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Abstract In this paper, the authors establish a generalized maximum principle for pseudo-
Hermitian manifolds. As corollaries, Omori-Yau type maximum principles for pseudo-
Hermitian manifolds are deduced. Moreover, they prove that the stochastic completeness
for the heat semigroup generated by the sub-Laplacian is equivalent to the validity of a
weak form of the generalized maximum principles. Finally, they give some applications of
these generalized maximum principles.
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1 Introduction

In 1967, Omori [22] first introduced a generalized maximum principle on a complete Rieman-
nian manifold with sectional curvature bounded below, that is, on such a Riemannian manifold
N, for any C? function v : N — R which is bounded from above, there exists a sequence
{zr} C N such that

lim w(xy) = supu, klim |[Vu(zg)] =0, limsupHess(u)(Xy, X;) <0 (1.1)
M — 00

k— o0 k—o0

for any X, € T,, N with | X%| = 1. Later, Yau generalized it to a complete Riemannian manifold
with Ricci curvature bounded below (cf. [7, 36]), where the conclusion (1.1) was modified to

lim w(xy) = supu, klim [Vu(zg)| =0, limsup Au(zg) < 0. (1.2)
M — 00

k—o0 k— o0

Since then, these maximum principles have been extended by several authors (cf. [3, 6, 18, 24,
26, 33], etc.) and have become an important analytical tool in differential geometry. Further-
more, Pigola, Rigoli and Setti [23] proved the equivalence between the stochastic completeness

of a Riemannain manifold and the validity of a weak form of the above maximum principles.
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The present paper is mainly devoted to the study of generalized maximum principles and
stochastic completeness for pseudo-Hermitian manifolds. For the convenience of readers, an
introduction to pseudo-Hermitian geometry will be presented in Section 2, and the definition
of stochastic completeness for pseudo-Hermitian manifolds will be given in the front part of
Section 4. Roughly speaking, pseudo-Hermitian manifolds are CR manifolds of hypersurface
type with positive definite pseudo-Hermitian structures (see Section 2 for the precise definition).
Let (M?™+1 H, J 6) denote a pseudo-Hermitian manifold, where (H,J) is a CR structure of
type (m,1) and 6 is a pseudo-Hermitian structure. It carries a positive definite Levi form
Ly on H which is induced by the complex structure J and the pseudo-Hermitian structure
0. Furthermore, on a pseudo-Hermitian manifold, there is a natural 2-step sub-Riemannian
structure (H, Lp) which induces the Carnot-Carathéodory distance r.. on M. So we can see
that the pseudo-Hermitian manifolds carry rich geometric structures.

In this paper, firstly, by using a similar method as in [24], we establish a generalized max-
imum principle for pseudo-Hermitian manifolds (see Theorem 3.1). Consequently, in terms
of the sub-Laplacian and Hessian comparison theorems, respectively, we obtain the following

generalized maximum principles of Yau and Omori types, respectively.

Theorem 1.1 Let (M>™*1 H, J,0) be a complete pseudo-Hermitian manifold with pseudo-
Hermitian Ricci curvature bounded below and ||Allcr bounded above where A is the pseudo-
Hermitian torsion. Then for every C? function w : M — R which is bounded from above, there

exists a sequence {xy} C M such that

lim u(xg) =supu, lim |[Vu(zg) =0, limsupAyu(xg) <0, (1.3)
k—o0 M k— o0 k— o0
where the norm | - | is induced by the Webster metric go, and Ay is the sub-Laplacian (see

(2.21)).

Theorem 1.2 Let (M?™*1 H, J.0) be a complete pseudo-Hermitian manifold with hori-

zontal sectional curvature KX . bounded below and || A||c1 bounded above where A is the pseudo-

Hermitian torsion. Then for every C? function u : M — R which is bounded above, there exists

a sequence {xy} C M such that

lim wu(xy) = supu, klim |Vu(zg) =0, limsupReVdu(Xg, Xx) <0 (1.4)
M — 00

k—o0 k—o00
for every Xy, € Ty oM, with | Xy| =1, where ReVdu(Xy, Xx) is defined as in (2.19).

Moreover, we study the relationship between the generalized maximum principles and s-
tochastic completeness for the heat semigroup generated by the sub-Laplacian. Indeed, we
prove that the stochastic completeness of a pseudo-Hermitian manifold is equivalent to the
validity of a weak form of the generalized maximum principles, which is a pseudo-Hermitian
form of [23, Theorem 1.1].

Theorem 1.3 Let (M?™+1 H,.J,0) be a non-compact pseudo-Hermitian manifold. The

following statements are equivalent:
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(1) M is stochastically complete.

(2) For every A > 0, the only nonnegative bounded C? function on M with Ayu = \u is
0.

(3) If u is a C? function on M with s&pu < 400, then iélf Ayu < 0 for any o > 0, where

u

Qo ={z€M: u(z)>supu—a}.

(4) For anyu € 02(MA)4 with supu < +o00, there exists {x,} C M such that u(zy,) > supu—1
and Apu(x,) < % Y Y

At last, we will give two applications of the generalized maximum principles for pseudo-
Hermitian manifolds, which are similar to some results in Riemannian case (cf. [26, 32], ect.).
One is to study differential inequalities on a pseudo-Hermitian manifold, and the other is to

investigate the obstruction of pseudo-Hermitian scalar curvature to CR conformal deformations.

2 Preliminaries

In this section, we present some facts and notations in pseudo-Hermitian geometry (cf.
[4, 13]).

A CR manifold is a real smooth orientable 2m + 1 dimensional differentiable manifold M
equipped with a complex subbundle T} gM of complex rank m of the complexified tangent
bundle TM ® C such that

Ty oM NToa M = {0}, [D(T1.oM),T(Ty0M)] C T(Ty0M), (2.1)

where Ty 1M = T ,0M. The subbundle T oM is called a CR structure on M. The CR structure

corresponds to a real 2m-distribution, called Levi distribution, which is given by
H = RG{TL()M D Tg_rlM}. (22)

Clearly, H carries a natural complex structure .J, which is defined as J(X + X) = v/—1(X — X)
for any X € T oM.

Since both M and H are orientable, there is a global nowhere vanishing 1-form 6 such that
H = ker 6. Such a section 6 is called a pseudo-Hermitian structure of M, and the corresponding

Levi form is defined as
Lo(X,Y)=do(X,JY) (2.3)

for any X,Y € H. The second condition in (2.1) implies that Ly is J-invariant, and thus
symmetric. If the Levi form Lg is positive definite on H, (M?™+! H J) is said to be strictly
pseudoconvex. Such a quadruple (M?™*1 H,.J, ) is called a pseudo-Hermitian manifold.

