero z, gives the breather solution of the DNLS equation with nonzero
boundary conditions (NZBCs), while the zero w,, gives the soliton solution. As shown in [38],
there exists a constant b, such that

N}i- (2n) = bne_mk('z")k(z")z.uz— (2n)- (2.33)
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Denote norming constant ¢, = %. Then we have residue conditions as
n

Res |:/1'-1|-(Z):| —¢ e—Qik(:tzn))\(:tzn)quQ (:l:Z ) (2 34)
z_:l:zn a(z) n — njs .
1 —
Res M+(Z):| _ :l:q_—E;QEne—mk(:l:E;l))\(:N:E;I)muz(izgl), (235)
z:iE;l a(z) q—
14 (2) %k (2, )A(E£Z 1
Res [ S } = —g, 2P EEANEE T 1 (7 ) (2.36)
z=xZ, a(f)
M2 (Z) q- k(2= YN (k21
Res [ i } = 0 =20 o ARER DA D2 (4, -1, (2.37)
z:iz;l a(E) —
_ _ bnygm
For m =1,---, Ny, we also have ¢y, 4m = (o) and
Res {N}k(z)} — e—2ik(:|:wm)A(:|:wm)m‘u2 (W) (2.38)
2=t a(z) Ni+m — m)s .
14 (2) ik (LW )N (W 1
Res [ 4% } = Ty, PR ETAET T L (475 (2.39)
2=1+Wm, a}(z)
For brevity, we introduce a new constant C,, as: For n = 1,--- Ny, C, = Chyn, = cn,
Cryon, = —Chysn, = q—:EEQEn; form=1,---,Na, Cruyan; = CruraN, 4N, = CmanN,, and the

collection oq = {(p, Cn}ijii“]\b is called the scattering data.

Now we are going to take into account the time evolution of scattering data. If ¢ also
depends on ¢ (i.e., ¢ = q(x,t)), we can obtain the functions a and b as above for all times ¢ € R.
Taking account of the t-part in (2.1) and (2.33), the t-derivative of a, b and b,, come into

ai(z;t) =0, be(z;t) = —(2k* — 1)kAb(2;1), (2.40)
bn(t) = —(2k* — 1)kAb,,(0). (2.41)

Then we can obtain time dependence of scattering data which can be expressed as the following
replacement

C(Cn) = C(t,Ca) = (0, o )e™ BRE = DREIAGE, (2.42)
p(z) = plt, 2) = p(0, z)e” DR (2.43)
In particular, if at time ¢ = 0 the initial function ¢(z,0) produces 4N; 4+ 2Ns simple zeros
€1y 5 Cany+2N, of a(z;0) and if g evolves accordingly to (1.1), then g(x,t) will produce exactly

the same 4N + 2N, simple zeros at any other time ¢t € R. The scattering data with time ¢ is
given by

_ 2_ _ 2 _
{e (Zk 1)k)‘tp(z)7{<n7e (2k(C7l) 1)k(Cn)>‘(Cn)tCn}i]ill+2N2}7

where {p(2), {Cn, Cn }2N1T2N21 are obtained from the initial data g(z,0) = go(z). Denote the
phase function

24—

0(z) = k(2)A(2) [— — (2k(2)? — 1)] _ o [% +1- (‘2_71)2} (2.44)
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and for convenience we denote 0,, = 0((,).
To solve the matrix RH problem in the following inverse problem, we finally give the asymp-

totic behaviors of the modified Jost solutions and scattering matrix as z — oo and z — 0 in
[41].

Proposition 2.3 The Jost solutions possess the following asymptotic behaviors

pt(z) = eV=@E0% L 07 2 - o0, (2.45)
ut(z) = éei”i(w”ﬁ;q)‘”UgQi +0(1), z—0, (2.46)

where
vatestia) =3 [ (P =)y (2.47)

The scattering matrices admit asymptotic behaviors

S(z) = e D7 L Oz, 2 = o0, (2.48)
() = ding(2, 2 o0 4 00, 2 50 249
q+ q-
where
Lo,
witia) =3 [ (g~ 1)dy. (250)

Further we have p(0) = p(0) = 0.

Moreover, the trace formula gives that

4N1+2N>o

a(z) = e~ vo(ta) H z _Ej exp{ — %/E log(1 — p(s)ﬁ(s))ds} (2.51)

ey Z_Cj i s—z

Proposition 2.4 If the initial valve qy — g+ € H*2(RT), then the reflection coefficients
p(2) and p(z) belong in H'(R UiR).

Proof We take p(z) € H(R) as an example. The proof of p(z) and on iR is similar. To
prove this, we just need to prove a(z), b(z), a/(z) and ¥’(z) are bounded on R, and b(z) and
b'(z) are in L%1(R). In fact, although points z = =i are a singularity of a(z) and b(z) as shown
in (2.18), they are not the singularity of p(z) and p(z). So when considering at z = =+i, on their
neighborhood we just need to calculate

Wr(®L, L)
P(2) = SreT a2
Wr (@l , ®2)

Thus the analysis on iR is similar as it on R. The symmetry reduction p(z) = z—:ﬁ(—z_l)
implies us to divide R to two part: (—oo,—1] U [1,00) and (—1,1). Then we only need to
compute on (—oo, —1]U[1, 00). For convenience, denote Iy = (—oo, —1]U[1,00). (2.18) inspires
us to analyze in the same way as Proposition 2.2. Recall the Volterra integral equation of the
first column of Y~ 'y with ¢ = 0 and denote h(x,z) = (hi(z, 2), ho(z,2))T = w(z;2) — e

h(z;2z) = [Tei|(z;x) + [Th](z; ), (2.52)
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%h(z;x) = [Toer](z:2) + [Toh)(z;7) + [T%h] (z;2), (2.53)
where T', T, are integral operators with
[T f](z;2) = % :OO G(zz,y) f(2zy)dy, (2.54)
[T.f(z;2) = % ; G(z2,y) f(zy)dy
el e (2.55)

and G(z;z,y) is defined in (2.20). Then h and %h can be written as the Neumann series:

+0oo too
n a n
h(z ) = ;h( (z;2), 5z 2) = ;hi (z;2) (2.56)
with
RO (z;2) = [Tei](z;2), RV (z;2) = Th™V(z;2), (2.57)
WO (z:2) = [Toer](z52) + [Toh)(z32), Y (z52) = ThYY (7 2). (2.58)

By integration by parts we obtain:

oW x 2 o
(0) . _ Z(Z - 1) / i% gi_
(W] (25 ) 72(22_’_1) Jrooe aqu(y) ¢+ dy

22 -1 TNy ——————
—m[,—me 2 qo(y) — q+dy

22 -1 Y LR (e
— 1 2 a _ d
+ 225(22 + 1) AOO S q+(q0(y) q+) y

(22 —1)i /”” N C P
e ) i il —a.)d
232+ 1) e 2 %5, (90(y) — q+)dy

+oo
2(z2-1) (¥ 2ew 82—
= m /+ooe 2 8_y2q0(y) —q4+dy
i(z2-1) [* (22w 0 ———
m AOO e 2 8_yQO(y) —q+dy
22 —1 TGNy
—m[moe 2 qo(y) — q+dy

22 =1 Y LR (e S
- - 1 p] T _ d
+ 225(22 ¥ 1) ‘/+OO € q+(q0(y) q+) Yy

(22— 1) /”” RICIEI RN 9]

C23(2241) Sy q+3—y(q0(y) —q4)dy. (2.59)

Thus, [h(9]y(z;2) € CO(RE, L (1p))NL>® (Iy xR} ) when go(z) —q; € H>?(R*). Simple calcu-
lations give that [A(?)];(z;2) € L>(Iy x RY). In fact, similarly through mathematical induction
as in Proposition 2.2, we further have that for any n > 1, f,(x) € {qo(x) — ¢+, qo(z) — ¢4},

Y < llgo(x) — Q+H715V1,2(R+)

WL2(R+) ™ n!

)

Hfl(yl) N fa(y2) -+ 1fn(yn)dyn---dy2H
+o0 +o0
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which implies that

< llqo(x) — (J+||71}V1,2(R+)

~

|Tn61|

)

n!

llgo(x) — g+ ||7VLV1,2(R+)

||[T”el]QHCO(R;,L?J(Io)) ~ n!

So hi(z;z) € L= (Ip x R} ) and ha(z;2) € CO(RS, L*Y(1y)) N L™= (I x RY) for > 0. Similarly,
note that

Kilyel : Kilyel :
gG(z;x,y) _ [ 2= 1(2 y) 92 2(2 y)
0z Gs(zy)  Ga(zry)
0 i ~ 0 p R
EGI(ZHU) = —Z—Q(q+qo(y) +qo(¥)74 — 2), @Gz(zw) = ;quqo(y) — 44,

i ) 2 . 1 ikA(x— —
Ga(ziy) = ="M S (go(y) — a) =iz + 5 ) (@ = )G EY).

i r— 0 : 1 i r—
Ga(zy) = =2 2 G (zy) =iz 4 5 ) (@ - )G ().

Therefore, there also have [T.ei]1(z;x) + [T:h]1(z;2) € L>®(Ily x R}) and [Thei]2(z;2) +
[T.h]2(z;2) € CO(RS, L¥ (Io)) N L>®(Iy x RY) for > 0. It also gives that Zh(z;z) €
Lo°(Io x RYF) x (CO(RS, L*Y (1)) N L (Iy x R})). Substitute these results and the asymptotic
behaviors as z — oo in Proposition 2.3 into (2.18), we obtain our result.

To obtain a model Riemann-Hilbert problem, we define a sectionally meromorphic matrix

(a(z)"tplt, p2) asze DT,
eiu,(m,t;q)ag M(Z; x, t) — (2.60)

(ut, a(E)_lui) as z € D™,

which solves the following RH problem.
RHP 0 Find a matrix-valued function M (z) which satisfies:

> Analyticity: M (z) is meromorphic in C\ ¥ and has single poles Z.
» Symmetry: M (z) = oo M(Z)oo=01M(-Z)o1 = 1M (- 1)o3Q_.

Tz

» Jump condition: M(z) has continuous boundary values My (z) on ¥ and
My(z)=M_(2)V(z), z€X, (2.61)

where

v = (s ). 2.6)

» Asymptotic behaviors:
M(z)=1+0(z""), z- o0, (2.63)
M(z) = éagQ_ +0(1), z—0. (2.64)

» Residue conditions: M has simple poles at each point in Z U Z with:

. 0 0
ResM(2) = tim M) (g Lo, (). (2.65)
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0 _Unemt@n )

0 0 (2.66)

Res M(z) = lim M (z) (
Z:C-’Vl Z_><’Vl
From the asymptotic behavior in Proposition 2.2, the reconstruction formula of ¢(x,t) is
given by
q(z,t) = =i lim [zM]12. (2.67)

Z—00

3 Deformation to a Mixed 8-RH Problem

The long-time asymptotic of RHP 0 is affected by the growth and decay of the exponential

+2it0 appearing in both the jump relation and the residue conditions. Therefore, in

function e
this section, we introduce a new transform M (z) — M™(z), which make that the M1 (z) is
well behaved as t — oo along any characteristic line.

Let £ = 7. Consider the derivative of 0(z) defined in (2.44),

== s) -5 %)

Then 9% = 0 28 — (£ +2)2% — (€4 2)22 + 1 = 0. Obviously, z = 0 is not the solution of this

equation. It is naturally to consider the range of real function izii Simple calculation gives
that ‘ziii‘ € (1,+00) for s € R. So we deduce that 3% = 0 has solution on R UiR if and only

if |£ + 2| > 1. In fact, when the stationary phase point is not on jump line, as ¢ — oo, these
stationary phase points have no effect. In addition, consider the quartic equation:

s' = (E4+2)s> = (E+2)s+1=0.

By simple calculation and the symmetry of the solution of above equation, we can easily deduce
that when £+2 < —1, this equation has two negative solution, and when £+2 > 1, this equation
has two positive solution. Namely, in the case {+2 < —1, there are four stationary phase points
& = gji, j=1,2,3,4, on iR (see Figure 3(a)) with 51 > 1, 21 = é = —é = —§~4. In the case
&+ 2 > 1, there are four stationary phase points &;, j = 1,2,3,4, on R (see Figure 3(f)) with
H>1,6 = é = —E% = —¢&,. For brevity, we denote

o asfE+2< 1,
n(®) = {4 as [€+2] > 1 (3.1)

2it6

as the number of stationary phase points. To obtain asymptotic behavior of e='*” as t — oo, we

consider the real part of 2it6:
Re(2itd) = —tIm zRe z[(€ + 2)(1 + |2|™*) — (Re®z — Im?2)(1 + |2| %)) (3.2)

The signature of Im @ is shown in Figure 3.
We introduce some notations with respect to subscripts

N 2{1,--- 4Ny + 2Ny}, V={neN: Imb, <0},
A={neN: Imb, >0}. (3.3)
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(d)

Figure 3 In these figure we take £ = —4, —3, —2.6, —1.5, —1, 0, respectively to show all type of Im 6.
The green curve is unit circle. In the red region, Imé > 0 while Im# = 0 on the red curve. And
Im# < 0 in the white region.

For n € A, the residue of M(z) at ¢, in (2.65) are unbounded as t — co. Similarly, for n € V,
the residue at (,, approaches to be zero as ¢t — co. To distinguish different type of zeros, we
further give

Vlz{je{l,---,Nl}: Ime(zj)<0}, Alz{jE{l,'-',Nl}: Im@(zj)>0},
ng{ie{l,"' ,Ng}: Ime(wz) <0}, Agz{ie{l,'-' ,Ng}: Ime(wz) >0},
For the poles ¢, with n € AUV, we want to trap them for jumps along small closed circles

enclosing themselves respectively. The jump matrix in (2.62) also needs to be restricted. Recall
the well known factorizations of V'(z):

= (3 ) Gt )

1 0 ~ 1 __p)e
= | ooz ) (L= p(2)p(2)7 EOZON (34)
1=p(2)p(2) 0 1
We will use these factorizations to deform the jump contours so that exponentials e*2* are
decaying in corresponding regions respectively. Define
(_OOia 01) U <+OOI7 01) U (_00764) U (§37 0) U (527 gl) as —1< §7
I(€) = (&4, &51) U (£2i,0) U (4-00i, &) as £ < —3, (3.5)

(—o0i, 01) U (4oci, 0i) as —3<&< -1

as integral curve of functions:

v(z) = 5 log(1 ~ p(2)7(2)); (3.6)
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1 1
0(z) = i d 3.7
@=ew(if (7755w (37)
z—C(n
T(z) =T(z¢) = [ ==—"4(2)
neA Cn -1
22— 22 22772 22 _ w?
=11 J J L5(z). (3.8)
72,2 _ 2,2 _ H 2,2 _
jen, 5 F 1252 11_€A2wzz 1

In the above formulae, we choose the principal branch (0, —o0) of power and logarithm functions.

Additionally, introduce a positive constant g = mir}\[ | —

i| and
6 j2ie Gl an

a set of characteristic

functions X(z;&, j) on the interval n(&,7)&; — 0 < (&, j)z < n(&,j)& when —1 < & and on the

interval n(ﬁ,j)gj —o0<nj): < n(ﬁ,j)gj when —3 > £ for j =1,---
n(&, j) is a constant depend on & and j:

, 4, respectively. And

. (=1t as —1<&
)= _ 3.9
(&, J) {(_I)J as £ < 3, (3.9)
Proposition 3.1 The function defined by (3.8) has the following properties:
(a) T is meromorphic in C\ iR, and for each n € A, T(z) has simple zeros ¢, and simple
poles C,,;
(b) T(z) =T~z =T"'(z71);
(¢c) for z € iR, as z approaching the 1(§), T has boundary values Ty, which satisfy:
Ty (2) =T-(2)(1 = p(2)p(2)), =z € I(S); (3.10)
(d) li_>m T(z) £ T(00), where
= H Zz 2 H w; exp( / s !log(1 —p(s)ﬁ(s))ds) (3.11)
JEAL 1€EAS ( )
with |T(00)| = 1;
(e) as |z| — oo with |arg(z)| < e <,
1 ~
T(2) = T(c0) (1 vt [ log(1— p(s)p(s))ds + 0(2-2)); (3.12)
1(§)
(f) T(z) is continuous at z =0, and
lim 7'(z) = T(0) = T(c0) ™ (3.13)
z—0

(8) £33

Additionally, the ratio extends as a continuous function on iR;
(h) when [+ 2| > 1, as z — &; along any ray & + € YRY with |¢| <

T(2,€) = T;(©)n(&, 1) (=

where T;(§) is the complex unit

— &I S [l v |

n

_15 (&5,6)

- I

neA

Z'n, CJ

is holomorphic in DV. And its absolute value is bounded in DT™N{z € C | Rez > 0}.

T,

— g2, (3.14)

(3.15)
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for j=1,--- 4. In above function, when & > —1,

8. = [ . V) = XD 4 e dye;) logn(e ) — & +8). (3.16)

s§—2Z

and when £ < —3,

s —2Z

5,9 = [ 8 = X8I 45 e e logn(e. i)z — & + ). (3.17)
1(¢)

Proof Properties (a), (b), (d) and (f) can be obtained by simple calculation. Specially, to
prove T'(z) = T—1(Z) in (b), it is imperative to change variable of the integral in §(Z) as s = in,
and noting that p(—in)p(—in) = p(in)p(in), then

5 = exp (= ( /+°° [ (5 - =) st — ptimtn)yan)

on (=5 ([ [ ) (s - o) tostt — plnyptim)an)
— 5(2) (3.18)

(c) follows from the Plemelj formula. By the Laurent expansion (e) immediately. For brevity,
we omit calculation. For (g), for brief we only give the details for the |{ + 2| < 1 case, from
(2.51) we have

a(z) 2 _ Ej—2 22— w? 1 log(1 — p(s)7(s))
T(Z)_ IH__Q 1222—1Hw222—leXp{_2_ﬂ-i/R s—2 }

JjeEVL 1€Vo g

So % is holomorphic in DF. In above expression, all factors except the last integral is bounded

for z € DT. From (2.16)—(2.17), 1 — p(s)p(s) = 1+ |p(s)|?. Let z = x + yi, then the real part

of the exponential is —z& fR %ds which can be bounded as follows:

y [ log(1+|p(s)”) 1
‘%/R—ds‘ < EHlog(l—l—|p(s)|2)||Lm(R)H

|s — z[?

P
(s—z)2 +y?liLmw)

S HP(S)HL“’(R)'

And the proof of (h) is same as [16, Proposition 3.1].
Additionally, define three subsets of N:

A={neN: Imb, =0}, Ay={joe{l,---,Ni}: [Imb(z;,)| =0}, (3.19)
Ao = {io S {1, s ,NQ} : |Im9(w10)| = 0} (320)

And let ¢ be a positive constant satisfying

1 . )
0= —mln{jgll_ler}vléz -Gl

. (3.21)

min i —Zlp.
FEN\A,Im 6(2)=0 1S |}

By above definition, for every n € A, we define disks (¢, 0), such that they pairwise disjoint,
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also disjoint with X. Introduce a piecewise matrix function

1 0
(—Cn(Z _ Cn)—le—Zith 1) as z € D(C’n«a g)a ne va

=1 _ 2it0,,
1 Cn (Z C")e > as z € D(Cna g)a ne A’

0 1
G(z) = O (5 — T )—1le2ithy _ 3.22
) ((1) Cnlz Cf) ¢ ) as z € D((,,, 0),m € V; (3:22)
1 0 _
6—1(2 e )6_2”@” ) as z € D((,,,0),n € A;
I as z in elsewhere.
Now we use T'(z) and G(z) to define a new matrix-valued function MM (2):
MW (2) = T(00) ™78 M(2)G(2)T(2)%, (3.23)
which is solution the following RH problem.
RHP 1 Find a matrix-valued function M) (z) which satisfies:
» Analyticity: M) (z) is meromorphic in C\ £, where
£W = RUIRU [Upep\a(OD(C,,, 0) U ID(Gns 0))], (3.24)
is shown in Figure 4.
» Symmetry: M1 (2) = oo M (Z)oy = oy MV (=Z)oy = LMD (= L1)o3Q_.
» Jump condition: M™)(z) has continuous boundary values Mg) on (M) and
MM ) =MDV (z), 2exs®), (3.25)
where
_ a2it0 —2 1 0
( é ¢ p(T)T =) ) (e—Qitep(z)TQ (z) 1 ) as z € X\ 1(§);
1 0 . 02T 2 (2)
< =20 ()72 (1) 1) ( _15(z)p(z)> as z € I1(&);
T 0 1
1 0)
( _ e N—12( L\ a—2it0n as z € OD(Cn, 0),n € V;
v(z) = o fn) e ) ' (3.26)
1 -Cn(z— C,L)T_z(z)e2i2t n )
(0 1 as z € OD(Cn, 0),n € A;
1 Cn(z —C,) T 2(2)e0n ) = ,
(0 1 as z € ID(¢,,,0),n € V;
1 0 -
(6;1@ _ Zn)e’2it§"T2(z) 1 ) as z € 9D(¢,,, 0),n € A.
» Asymptotic behaviors:
MY () =T+0(:"Y), 22— o0, (3.27)

MM (z) = §U3Q_ +0(1), z—0. (3.28)
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» Residue conditions: M (1)(2) has simple poles at each point ¢, and (,, for n € A with

. 0 0
ZR,:eCiM(l)(Z) = Zli)HCln M(l) (Z) (One_2it9"T2(<n) 0) y (329)
A m=2(F \.2it0,
PE%SM(l)(Z) = lim MO(2) (8 —CnT écn)e ) . (3.30)

Proof Note that the triangular factors (3.22) trap poles ¢, and ¢,, to jumps on the disk
boundaries OD((,,, 0) and dD(,,, ), respectively for n € N\ A. Then by simple calculation
we can obtain the residues condition and jump condition from (2.62), (2.65)—(2.66) and (3.22)—
(3.23). The analyticity and symmetry of M (Y (z) is directly from its definition, Proposition 3.1,
(3.22) and the properties of M (z). As for asymptotic behaviors, from ;1—% G(z) = zli{r(}o Gz)=1
and Proposition 3.1(f), we obtain that M) (z) has same asymptotic behaviors as M(z).

Figure 4 The blue curve, including R, iR and the small circles constitute M. For Cn € Z\ A, we
change it to jump on 9D((n, ). In this figure, we take wy, as the pole point which satisfies
Im O(wy) = 0 as an example, while take z, as the pole point which satisfies Im (2, ) # 0 as an
example.