The non-degeneracy of Ly on H implies that all sections of H together with their Lie brackets
span T, M at each point € M. In fact, (M>™*1 H, Ly) is a 2-step sub-Riemannian manifold.
A Lipschitz curve v : [0,1] — M is said to be horizontal if 7/(t) € Hy) a.e. in [0,1]. From the
well-known theorem of Chow-Rashevsky (cf. [9, 25]), it follows that for any two points p,q € M,
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there is a horizontal Lipschitz curve joining p and ¢. Consequently, the Carnot-Carathéodory

distance is defined by

!
Tee(p,q) = inf {/ vV Lo(y',4")dt | v:[0,l] = M is a horizontal Lipschitz curve,
0
7(0) =p, v(1) = q}7

which induces to a metric space structure on (M2?™+1 H Ly).
For a pseudo-Hermitian manifold (M?™+1 H, J,0), there is a unique globally defined nowhere
zero tangent vector field £ on M, which is called the Reeb vector field, such that

Consequently there is a splitting of the tangent bundle 7'M,
TM=H&®L, (2.5)

where L is the trivial line bundle generated by £. This direct sum decomposition can induce
two natural projections denoted by ny : TM — H and 7y, : TM — L.
Let us extend J to a (1,1)-tensor field on M by requiring

JE=0. (2.6)
Set
Go(X,)Y) = Lo(ru X, mrY) (2.7)

for any X,Y € T M, then the J-invariance of Ly implies that Gy is also J-invariant. Since Gy

coincides with Ly on H x H, Ly can be extended to a Riemannian metric gy on M given by
go=Go+0®0, (2.8)

which is usually called the Webster metric.

For a pseudo-Hermitian manifold (M?2?™*1 H, .J ), one can define two notions of complete-
ness by using the Carnot-Carathéodory distance r.. of Ly and the Riemannian distance r of
gg, respectively. Actually, they are equivalent, because r.. and r are locally controlled by each
other (cf. e.g., [20]).

On a pseudo-Hermitian manifold, there is a canonical connection preserving the CR struc-

ture and the Webster metric, which is called the Tanaka-Webster connection.

Theorem 2.1 (cf. [34-35]) Let (M?*™*1 H, J,0) be a pseudo-Hermitian manifold with the
Reeb vector field & and Webster metric go. Then there is a unique linear connection V on M
satisfying the following axioms:

(1) VxI'(H) C T'(H) for any X € T(TM).

(2) VJ =0, Vgg = 0.
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(3) The torsion Ty of V is pure, that is,
Tv(X,Y)=2d0(X,Y), and Tv(&,JX)+JTv(E,X)=0
for any X,Y € H.
The pseudo-Hermitian torsion, denoted by 7, is a (1, 1)-tensor on M defined by
T(X) =Tv (£, X) (2.9)
for any X € TM. Set
AX,Y) = go(7(X),Y) (2.10)

for any X, Y € TM. A pseudo-Hermitian manifold is called a Sasakian manifold if 7 = 0 (or
equivalently, A = 0). Note that the properties of V in Theorem 2.1 imply that 7(T} M) C
Tp,1 M and A is a trace-free symmetric tensor field. In addition, one can define the C' norm of

A on an open subset 2 of M as
Al oy = ma{[Allz), 9 Al2)}. (211)

If Q = M, the above quantity is denoted by ||A]|c1 for simplicity.

The curvature tensor R associated with the Tanaka-Webster connection is given by
R(X,Y)Z =VxVyZ -VyVxZ - VxyZ, (2.12)

and set R(X,Y,Z, W) = go(R(Z,W)X,Y) where XY, Z, W € TM. Let {n;}", be a local
unitary frame of 17 oM with respect to the Hermitian structure determined by the Webster
metric and let 19 = £. According to [35], Rapcp, which are the components of R under the

local frame {no, n;, 7;}, have the following properties:
Ri}ki = _ij = _Riﬁk’ Rim = Rk}ﬂ = Rmcj' (2.13)

Similar to the Riemannian case, Barlerra investigated the following sectional curvature of

Tanaka-Webster connection in [1]:
Kiee(0) = —R(u,v,u,v) (2.14)

for any 2-plane o C T,,M, where {u,v} is a gg-orthonomal basis of o. In particular, if 0 C H,
the above quantity is called the horizontal sectional curvature and denoted by K (o). The

Ricci tensor of the Tanaka-Webster connection is defined as
Ric(Y, Z) = trace{X — R(X,2)Y} (2.15)

for any Y, Z € TM. We also have the pseudo-Hermitian Ricci tensor defined by

m

Rz = Ric(ni,n5) = Y Rz (2.16)
k=1
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The pseudo-Hermitian scalar curvature is given by

1 , G
R= §trace(Rlc) = ]; R, ;. (2.17)

For a smooth function w : (M, H, J,0) — R, one can define the Hessian of u with respect to
the Tanaka-Webster connection V by

(Vdu)(Y, Z) = Z(Yu) — (VY )u (2.18)

for Y,Z € TM. Set u,; = (Vdu)(nk, 1), then

ReVdu(X, X) 37 (g XEXT g XEXT), (2.19)

k=1

l\DI»—A

where X = ) Xk, € Th,0M, X! = X!, Let V? be the Levi-Civita connection of the Rieman-

nian manifold (M, gs), and the Hessian of u with respect to V? can be similarly defined as in
(2.18). According to the relationship between V and V¢ (cf. [13, Lemma 1.3]), it is easy to
show that (cf. the proof of [11, Lemma 4.6])

ReVdu(X, X) = %(Vedu(X, X) + VPdu(X, X)) (2.20)

m
for any X = > X% € Ty oM.
k=1
Analogous to the Laplace operator on a Riemannian manifold, there is a degenerate elliptic

operator on a pseudo-Hermitian manifold, which is called the sub-Laplace operator. Precisely,

the sub-Laplacian of u is defined by

Apu = tracer (Vdu) = Z(“kE + ugy)- (2.21)
k
If we choose a local Gy-orthonormal real frame {X,}2", of H defined on the open set

U C M, then the sub-Laplacian of u can be expressed by

2m
Apu = tracey (Vdu) = Z X2u+ Xou, (2.22)

a=1
where Xg = — Z Vx,Xo € H. From the positive definiteness of the Levi form Ly on H, it
follows that Xo, X 1, , Xon, together with their commutators span the tangent spaces at any

point of U, and therefore, A, is hypoelliptic according to [17, Theorem 1.1]. Furthermore, [13,
Proposition 2.3] states that

/(Abu)vdu:—/ Lo(VHu, V7v)dp (2.23)
M M

holds for any smooth function uw,v : M — R, at least one of compact support, where u is the

Borel measure given by the volume form 0 A (df)™ of M.



Generalized Mazimum Principles and Stochastic Completeness 955

At the end of this section, we recall the Folland-Stein spaces briefly (cf. [14]). For any
k € Ny and any p with 1 < p < 400, the Sobolev space compatible to CR structure is defined
by

SPU)={f e LP(U,p) : X5y X, -~ X, f € LP(U,p), s < k, Xy, € {Xo}22 (2.24)
with the norm

[ fllszwy = Ifllzep + 21X Xis - Xi, fllze@wop) (2.25)

where the sum is taken over all ordered monomials X;, X;, --- X;., 1 < s < k of the local

Gy-orthonormal real frame { X, }2™, of H. Such Sobolev spaces are usually called the Folland-
Stein spaces. By partition of unity, we can also define S (€2), where Q is any open subset of
M. Under these generalized Sobolev spaces, we can investigate the existence and regularity of

the solutions of subelliptic equations.

3 Generalized Maximum Principles for Pseudo-Hermitian Manifolds

In this section, we will establish generalized maximum principles for pseudo-Hermitian man-
ifolds.

Theorem 3.1 Let (M?™+1 H,J 0) be a pseudo-Hermitian manifold. Assume that there

exists a non-negative C? function v on M satisfying

wll)n;o v(z) = +o0, (3.1)
V5| < Ay outside some compact subset of M, (3.2)
Apy < BW%G(V%)% outside some compact subset of M, (3.3)

where (3.1) means that ¥n > 0,3 compact set K,, C M such that v(x) > n whenever ¢ K,,
the morm | - | is induced by the Webster metric, VI = wpy o'V is the horizontal gradient, and

A, B are two positive constants, G is a smooth function on [0, +00) with

(i) G(0) > 0, (ii) G’ >0,

G(t2) (3.4)

(iii) G~ ¢ L'(+00), (iv) limsupt < 400

t—+4oo G(t)

Then for every C? function u : M — R which is bounded from above, there exists a sequence
{zx} C M such that

lim u(zy) =supu, lim [VHu(zy)| =0, limsup Ayu(zy) <O0. (3.5)
k—o0 M k—o0 k—00

If, instead of (3.2), we assume that

V| < Ay?  outside some compact subset of M, (3.6)
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then we can strengthen the second conclusion of (3.5) to

lim |Vu(zg)| = 0. (3.7)
k—o0
If, instead of (3.3), we suppose that
ReVdy(X,X) < B’y%G(”y%)%|X|2 outside some compact subset of M (3.8)

for every X € T\ oM, we may strengthen the third conclusion of (3.5) to

lim sup ReVdu(Yy, Y) <0 (3.9)

k—oo
for every Yy, € Th oM,, with |Yx| = 1, where ReVdu(X, X) is defined as in (2.19).

Proof We define
" 1
(t) = elo G 2ds, (3.10)

which is a well-defined, smooth, positive function satisfying , 1121 o(t) = 4+o00. By a simple
—+o00

computation, we have

¢ (1) =G Fe(t), ¢"(t) < Gt (), (3.11)
and thus,
¢"(t) ()2
w0~ Gw) <0 (3.12)
Using the assumption (3.4) (iv) and the first formula of (3.11), we obtain
¢'(t) 11
o0 < C(tG(t?)) (3.13)

for some positive constant C'. Now let us consider the function on M,

u(z) —u(p) +1
p(y(x))*

where p is a fixed point on M and k € N;. Since fi(p) > 0 and limsup fx(z) < 0, f; attains
xr—r 00

fu(@) = (3.14)

a positive maximum at some point x; € M for each k € N . Then by the maximum principle,

we obtain

(Vlog fi)(wx) =0, (3.15)
Re(Vdlog fi)(Xk, Xi) <0 (3.16)

for every Xy, € Th 0M,, with |Xj| = 1. From (3.15)—(3.16), it follows that

(u(ax) —u(p) + DEOTED G0y (3.17)

Vulee) = o1 ()

| =
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and

Re(Vdu)(Xy, Xp) < l(u(m_u(p)ﬂ){(d’(v(m)) ((15/('7(3%)))2)

k o(v(zr)  \d(v(zk))
<1 Tl + SO RV (1, )
/ T 2
w1 (Gey) e viawr ) 1
Using (3.12),
Re(Vdu) (X1, 5) < = (u(ee) — u(p) + D ZL fRe(vay) (x,. X)
’ ~k o(v(wr)) ’
+ 1 S0 X T @ (3.19)
Taking trace in (3.19), we get
1 @' (y(wx)) 1 ¢'(y())
Apu(wy) < E(u(xk) —u(p) + 1)W{Ab7($k) + EWWHW(%)F} (3.20)
We claim that
lllcfigf u(zy) = S}\l}) u. (3.21)

Indeed, if not, there exists 6 > 0 and some Z € M such that

u(T) > limsup u(xg) + 4.

k— o0

If there is a subsequence {zy, } of {zx}, such that iEva(xk,i) = 400, then for i large enough,

we have

w(@) —ulp) +1 _ w(zg,) —ulp)+1+90
SOENE T ehtm )}

contradicting the definition of xy,. If {zx} lie in a compact set, then up to passing to a

m 1z =T, and thus u(Z) > u(T)+ . On the other hand, since fi(zr) > fr(Z)

kg—i—oo
for each k, we deduce that

fr(@) =

> fr(ww,) (3.22)
subsequence,

u(@ —ulp) +1= I i) > T fu(@) = u(@) - ulp) +1

k— o0

, that is,
u(T) > u(),

which is a contradiction too. Therefore, by choosing a subsequence, we may assume that

lim w(zy) = supu. (3.23)
M

k——+oo

If {x} lie in some compact subset of M, then w attains its maximum at some point, hence the

results of Theorem 3.1 hold by the classical maximum principle. So we just need to consider
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the case that there exists a subsequence {x;} with klim ~y(x) = 400. According to (3.2),
—+o00
(3.13) and (3.17), we have, for k large enough,

V)| < A0 ) _u(f)j L (3.24)
ko G(y(zr)?)?
whose right-hand-side tends to 0 as k — 400. Hence
. H _
kEI-‘,I-loo [VZu(zy)| = 0. (3.25)
From (3.2)—(3.3), (3.13) and (3.20), we deduce that
1 AC?
Apu(zg) < =(u(xg) —ulp)+ 1) BC + —— ), 3.26
vulen) < g (ulaw) — up) + 1)(BO+ sy (3.26)
which shows that
lim sup Apu(zg) <0 (3.27)

k—+oo

proving the results of (3.5), since the right-hand-side of (3.26) tends to 0 as k — +o0.
If we assume that (3.6) holds instead of (3.2), from (3.6), (3.13) and (3.17), we have, for k

large enough,

A — 1
V(g < 28 ) —ulp) (3.28)
ko Gly(aw)?)?
whose right-hand-side tends to 0 as k — +o0o. Hence
lim |Vu(zg)| = 0. (3.29)

k—+o00

If, instead of (3.3), we suppose (3.8) holds, by (3.2), (3.8), (3.13), (3.19) and Cauchy-Schwarz

inequality, it is clear that

[t

— AC?
Re(Vdu) (X, Xi) < —(u(zg) —u(p) + 1) BC + ——— (3.30)
K ( G(v(ﬁfk)i)?)
for each X}, € 11 oM, with |Xi| = 1. Let k — +o00, we get
lim sup Re(Vdu) (X4, Xz) < 0. (3.31)

k—o00

Remark 3.1 (1) The proof shows that we just need v to be C? in a neighborhood of w.
Therefore, using the trick of Calabi (cf. [5]), this theorem remains valid for the important case
y(x) = r?(x), where r(z) is the Riemannian distance with respect to gy from a fixed point o to
x.