4 Mixed 8-RH Problem

In this section, we make continuous extension for the jump matrix V1) to remove the jump
from ¥. Besides, the new problem is hoped to take advantage of the decay/growth of e*¢(2)
for z ¢ 3. For this purpose, we introduce some new regions and contours relayed on &.

4.1 For the region £ € (—3,—1)

We define
an+1:{z€C‘%§argz§%+tp}, (4.1)
an+2:{zEC‘(nA—l)%—gpSargzg(n+1)g}, (4.2)
where n = 0,1,2,3 and ¢ > 0 is a fixed sufficiently small angle achieving following conditions:
(1) \52-‘5;\_-2%‘1 < cos2p < 1

(2) Each €; doesn’t intersect any of D((n, 0) or D((,,, 0)-
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Define new contours as follow:

5y = eh-Difte R

Ek = eklZ_LPR.H

Y=, U% U U,

k=1,35,7,
k=2,4,6,8,

which is the boundary of Q, respectively. In addition, let

Q=0Q,U---UQs,

5@ = |J 0D, 0)UID(Gn, 0)),
neN\A

which are shown in Figure 5.

Imz

—zn®

Y6

X7

®©Zn

Y. L. Yang and E. G. Fan

Figure 5 The yellow and blue region is §2. The red circles constitute »® together. Similarly in this
figure we suppose that Im 0(w»,) = 0 while Im0(z,) = 0.

Lemma 4.1 Let £ = £ € (=3,-1). F(r) = r? + & is a real-valued function. Then for
z = rel?, the imaginary part of phase function (3.2) satisfies

Imé(z) <

Imé(z) >

1
Tglsn 20 +2| = DF(r)*  as 2 € O, Q3,05 Or;

1
E' sin2¢)(1— [€+2))F(r)*  as z € Qa, 04,0, Qs

(4.8)

(4.9)

Proof We only prove the case z € €y, and the other regions are similarly. From (3.2) we

have

Imé(z) =

4

iﬁ sin 26[(€ +2)(1 +77%) — r2 cos 20(1 +r78)]

E sin 26[(€ + 2)F(r) — cos 26(F(r)* — 2)].

%ImzRez[(f S )1+ 27 — (Re?z — Tm22)(1 + |2 )]

(4.10)
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2
F0)”  For 2 € Q, glfTJﬁll < cos2p < cos 2¢, then we have

F(r) > 2leads to 2 <

€ +2]
cos2¢p

F(r) < W‘F(T)Q. (4.11)

Substitute above inequality into (4.10) we obtain the consequence immediately. Introduce a
small enough constant 1 > g9 > 0 with (1 — gg)cos > 4. Let X; € C§°(R,[0,1]), which is

support in (1 — &g, 1 4 €p). X has support in (—eg,e0) with Xo(z) = X1(1 + 2). In addition,
we denote following functions:

P =) =l m) = mal) = T (1.12)
pale) = pr(2) = ——LE . pu(z) = ps(2) = ). (113)

T 1 p(2)p(2)

Then the next step is to construct a matrix function R(2)(2). We need to remove jump on R
and iR, and have some mild control on 9R(?)(z) sufficient to ensure that the d-contribution to
the long-time asymptotics of ¢(z,t) is negligible. So we choose R(2)(2) as

() 2it0
((1) RJ(Zl)e > 2€Qy, j=2,4,6,8
RA)(z) = 1 0 . (4.14)
Rj(z)e—2it0 1) KAS ij J = 173a 577a
1, elsewhere,
where the functions R;, j =1,2,---,8, is defined in following Proposition.

Proposition 4.1 R;: Q; — C, j = 1,2, ,8 have boundary values as follows:

0 z € Yo
[—p(a)T(2? zeR, e ) :
Ri(z) = {o, cew, RE@=1P@TEN (4.15)
1= p(2)p(2)
pAT_(2?
— €iR™ 0 Z €Yy
Rs(z) =4 1—p(2)p(z)’ - T Ru(z) = {_’~ -2 Z (4.16)
0. . p(2)T(z)~%, zeR™,
_ 0 z € Y
_ _p(Z)T(Z)Qv z€R ’ _ ~ 2 ’
Rs(z) = {0’ se s, Rs(2) = p(z)TJr(f)  LeiR- (4.17)
1= p(2)i(2)
pAT_ (22
— € iR 0 z € X3
R7(2) = 31— p(2)p(2)’ - T Rs(2) = {_’~ —2 + (4.18)
0. . p(2)T(z)~2, zeRT.
R; have the following properties: For j =1,5,4,8,
OR; ()| < 195 (12D + [2172 for all = € Q3 (4.19)

and for j =2,3,6,7,

|OR;(2)| S|z Fi|  for all z € Q; in a small fized neighborhood of =+, (4.20)
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|OR;(2)| < P’ (il2])] + |z|_% +10X1(|z])|  for all z € ;. (4.21)

And
OR;(2) =0 if z € elsewhere. (4.22)

Proof Casel z € ﬁj, 7 =1,5,4,8.
Take R;(z) as an example with extensions
2m

Ri(2) = p1(|2))T?(2) cos(ko arg 2), ko = tp

(4.23)

The other cases are easily inferred. pi(|z|) = p(|z|) is bounded. Denote z = rel?, then we have
0= %(& +184). So

_ it i
ORi(z) = S T7(2) (p'l (1) cos (ko) = ~p1 (r)ko sm(koqs)). (4.24)

To bound second term we use Cauchy-Schwarz inequality and obtain

Ip1(r)] = 1p()] = Ip(r) = p(0)] = | / ' (5)ds| < [19/(s) | or?. (4.25)

Note that T'(z) is a bounded function in €;. Then the boundedness of (4.19) follows immedi-
ately.

Case Il z € ﬁj, 7 =2,3,6,7.

The details of the proof are only given for Ry. Unlike the vanishing boundary condition
case in [16], the determinant of M (z) is 1 4+ 272, So to bound the J-derivative construct by
R® in the following section, the property of R(®) at +i needs to be control. For this purpose,
we make small adjustments to the extensions of Ry as

RQ(Z) = Ry (Z) + RQQ(Z) (4.26)

with a constant dg satisfying ¢ > dgeg and

Ro1(2) = [1 — X1(|2))]pa(ilz|)T~3(2) cos [ko(g - argz)}, (4.27)
Ra(2) = f(121)g(2) cos [ko (5 — arg 2]
_ %Xo(aiiz)f’ﬂd)g(z) sin [ko(g — argz)] (4.28)

Among above functions,

b(z)

0= X6y o= (33)" (1.20)

Then f(z) € W2, Obviously, Ra1(z) = 0 with |z| in the support of X; and Ra2(2) = 0 out
the support of X;. Note that

(o)l = | T2 = [P S ota)l for s outof supp(x). (430)

1= p(2)p(2) (2)I?
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Similarly in Case I, R21(2) can be bounded as
[ORa1(2)] S (1= Xa(|2D) (P l=] + 12]72) + [9X1(|2])]- (4.31)

As for Rys(2), z = rel?,
ORo(z) = % (2) cos [k (5 - (p)}f (ir) (1 —Xo(ﬁ))
f

oin [l (5 = )] [S2400) + 523 (£) 00

N kiosm [ko(g )]Xo(aiiz)(rf'(ir) ', (4.32)

c"|‘6 S

~—

So [DRga(2)| is bounded, and we can write [ORa(2)| < X1(2)|z|72. So (4.20) is obtained. In

addition, for z ~ 1,

[0Rg2(2)| <

sin {ko(——w)H—l—‘l—Xg(éo)‘—(’)(<p), (4.33)
from which (4.20) follows immediately.

4.2 For the region [£ +2| > 1

We define deformation contours and domains:

For j = 2,3,
. +ei[—w+%]l’ > —1, [ kT &l
s =197 N ¢ k=13, 1 (0,2 ).
& +elmeturliy, £ <=3, dcosp
g t+elBmel] g5 1 €., % — &l
i) =14" k=24,1¢ (0’ T )
& +el 5)7T+so]il7 £ < =3, 4cosp
And for j = 1,4,
g +eD el e €4 — &5
R N
& +eTT L £ <=3, dcose
& +em TN s -
Egk(f): / ) . ! Z4ER+7 llE (Oa M)v k:3?4
é-j + eTrz+(—1)J+llsOilj’ 5 < _3’ 460850

In addition, for j = 1,2,3, ¥/ i is a straight line which connects the end of ¥, and the

intermediate transit point £]+£]“ or & +§j’1 (see Figure 7). And

iollr AR, > o1,
Y = k=1,3,

T HARY £ < -3,

k=2, 4.

lrG-D-¢IR+, £ 1,
T elr-D—dpt . <3,
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Besides, denote § = +o0, {5 = —oo, and introduce some intervals when j = 1,--- 4, for
é- > _17
(gj +2€j+1 ,fj), j is odd number,
I =1Ijs = 4.34
e (6, 5787y ;s (4:34)
& 5 ., jis even number,
(gja & +2€j_1 ), 7 is odd number,
ljs = Ija = €4 E; (4.35)
( J 5 g+l ,fj), j is even number,
and for £ < -3,
i(fj, & +2§J_1 ), 7 is odd number,
Ijn=1Ip= (4.36)
. (éj + &+ ) .
1 5 &), j is even number,
i(gj +2§J+1 ,§j), j is odd number,
Iz =1Ijs (4.37)
e & TE— .
i(&;, 5 , 7 is even number.

|
|
|
|
|
|
I
|
|
|
|
|
|
|
|
|
|
|
|
|
E3+&q e3tén
Ia1 Ly I Is1 | I Iy

Im z

I3\l

Ta|l

4 &1té
2

Iaa|l21

£1tEo Ia3|l24

142 & Iz " 33 & I32 (‘J 12262 I231
|
!
|
|
|
|
I
|
|
|
|
|
|
|
|
|
|
|
|
I
I

(a)

Iig I | &3tén
T3 51 Tio Re z 0 3

I33|134

1 &3+&4
2

Lya|lan

&1

Lus|laa

(b)

Figure 6 Figure (a) and (b) are corresponding to the £ > —1 and £ < —3, respectively. There are four

stationary phase points &1, ,& with & = —& = — =

1 _1
£3°

&

These intervals are shown in Figure 6. Then X, ¥, and I, common constitute the region

Qi as boundary. And X, together with iR constitute the region €}, as boundary when & > —1
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while >, together with R constitute the region ) as boundary when £ < —3. These contours
separate complex plane C into sectors. In addition, let

56 = ( U..fj’“)u(k u )

j=1, 4 j=1,,3
2@ =%© |J (9D.uob.),
neN\A
o= U wmu( U %) 2u©=p"\2
kj=1,- .4 k=1, 4,

which are shown in Figure 7. And § > ¢ > 0 is a fixed sufficiently small angle achieving the
following conditions. Firstly, each €; does not intersect {z € C;Im#(z) = 0} and any of D,, or
D,,. This condition is to guarantee the uniformity of the sign of Im (z). For bounded region Qjk,
obviously, there must exist sufficiently small ¢ does not intersect the curve {z € C;Im 6(z) = 0}.
But for the unbounded region origin from &; or &4, the existence of angle ¢ may not be obviously.
To illustrate it, we give the following stronger lemma.