(2) Similar generalized maximum principle for Riemannian manifolds was established by
[24].

In order to obtain the generalized maximum principle of Yau'’s type in pseudo-Hermitian

geometry, we need a sub-Laplace comparison theorem as follows.
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Lemma 3.1 Let (M*™ L H, J 0) be a complete pseudo-Hermitian manifold and r be the

Riemannian distance of gg relative to a fixed point xo in M. Assume that
Ric(VH0r, Vo) > —K(n)|VYOr?, (| Al o1 (Beae,r) < L(r), (3.32)

where V101 € T°°(Ty M) is the unique complex vector field such that VHr = V10p + VO1p
and VOir = V10r and K, L are two nonnegative C' functions on [0, +0o0), B(zo,r) = {x €
M: r(z) <r}. Set
1
F(r) = 5 (K(r) +2m*L2(r) + (2m® + 2v2m? — 4m)L(r) + 4) (3.33)
m

and assume that it satisfies that inf % > —oo. Then there exists D > 0 large enough,

[0,+00) F2
having set
1 »
hir) = P 5 VEG)s _ )y, 3.34
"= 577 ) (3.34)
we have

Ayr(z) < Zmi;;((:((;)))) (3.35)

for any x outside the cut locus of xg.

Proof Let e € Ty,M with |e|] = 1, and ~(¢) be a geodesic with respect to Riemannian
connection of gy such that v/ (0) = e. If e # £, we choose the unitary frame field {771 =
W(VHT —V=1JVHr) na, -+ ;mm} of T1 oM on a small neighborhood of 7. If e = &,
we choose any unitary frame field of T3 oM which is also denoted by {11,792, ,7m }. Since

|[Vr| =1 outside the cut locus of g, taking the covariant derivatives and summing yield

Z V1) Z|7“0k|2+2|7“m|2+2|7“m|2
+ Z ToT g + Z T+ Z il (3.36)
k ik ik

N)I)—l

Using the commutative formulas for covariant derivatives (cf. [28]), it is easy to obtain the

following equalities
Z ToT ok = T0 ( Z rkk) + Z ’I”Q?"klAl— + ToTlAlE Lt TOTEAEC + TOTZA;E), (3.37)
ngrikg (Zrkk) + 2\/_Zrkr0k + Zrlr R; 2\/—_127?77142, (3.38)
Zrl T = rz(Zrkk) V—=1(m—1 ernA— - 2\/_2 "o ks (3.39)
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where 4, j,k,l =1,2,--- ,;m. Substituting (3.37)—(3.39) into (3.36) yields

= = (VP + (V) —22|7“0k|2+22|7“m|2+22|%|2
k=1
+(VLpr, Vr) — SIm{ Z rEro;g} + Z 2riri R — 4(m — 2)Im{ Z rkmAlE}
k i

k.l

+ 4Re{ ; T‘QTEAE} + 2Re{ ; rorlAlE_’k} + 2Re{ ; TOTZA;E}' (3.40)

Since Ric(V10r, VO1r) > —K(r)[VYO7 %, | Al ¢t (B(ao,r)) < L(r), and using the Cauchy-Schwarz

and Young inequalities, it follows that

DN —

0> ZL(AZ,T)2 + (VLAr, Vr) — 2mF(r), (3.41)
m

where F(r) is defined as (3.33). Set

f(t) = Ler(y(1), (3.42)
then (3.41) can be written as
0> % F2() + f/(t) — 2mE(t). (3.43)
Set
g(t) = toels T -2, (3.44)
where a = % Since a smooth Riemannian metric is locally Euclidean, we have

limtf(t) = 2m — |re|?, (3.45)
t—0

which implies the function g(t) is well-defined on [0, +00). A simple computation yieds

9(0) =0, (3.46)
y_ [
= — 3.47
9 =59 (3.47)
and using (3.43), we get
g" < Fg. (3.48)
On the other hand, since h defined in (3.34) satisfies h(0) = 0, h/(0) = 1 and
F F’ 1
W' — Fh> [ inf —3+D——} >0 (3.49)
\/ F(O) [0,400) 2F'2 D

for D > 0 large enough. Define

o(t) = (gh’ — g'h)(t). (3.50)
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From (3.48)—(3.49) and h > 0, it follows that

P'(t) = gh" — g"h > 0, (3.51)
which implies ®(t) > tli%f1+ ®(t) =0, i.e., gh' — g’h > 0. Therefore,
—
g/ h/
f@)=2m=(t) < QmE(t). (3.52)
)

In particular, if K(r) = k; > 0 and L(r) = ko > 0 in Lemma 3.1 where k1, k2 are constant,

then we have the following corollary which has been proved in [8].

Corollary 3.1 Let (M?™+L H, J,0) be a complete pseudo-Hermitian manifold with pseudo-
Hermitian Ricci curvature bounded below by —k1 < 0 and ||Al|c: bounded above by ko > 0. Let
r be the Riemannian distance of go relative to a fixed point xo. Then for any x € M which is

not on the cut locus of xg, there exists C = C(m) such that

1
Apr(z) < C(; /14 Ey + ko +k§).

By Remark 3.2 (3.1), taking v(z) = 7?(z) and G(r) = r?> + 1 in Theorem 3.1, and combin-
ing with Corollary 3.1, we have the generalized maximum principle of Yau’s type in pseudo-

Hermitian geometry as follows.

Theorem 3.2 Let (M?™*1 H,.J 0) be a complete pseudo-Hermitian manifold with pseudo-
Hermitian Ricci curvature bounded below and || Al|c1 bounded above. Then for every C? function
u: M — R which is bounded from above, there exists a sequence {x} C M such that

lim u(zk) =supu, lim |Vu(xg)| =0, limsup Ayu(zg) <O0. (3.53)
k—oo M k—oo k—00
Furthermore, if we strengthen the curvature condition, the conclusion of Theorem 3.2 will

be stronger. For establishing the generalized maximum principle of Omori’s type in pseudo-

Hermitian geometry, we need the following Hessian comparison theorem.

Lemma 3.2 (cf. [11]) Let (M?™*1 H, J,0) be a complete pseudo-Hermitian manifold with
horizontal sectional curvature KX . bounded below by —k; < 0 and ||Al|cr bounded above by
ko > 0. Let r be the Riemannian distance of (M, gg) relative to a fized point xy. Then there

exists a positive constant D = D(m, k1, ke) such that
ReVdr?(X,X) < D(1 +7)|X|?

holds outside the cut locus of xo for every X € T4 oM.

Taking v(z) = 72(x) and G(r) = r?>+1 in Theorem 3.1 again and combining with Lemma 3.2,
we obtain the generalized maximum principle of Omori’s type in pseudo-Hermitian geometry

as follows.
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Theorem 3.3 Let (M?™ L H, J,0) be a complete pseudo-Hermitian manifold with hori-
zontal sectional curvature K. bounded below and || Al bounded above. Then for every C?
function u : M — R which is bounded from above, there exists a sequence {xx} C M such that

lim w(zy) = supu, klim |Vu(z)| =0, limsupReVdu(Xy, X;) <0 (3.54)
M —00

k—o00 k—o00

for every Xy, € Ty oMy, with |Xx| = 1.

4 Stochastic Completeness for Pseudo-Hermitian Manifolds

In this section, we will introduce the stochastic completeness for pseudo-Hermitian man-
ifolds, and give the relationship between the generalized maximum principles and stochastic
completeness.

Firstly, we construct the heat semigroup associated to Aj on a pseudo-Hermitian manifold
(M?™+L H.J ). According to (2.23), A, is symmetric and non-positive definite on the space
C§°(M). Set

PWhA(M) = {u € L*(M,p) : V7ue L*(M,p)},
bWol’Q(M) = closure of C§°(M) in "W (M) with respect to || - lew2a),
W) — {0 £ WML e 120010}

where (1 is the Borel measure given by the volume form 6 A (d6)™, || - [[sw1.2(ar) is @ norm on
YW L2(M) defined by

HquWL?(M) = [lullZ2arp + 1Vl 7200,y (4.1)

Similar to [16, Theorem 4.6], the operator Ab|cg°(M) can be uniquely extended to the operator
Ab|bwoz,z( M) which is self-adjoint and densely defined in L?(M, ). This result can be proved by a
small modification of the second proof of [16, Theorem 4.6]. Then, by the spectral decomposition
theorem, A, can be expressed by A, = — [ AdE) in L2(M, ), where {E\} is the spectral
resolution. Define the heat semigroup (P )¢>0 by P = — fooo e MdAE), and it is a one-parameter

family of bounded operators on L?(M, 1) (|| P;|| < 1) which have the following property.

Theorem 4.1 The solution of the parabolic Cauchy problem

%—Abuzo in M x RT,
ot (4.2)
u(z,t) L, f(x) as t — 0+,

that satisfies ||u(-,t)|| L2 < oo is unique and given by u(xz,t) = P, f(x). Furthermore, from the
hypoellipticity of 2 — Ay, it follows that u(z,t) = P, f(z) € C>°(M x RT).

Remark 4.1 When (M, gy) is complete, the above theorem has been discussed in [2], but the
completeness is not really necessary. The above theorem may be deduced from [16, Theorems
4.9-4.10).
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On a pseudo-Hermitian manifold, there is a positive smooth kernel associated with P;.

Theorem 4.2 Let (M*™*+1 H, J,0) be a pseudo-Hermitian manifold and P; be the heat
semigroup on L? associated with Ay,. Then there exists a so-called heat kernel p;(x,vy) satisfying

(1) pe(x,y) is a positive C° function on RT x M x M.

(2) pe(z,y) = pe(y, @).

(3) Sy pe(z,y)du(y) <1 for all x € M and t > 0, such that

Pof(x) = / P ) £ (9)day) (4.3)
M
for any f € L2(M, ).
(4) For any f € C§°(M),
Pf(x) = /M Py f@)duty) S f@) ast - 04, (4.4)

ie., tlir& |Pef — fllerxy =0 for any compact subset K of M and any k € N.
—

Remark 4.2 Although (1) — (3) were proved in [31] under the assumption that the Carnot-
Carathéodory distance is complete, the completeness is not really necessary. The existence
and related properties of the heat kernel may be established by an exhaustion method through

precompact domains as in the Riemannian case (cf. [10, 16]).

Proof of Theorem 4.2 Let us show the conclusion (4). If f € C§°(M), then f € dom L*
for any k € N+ where L = AblbW§‘2(M)’ namely,

/ MEA||Exf]1? < 4o0. (4.5)
0

According to the spectral theorem, we have

L’ff:/ooo NedEy f (4.6)

and
LFPf = /0 - Nee AR, f, (4.7)

thus,
IZ RS = Dl = [ A= PAE P 0 (13)

as t — 0+ for any k € N+, since the dominated convergence theorem. Set v = P.f — f,
by Theorem 4.1, we have v € C°(M x R*), and thus L*v € L2 (M, u). Using the interior

loc

regularity result for Ay (cf. [29, Theorem 18]) yields that for any Q' CC Q" CC M, there exists
a constant C' > 0 such that

IL5 0l s2 @y < CUILY 2y + 157 olls2 @), (4.9)

2(i—1)
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where i = 1,2, --- , k. Therefore,

k
[vllsz, @y < CZ I1L"]| L2y (4.10)
1=0
for any positive integer k. By the embedding theorem S, () C Wh2(QY) c C*(Q) (k >
s+ 21tL) (cf. [14, Theorem 19.1]) where W*2(Q)') is the classical Sobolev space, we have

k

o) S CY L pagny =0 (4.11)
=0

[l

as t — 0+, due to Theorem 4.1 and (4.8). Hence, v = P, f — f S 0ast— 0+

Using the identity (4.3), we can extend the definition of the operators P; as follows. Set

Pof(x) = /Mpt<x7y>f<y>du<y> (4.12)

for any function f such that the right hand side of the above identity makes sense. So the
operators P, transform positive functions into positive functions and satisfy 0 < P,1 < 1.
Furthermore, we can solve the Cauchy problem (4.2) when f is a bounded continuous function
on M by using the heat semigroup P, whose proof is similar to [16, Theorem 7.16 and Corollary
8.3].

Theorem 4.3 For any bounded continuous function f on M, u(x,t) = P.f(z) is a bounded
C>®(M x RT) solution of

ou
— —Apu=0 inMxRT
ar o AR (4.13)
u(z,t) = f(z) ast— 0+,
where the initial condition means that tli%1+ |lu(z,t) — f(x)l[coxy = O for any compact set
—

K C M. If, in addition, f >0, then u(t,z) = P,f(x) is its minimal nonnegative solution.

Analogue to the stochastic completeness in Riemannian Geometry, one can also introduce

a similar definition for pseudo-Hermitian manifolds.

Definition 4.1 A pseudo-Hermitian manifold (M, H, J,0) is said to be stochastically com-
plete if P,1 =1 for all t > 0.

Remark 4.3 By the semigroup property of P, one can show that P,1 =1 for all ¢ > 0 if
and only if P1(z) =1 for some (z,t) € M x R (cf. [15, Theorem 6.2]).

Now we discuss the relationship between stochastic completeness and generalized maximal

principles. For this purpose, we need the following lemmas.

Lemma 4.1 Let Q be a relatively compact connected open subset of a pseudo-Hermitian
manifold (M?™*Y H,J 0). Let Lu = Ayu — Au, where \ is a positive constant. If u is a
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YWL2(Q) function satisfying

Lu>0 inQ, (4.14)
u<0 mod®W,?(Q), (4.15)

where (4.14) is understood in the sense of distributions and the boundary condition (4.15) means
that v < ug for some ug € bWOl’2(Q), then uw < 0 in Q.