Lemma 4.2 There exists a sufficiently small ¢ and a constant ¢(§) > 0 relied on [£+2] > 1
such that the imaginary part of phase function (3.2), Im0(z) have the following estimation for
i=1,---,4:

Imo(z) < —c(§)Imz(Rez — &) as z € Q, Qis; (4.38)
ImO(z) > c(&)Imz(Rez — &) as z € Qyn, Qig. (4.39)

Proof We only give the details of the case £ > —1, and take z € Q17 as an example, because
the proof in the other regions are similar. Denote Re z = u,Im 2z = v with u — &;,v € RT, thus,

Iml(z) < —c(§)Imz(Rez — &)
sul(E+2)1+ W +0D)72) = W — )1 + (W +v*) Y] < —2¢(u—&).

Consider the following real value function:
Fluv) = (€ +2)(1+ (u® +0*)7%) = (u® = 0*) (L + (u® +0%) 7). (4.40)

Obviously, f(u,v) is smooth at the point (£1,0) and

7]

Ti6.0) = g~ e -4 - <o (1.41)
af B

5 (,0) =0. (4.42)

Therefore a constant ¢(§) > 0 and a small neighbourhood D((u,v),d) N Qq1, 6 > 0 of (&1,0)
exist which satisfy

|f(u,0) = f(&,0)] < —clu =&, (u,v) € D((u,v),0) Ny, (4.43)

Therefore, when z is near &, (4.38) is proved. Next we consider the case that |z| is efficient
large, (4.38) is equivalent to

u

(u—¢&)

[(€+2)A+ (u? +20*)72) = (u® = o)1 + (v +v*) 7] < —2¢. (4.44)
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Figure 7 The yellow and blue region is €2. The red circle around the poles and 11 constitute »®
together.
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Obviously, the left hand of the above inequation is going to —oo. Finally, when z is in the
remaining compact subset of 11, let

o(x) = % (4.45)
Then
e (€D + P +07)7) = (@ =)+ (2 )]
= AEED [oten) - ot + 252D
< LD 61) - e + 2507 g D) (1.16)
Because z is not in D(€1,9) and g(u) is monotonic increasing,
o(12) > 9(6 + ) > gl€a). (.47
Therefore, the exists a efficient small positive ¢, such that
o(61) — g(l2]) + 250 pg( 2] < 0. (1.48)

When z in the compact subset of €211,
U

(u—&)

implies existing positive constant ¢ that satisfies

[(€+2)(1+ (P +0°)72) = (u® —0*)(1 + (u® +0*)"H)] <0,

(u—¢&)

In fact, for the bounded region Qji, the existence of ¢(§) and ¢ only need to discuss near

[(€+2)A+ (u? +20*)72) = (u® = o)1 + (u? +v*)7H)] < —2¢.

stationary phase point and in the remaining compact set case. Therefore, we complete the
proof of (4.38).

Thus, we can give the sign of the imaginary part of phase function (3.2) in each sector.
Introduce a new unknown function

. 2ith
(é Rk](z,lf)e ), ZEQ]C], kj:l7 747 ]:274’
1 0 .
(Rk (2, €)e 2t 1), 2€Q, k=1,---,4, j=1,3;
I\
P = o (4.49)
R (2,6) = (é Rk(z715)e ), z2€ M, k=1,3(6> -1), k=2,4(¢£ < -3);
1 0 €, k=2,4( 1), k=1,3(6 < —3);
Ry(z,6)e” 41 1 )7 z€M, k=2,4&> 1), k=1,3(£ < -3);

1, elsewhere;

where the functions Ry;(z,&), Ri(2,€), k,j = 1,2,3,4 are defined in the following proposition.
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Proposition 4.2 As for [ + 2| > 1, the functions Ry;: Quj — C, k,j = 1,2,3,4 have

boundary values as follow:

[P (2,9T(2)?, 2z € I,
Bra(e,8) = {pm(fk,@n (O2(n(E. k) (= — &))" 21ER &), e Ny,
Pra(Ers )Th(§) 2 (n(&, k) (2 — &))2MERE) 2 € By,
Rk2(27 ) - {p:z(zljf)T(kZ)_Q, y = 1:227
R (Z ) — {pk3(27€)T—(z)27 ) Z € Ik37
R Pra &k, O)TR(E)? (&, k) (2 — &) 2R ER) 5 € By,
_ PraEr OTR(E) T2 (€, k) (2 — &))ER2VER) 2 € Ty,
Rk4(37§) - {p:i(zl’c )T_’_k(z)—Z’ . = Ik]j:la
where I,; are specified in (4.34)—(4.37) and
__ r(2)
pJ1(27 ) - _p(2)7 p]3(27§) - 1—5(2)[)(2)7
_ _ _ )
pj2(Z7£) - _p(z)v pJ4(Z7£) - 1_ ﬁ(Z)p(Z)

The functions Ry; have following properties:

|Rij (2, &) < sin?(ko arg(z — &) + (1 + Re(z)Z)_% for all z € Qu;,
R (2,6)] < Iph;(Re 2)| + |2 — &l ™2 for all 2 € Q.

|ORy; (2)| S |z Fi|  for all z € Qy; in a small fived neighborhood of +i,
IRy (2,€) =0 if z,at elsewhere.

The matriz functions R; : Q. — C, k=1,2,3,4 have boundary values as follows:
(1) When & > —1,

0, 2 €T, ()T (2)? .
Baz) = {M sz(z):{W’ 2 € R,

z € iRt
1—p(2)p(z)’ < IR, 0, z € Y,
0, z € T3, PAT-(2) e
R3(z) = ¢ p(2)T4(2)? Leip-. PR =q1-p(2)p(2)’ ’
1—p(2)p(z)’ ’ 0, z € Xy.

R; have the following properties: For j =1,2,3,4,

|OR;(2)| S |z Fi|  for all z € Q; in a small fived neighborhood of +i,
OR;(2)| S P (l2])] + 2172 + [0X1(|2)|  for all z € Q.

(2) when & < —3,

_~(Z)T(Z)_2a z € R7, 0, z € Yo,
Fale) = {O=p z € Xy, Ralz) = {—P(Z)T(Z)Za z€R™,
_~(Z)T(Z)_2a KAS R+, 0, z € Yy,
RB(Z) = {O,p . R4(Z) = {—p(Z)T(Z)Q, 2 e RT.

R; have the following properties:

|OR;(2)| < |p;(|z|)| + |z|_% for all z € Q;.

(4.50)
(4.51)
(4.52)

(4.53)

(4.54)

(4.62)
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Proof We give the details for R1; when & € [0,2) only. The other cases are easily inferred.
Using the constants T} (£) defined in Proposition 3.1, we give the extension of Ry1(z,&) on Q;:

Ri1(2,€) = p11 (£, §)T1 (€)% (2 — &)™ EV[1 — cos(ko arg(z — &))]
+ cos(ko arg(z — &1))p11(Re 2, 6)T(2)2. (4.63)

Let z — & = [e¥ = u + vi with ,9,u,v € R. From r € H“*(R), which means p;; € H"(R)
we have [p11(u)| < (1+u2)~2. Then we have (4.56). Since

we have

IR11 = (P11 (w, T (2)* = p11 (&1, OT1(6)* (2 — &) )) D cos (ko))
1
+ §T(2)2p’11(u, €) cos(kov). (4.64)
Substitute (3.14) into above equation, (4.57) comes immediately. And the proof of the properties

for Rg, k =1,2,3,4 is similar in Proposition 4.1.
In addition, from Proposition 2.1, R(®) achieves the symmetry:

— — 1
R (2) = 02 R® (Z)os = 01 R®(—Z)o1 = 03Q_R? (— ;)agQ_. (4.65)

We now use R? to define the new transformation
MP(z) = MY (2)RP(2), (4.66)

which satisfies the following mixed -RH problem.

RHP 2 Find a matrix valued function M) (z;x,t) with the following properties:

» Analyticity: M@ (z;2,t) is continuous in C \ £(?), sectionally continuous first partial
derivatives in C \ (£ U {¢,,C,, }nea) and meromorphic out €.

» Symmetry: M@ (2) = 0o M @) (2)os=01 M@ (—Z)o1 = 1MP (- 1)o30_.

» Jump condition: M3 has continuous boundary values Mf) on 3 and

Mf)(z;x,t) = MEQ)(z;x,t)V@)(z), zen®), (4.67)

where when |£ + 2| < 1,

1 0
(—Cn(z — () 1T (2)e A0 1) as z € OD(Cn, 0), n € V;

1 —C; Mz — ()T 2(2)et0n )

1 as z € OD((y, 0), n € A;

o

V@ (z) = (4.68)

_ = N —1—9 2it0,, =
((1) Cu(z—C,) 1T ()e ) as z € OD(C,, 0), n € V;

1 0 -
c C ito oD A:
(Onl(z —(,)e A0 T2 (2) 1) as z € ID((,, 0), n € A;
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and when [ +2| > 1,
R(Q)(Z)_1|Ek1UEk4

R(2)(2)|Ek2UEks
R (2)" sy usy,

@ (2)I5y,0m,

(Z—Cn) 2(z)etn )

1 0
-C, (Z _C )_1T2(2)e_2it‘9" 1)
Chl(z—C,) 7 <zmm”")

R
(
(v
(s 1
(@Z (e Zn)le‘z”"" T%(2) (1))

» Asymptotic behaviors:

M® () =1+0(=""), z—

Y. L. Yang and E. G. Fan

as z € Xg1 U Dga;
as z € Yo U Dgs;
as z € X, UX,,;

as z € Xj, UXjg;

as z € D, n € V;

as z € dD,, n € A;
as z € 0D, n € V;

as z € 0D, n € A.

oo,

M (z) = éUg}Q_ +0(1), z—0.

» O-Derivative: For z € C we have
M = MPHRA),
where when |£ + 2| < 1,

IR 2it6
(8 8Rj(f))e ) z€9Q;, j=1,3,51,
IR = 0 0 .
<5Rj(z)e—2ite O) . z2€8y, j=2,4,6,8,
0, elsewhere,

and when [ +2| > 1,
O aRkj

8R(2) (Zv f) =

IRy (z
, elsewhere.

2it0

0
_21t0 O),zerj,kzl,...

( M%ZfQW),zeka=L3@>—mk:
0

747 j:274;

4, 7=13

e—2it0 8)7 z € Q, k:274(§>_1)7 k=

(4.69)

(4.70)

(4.71)

(4.72)

(4.73)

4 (£ <-3);

3 (€< -3);

(4.74)
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» Residue conditions: M (? has simple poles at each point ¢, and ¢,, for n € A with

D () — 1 @) 0 0
Res M) = tim M) (¢ o) o) (4.75)
O m=2(F \a2itl,
R%SM(Q)(z): nnzl M<2>(z)(8 CnT éCn)e ) (4.76)
z2=(,, z2—=C,,

5 Decomposition of the Mixed 8-RH Problem

To solve RHP 2, we decompose it into a model RH problem for M*(z) with 9R?) = 0 and
a pure O-Problem with nonzero O-derivatives. For the first step, we establish a RH problem for
the M%(z) as follows.

RHP 3 Find a matrix-valued function M*(z) with the following properties:
» Analyticity: M (z) is meromorphic in C\ ().
» Jump condition: M % has continuous boundary values M on %) and

M(z) = MER) VP (2), 2exn®, (5.1)

» Symmetry: ME(2) = 0o MB(Z)os=01 M (-2)oy = IME( - 1)o30_.
» O-Derivative: IR =0 for z € C.
» Asymptotic behaviors:

M) =T+0(z"Y), 22— oo, (5.2)
ME(z) = éagQ_ +0(1), 0. (5.3)

» Residue conditions: M* has simple poles at each point ¢, and ¢, for n € A with:

R T R 0 0
Res M%) = 1 M) (¢ e o) 654
A =2(F \.2it0,
Res M7 (2) = lim MR(z)<O —CnT (G e ) (5.5)
z=(,, z2—=C,, 0 0

We now use M (z) to construct a new matrix function
MO (z) = MP (2)MF(z) 7, (5.6)
which removes analytic component of M (z) to get a pure d-problem.

0-Problem 4 Find a matrix-valued function M (3)(2) with the following properties:

» Analyticity: M (3)(2) is continuous and has sectionally continuous first partial derivatives
in C.

» Asymptotic behavior:

MO ()~ T+0(z"Y, 22— . (5.7)
» O-Derivative: We have

aM®) (2) = M®)(2)W(z), =zeC,
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where
W(z) = ME(2)dRP () M ()~ 1. (5.8)

Proof By using properties of the solutions M) (z) and M%(z) for RHP 3 and d-Problem
4, the analyticity is obtained immediately. For its asymptotic behavior, from M (2)~! =

(14 272)oa M (2)T 7y we have

lim M® (2) = lim (2 M@ (2))oa (M ()T )
z—0 z—0 1+ 22

= i03Q _02(i03Q_ ) op = I. (5.9)

Since M(?(z) and M*(z) achieve same jump matrix, we have

()M ()M ()M (2)
@)V TIMP @) =T,

MO ()M (z) =

M@
M©
which implies M(®)(z) has no jumps and is continuous on C. We can also show that M) (z)
has no pole. For A € {(,,(,, }nea, let Ny denote the nilpotent matrix which appears in the left

side of the corresponding residue condition of d-problem 4 and RHP 5, we have the Laurent
expansions in z — A,

M®(z) = a()) [ZA_/*A + 1] +O(z - ),
ME(z) = AN [ZA_/*A + 1] +O(z - \),

where a(\) and A(\) are the constant matrices in their respective expansions. Then

MO (z) = {a(/\) [ZA_/*A n 1] }{ [z_i\/; n 1] UQA(A)TUQ} L Oz -

=0(1), (5.10)

which implies that M) (z) has removable singularities at A\. The 0-derivative of M®)(z) only
comes from M (?)(z), because of the analyticity of M*(z). In addition, unlike the zero boundary
case, we must check its property at +i. The symmetries of M) (z) and M*(z) imply that

M®(z) = <i;_7 i‘%”) +0(zFi), (5.11)
= T Fq-t
ME(z) = IeET) (WJ ] ) +0(1) (5.12)

for two constants v and ¢. Then the singular part of M) (z) vanishes at z = =4i by simple
calculation immediately.

The unique existence and asymptotic of M) (z) will be shown in Section 8. Compared with
|€ + 1] < 1, it can be found that its jump matrix V() has additional portion on Yk and X4
in the case of | 4+ 1| > 1. So this case is more difficult to be dealt with. Denote U(n(§)) as the
union set of neighborhood of &; for j =1,--- ,4,

1
= = . — < i - i A y .
Uvm@) =, Y, Ve Ve {z |2 = &| < min {Q, 5, min [G CJI}}, (5.13)



Long-time Asymptotic Behavior for DNLS Equation 925

where n(€) = 0,4, correspond to three cases | + 1| > 1 and [€ + 1] < 1, respectively. The case
n(€) = 0 implies that there is no phase point and U(n(¢)) = (). Then jump matrix V() (z)
outside of U(n(§)) has the following estimates.

Proposition 5.1 For1 < p < 400, there ezists a positive constant K, relied on p satisfying
that the jump matriz V) (z) defined in (4.67) admits

IV (2) = Il Loz \ve,) = Oe07), £ — o0 (5.14)

for j,k=1,---,4. And there also exists a positive constant K, relied on p satisfying that the
Jump matric V@ admits forjk=1,--- 4,

V(@) = Tlzeesy,) = 0™, 1 0. (5.15)

Proof It can be proved simply by using definition of V(%) (z) and Lemma 4.2.

This proposition means that the jump matrix V(2 (z) uniformly goes to I on £\ U(n(¢)).
So outside the U(n(£)) there is only exponentially small error (in ¢) by completely ignoring the
jump condition of M%(z). This proposition enlightens us to construct the solution M*(2) as
follows:

(B M), 2 ¢ Un()),
MR@>‘{E@<Mﬂ”uMW%a, 2 Um(E). (5.16)

Note that, for regions |£ + 2| < 1, M(T)(z) has no jump except the circle around poles not in
A, and it has no phase point, which implies that M (z) = M(")(z). For the region £ +2| > 1,
we decompose M*(z) into two part: M(")(z) solves the pure RH problem obtained by ignoring
the jump conditions of RHP 3, which is shown in Section 6; M'°(z) is a localized model to
match parabolic cylinder functions in a neighborhood of each critical point &;, and further
error function E(z,§) is computed by using a small-norm RH problem. These results will be
shown in Section 7.

6 Asymptotic of N'(A)-Soliton/Breathers Solutions

The propose of this section is to show that M () (z) as solution of the RHP 3 with scatter-
ing data {p(2), {Cn, Cn}nen} given above can approximate with renormalization reflectionless
original RHP 0.

Proposition 6.1 The solution M")(z; D) of the RHP 3 with scattering data D = {p(z),
{Cn,CnYnen} exists and is unique. By an explicit transformation, M) (z;D) can be re-
garded as a reflectionless solution of the original RHP 0 with modified scattering data D =
{0,{Cn, Cn}nen}, where

éulat) = Coexo { = = [ s =) (= - 5:) (6.)

Proof To transform M (T)(z; D) to the soliton-solution of RHP 0, the jumps and poles need
to be restored. We reverses the triangularity effected in (3.23):

ND) = ([]6) MOEr61 e [] =) " (6:2)
neA

nEACn z—1
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with G(z) defined in (3.22). First we verify N(z) satisfying RHP 0. This transformation to
N (z) preserves the normalization conditions at the origin and infinity obviously. Comparing
with (3.23), this transformation restores the jump on ID(,,, 0) and D((,, o) to residue for n ¢ A.
As for n € A, take ¢, as an example. Substitute (5.5) into the transformation:

ResN (HQ) ResM(T() —ESG(Z)_1(H_:—7C,Z)—03

z2=(Cp 2=Cn

neA nGACn z—1

-t (I 80 (o ) (11 25

. 0 0

= zlggl N(z) (Cone—Qiten 0) ‘ (6.3)

Its analyticity and symmetry follow from the proposition of M) (z), T(z) and G(z) immedi-

ately. Thus, N(z) is the solution of RHP 0 with absence of reflection, whose uniquely exact

solution exists and can be obtained as described similarly in [18]. So M (") (2) unique exists.
Denote ¢(z,t; D) as the solution of (1.1) with modified scattering data D, namely,

q(z, t; D) = ILm [2N]i2. (6.4)
In addition, let
¢ (2, ;D) = lim [zMM],. (6.5)
Z—00

Then (6.2) gives
¢ (z,t; D) (H ) (z,; D). (6.6)

neA

The jump matrix V(2 uniformly goes to identity and doesn’t contribute to the asymptotic
behavior of the solution. Define

= min |Im@,| #£0. 6.7
Po neglulg\Alm | # (6.7)

Lemma 6.1 The jump matriz V) (2) in (4.69) satisfies
IVE(2) = Ll oo sy = Oe™20"), (6.8)
where po is defined by (6.7).

Proof Take z € 9D((,, 0), n € V as an example.

IV(2) = Il @p(¢0.0) = IOz = G) T T (2)e 20|
< o le ReCitn) < 2tIm(0n) < o=2p0t, (6.9)

The last step follows from that for n € V, Im#6,, < 0.
Corollary 6.1 For 1< p < +oo, the jump matriz V3 (2) satisfies
||V(2)(Z) - I||LP(E(2)) < er_2p0t (6.10)

for some constant K, > 0 depending on p.
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This estimation of V(2 (z) inspires us to completely ignore the jump condition on M(T)(z),
because there is only exponentially small error (in ). We decompose M (") (z) as

M®(2) = E(z)M{(2), (6.11)
where E (z) is a error function and is a solution of a small-norm RH problem. We discuss it in
the following subsection. Ml(\r)(z) solves RHP 3 with V) (2) = I.

RHP 5 Find a matrix-valued function M/(\T)(z) with the following properties:
» Analyticity: Ml(\r)(z) is analytic in C \ {(n, (), Jnea-

> Symmetry: Ml(\r)(z) = UgM/(\T)(E)ngolM[(\T)(—E)Ul = %M/(\T)( —DosQ-.
» Asymptotic behaviors:

M (2) =1+ 0(=""), 2 oo, (6.12)
M (z) = 2o3Q_ +0(1), z—0. (6.13)
z

» Residue conditions: M/(\T)(z) has simple poles at each point ¢,, and (,, for n € A with:

() 1 (r) 0 0
Res M) = lim MO (g o) o) (6.14)
O m=2(F \a2ith,
Res M{")(z) = lim Mf{)(z)<8 CnT één)e ) (6.15)
z=(,, 2=,

Proposition 6.2 The RHP 5 exists a unique solution.

Proof The uniqueness of solution follows from the Liouville’s theorem. Its exact solution
exists and can be obtained as described similarly in [18].
Case I If A = @, then

M%R@:I+§@Qm (6.16)
no

Case IT If A # @ with Ay = {zj, };1, and Ay = {w;, };2,, then

MO (z) =1+ éagQ_
no o Fs __os Fs
SNz E)(E &)
s=1 Z-Wi, 2 Wig ztwi, 2t Wi,
n1 B Sk B Sk

k=1 z2—2zj, z—Ejk z+z]~,C z+z]~k
ni —q- Bk —q-Sk q- Bk —4—Sk
. Ejkz—l ijz—l Ejkz+l ijz+1
* ZZ[ —4-Sk q- Br T = Zis ’ (6.17)
k=1 Zj, 21 25, 2—1 Zj, 2 +1 zj, 21

where B, = Br(x,t), sk = sk(x,t), as = as(z,t) and ks = ks(x,t) can be obtained with linearly

dependant equations:

. na _ _
1 _9 _o; ) 1 Rh Rp
G () 2™ = g+ (e )
2k h—1 Zjr — Wiy, Zj Wy,
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1 J— J— . .
S S 19— G 19_g;
+Z( l_ 4 l_ _ - q-si )’ (6.18)
= Pk T Fa Zj. + Zjy 25, 2, — 1 Zj 25, + 1

-1 —2 _—2if(z; ap
i T(zj,) e Ginltq __q +Z(z — w; Zj, + W; )
Jk th Jk th
ni - . .
14— 19—
n ( ‘ ﬁl_‘ - Bl—. n .q.ﬁl - ,q.ﬁl 1) (6.19)
=1 Zjx T 241 Zj, + Zji Zji%ge 21 %5k +
and
2 N N
-1 —2_—2i0(w;, Kn Kh
Crrpy T w,) 2o 200 e, = (w — T, T wi )
h=1 s th s th

ni J— J— . .
S S 1g—<1 1g—<1
5> ( B : )
wi, = Zj  wi, +Z5  zywi, =1 zjwi, +1

S (T )
wzs - i wis +E7fh

7fh

+Z( ﬁz BB iq—ﬂz)
= Wi, — Zj w;, + Zj, Zjlwis_l Zjlwis+1

Zh

-1 —2 _—2i0(w;
cian, T(wi,) "e (wis)t g

fork=1,---,n1,s=1,---,no, respectively.