Proof By a small modification of the proof of [16, Lemma 5.12], it is easy to show that
(4.15) holds if and only if u; = max (u,0) € *W,"*(). Hence, taking uy as a test function of
(4.14) yields

—/(zLe(VHU,VHu+)du - A/{zuu+du > 0. (4.16)
Since
VHy, — {VHu %fu>07 (4.17)
0 if u <0,
we have
/Q IV uyPdp < —/\/Q(u+)2du <0. (4.18)

On the other hand, by the Poincaré inequality (cf. [19]), there is a constant C' > 0 such that

/|VHu+|2d,uZ C’/(u+)2d,u. (4.19)
Q Q

Combining (4.18) and (4.19) yields that uy =0, i.e., u < 0.

Lemma 4.2 Let (M*™* H, J,0) be a non-compact pseudo-Hermitian manifold. Assume
that H(x,u) is a continuous function on M x R and is locally Lipschitz continuous with respect
to u when = remains in a compact subset of M. If uy and u_ are two C°(M) N bWﬁ)’f(M)

functions satisfying

Apuy + H(z,uy) <0 in M, (4.20)
Apu_ + H(z,u_) >0 in M, (4.21)
uy >u_  in M, (4.22)

then there exists a function u € C°(M) such that

Here (4.20)—(4.21), (4.23) are understood in the sense of distributions.



966 Y. X. Dong and W. K. Yu

Proof Since M is connected and has a countable topological basis, there exists a sequence
{Qi}72, of relatively compact connected open subset of M such that Q, CC Qpq1 and M =

J2%. We firstly construct a solution in 2, by monotone iteration schemes (cf. [21, 27, 30]).
k
Set 7, = minu_, 7} = max ., I, = [r;,r}]. Since H(z,r) is locally Lipschitz continuous

n n
n

with respect to r when z € Q,, there exists A, € RT and H,(z,r) € C°(M x R) such that
H(x,r) = Hy(x,r) — Ay and the function H,(x,r) is increasing with respect to r € I, when

x € Q,. We want to look for a function u,, satisfying
Ayt — Aptin = —Hy(z,un)  in O, (4.25)
u_(z) <up(z) <up(x) in Q, (4.26)

where

H,(xz,r;) ifr<r,,
H,(x,r) =< Hy,(z,7) if r €I, (4.27)
H,(z,r]) ifr>nrt.

In order to find this function, we consider the sequences {v*} C *W2(Q,,) defined for k > 1
by

(A — Apid)o® = —H,,(z,v""Y)  in Q,,
ko U-tuq

vt - =€ "W Q,), (4.28)

’Ug = U_.

From (4.20) and (4.28), we deduce that

(A — Mpid) (v} —ug) > Hy (2, uy) — Hp(z,u—) >0 in Q, (4.20)
vl —uy <0 mod®W, 2 (Q,). '
According to Lemma 4.1, we have
vl <y (4.30)
By (4.21) and (4.28), we get
(Ap — Mpid)(u_ —v) = (Apu_ + H(z,u_)) >0 in Q,, (431)
31
u_ —v' <0 mod’W,%(Q,).
Using Lemma 4.1 again, we have
u_ < wl. (4.32)

Consequently,

u_ < vl <ug. (4.33)
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Iterating the above proceeding gives
u_ <ol <ot <. <. (4.34)

Set u,, = i liril v*. Then by the dominated convergence theorem, we get that u,, is a solution
—+00
of (4.25) and (4.26) in the distributional sense. Hence, u,, solves in the distributional sense the

problem

Apu— H(z,u) =0 in Q,,
(4.35)

u— <u<ug in Q,.

Since u,, € I on Qs for n > 2 and H,,(z,r) € C°(M x R), there exists a constant C' > 0 such
that [|H (2, w, ()| =) < C and ||lu, || L~ (q,) < C for all n > 2. Using the interior regularity
result for the sub-Laplacian operator (cf. [27, Theorem 18]), we get that for any p > 1 and any
relatively compact open set € with 3 CC ' CC Qy, there exists C), > 0 such that

wnll sz ey < Cp. (4.36)

Taking p > 2m + 1 and using the embedding theorem S5(Q') ¢ W'P(Q) cc CO() (cf.
[14, Theorem 19.1]), where W1P(Q') is the classical Sobolev space, we obtain that there is a
function u; € C°(Q) such that

lt,,, — utllco,) — 0 (4.37)

Usv)

as j — oo, where u,, is a subsequence of u,. Then u; is a CP-solution of (4.35) for n = 1.
By repeating the above argument, there is a subsequence Un,, of Up,, converging to ug in
C%(Q2), and uy is a C%solution of (4.35) for n = 2 with us|g, = ui. In this way, we get a
subsequence u,,, - converging to uy in C°(Q), and uy, is a C%-solution of (4.35) for n = k with
uklo, , = ur—1. By a diagonal process, {w, }7o_, is a subsequence of {gnkj }j‘;l for every
k. Thus, we have lim w, = u; on Q for any k. Therefore, u(z) = W}grlwgnmm (z) is a

m—r oo

CP-solution of (4.23) and (4.24).
In particular, taking H (z,u) = Au (A € R) in the above lemma yields the following corollary.

Corollary 4.1 Let (M?™+1 H, J,0) be a non-compact pseudo-Hermitian manifold. If u.
and u_ are two CO(M) N W,22(M) functions satisfying

Apug —Auy <0 in M, (4.38)
Apu_ —Adu_ >0 in M, (4.39)
up >u_  in M, (4.40)

where (4.38)—(4.39) are understood in the sense of distribution, constant A\ € R, then there
exists a function v € C*°(M) such that

Apu—Adu=0 in M, (4.41)

u_ <u<uyp in M. (4.42)



968 Y. X. Dong and W. K. Yu

Proof By Lemma 4.2, we obtain that there exists a function u € C°(M) such that Ayu —
A= 0and u_ < u < wup in M, so it suffices to show u € C°(M). Let x be an arbitrary
point in M and Q be a relatively compact open neighborhood of z in M. Since u € C°(M),
Apu = du € LP(Q2). From the interior regularity result for the sub-Laplacian operator (cf. [27
Theorem 18]), it follows that u € S(1) where x € Q1 CC . Repeating the above argument,
we get that u € S§k+2(9k+1), where z € Qi1 CC Qp CC -+ CC Q; CC Q for any k > 1.
According to S5, 5 (1) € C*(Qg1) (p > 2m + 1) (cf. [14, Theorem 19.1]), u € C*(Qp41)

for k> 1, and thus u is C°° at x. For the arbitrariness of x, u is smooth in M.

Now we can give the main theorem of this section, which is a pseudo-Hermitian counterpart
of [23, Theorem 1.1].

Theorem 4.4 Let (M?*™+1 H,J 0) be a non-compact pseudo-Hermitian manifold. The
following statements are equivalent:

(1) M is stochastically complete.

(2) For every A > 0, the only nonnegative bounded C? function on M with Ayu = \u is
u=0.