Corollary 6.2 Denote ¢} (z,t) to be the N (A)-solution with scattering data

ﬁ = {07 {Cna én}ne/\}'

By the reconstruction formula (2.67), the solution g} (x,t) of (1.1) with scattering data {0,
{Cn, Cnlnent is given by

G (1) = —i lim 2IM(2)]12. (6.20)
Then in Case 1,
ax(@,t) = q-. (6.21)

And in Case 11,
gp(z,t) = —i lim Z[M( )( )12

Z—00

mn2 1
. _ . _ . Sk
=q_- —i2 R — 21 (g —1_—). 6.22
Remark 6.1 When p(s) = 0, the scattering matrices S(z ) = I, which means ¢_ =
qye?ivoD D). Then in case I, |gh (2,t)| = |g—| = 1 implies that e?»o(P D) =1,s0q_ = g+

Remark 6.2 The N(A)-solution is not A/ (A)-soliton solution. Because when the discrete
spectrum (,, is not on unit circle, it corresponds to breather solution, while when the discrete
spectrum (,, is on unit circle, it corresponds to soliton solution. Suppose that the discrete
spectrum only distributes on unit circle, then it corresponds to pure soliton solution. We
will show that under this assumption, through Beal-Cofiman theorem, the N-soliton can be
expressed asymptotically as a sum (adjusted for boundary conditions) of N simple solitons.
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Consider the original scattering data D*' = {p(2), {¢!, C,,}2Y2} of RHP 0 under this case
with Qf,‘;l = w,, and ;;’LM = —wy, for m =1,---, Ny. For convenience, we assume that only
Im@(w;) = 0. And the solution M) (z; D*!) of the RHP 3 with scattering data D*°' can also
be regarded as a reflectionless soliton solution N*°!(2) = N(z; Db"]) of the original RHP 0 with

modified scattering data D% = {0, {¢s°!, én)2N21. Further, there also has

¢ (z, t; D) = ( 1< ) (,t; D*Y). (6.23)

neEAy
And N®°(z) is also given by
l i > 0(?01 K?Ol a?ol K?Ol
sol(,y — - 0 + tw
NN =4 sosQo+ Y || =R |+ T | (6.24)
=1 z—w; z—w; z4+w; =
with
sol 1
) = ig_wk5. (6.25)

Here, x5°! is solution of the following equation set:

No
. 1 1
sol 2it0(w;) |:1 _ E sol( _ ):| 6.26
/il Cle lq w] j _— — ( . )
JAL =1 Wi Wy Wt
forl =1,---, No. Moreover,
: sol “sol
Zh_{l;o zZ[N*°(2)]12 = ig— + 2 E KO (6.27)
Consider

NSOI(Z) _ Nsol(z) _ iUSQ—

sol K?Ol sol “sol

o] o o]
— I—|— E |: z—w; zZ—w; + z+wl zZt+wp . (628)
sol OLSOl K?Ol 0(?ol
z— wl Z—wW; z+w; - z+w;

It is a solution of the original RHP 0 with modified scattering data D! and the absence
of pole at z = 0. Like (3.23), all the residue at discrete spectrum ¢$°!(including n = 1) is
transformed to jump at a small circle around it through

Msol(z) _ TSOI(oo)_USNSOI(Z)GSOI(Z)TSOI(Z)US, (6.29)

where like in (3.8) and (3.22),
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and

0
1e—21t9 1) a“SZED( 50179)7 nev? UA2;

a1y, 2it6,,
<(1) “n (Z 1C")e as z € D(C, 0), n € Ag;
G*l(z) = z 1,2it0,, e
=) <(1) Cn(2 C") ¢ ) aszeD((nl,g), n € Vo U Ag;
0 —sol
——1 R as z € D((,, ,0), n € Ag;
I

as z in elsewhere.

—sol

2N,
Denote OD*°! = L_Jl a(D(¢se, Q)U]D)(Cn ,g)) and 9D = aD(¢°!, 0)UID(C, ,Q)U&D(ClsilN2, 0)U

—sol

OD((yy N, 0). Thus, MSOI(Z) admits the following properties:
» Analyticity: M*°!(z) is analytic in C\ D53
» Jump condition: M=°! has continuous boundary values M5 M:°! on oD(¢, o) and BD(ZZOI, 0)

and
M (22, t) = M= (22, ) V' (2), (6.30)
where
1 0 o
< (2 — G )~ Le=2t0n 1) as z € ID(¢°, ), n € Va;
_ a1, 2it6
(é c(zlgk ) as 2 € ID(CF, o), n € Ao;
Veol(z) = _ _ _ (6.31)
= (7 \—1.2it0, o
<(1) Cn(2 C,i) e ) as z € ID((,, ' ,0), n € Va;
1 0 —sol
<_5;1(z T )2 1) as z € ID((, ,0), n € As.
» Asymptotic behaviors
Msol(z) — I+ (9(2—1)7 23 0. (632)
Then
No .
Zli)ngo 2[M*°Y(2)]10 = H w?‘(z 2&3‘-"1). (6.33)
leAy j=1

By Beal-Cofiman theorem,

Msol(z) — I+ i/ [(1 - Cw)_ll](s)w(s)ds’
8]1))501

2mi s—z

where

wis)=Vel— I, C,f =C_(fw),
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C(f)(s) = lim —— 1) 4,

2 ® 271 Jgpsal § — 2

for any f € L2(0D*). Following the idea of [6], we write

No
w = Zwl, (6.34)
=1

where w;(2) = w(z) for z € IDP!, and w(z) = 0 for z € ID°', n # 1. For | # 1, |w| =
O(e=2r0t) then
1Cun |l 2 (omsety s 22 (omeery = O™ %), [|Cuy [l Loo(omeoty L2 (omeot) = O™ 7).

Therefore, although C,,, and w; do not decay as t — oo, the interaction of between the operator
Cyw, and C,, for [ =1,--- | Ny decay exponentially. Thus,

- 5= -t s e 2poty,
/aDsoJ“ Co) ) (s)w(s)d Z/le 1)(s)wn(s)ds + O(e=2%)

So it is reasonable to separate out the contributions of each jump on 8ID>§°1. For each [ =
1,---, No, consider

]lesol( ) =T+ % - [(1 - Cwls)__lf(s)wl(s) ds

3

which only has jump on 9D;°! with
1
lim z[M”l( V2 =—— [[(1 = C.,) M I)(s)wi(s)]12ds. (6.35)

zZ—00 27 8]]])?01

Similar to (6.2), we restore the jump to poles:

Nsol( ) TISOI(OO)U?’MSOI(Z)G?Ol(z)_lTlSOl(Z)_US, (636)
where when [ € Vo U A, Tls"l(oo) = Tf"l(z) =1 and when [ € A,
2 2
sol 2T W sol —2
17°(z) = W1 17 (00) = w; (6.37)

and

sol sol.
GIP(2) = {? v ZZ z ienHZise;zvhere.
NoY(z) = J\~ff°1(2) +1o3Q- Zli)rglo Nf"l(z) corresponds to the soliton solution of (1.1) with scat-
tering data D! = {0, {wy, &}, {—wy, é4n, }}, and
q(z,t; DY) = —i lim [N 2. (6.38)
Combining above formulae, we deduce that:

¢ (x,t;D) = q_ le + Z wi(q(z, t; DY) — ¢_)
lEAS

+ Z q(x,t; DY) — q_) + O(e2m01), (6.39)
1eVaUA5
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6.1 Error estimate between M (") (z) and M,(\r) (2)

In this subsection, we consider the error matrix-function £ (z) and show that for large times,
the error function E(z) solves a small norm RH problem which can be expanded asymptotically.
From the definition (6.11), we can obtain a RH problem for the matrix function E(z).

RHP 6 Find a matrix-valued function E(z) with the following properties:
» Analyticity: F(z) is analytic in C\ $(2),
» Asymptotic behaviors:

E(z)~I14+0(z"Y), |z = oo (6.40)
» Jump condition: E has continuous boundary values Ei on ¥® satisfying
Ei(z)=E_(2)VE,
where the jump matrix VE is given by
VE(z) = M (2)VP ()M (2)2. (6.41)

Proposition 6.2 implies that Mj(\r)(z) is bounded on (). By using Lemma 6.1 and Corollary
6.1, we have the following estimates

HVE(Z) —1I||z» < HV(Q)(Z) - I”Lp(z(z)\i) = O(e_ont) (6'42)

for 1 < p < 4o00. This uniformly vanishing bound ||VE(Z) — I|| establishes RHP 6 as a small-
norm RH problem. Therefore, the existence and uniqueness of the RHP 6 can be shown by
using a small-norm RH problem

I s E(g) _
E(Z):I+% (2 +n( >S><_vz< ) -1,

s, (6.43)
where the 77 € L#(2()\ i) is the unique solution of the following equation
(1 - Ot = (D). (6.44)
here O : L2(2®) \ B) — L2(X?) \ ) is a integral operator defined by
Ca(N)(z) = O=(F(VE(z) = 1), (6.45)
the Cauchy projection operator C_ on %) \ Y. Then by (6.41) we have

ICEI < NC-[IVE(2) = Illz < O(e™2""), (6.46)

which means ||Cg|| < 1 for sufficiently large ¢, therefore 1 — C is invertible, and 7 exists and
is unique. Moreover,
il sy S ToEl S O() (6.47
Mrzens) ~ T o] ~ ' '

Then we have the existence and boundedness of E(z).
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Proposition 6.3 For E(z) defined in (6.43), it satisfies
|E(z) — 1| < O(e2r0t), (6.48)

As z — o0, the large z expansion ofE 18

E(z)=1+E "' +0(z7?), (6.49)
where
B = _% (I +77(s)) (VE(2) — I)ds, (6.50)
T J»(2)

satisfying long time asymptotic behavior condition
Ey < O(e™2m1), (6.51)
Proof By combining (6.47) and (6.42), we obtain
|B(z) — 1| < |(1 = CR)(@)| + |CE@)| S O(e*"). (6.52)

As z — oo, geometrically expanding (s — 2)~! for z large in (6.43) leads to (6.49). Finally for
FEq,

Bl S IVE () = s + 17l 22 VE(2) = 1|2 S O(e™ ). (6.53)

7 Localized RH Problem near Phase Points

When [£+2] > 1, it is necessary to consider the effect of stationary phase points. Proposition
5.1 gives that out of U(n(&)), the jumps are exponentially close to the identity. Hence we only
need to continue our investigation near the stationary phase points in this section. Denote a

new contour £ = ( |J ;) NU(n(£)) shown in Figure 8. Consider the following RH
k,j=1,2,3,4
problem.

RHP 7 Find a matrix-valued function M'°(z) with the following properties:
» Analyticity: M'°(z) is analytical in C\ %(©).

» Symmetry: M'°(z) = oo M°(Z)oy=01M"(—Z)o1 = LM (- 1)o3Q_.

» Jump condition: M'°(z) has continuous boundary values M(z) on %) and

MP(z) = MRV (2), 2ex®, (7.1)

» Asymptotic behaviors:

M°(z2)=T+0(:z"Y), z— . (7.2)
This RH problem only has jump conditions without poles. The jump matrix V() (z) is a
upper/lower matrix with entry on the diagonal. For k =1,--- .4, we denote
D 2it
(8 R (2 e ) €Sy, j=24,
wy; (2) = (7.3)

0 0

<ij—1Rkj(z,§)e—Qit9 0) , ZE€XE, j=1,3.
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Figure 8 Jump contours ©(© of M'(z). The figures (a) and (b) are corresponding to the cases
—1 < ¢ and € < —3, respectively.

Then V@) (2) = I — wy;(2) for z € Y. Besides, let

W= U S ow@) = Y wi(2), (7.4)
j=1, 4 j=1, 4

wiy (2) = wej (Dlex, Wi (2) = we(2)lex,  w*(2) = w(2)lex. (7.5)

Recall the Cauchy projection operator C on ()

| f(s)
()= T 5 [ (76)
by which, we further define operator
Cu(f) = Cy(fw) + C_(fu™), Cu,(f) = Cr(fwy) + C—(fwy). (7.7)

4
Then Cyp = . Cy, -
k=1
Lemma 7.1 The matriz functions wi; defined above admit the following estimation:
1
||wkj||Lp(Ekj) = O(t 2), 1<p<+o0. (7.8)

This lemma can be obtained by simple calculation. And it implies that I —C, and I — C,,
are reversible. So the solution of above RHP 7 exists uniquely, and it can be written as
1 (I —Cy) Hw
M°(z) =1+ — - ds. 7.9
(Z) + 2mi A(O) §—z § ( )

Next, we show the contributions of every crosses E,(fo) can be separated out.
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Corollary 7.1 Ast — 4o0,
—1 -1
[Cui CusllBr2@yy ST [[CuyCuyll e (s0) s 2(mo) S (7.10)

Direct calculation establishes that

n(®)
(I Cw)(I +3 Co (1 - cwk)—l) - Y CuCuI—Cuy)h
k=1 1<k#j<n(€)
n(®)
(I +3 Cup (I - cwk)—l) ([-Co)=T— Y (I-Cu) 'CuCu,
k=1 1<k#j<n(€)

Then following the step of [6], we derive the following proposition.
Proposition 7.1 Ast — +oo,

n(§)

(I C / I ka Iwk _3
d = —d + Ot 2). 7.11
/E Z s+ o) (7.11)

b s —2Z

So, as t — +oo, we consider to reduce the RHP 7 to a model RHP whose solution can be

given explicitly in terms of parabolic cylinder functions on every contour E,(CO), respectively. And

we only give the details of E:(LO), the model of other critical point can be constructed similarly.
We denote 2§°) as the contour {z = & + lei“’i, I € R} oriented from 2§°>, and X, is the
extension of ¥; respectively. For z near {;, rewrite phase function as

(51)

0(z) = 0(€1) + (2 — €)%0" 22 + O((z — &1)). (7.12)

When £ > —1, 6”(£&) < 0 and when £ < —3, 6”(£1) > 0. It is naturally to consider the following
local RH problem.

RHP 8 Find a matrix-valued function M'*1(z) with the following properties:
» Analyticity: M'°1(z) is analytical in C\ X;.
» Jump condition: M'®1(z) has continuous boundary values M on ¥, and

M_lfl(z) =M )VOlz), ze igo)’ (7.13)
where
VIel() =v@(z), 25, (7.14)
» Asymptotic behaviors:
MY 2)=T+0(:z""), 22— . (7.15)

RHP 8 does not possess the symmetry condition shared by preceding RHP, because it is a
local model and will only be used for bounded values of z. In order to motivate the model, let
¢ = ((2,£) denote the rescaled local variable

C(z,6) = { i —20" (&) (2 — &), £>—1;

(7.16)
20"(&1)(2 — &), €< -3
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. (i
In fact, although when £ < —3, the jump line 2§ )

it to the model pc RHP, the expression of ((z,§) is the same as the case of ¢ > —1. This change

is around the imaginary axis, when we trans

of variable maps U, to an expanding neighborhood of ¢ = 0. Additionally, let

p(&1) T (€)2e™ 210 o= 1w(€) log(=200" (&) ¢ > _7;
7T Loten (et s, £<-3 i
with [pe,| = |p(&1)]. In the above expression, the complex powers are defined by choosing the

branch of the logarithm with —7m < arg( < 7 in the cases £ > —1, and the branch of the
logarithm with 0 < arg( < 27 in the case £ < —3. Through this change of variable, the jump
V1©1(2) approximates to the jump of two parabolic cylinder model problem (depending on &)
as follows: RHP pc: Find a matrix-valued function MP¢(¢;¢) with the following properties:

» Analyticity: MP°((;€) is analytical in C \ £P¢ with XP¢ = {Re?'} U {Re(™=#)1} shown in
Figure 9.

» Jump condition: MP¢ has continuous boundary values MY on XP¢ and

ME(GE) = ME(GOVP(Q), ¢exf, (7.18)

where in the case & > —1,

1 0 ‘
. + ol
= #2iw(E1) o= 5¢3 )
<(1) &6 11 e ) , ¢ € Rte¥i,
VPe((s€) = X . . (7.19)
T —2iv ic2 ) € R-’re e iv
e et 1 ‘
¢ 2iv —i¢
1 1+\Ts11|2< (e3¢ ., (eRtelr—ol
0 1
and in the case £ < —3,
__Te —2iv(61) o= 5¢ .
U mmpgpC 77076 ) e Rbes,
0 1
1 0 .
< Tey CQiV(ﬁl)e%C2 1) , C c R+e(27r—50)1’
VPG E) = ¢ \ e l®> . (7.20)
<(1) —Fslﬁ_m’;(gl)e_?g ) ’ ¢ € Rte(m+o)i
1 0 )
. ; Rte(m=¢)i,
<7"£1C2”’(51)e2<2 1) 7 ceRTe
» Asymptotic behaviors:
MP((E) =T+ MPCTH+0(¢C?), ¢ — oo (7.21)

Then [16, Theorems A.1-A.6] proved that as t — oo,

meﬁ4+a%5QM%m[Myu>+me (7.22)
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£e0.2) ce(-10)

Rtelm—®)i Rtevi

Rtelmr—¢)i Rtevi

Rtel—m+¥)i Rte—wi Rte(r+e)i Rte(m—¢)i

(a) (b)

Figure 9 The contour XP¢ in case { > —1 and £ < —3, respectively.

Although the angle ¢ of the jump line is not 7, as we assuming previous, ¢ < 7, by a simple
transformation we can trans the jump to R then restore it on 7. So it can also match the
classical parabolic-cylinder model. Namely, RHP pc has an explicit solution MP°(¢,¢), which

is expressed in terms of solutions of the parabolic-cylinder equation similarly as [16],
0? 1 22
- = Dy(z) = 0.
(5 + (5= % )22

Note that the difference of jump matrices in £ > —1 and ¢ < —3 lead to two parabolic-cylinder
models. The difference of this two pc models is the branch cut of the logarithmic function.
When ¢ > —1, it matches the pc model in [16] while when £ < —3, it matches the pc model
n [15]. A derivation of pc model is given in [6], and a direct verification of this two pc models

is given in [17]. For brevity, denote L, = —i[MP]15 and ' = i[MP%)y;. Therefore, when
é- > _177
~ V27 ifo-m Y - v(&)
Bz = e P T o (7.23)
re, I'(—=iv(&1) Bl
Here, I'(z) is the Gamma function. And when & < —3,
ImeifemF v(&1)
1 31 —v(&1
= : ) = 7.24
12 7‘511—‘(11/(51)) 621 5%2 ( )
Substitute above consequences into (7.22) and obtain:
1 1 -~
t72(=20"(&) "> (0 —ify -
MY (2) =1+ = 2 +oie). 7.25
2 o @ o) rou (7.25)
For the model around other stationary phase points, it also admits
1 1 ~
tE((=1)*20"(&)"F [ 0 —ipF: -
M'F(2) =1+ = 2 +oiut 7.26
) — 3 () (7.26)

for k = 2,3,4. Here, by the symmetry of M'°(z), we obtain that for z € Ug,,

i 1 i 1
M1071(Z) _ i03M1072(_)Q_ — 1M10,3 (_ _)UBQ— — 0—3]\41074(_2)037
z z z z
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which also lead to the relationship of Efg with 5%2 Then together with Proposition 7.1, we
final obtain the following proposition.

Proposition 7.2 Ast — 400,
n(§)

MP(z)=T+t72) Ale) | o), (7.27)
ATk
where
1 —iN}IC
Auoz«—nWM@nrz<$; §”>. (1.28)

8 The Small Norm RH Problem for Error Function

In this section, we consider the error matrix-function E(z;£). When |{+2| < 1 the definition
(5.16) implies that E(z;&) = I, so only the case | + 2| > 1 needs to be investigate. And we
can obtain a RH problem for the matrix function E(z;€) for |£ 4 2| > 1.

RHP 10 Find a matrix-valued function E(z;¢) with the following properties:
» Analyticity: E(z;€) is analytical in C\ ©(¥) where

S = U (&) U (EP\U(©)).
» Asymptotic behaviors:
E(z &) ~T1+0(z™), |z = . (8.1)
» Jump condition: E(z;¢) has continuous boundary values Ey (2;¢) on X(F) satisfying
Ei(z6) = E_(5:)VP(2),
where the jump matrix V(7)(z) is given by

V@N):{MWQHWNAMWQVH 2 €PN\, 8.2)

MO ()M ()M ()71, 2 € dU(©),
which is shown in Figure 10. We will show that for large times, the error function E(z; &) solves

following small norm RH problem. By using Proposition 5.1, we have the following estimates
of V().

exp{—tK,}, 2 € Xy \U((),
V@) =1y S5 orger ; (8:3)
exp{—tK,}, 2€X;.
For z € QU (¢), M(")(z) is bounded, so by using (7.2), we find that
VN (2) = 1] = IMD ()7 (M (2) = DM (z)| = O 2). (8.4)

Therefore, the existence and uniqueness of the RHP 10 can be shown by using a small-norm
RH problem (see [7—8]). Moreover, according to Beal-Coifman theory, the solution of the RHP
10 can be given by

1 (I 4+ w(s))(VE)(s) — 1)

E(z &) =14+ —
(Z’f) +27Ti S(E) s —Zz

ds, (8.5)
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® fm = ®
/// ® 3 ® \\\
| | \
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Figure 10 The jump contour ) for the E(z;€). The blue circles are U(§).



940 Y. L. Yang and E. G. Fan

where the w € LOO(E(E )) is the unique solution of the following equation
(1-Cg)w =Cg(I). (8.6)
Cg is a integral operator: L>(X(F)) — L2(X()) defined by
Cr(f)(z) = C-(f(VP(2) - I)), (8.7)
where the C_ is the usual Cauchy projection operator on X(¥). By (8.4), we have
ICEl < [C-[[[VP(2) = I|l. S O(t™2), (8.8)
which implies that 1 —C'g is invertible for sufficiently large ¢. So w exists and is unique. Besides,

< Cel -
@l S Togge St (59)
In order to reconstruct the solution ¢(z,t) of (1.1), we need the asymptotic behavior of E(z;&)
as z — oo and the long time asymptotic behavior of its coefficient of % term in its expansion
as z — 0o. Note that when we estimate its asymptotic behavior, from (8.3) and (8.5) we only
need to consider the calculation on 9U(§) because the others approach zero exponentially on
other boundary.