(3) If u is a C? function on M with supu < +00, then iélf Ayu < 0 for any o > 0, where

M o
Qo ={z€M: u(z)>supu—a}.
M
(4) For anyu € C?(M) withsupu < +o0, there exists {x,} C M such that u(z,) > supu—=
M M

and Apu(x,) < %

Proof (1) = (2): We prove by contradiction, and assume that (2) does not hold, that is,
there exists a number A > 0 such that the equation Ayr = Av admits a nontrivial nonnegative

bounded C? solution. Then u(z,t) = v(x)e* solves the following problem:

Tl Apu  on M x (0,7,

u(z,t) > v(x) ast—0+.

(4.43)

On the other hand, according to Theorem 4.3, there is another solution w = P,r to the above

problem. Since for any t > 0,

sup |w(z,t)] < sup lv(z |/ pe(x,y)dp(z) = sup |v(z)|P:1 = sup |v(z)] (4.44)
zeM reM xeM
and
sup [u(z,t)] = M sup [v(x)] > sup |v(z)], (4.45)
zeM zEM zeM

we get u(-,t) Z w(-,t) for any t > 0, so the function f = u — w is a nontrivial solution of

of
ot
flxz,t) >0 ast— 0+,

=Ayf onM x(0,7), (4.46)
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where 0 < T' < +o00. Since f is non-zero and bounded on M x (0, T'), we assume that sup f >
M x(0,T)
0Oand sup |f|] <1 Setg=1—f,s0¢g>0and inf ¢ < 1. According to (4.46), it is
M x(0,T) Mx(0,T
easy to see that g # 1 solves
0
a—i =Ayg  on M x (0,T),
gz, t) > 1 ast—0+.

(4.47)

By Theorem 4.3, we obtain that P;1 is the minimal positive solution of (4.47), so P11 < g.
From Mxil(lgT)g < 1, we have there exist some z9p € M and tg € (0,7) such that g(zo,t0) < 1,
hence P, (x70) < 1 which contradicts the stochastic completeness of M.

(2) = (1) : Assume that M is not stochastically complete, namely, 0 < P,1 < 1 for all ¢ > 0

according to Remark 4.3. Set u(x,t) = P.landv =1- X\ f0+°o e~ Mu(x,t)dt where A > 0. Then
+oo
Apv = —)\/ e MAyu(z, t)dt
0

+oo o
= —)\/ e M —u(x, t)dt
0

ot
“+oo
= e Mu(z, t)|7> — )\2/ e Mu(z, t)dt

0

= . (4.48)
By 0 < u(z,t) = P,1 < 1, we have

“+o00 —+oo

0< / e Mu(z, t)dt < / e Mdt = AL (4.49)
0 0

Thus, 0 < v < 1 which leads to a contradiction with the assumption (2) of Theorem 4.4.
(2) = (3) : Assume that (3) does not hold, that is, there exists a function u € C?(M) such

that supu < 400 and i{glfAbu > 2¢ > 0 for some a > 0. Let Q = {z € M : Ayu > c}, so
M N

Q. C Q. Set v =u — supu + a. It is obvious that
M

Apv = Apu > 21} (4.50)

on , since v < . Hence, v is a C? subsolution of Ayu = Zu on . Since the function 0 is

a subsolution of Ayu = Zu on M, we see that u, = max{v,0} = max {u —supu + a,O} €
M

CO(M) N W,52(M) is also a subsolution on M. Note that u, # 0 and 0 < u, < a < 4oc.
Then choosing a positive constant 3 > «, which is a supersolution of Ayu = £u on M, and
applying Corollary 4.1 yields a smooth solution w on M with 0 < u, < w < . Since uy Z 0,
so does w, which is a contradiction with (2).

(3) = (4) : Let @ = 1. From }lnf Apu < 0 for any n € N, it follows that any for n € N, there

1
exists x,, € Q1, namely, x,, € M satisfies u(z,) > supu — %, such that Apu(z,) <
" M

S|=
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(4) = (2) : We assume that u € C?(M) satisfies Apu = Au and 0 < u < supu < +oo.
M

By (4), we get that there exists {x,} C M such that u(x,) > supu — % and Ayu(z,) < L.
M

n
Therefore, Asupu — % < Au(zyn) = Apu(x,) < %, and then let n — +o00, we have supu < 0,
M

M
and thus, u = 0.

Combining with Theorem 3.1, we have the following corollary.

Corollary 4.2 Let (M*™T1 H, J,0) be a pseudo-Hermitian manifold with the hypotheses
(3.1)~(3.4). Then M is stochastically complete.

According to Theorems 3.2-3.3, we obtain the following corollary.

Corollary 4.3 Let (M?™+1 H,J 0) be a complete pseudo-Hermitian manifold with pseudo-

Hermitian Ricci curvature bounded below or horizontal sectional curvature KX bounded below,

sec
and | A||c1 bounded above. Then M is stochastically complete.

Before ending this section, we would like to mention that the stochastically completeness of
the heat semigroup P; generated by the sub-Laplacian on a contact manifold was investigated
in [2] too. They gave a sufficient condition, in terms of a generalized curvature inequality, to
deduce the stochastically completeness. Finally it is also obvious that our Theorem 4.4 may be

generalized to more general sub-Riemannian manifolds.

5 Application

In this section, we consider some applications of the generalized maximal principles in
pseudo-Hermitian geometry. Firstly, we use them to study differential inequalities on a pseudo-

Hermitian manifold.
Theorem 5.1 Let (M?*™L H,.J 0) be a pseudo-Hermitian manifold with hypotheses (3.1),
(3.3)—(3.4) and (3.6). Assume that u is a C* function on M satisfying

Abu2¢(u,|vLu|,|VHu|), (5.1)

where VEu = 7w (Vu), ¢(t, x1,22) is CO int, C? in (v1,32), and satisfies (Hessy, oy®)|(t.0y,00) =
0. Set f(t) = #(t,0,0). Let F be a continuous function which is positive on some interval

[a, +00) and satisfies

o) t 1
/ {/ F(s)ds} “dt < +oo  for some b > a, (5.2)
b a
. [fF(s)ds
1 Ja” IR 4o, 5.3
ST ST 53)

AL F(s)ds)? 96
(2 SO

(t,0,0) > —o0, i=1,2. (5.4)
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(1) If

o f(2)
hlin_&g F) > 0, (5.5)

then u is bounded above on M and f(sup u) <0.
M
(2) If

lim inf % <0, (5.6)

then either sup u = +o0 or u is bounded above on M and f(sup u) <0.
M M

Proof Consider the following function on M:

- 5.7
(C ) (5.7)
where
t s _%
F(r)dr ds + 2 on [b, +00),
g(t) = /b {/a ") } [ ) (5.8)
increasing from 1 to 2 on (—o0, b

with ¢ € C?(R) and g” < 0 on R. Note that g > 1 and ¢’ > 0. Since 9 is bounded blew on M,
by Theorem 3.1, there exists a sequence {z,} C M such that

Jm o(zn) = infy, (5.9)
"(w)|Viu
Vil (o) = LT ) < (5.10)
()| VHu
IVHY|(zn) = %(%) < % (5.11)
_ 9@V g (w)Avu | 2(g'(w) Ve 1
Ap)(,) = 72(0) () + ) = (5.12)