Proposition 8.1 As z — oo, we have

E(z¢) =1+ & +0(273), (8.10)
where
Bi=—— [ (14 o(s)(V® = D)ds, (8.11)
27 Jsum

satisfying long time asymptotic behavior condition

E =t 2HY + 0™, (8.12)
in which
4
M 1 M) (s) 7 Ap(M ) (s)
" Z 27 Jour, (s — &) ds

4

== MO(&) T A M (&) (8.13)

k=1

In order to facilitate calculation, denote

fin = [HW]p. (8.14)

9 Analysis on the Pure 8-Problem

Now we consider the asymptotics behavior of M) (z). The d-problem 4 of M®)(z) is
equivalent to the integral equation

M(3)(Z) =T+ l M(B)(S)W(S)

™ Jc zZ— S

dm(s), (9.1)
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where m(s) is the Lebesgue measure on the C. Denote C, as the left Cauchy-Green integral

operator with
re) =1 [ L g

Then (9.1) can be rewritten as

MO () =T-(I-C,)". (9.2)
The existence of operator (I — C,)~! is given by the following lemma.

Lemma 9.1 The norm of the integral operator C, decays to zero as t — oo :
Il oo SE72, (9.3)

which implies that (I — C,)~! exists.

Proof For any f € L™,

1£C e < It [ VO g,

7 Jo |z — s
where W (s) = M) (s)dR®) (s)M (") (s)~1. So we only need to estimate the integral

1 —|W(S)|dm(s)

T Jo |z — s
Since W (s) = 0 out of 2, we only need to focus on the estimation of

LG,

T Jo |z — s

Unlike the zero boundary case in [16], here det M(")(z) = 1 + 272, and Proposition 6.1 implies

that |[M ™) (2)| < +/1+ 2|72 So

1 |W(S)|dm(s)§ l/ |5R(2)(S)|1+|8|_2dm(8)- (9.4)
Q

T Jo lz— s T [z —s| [14+s72

Note that, in the case | + 2| > 1 and the case |£ + 2| < 1, there are different kinds of © and
OR®@ . So it needs to be discussed separately.

(1) Case € +2| < 1.
For j = 1,4,5,8, |M()(z)] is bounded in Q;. But when z € Q; for j = 2,3,6,7, the singularity
at z = 41 needs to be treated more carefully. So in the following calculation, we take 25 in the
second case as an example, because it is more elaborate than €; for j = 1,4,5,8. Denote three
sub-regions of (), as

Dlz]D)(O,l—EQ)ﬂQQ, DQ:D(O,l—FEQ)\D(O,l—EQ)ﬂQQ,
D3 = QQ \ ]D(O, 14+ 80). (95)

W,

|z — s
|ORP) (s)] 1+ |s|2 .
I, = d fori=1,2,3. 9.6
/Di T8 T+ m(s) for i (9.6)

Then the integral [, m(s) is divide to three parts:
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Let s = u +vi = re'?, 2 = ( +in. In the following calculation, we will use the inequality

aq

s ==t ey = { [ [(52) 1] AL - sle-¢ 0)

With1§q<+ooand%+%:1. For s € D3, |s| > 1+ €g, then

L+|s|72  1+4]s)? 2
<14+ 5—— <. 9.8
1+s72 " [s]2—1 +a§+250 > (98)

Then together with (4.14), we have

ER(Q) ER 2it0
I3 < / ﬂdm(s) - / %dm(s)_ (9.9)
o lz—s| o 2=
Moreover, by Lemma 4.1,
|e2it9| < e—csinQﬂF(r)2 < e—2cuv < e—QCu7 (910)

where ¢ is a positive constant, and the last step follows form

v > max{1+ao,

u }21+60>1.
tan ¢

Substitute (4.19) and above inequality into (9.9) and obtain:

+oo +oo —4cut “+oo +oo —2cut
e
I3 < / / P> |1;l dvdu—!—/ / |T| —— dvdu

tan ¢
/+Oo /+Oo o2 r)le 2 — o dvdu
Iz - SI '

tan ¢

By Cauchy-Schwarz inequality, the first term has

/+oo /+oo |p2 17. |€ 4cut dvdu
|z — s

o A e P
0

oo 1 1
< / e Uty — g|"2du St 2. (9.11)
0

So does the last term. Before we estimate the second term, we consider for p > 2,

e 2 2|—L % +oo P11 % 141
(/ |u® +v |_5dv) = (/ |r|~ 2y~ dr) Suzte, (9.12)

Tan ¢ Sin @

Then

I v < [ Wz ol o e
|z — s] ~Jo Bl teo) e

tan @

T et s~ 3+s !
S/ e "My — x| Py 2T rdu S T2 (9.13)
0
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Combining above inequalities we finally have I3 < t=%. As for I, the singularity at i can be
balanced by (4.20), and recall that 1 > g9 > 0 with (1 —&g) cos¢ > 1,

—QCut 1 2 —QCut
IQN// 5P Godu < // gy udu
|z —s| |s+1i] |z — s]

< / |u — x|_%e_2wtdu <toe. (9.14)
0

Finally, consider Iy, similarly we have

1—eo 1—eo e—2cut
LS / / (i) + I~ + X)) e, (9.15)
which can be estimated same as I3.
(2) Case [€ +2| > 1.
The proof in region ;5 containing z = +i is similar as above case |{ 4+ 2| < 1. By Lemma 4.2
and (4.57), the other region can be estimated similarly as [16]. So the proof is completed.

As z — oo, M(3)(2) has asymptotic expansion:

MP (1)

M® () =T —
(2) :

+O(2), (9.16)

where Ml(B) is a z-independent coefficient. The asymptotic behavior of Ml(B) is given by the

following proposition.

Proposition 9.1 As z — oo, the expansion above holds with

MO (1) = 1 / MO ()W (s)dm(s). 9.17)
T Jc

There exist constants Ty, such that for all t > T, Ml(?’) (x,t) satisfies
M ()] 1 (9.18)

Proof Lemma 9.1 and (9.2) imply that for large ¢, | M) (2)| =~ < 1. The proof proceeds
along the same lines as the proof of above proposition. Like in the above proposition, the two
cases need to be discussed separately. When |£ + 2| < 1, for the same reason, we only estimate
the integral on €2s.

1

1 — | -2
L[ OO < 5 [ BRy(s)ete LT
i Qo a Qo

T 8_2|dm(s). (9.19)

Let s = u +vi = reV. And we also divide right integral of above inequality to three parts

1+ |s|72

T S_2|dm(s). (9.20)

1 _ .
Lz =2 / DRy (s)e* ")
Vi D;

For 14, |;Sr|5‘ ] < 00, SO

+oo oo too  ptoo
I, 5/ / Ip5 (ir) e _QC“”tdvdu—F/ / |T|" —2ewt qyduy
O u

tan
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+oo  ptoo
w0 ] e 021
0 fan g
Note that
“+oo % +oo % L
(/ e—2cuvtqd,u) _ (/ e—2cuthd(20uvtq)) (2Cth)_E
5 e_c/u2t(ut)_%7 (922)

where ¢’ is a positive constant. Then the first integral in (9.21) have

+oo +o0 L +oo B - 3
/ / [P (i) e dudu < ¢ / 172 gmyu” 7o~ tdu S 5.
0 tang 0

The last integral can be bounded in the same way. To estimate the second term, we also use
Cauchy-Schwarz inequality for 4 > p > 2 and % + % =1,

“+o00 “+00 i 1 +oo 2 3 72 3
/ / [r|~2e 2 dody <t 7 / urTFem M du St (9:23)
0 u 0

tan ¢

The bound for I, follows in the same manner as for Is. Turning to I5, we also use [0Ra(2)| <
|z — i| and obtain

—2cut 2 2 2
15 5/ ° 1+|S,| dm(s) 5/ / e 2w dydu
by o=l s+ , ),

2
. / (cut) =1 (e=2v*t _ g=deuty gy, < 4=1. (9.24)

3
This estimate is strong enough to obtain the result. And when [€+2| > 1, the regions containing

z = =i are estimated in the same way as above case. Lemma 4.2 and (4.57) give that the other
region can be estimated similarly as [16].

10 Asymptotic for the DNLS Equation

Now we begin to construct the long time asymptotics of the DNLS equation (1.1). Inverting
the sequence of transformations (3.23), (4.66), (5.6) and (6.11), we have

M(z) = T(c0)7* M@ ()M (2) R®) (2) 71T (2)~7%. (10.1)

To reconstruct the solution ¢(z,t) through (2.67), we take z — oo out of Q in above equation.
In this case, R(?)(z) = I. When |¢ +2| < 1, using Propositions 3.1, 6.3 and 9.1, we deduce that

M(2) = T(00)* (I + My ()2 ) E(2) M (2)

7o) (1427 o [log(1 = pl)ple))ds)  +OGT), (10

which admits long time asymptotics

M(2) = T(o0)* MY (2)T(00) 7 (14 27 / log(1 = p(s)p(s))ds)

1
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+O0("2)+ 0@ 1).
From (2.67),
q(z,t) = —iZILI&[ZM]lg
= T(c0)2¢} (z, ) + Ot 1), (10.3)
where ¢} (z,t) is given in Corollary 6.2. And when [§ + 2| > 1, we also have
M(2) = T(00)™ (I + M{” (2)2" 1) B(2) B(z) M} (2)
T(oo) s (1427 5 /R log(1 — p(s)a(s)ds) " +OET). (104)
Propositions 3.1, 6.3, 8.1 and 9.1 give that as t — oo,

H®
z

M(2) = T(00)™ (T + 73— ) M{ ()T (00) ™

From (2.67),

q(z,t) = —1 lim [z2M]12

Z—00

= T(00) " 2qj (x,1) — t~Fifyy + O(t™F) (10.5)

with f11 defined in (8.14). Therefore, we achieve main result of this paper.

Theorem 10.1 Let q(x,t) be the solution for the initial-value problem (1.1) with generic
data uo(x) admitting Assumption 2.1 and scatting data {r(z),{Cn, Cn )21 F2N2Y - Lot ¢ = 7.
Denote ¢ (z,t) to be the N'(A)-solution corresponding to scattering data {0,{(pn, én}nent shown
in Corollary 6.2. And A is defined in (3.3). There exists a large constant Ty = T1(§) for all
T <t— o0,

(1) when |€+2| <1,

g(w,t) = T(00) g (w, ) + Ot 1); (10.6)
(2) when [€+2|>1,
qlz,t) = T(c00) 2¢h (z, 1) — t2if11 + Ot~ 1), (10.7)

where g} (x,t), T(z) and f11 are shown in Propositions 3.1, Corollary 6.2 and (8.14), respec-
tively.

Corollary 10.1 Suppose that the simple poles only distribute on unit circle, there exists a
large constant Ty = T1(€) for all Ty < t — o0,
(1) when € +2]| <1,

No
q(z,t) = T(OO)‘Z(q— [Tw! + > wita(z.t; DY) = q-)
=1 lEAS
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+ Y (@ sDfY) —qo)) + 067, (10.8)

leVa2UA2

(2) when € +2| > 1,

No
a(w,t) = T(00) 7 (a- TTwi + > wittale,t: D) — 0-)
=1 leAy

+ Y (et DR) —g)) —t R+ 0, (10.9)
1eVaUA2

where q(x,t; D) is the soliton solution defined in Corollary 6.2 with scattering data Dj°' =
{07 {wl7 él}a {_wla él"t‘Nz}}'

tial

The long time asymptotic expansion (10.8)—(10.9) shows the soliton resolution of for the ini-

value problem of the derivative nonlinear schrodinger equation, which can be characterized

with an A (A)-solution whose parameters are modulated by a sum of localized soliton-soliton

interactions. Our results also show that the poles on curve soliton solutions of the derivative

Schrédinger equation has dominant contribution to the solution as ¢t — oco.
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