Multiplying (5.12) by #%(xn) and substituting (5.1), (5.11) into it, we obtain at x,,

"(w))Po(u, V|, |[VHu "w))? 1 2 1
ol T [97) P Ly 2y, L 5.13)

g(u)lg" (w)[ n n
By Taylor’s formula for ¢(t,x1,x2) with respect to (21, z2) and (Hessy, 4,¢) > 0,

8¢ 9

Thus the left hand side of (5.13) is bounded blew by
9" (w)]* £ (u) lg'(w)]®  9¢ lgW]®  0¢

+ —(u,0,0)|VEu| +

g4 (u)lg" (u)| Oy (u,0,0)[VTul.  (5.15)

g*(u)|g” ()] g (w)|g” (u)] Oz



972 Y. X. Dong and W. K. Yu
By (5.10)—(5.11), we have

' @]® 96
g*(w)lg" (u)| Oz

(4, 0,0)|VEu| > min{o, %%%(”’0’0)} = %wl(u) (5.16)

and

) AP W 7
T o] 5y (0 OVl 2 min {0, 2o o

Therefore, at x,,,

'@l fw 1oL g 12y 1
i) T r 0 F e < e (1 2) +

To prove conclusion (1), we argue by contradiction. Assume that supu = +oo. Since
M

g >0, (5.9) gives that limu(x,) = supw, so limr(z,) = +oo due to the continuity of w,
n M n

(u,0,0)} =: %wg(u) (5.17)

- (5.18)

where r is the Riemannian distance with respect to the Webster metric. According to (5.3) and
1
g(t) > (t — b){ [ F(r)dr} 2 for t > b,

@R 2{ e Frdr}
BT P e L Y O R (519
By (5.2) and (5.5),
i WOPS@) e 2
T T s v e (5:20)
Moreover, using (5.2) and (5.4) yields
wi(u(z,)) > —B2, (5.21)

where B; is independent of n for i = 1,2. Let n — 400 in (5.18), we get a desired contradiction.
Thus, sup < +oco. Letting n — +00 in (5.18) again gives f( sup u) < 0 which, indeed, completes
the pro]gf of (1) and (2). Y

Remark 5.1 (1) If 86—;’1(@ 0,0) = 0, the hypothesis (3.6) in Theorem 5.1 can be weaken to
(3.2).

(2) Here we generalize some results in the Riemannian case established in [26] to the pseudo-

Hermitian case.

Taking F'(z) = z¥ for v > 1 and ¢(t, 21, 22) = f(t) in the above theorem gives the corollaries

as follows.

Corollary 5.1 Let (M?*™HL H,J,0) be a pseudo-Hermitian manifold with hypotheses (3.1)~
(3.4). Assume that u is a C? function on M which satisfies

Apu > f(u), (5.22)

where f: R — R is a continuous function.
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(1) If

imint £ 5 (5.23)

rz—+oo v
for some v > 1, then u is bounded above on M and f(sup u) <0.
M
(2) If

lim inf ) <0 (5.24)

z—4o0 ¥V T

for any v > 1, then either supu = +o0o or u is bounded above on M and f(sup u) <0.
M M

Corollary 5.2 Let (M*™+1 H. J,0) be a pseudo-Hermitian manifold with hypotheses (3.1)—
(3.4). Assume that u is a C? function on M and satisfies

Ay > coul, (5.25)

where d and ¢y are two constants with d > 0 and co > 0. Then
(1) If u >0 and d > 1, then u vanishes identically.
(2) If 0 < u < supu < +00 and 0 < d < 1, then u vanishes identically.
M

(3) If u is bounded above and d = 0, then there is no such a function u on M.

In addition, we can also apply these generalized maximal principles to study CR conformal
deformations. Before presenting the theorem, we recall that for a pseudo-Hermitian manifold
(M?™+ H, J 0), if 0 = u=0 for some positive function u € C*> (M), then 9 is said to be

conformal to 6. Clearly, 0is a pseudo-Hermitian structure of M too.

Theorem 5.2 Let (M?™+1 H J 0) be a pseudo-Hermitian manifold with hypotheses (3.1)—
(3.4) and the pseudo-Hermitian scalar curvature p > 0. Let p be a nonpositive smooth function
on M satisfying

sup p <0 (5.26)
M-K
for some compact subset K in M. Then the pseudo-Hermitian structure 6 cannot be confor-
mally deformed to another pseudo-Hermitian structure 9 so that the pseudo-Hermitian scalar

~

curvature of (M?™ Y H, J,0) is p.

Proof We will prove by contradiction. Suppose that there is a positive function u € C*°(M)
such that & = u= 6 and the pseudo-Hermitian scalar curvature of (M?™+1 H, J, 5) is p. Then
according to [12], u satisfies

2m + 2

Ay A+ pu = pu't. (5.27)

It is obvious that u is not a constant. Since p > 0, p < 0 and u > 0, we have
2m + 2

Npu > pu, (5.28)
2m + 2

Ayu > —putto. (5.29)
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Applying the maximum principle to (5.28), we see that u cannot attain the maximum on M.
Let us consider the following function on M,

1

RS

(5.30)

where 0 < a < ﬁ Since u is positive, ¢ is also positive on M. Hence we apply Theorem 3.1 to

—¢, namely, for arbitrary k € Ny, there exists x, € M such that

i o) = inf o, (5.31)
" 1
V7o) < 7. (5.32)
1
Npp(zy) > 7 (5.33)
By a direct computation, we have
Vi
vip = —g—-o— 5.34
¢=—a T D) (5.34)
DNpu |V H 2
Npp = —a———— 1)——————. 5.35
b a(u+1)a+l+a(a+ )(u+1)a+2 (5.35)
From (5.29) and (5.32)—(5.35), it follows that, at xy,
1 pulte a+1 1
Ll < Mo < 17—, 5.36
A b¢fa(u+1)a+1+ o (u+1) L2 (5.36)
hence,
~ 42
Y plag)uttm (x) - 1 Lot 1 (5.37)

(u(zg) + 1)20+ 7 k(u(zy) + 1)@ ak?’
where x, satisfies klim u(xy) = supu. Since u cannot attain the maximum on M, z € M — K
—00 M

for k large enough. Hence we have, for k large enough,

~ 2
(om P)ut+2 a0
i 1 1
MoK < Ty (5.38)

(u(zy) 4+ 1)2a+1 k(u(zy) 4+ 1)@ ak?

If supu = oo, let k& — +oo in (5.38), we get a contradiction. Consequently, supu < co. Let
M M
k — 400 in (5.38) again, we obtain

1+2

( sup ﬁ) X (supu) >0, (5.39)
M-K M

which is a contradiction too, since sup p < 0 and u > 0.
M-K
Remark 5.2 By the discussion in Section 3, we can see that for a pseudo-Hermitian man-
ifold with pseudo-Hermitian Ricci curvature or horizontal sectional curvature KX bounded

below, and ||A||c: bounded above, all results in this section are valid.
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